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Introduction

We present a method to computetablerational I.“-approximation of
specified ordern to a givenmultivariabletransfer function.

e it works for multivariablesystems,

e it uses a nicparametrization of stable allpass systemich
— takes into account th&tability constraint
— ensures identifiability
— Is well-conditionned

e it uses aecursive search on the degmhich improves the chances
to reach the global minimum.



The L*-criterion in state-space form

o F(z)=C(zIy —A)" B+ D, m x pgiven transfer function

o H(z)=~(zI, —A)"'B+ D, approximant at order
(A, B) input-normal pair:AA* + BB* = [,

L?-norm of the error’ — H:
J(A,B) = ||F||* = Tr (vv*),

where
v =CW,

and!V solution to the Lyapunov equation:

AW A* + BB* = W.



Optimization set: stable-allpass systems

The two following sets (equivalence classes) are diffeomorphic:
e input-normal pairs A. 3)

e stable allpass functions(z) = D + C(zI,, — A)"'B
up to a left constant unitary factor

D C
B A

unitary matrix.

Alpay, Baratchart, Gombaifl];



Parametrization issue

Desirable properties:
e ensuresdentifiability

e a small perturbation of the parametergserves the stability and the
orderof the system?

e allows for the use oflifferential tools

— Differentiable manifold.

Atlas of charts or overlapping canonical forms :

a collection oflocal parametrizationwith compatibility conditions
(changes of charts are smopth



Atlases of charts

Two families can be found in the litterature

1. from a tangential Schur algorithm:

Gn(l/w)u = U, HUH < 17 Gn g Gn—l

G G ) G G
Alpay, Baratchart, GombaiiL]; Fulcheri, Olivi[2]

2. from state-space representations
Hanzon, Obe[3]

A parametrization that combines the two approaches:
Peeters, Hanzon, Oliy4]



Encoding stable-allpass systems

A p x p stable allpass systems of degrees encoded by

® wi,Wwsy,...,w, points of the unit circle,
® Uy, Us,...,u, Unit complexp-vectors,
e U1, Vo,...,V, COMplexp-vectors,||v;|| < 1.

Thew;’s and theu;’s definethe charwhile thew;’s arethe Schur
parametersf the system in the charn a given chart, a system is
perfectly determined by its Schur parameters (identifiability).



Encoding stable-allpass systems (2)

The stable allpass system encoded in that wayuhéary realization

matrix

computed by induction

Dy,
By,

C
Ay,

Vi
0

0
T4

0 D1

| 0 Br—1

whereA, isk x k, Dy isp x p,andDy = 1,,.

— very nice numerical behavior




Encoding stable-allpass systems (3)

U andV} are the(p + 1) x (p + 1) unitary matrices

Spu Iy — (1 + mpwk)ugug,
U, =
ML Wi ErLug,
v — | S Io = (L= me)
Nk — &Ry,

V1= |wg]? Vw2

— 9 7776 _
V1= |wi[?[|vg || V1= wi?[Jvg]?

&k



e finding an adapted chart:

Main steps of the algorithm

realization in Schur formA lower triangular)

w, 0 0 -
\/1 — |wp |* uy,
A — ) B — .
* w1 0 -
— v1 = vy = ...0v, = 0 (Potapov factorization)

e Optimization over the manifold

e recursive search on the degree (optional):
minimum of degree: — initial point of degree: + 1 (error

preserved)
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The RARLZ2 software

This software computessiablerational .>-approximation of specified
ordern to amultivariabletransfer function given in one of the following

forms:
e arealization
¢ a finite number ofourier coefficients
e somepointwise value®n the unit circle.

It has been implemented using standard MATLAB subroutines. The
optimizer of the toolkit OPTIM is used to find a local minimum, given by
a realization, of the nonlinedr”-criterion.

http://www-sop.inria.fr/miaou/Martine.Olivi/me.html
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Automobile gas turbine

}"' Command Window

File Edit Miew web Window Help
a = b =
-0.83 -0.85 0.00 0.00 0.00 0.00 O.00 0.00 0.00 O0.00 0.00 O0.00 0.00 0.00
0.17 0.15 0.00 0.00 0.00 0.00 0.00 O0.00 0.00 0.00 0.00 O.00 1.04 4.15
0.00 0.00 -0.84 -0.93 -0.07 0.00 0.00 0.00 0.00 0.00 O0.00 O.00 0.00 0.00
0.00 000 0.1s 0.07 -0.07 0.00 0.00 0.00 0.00 0.00 O0.00 O.00 0.00 0.00
0.00 000 0.1s 1.07 0.83 0.00 0.00 0.00 0.00 0.00 0.00 O.00 -1.79 2.68
0.00 0.00 0.00 0.00 O.00 -0.85 -0.9 -0.09 0.00 0.00 0.00 O.00 0.00 0.00
0.00 0.00 0.00 0.00 O.00 015 0.04 -0.09 0.00 0.00 0.00 O.00 0.00 0.00
0.00 000 0.00 0.00 O.00 015 1.04 0.91 0.00 0.00 0.00 O.00 1.04 4.15
0.00 o0.00 0.00 0.00 0.00 0.00 0.00 O.00-0.14 -0.63 -0.10 -0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 O0.00 0.8 0.37 -0.10 -0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 O0.00 0.8 1.37 0.90 -0.00 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 O0.00 0.8 1.37 1.90 1.00 -1.79 2.68
c = d =
0.05 0.13 -0.03 -2.20 -0.16 0.00 0.00 O0.00 0.00 0.00 O0.00 O.00 0.00 0.00
0.00 0.00 0.00 0.00 O.00 1.21 0.68 0.12 -2 54 1.79 0.6l 0.03 0.00 0.00
-- Degree 0 -- Local minimom: 1 J=1. 0000000
-- Degree 1 -- Start with 4 initial points
5.4171990e-01 ... 5.4171990e-01 ... 5.4171990e-01 ... 5.4171990e-01 ...
-- Degree 1 -- Found 1 local minimum -- Best relative error = 05417199
-- Degree 2 -- Start with 4 initial points
3.880061%e-01 ... 3.873135%9-01 ... 4.4607851e-01 ... -}
& -
Ready
| 1

Hung, MacFarlan6]; Glover[5]; Yan, Lam][7]
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Nyquist diagrams

Reference system
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Approximants: order 1

Degree 1 - 1 minimum - Best J=0.541720
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Approximants: order 2

Degree 2 - 2 minima - Best J=0.383171
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Approximants: order 3

Degree 3 - 1 minimum - Best J=0.225433
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Approximants: order 4

Degree 4 - 1 minimum - Best J=0.134339
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Approximants: order 5

Degree 3 - 1 minimum - Best J=0.078272
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Approximants: order 6

Degree 6 - 1 minimum - Best J=0.052608
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Approximants: order 7/

Degree ¥ - 2 minima - Best J=0.037284
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Approximants: order 8

Degree & - 1 minimum - Best J=0.000409
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Hyperfrequency Filter

The problemfind a8th ordermodel of aVIIMO (2 x 2) hyperfrequency
filter, from experimental pointwise values in some range of frequencies
provided by the CNES (French space agency).

First stage (interpolation/completiorgompute astable matrix transfer
function of high ordewhich approximates these data, given by a great
number(800)of Fourier coefficients

PRESTO-HF: software bl. Seyfert
HYPERION: software byl. Grimm
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Data and approximant at order 8

1=0.28% ar=0.63% an.sup =1.058% =0 03% an=105%ansup =1896% dif-12-21=457%
—— 1
* data
= COmp.
0.5 — 1atie.
Q ‘.\
0.5 Q 0.5 1

r=0.04% arn=1.22% arrsup =1.90% dif-12-21 =4.57% =0.33% an=0.8% anrsup =124%

Q)

Nyquist diagrams
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Data and approximant at order 8

1=0.28% arr=063% anr.sup =1.08% =003 an=1.05%an sup =196% diff-12-21=457%
Q a
= r_ « data
= COMp.
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=10 l
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=10 -5 0 A 10 =10 -5 Q & 10
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Bode diagrams
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