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Probabilistic Computation is Becoming Pervasive
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Starting Point

O. Bournez and F. Garnier. “Proving Positive Almost-Sure Termination”.

In Proc. of 16th RTA, pp. 323–337, 2005.



Probabilistic Abstract Reduction Systems

Definition (PARS — Bournez & Garnier, RTA’05)

Probabilistic abstract reduction system is tuple A = (A,→) s.t.:

• A is countable set of objects

• → ⊆ A× Dist(A) maps elements from A to (discrete) probability
distributions over A

Intuitions:

1. probabilistic choice:
if a → {pi : bi}i then a reduces to bi with probability pi;

2. non-deterministic choice:
if a → d1 and a → d2 (d1 ̸= d2), reduct is chosen from d1 or d2.



Example: Random walk

PARS W = (N,→) where

n → {1
2 : n+ 1; 12 : n− 1} (for all n > 0),

defines simple random walk on N:
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Some properties of interest:

• almost-sure termination

• positive almost-sure termination

• expected runtime
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Dynamics: As Stochastic Processes

• Bournez and Garnier model reductions as stochastic processes

X = X0, X1, X2, X3, . . .

– nth random variable Xn gives the nth reduct (or ⊥)

• random variable TX over N ∪ {∞} measures reduction length

• expected reduction length defined as expectation of TX:

E(TX) ≜
∞∑
n=1

n · P(TX = n) (=
∑
n≥1

P(TX ≥ n))

• +a.s. terminating (or PAST) if E(TX) ∈ N for all X
Pros

• solid theoretical foundation

Cons
• definition of whole machinery involved
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Mixing Nondeterministic and Probabilistic Choice

a → {1
2 : b1,

1
2 : b2} b1 → c b2 → c c → d1 c → d2
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parameterised by strategy ϕ:

. . . ϕ(ab1c) = (c → d1) ϕ(ab2c) = (c → d2) . . .
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Dynamics: As Multidistribution Reductions

• a (finite) multidistribution over A is a (finite) multiset

µ = {{p1 : a1, . . . , pn : an}} ,

where 0 ≤ pi ≤ 1, ai ∈ A and

|µ| ≜
n∑

i=1

pi ≤ 1 .

• for PARS A = (A,→), reduction relation⇝A is defined s.t.:

{{p1 : a1, . . . , pn : an}}⇝A p1 · ν1 ⊎ · · · ⊎ pn · νn ,

where either
– νi = di for some di with ai → di, or

– νi = ∅ if ai is terminal.

• expected derivation length of reduction M = µ0 ⇝A µ1 ⇝A . . . :

edl(M) ≜
∑
n≥1

|µn| .
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Reductions vs Stochastic Processes

Theorem (A., Dal Lago & Yamada, FLOPS’18)

Stochastic sequence X = {Xn}n∈N and probabilistic reductions
M = µ0 ⇝ µ1 ⇝ . . . are in one-to-one correspondence with:

P(Xn = a) = |µn|a (for all n ∈ N and a ∈ A),

where |µ|a ≜
∑

(p:a)∈µ p denotes the total probability of a in µ.

Corollary

edl(M) = E(TX) .



Reductions vs Stochastic Processes

Theorem (A., Dal Lago & Yamada, FLOPS’18)

Stochastic sequence X = {Xn}n∈N and probabilistic reductions
M = µ0 ⇝ µ1 ⇝ . . . are in one-to-one correspondence with:

P(Xn = a) = |µn|a (for all n ∈ N and a ∈ A),

where |µ|a ≜
∑

(p:a)∈µ p denotes the total probability of a in µ.

Corollary

edl(M) = E(TX) .



Probabilistic Ranking Functions

Definition (Bournez & Garnier, RTA’05)

Function J·K : A → R≥0 is (Lyapunov) ranking function for PARS
A = (A,→) if for some ϵ > 0,

a → d =⇒ JaK >ϵ E(JdK) ,
where E({pi · xi}i) ≜

∑
i pi · xi and x >ϵ y if x ≥ y+ ϵ.
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Example

Consider the biased random walk W 1
3
= (N,→) where

n → {1/3: n+ 1; 2/3: n− 1} (for all n > 0),

define JnK ≜ n and take ϵ = 1
3 . Then for all n > 0,

JnK >ϵ (1/3) · Jn+ 1K + (2/3) · Jn− 1K .



Probabilistic Ranking Functions

Definition (Bournez & Garnier, RTA’05)

Function J·K : A → R≥0 is (Lyapunov) ranking function for PARS
A = (A,→) if for some ϵ > 0,

a → d =⇒ JaK >ϵ E(JdK) ,
where E({pi · xi}i) ≜

∑
i pi · xi and x >ϵ y if x ≥ y+ ϵ.

Theorem (Bournez & Garnier, RTA’05)

1. Soundness: If J·K is a ranking function for A, then A is PAST.

2. Completeness: If A is finitely branching and PAST, then there exists a
ranking function J·K for A.



Probabilistic Ranking Functions, revisited

Theorem (A., Dal Lago & Yamada, FLOPS’18)

Let J·K be a ranking function for A.

1. Soundness: If J·K is a ranking function for A, then edhA(a) ≤ JaK · 1
ϵ

for all a ∈ A.

2. Completeness: If edhA(a) ∈ N for all a ∈ A, then JaK ≜ edhA(a) is a
ranking function for A.

Example

Consider

an → {1
2 : an+1;

1
2 : 0} an → 2n · n n+ 1 → n (for all n ∈ N) .

• this PARS is PAST, i.e., edl(M) ∈ N for every reduction sequenceM;

• edh(a0) >
1
2n · (2

n · n) = n for all n ∈ N, i.e., is not bounded.
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Probabilistic Term Rewrite Systems

• probabilistic TRSR is finite set of probabilistic rewrite rules l → d

randL(xs) → {1
2 : xs, 12 : randN(0) :: randL(xs)}

randN(n) → {1
2 : n, 12 : randN(succ(n))}

• rewrite relation⇝R defined in terms of underlying PARS R̂



Interpretation Method for Runtime Analysis

Definition (Hirokawa & Moser, IJCAR’08)

Monotone algebra (J·K,≻) on domain X consists of:

• barycentric operation E : Dist(X) → X

• interpretations JfK : Xk → X satisfying:

– monotonicity: x ≻ y =⇒ JfK(. . . , x, . . . ) ≻ JfK(. . . , y, . . . );

– concavity: JfK(. . . ,E({pi : xi}i), . . . ) ⪰ E({pi : JfK(. . . , xi, . . . )}i).

• order ≻ ⊆ X× X satisfying:

– collapsibility: x ≻ y =⇒ G(x) >ϵ G(y) for some G : X → R≥0;

orients TRS R if

l → r ∈ R =⇒ JlKα ≻ JrKα for all assignments α : V → X.

Theorem (Hirokawa & Moser, IJCAR’08)

Suppose (J·K,≻) orients the TRSR. Then

dhR(t) ≤ G(JtK) · 1
ϵ
.
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Interpretation Method for Runtime Analysis

Definition (A., Dal Lago & Yamada, FLOPS’18)

Barycentric, monotone algebra (J·K,E,≻) on domain X consists of:

• barycentric operation E : Dist(X) → X

• interpretations JfK : Xk → X satisfying:
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l → d ∈ R =⇒ JlKα ≻ E(JdKα) for all assignments α : V → X.

Theorem (A., Dal Lago & Yamada, FLOPS’18)

Suppose (J·K,E,≻) orients the PTRSR. Then

edhR(t) ≤ G(JtK) · 1
ϵ
.



Instances of Barycentric Algebras

1. multi-linear polynomial interpretations (J·K,E, >ϵ) where

JfK(x1, . . . , xn) = ∑
V⊆{x1,...,xn}

cV ·
∏
xi∈V

xi (cV ∈ N/Q/R)

2. matrix interpretations (J·K,E,≫ϵ) where

JfK(x1, . . . , xn) = n∑
i=1

Ci · x⃗i + c⃗ (Ci ∈ Nm×m/Qm×m/Rm×m)

and
(⃗x)T ≫ϵ (⃗y)T :⇐⇒ x⃗1 >ϵ y⃗1 and (⃗x)T ≥ (⃗y)T .



Conclusion

• simple notion of reduction for probabilistic ARSs / TRSs based on
multidistributions

• recovered the completeness proof of Lyapunov ranking functions

• barycentric algebras for reasoning about expected runtimes of
probabilistic TRSs

• implementation of polynomial & matrix interpretations (over
Rn
≥0) in NaTT


