Updating Procedures for Iterative Learning Control in Hilbert Space

Konstantin E. Avrachenkov^1, Homayoon S.M. Beigi^2, Richard W. Longman^3

Abstract

The research results presented here are extensions of previous work on Iterative Learning Control (ILC) using projection-based update techniques. These updates were mainly developed for Quasi-Newton optimization and also for solving systems of simultaneous equations. Recently, such updates have been used by the authors to estimate the dynamics of a control system which is asked to perform a periodic task using a discrete formulation. In addition, recently, preliminary extensions of these updating techniques to continuous systems through formulation in Hilbert Space have been proposed. This paper provides a formulation of the Iterative Learning Control problem in Hilbert Space with a convergence proof of the proposed solution based on Broyden’s update.

1 Introduction

Iterative Learning Control (ILC) refers to schemes which take advantage of the extra information available in controlling systems which are asked to perform a periodic task. Specifically, in Iterative Learning Control, the initial conditions of the controlled system are reset to the same value after each period. Early formulations of ILC, tried to re-use ideas developed in the classical control community such as the Proportional-Derivative Control scheme [1] or the the Integrator [17]. Later, some adaptive-control ideas started to be used and formulated to fit the case with a periodic trajectory and to take advantage of the extra information made available by the periodicity. Examples of such systems are given in [15] which uses the well-known self-tuning regulator idea and [2, 4, 16, 6] which are based on parameter estimation using updating techniques.

References [4, 6, 16] have presented a formulation of the Learning Control problem using a discrete linear time-dependent approximation to the system performing multiple periods of a periodic task. The initial conditions are reset after each period. [2], has presented a

1School of Mathematics, University of South Australia, SA 5095, Australia, e-mail: k.avrachenkov@unisa.edu.au 2T.J. Watson Research Center, IBM, P.O. Box 218, Yorktown Heights, New York 10598, USA, e-mail: beigi@watson.ibm.com 3Department of Mechanical Engineering, Columbia University, New York 10027, e-mail: rwl4@columbia.edu

learning control scheme for continuous-time processes using definitions in Hilbert Space. The current paper brings together these two formulations and derives an Iterative Learning Control scheme for continuous systems using the Broyden update. A proof of convergence is provided for this case and an application to dynamical systems is proposed and formulated.

2 Problem Formulation

The following presents the formulation of the general Iterative Learning Control Problem.

Let a system be described by an operator F : U → Y , where U and Y are Hilbert spaces with inner products < ·, · >_u and < ·, · >_y, respectively. We assume that the system is forced to work periodically, that is during each cycle we have y_k = F (u_k), k = 0, 1, ..., where u_k ∈ U and y_k ∈ Y are a control and an observable output of the system at the k-th cycle, respectively. Note that the above setting is quite general: the operator F can represent either a continuous-time or a discrete-time plant. Let y_d be a desired behavior of the system. Our aim is to find control u_d which is a solution of the operator equation

y_d = F (u). (1)

However, we do not know the operator F exactly. Since we are dealing with a periodic system, it allows us to use the information obtained from the previous cycles to improve the performance of the system at the next cycle as well as to update our knowledge about operator F . The latter remark prompts us to use some iterative numerical methods for the solution of the operator equation (1) on-line. In this paper, we will apply operator updating methods, which are known to be quite efficient in numerical procedures. The authors’ second work, which deals with updating the operator as well as the control input, was originally done by the second and third authors in [16] and later with some extensions was published in [6] and [4]. This work covered a whole array of numerical techniques for performing this update with a comparison of those techniques. It was, however, applied to a discrete system. Here, we will extend the results and formulation of [4] and [6] in somewhat the same way as [2] had addressed the continuous-time problem in which it used a fixed estimate of the system operator.

Note that we form the control input for the next (k+1)- st cycle as follows:

u_{k+1} = u_k − P^{−1}_k e_k, k = 0, 1, ..., (2)

where e_k = y_k − y_d is an error at the k-th cycle and P_k ≃ F^′(u_k) is some approximation of the linear part of the system near the trajectory induced by control u_k. We will also refer to P^{−1}_k as the learning operator. As it was mentioned before, [2] proposed a quasi-Newton ILC method where the structure of the learning operator once chosen in the beginning is not modified during the learning procedure. The purpose of the present paper is to analyze learning procedures where newly arrived information is used to update not only the control input but also the learning operator. [4] shows the convergence of such algorithms for a discrete-time systems. Here, we prove convergence for the case of non-linear system operator F acting on a general Hilbert space. In addition, we propose to use ILC based on the generalized secant method [4], which takes into account the information from several preceding iterations. Finally, we would like to note that quasi-Newton ILC methods can be considered as numerical optimization methods for some auxiliary mathematical programs [12, 13, 5, 16, 6], where Hessian matrices are updated in a similar fashion.

3 Methods for updating of the System Iterator

In this section we discuss updating procedures for iterative learning control based on projection-type operatorupdating methods. Suppose we apply control u_{k+1} calculated as in (2) to the system and observe the output y_{k+1}. If the system were linear and P_k were chosen as the operator of the system, then the equation P_k Δu = y_{k+1} − y_k would be satisfied. However, we neither have a linear system nor we know exactly the linear part of the system. Therefore, we update the approximation of the linear part P_k in such a way that the equation P_{k+1}Δu = y_{k+1} − y_k is satisfied. In addition, we require changes in the approximation operator to be as small as possible. The above consideration leads to the next convex programming formulation

P_{k+1} = arg min_P ‖P − P_k‖ (3) subject to P Δu = y_{k+1} − y_k.

or in terms of the error, e_k,

P Δu = e_{k+1} − e_k.

This optimization problem has a solution for any norm in the following form [10, 5]:

P_{k+1} = P_k + 1 < Δu_k, Δu_k > (e_{k+1} − e_k − P Δu_k) ⊗ Δu_k (4)

The above formula was first obtained by Broyden [7] and we will refer to it as Broyden’s update. It is a special case of the more general update given by Barnes [3] and used by [4, 16] in application to ILC.

Remark 1 Note that the expression (4) provides a solution in the case of any norm used in (3). In general the solution can be non-unique. However, the above formula provides an optimal solution with good properties. This can be easily demonstrated in the finitedimensional case. Namely, if in the case of finite dimensions one applies the Frobenious norm, which takes into account the values of all elements of matrix P , then (4) is a unique solution to the optimization problem (3).

Using the standard technique from the theory of quasi- Newton methods [8, 9, 10, 11, 14], we can prove the following result.

Theorem 1 Let F : U → Y be continuously differen- tiable in S(u_d, r) = {u ∈ U | ||u−u_d|| < r}, where u_d is a solution of the operator equation (1) and r > 0. Let q ∈ (0, 1) and the following conditions hold. 1) ||F^′(u_d)|| ≤ β, 2) ||F^′(u_1) − F^′(u_2)|| ≤ γ||u_1 − u_2||, u_1, u_2 ∈ S(u_d, r), 3) 5βδ_q ≤ q, 4) γε_q 1 − q ≤ δ_q

Then, if u_0 ∈ S(u_d, ε_q) and ‖P_0 − F^′(u_d)‖ ≤ δ_q, the sequence {u_k}^∞_{k=0} generated by ILC method (2) with updating procedure (4) is well defined and converges to u_d. The convergence is at least linear with rate q, that is ||u_{k+1} − u_d|| ≤ q||u_k − u_d||, k = 0, 1, .... (5) Proof: We show by induction on k that (5) holds. We omit the proof for k = 0, since it is identical to the proof of the induction step. Suppose that (5) is true for k = 0, ..., l − 1 and let us demonstrate that it is also true for k = l.

First, we prove some auxiliary results. The following estimation is true for Broyden’s update if one uses the L_2-norm [8, 10, 11].

||P_k − F^′(u_d)|| ≤ ||P_{k−1} − F^′(u_d)|| + γ 2 (||u_k − u_d|| + ||u_{k−1} − u_d||) (6)

By iterating (6), we obtain

||P_l − F^′(u_d)|| ≤ ||P_0 − F^′(u_d)|| + γ 2 ||u_0 − u_d || +γ l−1∑ i=1 ||u_i − u_d|| + γ 2 ||u_l − u_d ||

≤ ||P_0 − F^′(u_d)|| + γ l∑ i=0 ||u_i − u_d || (7)

Then, using the induction hypothesis and Condition 4, we get

||P_l − F^′(u_d)|| ≤ ||P_0 − F^′(u_d)|| + γε_q l∑ i=0 q^i ≤ δ_q + γε_q 1 − q ≤ 2δ_q, (8)

that is

||P_l − F^′(u_d)|| ≤ 2δ_q. (9)

Next we show that the operator P^{−1}_l is well defined. Namely, using the Banach perturbation theorem [10, 14], the above inequality (9) and Condition 3, we can write

||P^{−1}_l || ≤ ||F^′(u_d)^{−1}|| 1 − ||F^′(u_d)^{−1}||||P_l − F (u_d)|| ≤ β 1 − β2δ_q ≤ β 1 − 2/5 = 5β 3 . (10)

Now we are able to prove the induction step.

||u_{l+1} − u_d|| ≤ ||u_l − u_d − P^{−1}_k z_l|| ≤ ||u_l − u_d − P^{−1}_l (F (u_l) − F (u_d))|| ≤ ||P^{−1}_l [F (u_d) − F (u_l)

−P_l(u_d − u_l)]|| (11)

The expression in the square brackets of (11) can be rewritten as follows:

F (u_d) − F (u_l) − P_l(u_d − u_l) = = 1∫ 0 F^′(u_l + t(u_d − u_l))(u_d − u_l)dt

− P_l(u_d − u_l) = 1∫ 0 [F^′(u_l + t(u_d − u_l)) − F^′(u_l)

+ F^′(u_l) − P_l] (u_d − u_l)dt (12)

Substituting the above expression back into inequality (11), we obtain ||u_{l+1} − u_d|| ≤ || P^{−1}_l || || 1∫ 0 [F^′(u_l + t(u_d − u_l)) − F^′(u_l) +F^′(u_l) − P_l](u_d − u_l)dt|| ≤ || P^{−1}_l || ( 1∫ 0 ||F^′(u_l + t(u_d − u_l)) − F^′(u_l)|| ||u_d − u_l||dt +||F^′(u_l) − P_l||||u_d − u_l|| 1∫ 0 dt) ≤ || P^{−1}_l || ( 1∫ 0 γ||t(u_d − u_l)||||u_d − u_l||dt + ||F^′(u_l) − P_l||||u_d − u_l||) ≤ || P^{−1}_l ||( γ 2 ||u_l − u_d)|| + ||F^′(u_l) − P_l||) || u_l − u_d|| Condition 2 was used in the above calculations. From auxiliary estimates (9) and (10) it follows that ||u_{l+1} − u_d|| ≤ 5β 3 ( γε_q 2 + 2δ_q )||u_l − u_d|| Note that^{γεq}_2 <^{γεq}_{1−q} ≤ δ_q, hence ||u_{l+1} − u_d|| ≤ 5β 3 3δ_q||u_l − u_d|| Finally, using Condition 3, we obtain ||u_{l+1} − u_d|| ≤ 5βδ_q||u_l − u_d|| ≤ q||u_l − u_d||. This completes the proof. □

Remark 2 Moreover, in the finite-dimensional case, one can prove super-linear convergence of the ILC method with Broyden’s update. The super-linear convergence [10] means that ‖e_{k+1}‖ ≤ c_k‖e_k‖ with c_k → 0 as k → ∞. This fact shows that projection-type ILC methods with updating procedures outperform the method of [2] with the fixed structure of the learning operator which possess only linear convergence.

Note that by using the Sherman-Morrison formula, one can update the inverse operator P^{−1}_k rather than P_k . Namely, we have

P^{−1}_{k+1} = P^{−1}_k + 1 < Δu_k, P^{−1}_k (y_{k+1} − y_k) > [Δu_k − P^{−1}_k (y_{k+1} − y_k)] ⊗ Δu_kP^{−1}_k (13)

or, equivalently,

P^{−1}_{k+1} = P^{−1}_k + 1 < Δu_k, P^{−1}_k Δy_k >

[Δu_k − P^{−1}_k Δy_k]

⊗ Δu_kP^{−1}_k (14)

with Δy_k := y_{k+1} − y_k.

4 Generalized Secant in Hilbert Space

In this section, the Generalized Secant solution to the ILC problem is formulated in Hilbert space using the techniques discussed so far. This was first presented for a discrete linear time-dependent approximation of a learning control system in [16] and later refined in [6] and [4].

The parameter update formula for the generalized secant solution is given by,

P_{k+1} = P_k + 1 < z_k, Δu_k > (e_{k+1} − e_k − P Δu_k) ⊗ z_k (15)

where z_k are some projection vectors. These vectors are picked to be orthogonal to be able to speed up the convergence of the system operator and hence the control strategy. It has been shown in [4] that for the discrete case, the system will converge in only N iterations where N is the rank of the operator matrix for the discrete case.

Note that the Broyden update given by 4 is a special case of the so called generalized secant method [3, 4]. In the Broyden update, z_k is set to be equal to the change in the control action from one period to the next, namely, Δu_k.

For the discrete case, [4] shows that in order to have quicker convergence, it is beneficial to apply the change in the control input from one period to the next in small magnitudes, but retain the direction given by the algorithm. This amounts to a parameter estimation with small perturbations from the original trajectory. A confidence criterion is also given in [4] for the discrete case which dictates the readiness for taking larger corrective steps in the control input for the next period.

In future publications, the convergence of the generalized secant method will be analyzed in the context of general Hilbert spaces and the results compared to those obtained earlier. Also, the confidence criterion is explored for the continuous case.

5 Application to dynamical systems

In this section we demonstrate an application of the proposed solution to the Iterative Learning Control problem using Broyden’s update to the learning control of Lagrangian dynamical systems. A Lagrangian dynamical system is given by the following vector differential equation A(q)q̈ + b(q, q̇) = u, (16) q(t)|_{t=0} = q(0), q̇(t)|_{t=0} = q̇(0),

where q ∈ R^n is a vector of generalized coordinates and u ∈ R^n is a vector of generalized forces. We need to tune the system so that it can track repeatedly the trajectory q_d(t), t ∈ [0, T ]. Denote e_k(t) := q_k(t) − q_d(t), t ∈ [0, T ], k = 0, 1, ...

Then for the first learning step we can apply the standard procedure (see e.g. [2, 18, 19]):

u_1(t) = u_0(t) − (Âë_0(t) + B̂ė_0(t) + Ĉe_0(t)), (17)

where Âÿ + B̂ẏ + Ĉy = u is some linear approximation of the system (16). In this case,

P^{−1}_0 = Â d^2 dt^2 + B̂ d dt + ĈI.

Then, applying the inverse updating formula (14), we obtain

u_2(t) = u_1(t) − (Âë_1(t) + B̂ė_1(t) + Ĉe_1(t)) − ∫_T 0 Δu_0(τ)[Âë_1(τ) + B̂ė_1(τ) + Ĉe_1(τ)]dτ ∫_T 0 Δu_0(τ)[ÂΔÿ_0(τ) + B̂Δẏ_0(τ) + ĈΔy_0(τ)]dτ

(Δu_0(t) − [ÂΔÿ_0(t) + B̂Δẏ_0(t) + ĈΔy_0(t)]) (18)

Proceeding in a similar way, one can easily define the general recursive procedure.

6 Conclusion

This paper has formulated the general ILC problem using Broyden’s update in continuous-time by representing the problem in Hilbert space. An application has also been proposed for the use of this control scheme.

References [4] and [16] have shown that on discrete systems, a Generalized Secant method, in which the projection dimensions are not necessarily co-incident with the change in the control input, converge in a finite number of steps. The authors are currently working on extending the Hilbert space formulation and convergence proof to the Generalized Secant update. Results of this research will be made available in future publications.

References [1] S. Arimoto, S. Kawamura, and F. Miyazaki, “Bettering operation of robots by learning”, Journal of Robotic Systems, Vol. 1, 1984, pp. 123-140. [2] K.E. Avrachenkov, “Iterative learning control based on quasi-Newton methods”, IEEE CDC’98 Proc. [3] J.G.P. Barnes, “An algorithm for solving nonlinear equations based on the secant method”, Computer Journal, Vol. 8, pp. 66-72, 1965.

[4] Homayoon S.M. Beigi, “New adaptive and learning-adaptive control techniques based on an extension of the generalized secant method”, J. of Intelligent Automation and Soft Comp., Vol. 3, No.2, 1997, pp. 171-184.

[5] Homayoon S.M. Beigi, Neural Network Learning and Learning Control Through Optimization Techniques, Doctoral Thesis, SEAS, Columbia University, New York City, New York, February, 1991. [6] Homayoon S.M. Beigi, C. James Li, and R.W. Longman, “Learning control by numerical optimization methods”, Sensors, Control, and Quality Issues in Manufacturing, ASME, Atlanta, 1991, pp. 163-175.

[7] C.G. Broyden, “A class of methods for solving nonlinear simultaneous equations”, Math. Comp., v.19, pp. 577-593, 1965.

[8] C.G. Broyden, J.E. Dennis and J.J. More, “On the local and superlinear convergence of quasi-Newton methods”, J. Inst. Math. Appl., Vol. 12, pp. 223-246. [9] J.E. Dennis, Jr., and J.J. More, “Quasi-Newton methods, motivation and theory”, SIAM Review, Vol. 19, pp.46-89, 1977.

[10] J.E. Dennis, Jr., and R.B. Schnabel, Numerical methods for unconstrained optimization and nonlinear equations, SIAM’s Classics in Applied Mathematics, Philadelphia, 1996.

[11] J.E. Dennis, Jr., and H.F. Walker, “Convergence theorems for least-change secant update methods”, SIAM J. Numer. Anal., Vol. 18, pp.949-987, 1981. [12] Gorinevsky, D. (1997) “An approach to parametric optimization of nonlinear system and application to task-level learning control,” IEEE Tr. on Automatic Control, Vol. 42, No. 7, pp. 912-927 [13] Gorinevsky, D., Torfs, D, and Goldenberg, A.A. (1997) “Learning approximation of feedforward control dependence on the task parameters with application to direct-drive manipulator tracking,” IEEE Tr. on Robotics and Automation, Vol. 13, No. 4, pp. 567-581 [14] L.V. Kantorovich and G.P. Akilov, Functional analysis, translated by H.L. Silcock, 2nd ed., Pergamon Press, Oxford, 1982.

[15] C. James Li, Homayoon S.M. Beigi, Shengyi Li, Jiancheng Liang, “Nonlinear Piezo-Actuator Control by Learning Self-Tuning Regulator,” ASME Tr., J. of Dynamic Systems, Measurement, and Control, Vol. 115, No.4, December 1993, pp. 720-723.

[16] R.W. Longman, Homayoon S.M. Beigi, and C. James Li, “Learning control by numerical optimization methods”, Proc. of Modeling and Simulation, Instrument Soc. of America, V.20, Pat 5, 1989, pp. 1877-1882. [17] R.H. Middleton, G.C. Goodwin, and R.W. Longman, “A method for improving the dynamic accuracy of a Robot performing a repetitive task”, the International Journal of Robotics Research, Vol. 8, No.2, October 1989, pp. 67-74. Also available as Elec. Engin. Tech. Rep. EE8546, University of New Castle, New Castle, Australia, 1985.

[18] A.A. Pervozvanski, “Learning control and its applications. Part 1. Elements of general theory”, Avtomatika i telemekhanika, no. 11, 1995. Engl. transl. in Automation and Remote Control.

[19] A.A. Pervozvanski, “Learning control and its applications. Part 2. Frobenious systems and learning control for robot-manipulators”, Avtomatika i telemekhanika, no. 12, 1995. Engl. transl. in Automation and Remote Control.