Analytic Perturbation Theory and its Applications

Konstantin E. Avrachenkov, M.Sc.

School of Mathematics Faculty of Information Technology University of South Australia

A thesis presented for the Doctorate degree in Mathematics

April, 1999

Contents

Summary iv

Declaration v

Acknowledgement vi

Dedication viii

1 Introduction 1

2 Analytic Perturbation of Singular Linear Systems 5 2.1 Background and literature review . . . . . . . . . . . . . . . . . . . . . . . 5 2.2 The inversion of singularly perturbed matrices . . . . . . . . . . . . . . . . 15 2.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.2.2 Recursive solution of the fundamental equations . . . . . . . . . . . 16 2.2.3 Solution methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.2.4 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 2.2.5 Alternative proof of the results of Subsection 2.2.2 . . . . . . . . . . 28 2.3 The inversion of singularly perturbed operators on Hilbert space . . . . . . 29 2.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2.3.2 Regular perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.3.3 Singular perturbation . . . . . . . . . . . . . . . . . . . . . . . . . . 30 2.3.4 Extension to polynomial and analytic perturbation . . . . . . . . . 35 2.4 Perturbation of null spaces with application to the eigenvalue problem and generalized inverses . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38 2.4.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 2.4.3 Regular perturbations . . . . . . . . . . . . . . . . . . . . . . . . . 42 2.4.4 Singular perturbations . . . . . . . . . . . . . . . . . . . . . . . . . 45 2.4.5 Perturbation of general eigenvalue problem . . . . . . . . . . . . . . 52

CONTENTS ii

2.4.6 Perturbations of group inverse . . . . . . . . . . . . . . . . . . . . . 53 2.4.7 On the existence of a holomorphic basis for the perturbed null space 56 2.5 Analytic perturbation of reduced resolvents and generalized inverses . . . . 57 2.5.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 2.5.2 Existence of a Laurent series expansion . . . . . . . . . . . . . . . 59 2.5.3 Recursive formulae for the regular part coefficients . . . . . . . . . . 62 2.5.4 Reduction process . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66 2.5.5 Example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 2.5.6 Asymptotics for P_0(z) . . . . . . . . . . . . . . . . . . . . . . . . . 76 2.5.7 The proof of Theorem 18 . . . . . . . . . . . . . . . . . . . . . . . . 77 2.6 Analytic perturbation of Sylvester matrix equation . . . . . . . . . . . . . 80 2.6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80 2.6.2 Preliminaries on Sylvester matrix equation . . . . . . . . . . . . . . 82 2.6.3 Analytic perturbation under non-degeneracy assumption . . . . . . 84 2.6.4 Perturbation analysis of the Sylvester equation . . . . . . . . . . . . 86

3 Applications to Markov Chains and Markov Decision Processes 90 3.1 Background and literature review . . . . . . . . . . . . . . . . . . . . . . . 90 3.2 Multichain singularly perturbed Markov chains . . . . . . . . . . . . . . . 104 3.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104 3.2.2 Ergodic case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105 3.2.3 Multi-chain case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108 3.3 Fundamental matrix of a singularly perturbed Markov chain . . . . . . . . 113 3.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113 3.3.2 The regular part of the fundamental matrix . . . . . . . . . . . . . 116 3.3.3 The singular part and the reduction process . . . . . . . . . . . . . 119 3.3.4 Asymptotic expansions for mean first passage times . . . . . . . . . 128 3.4 Uniform optimality in singularly perturbed Markov decision processes . . . 132 3.4.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132 3.4.2 Linear programming for average optimality . . . . . . . . . . . . . . 133 3.4.3 Application of asymptotic linear programming . . . . . . . . . . . . 134 3.4.4 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . 135 3.4.5 Asymptotic policy iteration . . . . . . . . . . . . . . . . . . . . . . 139 3.4.6 Finite convergence of ALP and API . . . . . . . . . . . . . . . . . . 140 3.4.7 The field of rational functions with real coefficients . . . . . . . . . 141 3.5 Blackwell optimality via nested linear programs . . . . . . . . . . . . . . . 142 3.5.1 Preliminaries and literature review . . . . . . . . . . . . . . . . . . 142

CONTENTS iii

3.5.2 Average optimality: (−1)-discount optimality . . . . . . . . . . . . 144 3.5.3 Bias optimality: 0-discount optimality . . . . . . . . . . . . . . . . 145 3.5.4 The generalization to n-discount optimality . . . . . . . . . . . . . 146 3.5.5 The algorithm for computation of Blackwell optimal policy . . . . . 150

4 Applications to Mathematical Programming 152 4.1 Background and literature review . . . . . . . . . . . . . . . . . . . . . . . 152 4.2 Asymptotic simplex method . . . . . . . . . . . . . . . . . . . . . . . . . . 155 4.2.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155 4.2.2 Revised simplex method . . . . . . . . . . . . . . . . . . . . . . . . 156 4.2.3 Asymptotic simplex method . . . . . . . . . . . . . . . . . . . . . . 158 4.2.4 Generalizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166 4.2.5 Auxiliary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167 4.2.6 Application of the asymptotic simplex method to MDPs . . . . . . 171 4.3 Gradient projection method for singularly perturbed mathematical programs173 4.3.1 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173 4.3.2 Perturbations of linear manifolds and projections . . . . . . . . . . 174 4.3.3 Application of the gradient projection method to the limiting mathematical program . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Bibliography 182

Summary

The properties of matrices depending analytically on a small parameter are investigated in the thesis. There are several motivations to study this problem. Firstly, it is often necessary to deal with the group of problems which have a common structure but differ from each other in one or more parameters. Secondly, admitting that we never have precise data, it is of great importance to analyse the influence of data perturbations. Sometimes even small perturbations of the data cause the dramatic changes in the problem properties. The latter case is called the singular perturbation. Despite a large number of monographs and papers written on perturbation theory, we can still obtain new significant results. Among the main contributions of the present thesis are: the construction of effective algorithms to compute the Laurent series for inverses of singularly perturbed matrices; the perturbation analysis of null spaces with application to the general eigenvalue problem; the calculation of Laurent series for group inverses and Moore-Penrose generalized inverses; the perturbation analysis of the Sylvester matrix equations. In our research we use the complex analytic function technique as well as the traditional apparatus of linear algebra. The obtained theoretical results are applied to Markov chains, Markov decision processes, and to linear and nonlinear mathematical programming.

Declaration

I declare that this thesis does not incorporate without acknowledgement any material previously submitted for a degree or diploma in any university; and that to the best of my knowledge it does not contain any materials previously published or written by another person except where due reference is made in the text of the thesis.

Konstantin Avrachenkov

Acknowledgement

Firstly, I would like to express my deep gratitude to my supervisors Prof. Jerzy A. Filar and Prof. Phil G. Howlett. Certainly, without their inspiration, guidance and precious advice the present work could not have been accomplished. I would like also to acknowledge the helpful suggestions and encouragement that I have received from my associate supervisor Prof. Vladimir G. Gaitsgory.

Several visitors to the Centre for Industrial and Applicable Mathematics (CIAM) had a tremendous influence on my work: Prof. Jean B. Lasserre came to our school several times and each time it was a wonderful opportunity for me to work with a person who is so totally dedicated to research. Also I want to thank Prof. Eitan Altman from the bottom of my heart. I found his efficiency in research admirable. I have also enjoyed very much the collaboration with Prof. Moshe Haviv. His enthusiasm and encouragement in my research are greatly appreciated.

Also I am very grateful to Dr. Jean-Michel Coulomb. Discussions with him have enriched significantly my mathematical and even philosophical knowledge.

My special thanks go to CIAM administrator Ms. Angela McKay. Her encouragements always comforted me in my struggle with the thesis.

Also my many thanks go to Maria John who always encouraged me and who helped me immencely to organise the submission procedure while I was outside of Australia.

I would like to acknowledge the financial support I received from CIAM for attending Australian Control Conference 1997 in Sydney and Conference on Decision and Control 1998 in Tampa, Florida.

I would also like to thank from the bottom of my heart several friends all around the world, whose constant encouragement helped me to get through the postgraduate study. They are: Leonid Freidovich, Grisha Kronin, Sasha Lazarev, Slava Volodarski, Slava Egorov, Leonid Slavin, Misha Goz, Anton Smoljanski, Berend van der Zwaag, Jim Verbeeten, Hanna Jongepier, Dima and Helene Vesselovski, Dimitri Khasinevitch, Belinda Chiera, Alex and Luda Burtaev. With some of them I had only electronic correspondence for years and yet I do not feel that they are far away. Indeed, the modern electronic communication breaks the borders and overcomes immense distances in seconds.

ACKNOWLEDGEMENT vii

Last but certainly not least, I express my gratitude to my family (parents, sister and grandparents) who have been back in Russia all the time during my study. Beyond doubt, their love and care helped me to accomplish this work.

Dedication

The thesis is dedicated to my maths teachers: Aron Ruvimovich Maizelis, Alexander Nikolaievich Vasiliev and Anatoly Arkadievich Pervozvanski. Truly, their effort gave me the solid foundation I needed for the present work.

Chapter 1

Introduction

Hardly anybody except a PhD student and his supervisors can understand straight away what problems have been solved in the thesis by only looking at the thesis title. Often even a summary of several hundred words is of little help. The author of the present work hopes that this introductory chapter will remove the veil of mystery from the fancy words “Analytic Perturbation Theory”.

The main motivation of this thesis can be stated in the following “philosophical” way: as long as we have to work with data, we have to deal with their perturbations. The term perturbation signifies that our data deviate from nominal values. As a rule, we do not know the value of this deviation. However, we do expect that this deviation is small and sometimes we can even point out to the most likely direction of this deviation.

Usually one stores and works with data in the matrix form. Therefore, it is natural to analyse the properties of matrices with perturbed elements. This general idea can be written mathematically in the form of the following additive perturbation

Ã = A + D, (1.1)

where A is a matrix of nominal data, Ã is a matrix of perturbed data and D is the perturbation itself. There are numerous publications devoted to this subject. An interested reader is refered to the comprehensive book of Sun and Stewart [140] and references therein. This general approach (as any general method) has a drawback that many its theoretical results are too imprecise to be applied in practice. Furthermore, we distinguish between regular and singular perturbations. If the rank of the perturbed data matrix Ã is different from the rank of the original matrix A, then the perturbation is said to be singular, otherwise if the perturbed and original matrices have the same rank, the perturbation is said to be regular. Note that there are practically no mathematical tools available to analyse, in detail, the singular perturbation for the general additive scheme.

Introduction 2

These latter remarks encourage us to consider a more particular type of perturbation

A(ε) = A + εB, (1.2)

where the perturbation depends on a small ”scale” factor ε. From now on we will refer to ε as a perturbation parameter. Note that the perturbation parameter reflects the value of deviation of the perturbed data from the nominal set, and matrix B represents the likely direction of the data deviation. The perturbation model (1.2) is called linear perturbation. In linear algebra this object is also known as matrix pencil [58, 83]. Indeed, many results from [58, 83] can be applied in the perturbation analysis of (1.2). The next natural generalization of (1.2) is an analytic perturbation

A(ε) = A_0 + εA_1 + ε^2A_2 + ... , (1.3)

where the above power series is assumed to be convergent in some neighbourhood of ε = 0.

So far we have motivated our research by the importance of studying the data perturbations. However, there is another huge area of applications for our theoretical results. Practically all mathematical models incorporate parameters in their structure, and, of course, a researcher is interested in the behaviour of the model in respect to the change of these parameters. This is the area of so-called sensitivity analysis. Sometimes even a slight change in one parameter produces an enormous difference in the model’s output. Fortunately, the latter can be efficiently analysed by the techniques developed for the singular analytic perturbations. The first comprehensive study of the analytic perturbation theory was given in the book of Kato [87]. This book later became a classic in perturbation theory. Some authors [60, 108, 124] have also studied a particular case of (1.3), that is polynomial perturbation

A(ε) = A_0 + εA_1 + ... + ε^pA_p . (1.4)

Now a sceptical reader has a right to ask the following question: “If the perturbation theory has been greatly developed in several monographs, is it possible to find enough new material for a PhD thesis?” Of course, the author of the present thesis hopes for the positive answer. And this hope is built up on the following observation: Majority of researchers have concentrated their effort on the perturbation analysis of the eigenvalue problem A(ε)x(ε) = λ(ε)x(ε). (1.5) Namely, the researchers were interested in the behaviour of eigenvalues and eigenvectors of the perturbed operator in respect to the change of perturbation parameter. Of course, this is a very important problem for many practical applications. However, there are

Introduction 3

several other fundamental mathematical problems, where the perturbation analysis can be carried out, which have consequent applications to practical problems. In particular, in this thesis we analyse the system of perturbed linear equations

A(ε)x(ε) = b(ε), (1.6)

where A(ε) is not necessarily square or regular. It is, perhaps, surprising that in comparison with the huge amount of the literature available on the topic of the perturbed eigenvalue problem, the research on the perturbed linear system (1.6) is quite limited. For instance, in his encyclopedic book of 427 pages on the perturbation theory Baumgartel devoted only 2 pages to the operator A^{−1}(ε). And on these pages one can only find some general, nonconstructive, existence results. The primal goal of this thesis is to show that the problem (1.6) perhaps deserves as much atention as the eigenvaue problem (1.5). In fact, in Section 2.4.4 we will demonstrate how the results obtained for the problem (1.6) can be applied for the analysis of (1.5).

Now let us outline the contents and structure of the thesis. The results of the research have been divided in three chapters. The first chapter is devoted to the perturbation analysis of the linear system (1.6), or even more generally, to the perturbation analysis of operator equation L(ε)x(ε) = c(ε), where linear operator L(ε) depends analytically on the parameter ε. In particular, if L(ε) has an inverse for ε ≠ 0, but sufficiently small, then we investigate the properties of the perturbed inverse operator L^{−1}(ε) (or matrix-valued function A^{−1}(ε) in finite-dimensional case). For example, we rely on the fact that A^{−1}(ε) can always be expanded as a Laurent series A^{−1}(ε) = 1 ε^s B_{−s} + ... + 1 ε B_{−1} + B_0 + εB_1 + ... .

Then, a most efficient, to date, recursive procedure for the calculating of coefficients B_k, k = −s, −s + 1, ... is provided. In the case when matrix A(ε) is not invertible for any value of ε, we provide the perturbation analysis of its generalized inverse A^†(ε). If in the linear system (1.6) the right hand side b(ε) ≡ 0, then we carry out the perturbation analysis of the null space. Interestingly, the latter can be applied to the general eigenvalue problem (1.5). Finally, in the last section of the first chapter we analyse the perturbation of the Sylvester matrix equation. The latter can again be viewed as general linear operator equation with a particular choice of linear operator L(ε) : X → A(ε)X +XB(ε). This first chapter serves as a theoretical basis for the next two chapters which are quite independent of each other and can be read separately.

Introduction 4

In the second chapter we consider the application of the analytic perturbation theory to Markov chains and Markov decision processes (MDPs, for short). In particular, we study Markov chains and MDPs with analytically perturbed transition matrices. The novelty of our approach is that we do not make any assumptions (e.g., ergodicity) about the structure of the perturbed and original Markov chains. We analyse not only stationary distributions of the perturbed Markov chains but also their fundamental matrices. The latter allows us to perform the perturbation analysis of the mean first passage times. In addition, our methods can be applied for the determination of Blackwell optimal policies in MDPs. The latter is possible since the resolvent of the transition matrix for small values of the interest rate can be expanded as a Laurent series with a nice structure.

In the third chapter we apply the analytic perturbation theory to optimization problems. Firstly, we consider linear programs with coefficients depending on a small parameter. We construct an asymptotic simplex method which iterates over the field of Laurent series. Then, we consider a mathematical program with nonlinear convex objective function and linear constraints with parametric perturbations. We show that a modification of gradient projection method can be applied to the auxiliary mathematical program which is well defined.

Finally, we would like to note that the literature review is also divided in three parts according to the chapters and placed at the beginning of each chapter. We hope that this approach will permit each chapter to be read more or less independently of the other parts of the thesis.

Chapter 2

Analytic Perturbation of Singular Linear Systems

2.1 Background and literature review

This chapter provides a theoretical basis for the numerous applications developed in the next two parts of the thesis. As was mentioned in the introductory chapter, all problems of the present chapter can be viewed as particular cases of the analytically perturbed operator equation L(ε)x(ε) = c(ε). (2.1) In Sections 2.2 and 2.3 we study the inverse of a nearly singular linear operator. Namely, we assume that the perturbed operator L(ε) is invertible in some small neighbourhood of ε = 0, but the unperturbed operator L(0) has no inverse. We provide efficient recursive methods for the calculation of coefficients of the Laurent series expansion for the inverse operator L^{−1}(ε). In Section 2.2 we discuss the case of finite dimensional operators, whereas in Section 2.3 we address this problem in the context of general Hilbert spaces.

The problem of inversion of a nearly singular analytic matrix valued function was probably originated in the paper by Keldysh [88]. In that paper he studied the case of a polynomial perturbation A(ε) = I − A_0 − εA_1 − ... − ε^mA_m, where A_i are compact operators on Hilbert space. In particular, he showed that the principal part of the Laurent series expansion for the inverse operator A^{−1}(ε) can be given in terms of generalized Jordan chains. The generalized Jordan chains were initially developed in the context of matrix and operator polynomials (see [60, 108, 124] and numerous references therein). However, this concept can be easily generalized for the case

Analytic Perturbation of Singular Linear Systems 6

of analytic perturbation A(ε) = A_0 + εA_1 + ε^2A_2 + ...

Following [61] and [62], we say that the vectors φ_0, ..., φ_{r−1} form a generalized Jordan chain of the perturbed matrix A(ε) at ε = 0, if φ_0 ≠ 0 and if k∑ i=0 A_iφ_{k−i} = 0, for each k = 0, ..., r − 1. Note that φ_0 is an eigenvector of the unperturbed matrix A_0 corresponding to the zero eigenvalue. The number r is called the length of the Jordan chain and φ_0 is the initial vector. Let {φ^{(j)}_0 }^p_{j=1} be a system of linearly independent eigenvectors, which span the null space of A_0. Then one can construct Jordan chains initializing at each of the eigenvectors φ^{(j)}_0 . This generalized Jordan set plays a crucial role in the perturbation analysis of analytic matrix valued function A(ε). We would like also to mention that the Jordan set can also be expressed in terms of root functions [59, 62].

Firstly we need to discuss the analytic properties of the inverse A^{−1}(ε) of an analytic matrix valued function. Namely, suppose A(ε) is invertible in some punctured disc: 0 < |ε| < ε_{max}. Does there exist a Laurent series expansion

A^{−1}(ε) = 1 ε^s B_{−s} + ... + 1 ε B_{−1} + B_0 + εB_1 + ... (2.2)

which is convergent in some neighbourhood of ε = 0? This question was addressed in a number of papers. Vishik and Lyusternik in [149] studied the case of a linear perturbation A(ε) = A_0 + εA_1 and showed that one can always express A^{−1}(ε) as a Laurent series as long as A(ε) is a matrix valued function and A(ε) is invertible in some (maybe punctured) neighbourhood of the origin. In addition, the idea of the undetermined coefficient method for the calculation of Laurent series terms was given in [149]. Later many authors have obtained existence results for the operator valued analytic and meromorphic functions. Ribaric and Vidav [123] have proved the existence of the Laurent series (2.2) for an analytic operator valued function if the zero eigenvalue of the unperturbed operator A_0 is isolated and has finite algebraic multiplicity. They used a decomposition A(ε) = P + (A(ε) − P ), where P is an eigenprojection corresponding to the zero eigenvalue [87]. Gohberg and Sigal [62] have proved the existence of the Laurent series for the Fredholm meromorphic operator valued function. Also in [62] the structure of the principal part of the Laurent series (2.2) is given in terms of generalized Jordan chains. The results of [62] are based on the local Smith form. This form was first introduced in [58] for matrix polynomials and then it was generalized for analytic operator functions by the authors of [62]. Bart in [10]

Analytic Perturbation of Singular Linear Systems 7

generalized the notions of ascent and descent of bounded linear operators [102, 143] to holomorphic operator-valued functions. Using the generalized ascent and descent, Bart gave a necessary and sufficient condition for the existence of the Laurent series (2.2) for the inverse of a Fredholm holomorphic operator-valued function. Note that the generalized Jordan eigenvectors described above constitute the bases for ascent and descent spaces defined in [10]. Early Langenhop in [98] provided a similar development for a linear perturbation A(ε) = A_0 + εA_1 in the finite dimensional case. In particular, he has derived very useful recurrent formulae for the coefficients of the Laurent series (2.2)

B_{−(k+1)} = (−B_{−1}A_0)^kB_{−1} and B_k = (−B_0A_1)^kB_0, k = 1, 2, ... . (2.3)

Therefore, if the coefficients B_{−1} and B_0 are known, then the other coefficients can be computed easily in a recursive manner. The proof of the above recurrent formulae was simplified further by Schweitzer [133] (see also [135]) and was generalized to the case of analytic perturbation by Korolyuk and Turbin [91]. Howlett [73] showed that the coefficients of the Laurent series (2.2) satisfy a simple recursive relation in the case of polynomial perturbation. Note that in order to use the recurrent formulae (2.3) or their analog for the analytic case [91], one needs first to compute the singular part and the first regular term of (2.2). The approach of Korolyuk and Turbin [91] for the computation of the singular part of (2.2) is restricted to the case of the semisimple zero eigenvalue. Also Campbell and Rose [22, 126] studied the case of linear perturbation. First they provided formulae for the calculation of (2.2), if A_0A_1 = A_1A_0, based on Drazin generalized inverses and then they showed how a general linear perturbation can be transformed to the commutative case. In addition, they applied their results to singular differential equations [22, 23, 25]. Other applications of the Laurent series (2.2) can be found in [73, 96, 116, 145] and in the next two chapters of the present thesis. In [114] Pattabhiraman and Lancaster, using the concept of a pseudo-projection which is defined in the spirit of Kato’s book [87], have analysed the case of a simple pole. Also we would like to mention the book of Vainberg and Trenogin [145], where they have studied the case of holomorphic Fredholm operator valued function and used the Lyapunov-Schmidt regularization scheme and the techniques of branching theory.

Despite a relatively large number of papers and books on the present topic, few papers have addressed the question of efficient computation of the coefficients in (2.2) and this research direction is far from being completed. Therefore one of the main goals of the present thesis is to provide efficient computational procedures for the Laurent series (2.2).

In Section 2.2 we employ an algebraic approach based on the use of Moore-Penrose generalized inverses and a so-called reduction process. We would like to emphasize that our approach differs significantly from the original version of the reduction process proposed

Analytic Perturbation of Singular Linear Systems 8

by Kato [87] for the eigenvalue problem. In Section 2.3 we generalize the computationally efficient approach of Schweitzer and Stewart [135] to the case of Hilbert spaces and analytically perturbed operators. In comparison with existing computational schemes for the inversion of operator valued functions [14, 91, 145], our generalization of the Schweitzer and Stewart approach allows us to treat more complex cases. For instance, in the majority of previous publications the authors consider Fredholm operator valued functions, which are known to have a null space with a finite dimension. However, the approach presented in Section 2.3 allows us to deal with operators that have infinite dimensional null spaces.

In Section 2.4 we study the behaviour of the null space of an analytically perturbed matrix (1.3). We assume that the perturbed matrix A(ε) has a non-trivial null space for ε different from zero and sufficiently small. It turns out that the dimension of the perturbed null space m̄ is less than or equal to the dimension m of the unperturbed matrix [12, 61]. Our primary interest is in the singular case when m̄ < m. In particular, we are looking for an orthogonal family V (ε) = [v_1(ε), ..., v_{m̄}(ε)] of analytic vector-valued functions which constitute a basis for the perturbed null space. The matrix V (ε) has to satisfy the equation A(ε)V (ε) = 0 (2.4) in some neighbourhood of ε = 0. Note that the above equation can be viewed as a particular case of the operator equation (2.1) with c(ε) ≡ 0. Since the analytic family V (ε) is known to exist [60, 61], we can construct a solution to our problem in the form of a power series V (ε) = V_0 + εV_1 + ε^2V_2 + ... .

Upon substituting (1.3) and the above power series into (2.4) and equating coefficients with the same powers of ε, we obtain an infinite system of linear equations. We propose to solve this system by methods similar to those given in Section 2.2. Certainly, the perturbation of null spaces can be considered as a particular case of the general perturbed eigenvalue problem [14, 27, 28, 87, 104, 113, 121, 145, 149] A(ε)v(ε) = λ(ε)v(ε). (2.5) However, it is important to note that our results on the perturbation of null spaces together with a Newton diagram technique [14, 113, 145] can be applied to the solution of the general problem (2.5). This confirms the claim that the study of the singularly perturbed linear equations is no less important than the more traditional perturbation analysis of eigenvalue problems.

All known methods for the perturbation analysis of the eigenvalue problem can be devided into two principal categories. The first category [14, 87] is based on analytic

Analytic Perturbation of Singular Linear Systems 9

function theory and on spectral theory. Instead of eigenvectors the authors study the behaviour of the spectral eigenprojection which can be given in terms of the resolvent by

P (ε) = 1 2πi ∫ Γ (A(ε) − ζI)^{−1}dζ, (2.6) where Γ is a positively-oriented piecewise smooth closed curve in the complex plane enclosing the eigenvalue under consideration. The second category of methods [27, 28, 104, 113, 121, 145, 149] are developed to obtain the asymptotic expansions for the perturbed eigenvectors and are based on different techniques of linear algebra. The approach described in Section 2.2 belongs to the latter category. We would like to emphasize that most of the existing methods for the general eigenvalue problem have more restrictions than our approach and they seem to be more complicated as well. For example, Rellich [121] studied only symmetric matrices, Kato [87] assumed the semi-simplicity of eigenvalues and Lidskii [104] introduced a special non-degeneracy assumption. None of these assumptions is needed for our approach.

The construction of the Laurent series expansion for the group inverse of an analytically perturbed matrix is yet another application of the perturbation analysis for null spaces. We discuss this issue in Subsection 2.4.4. There we have only outlined the computational procedure. This procedure is realized in detail in Chapter 3 in the context of fundamental matrices of Markov chains.

Note that the group inverse and other generalized inverses are needed when the operator equation (2.1) has many solutions if ε = 0. Therefore in Section 2.5 we continue to carry out the perturbation analysis of different generalized inverses.

Perturbation methods have been thoroughly investigated for the eigenvalue problem (see e.g. [14, 87]), but as pointed out in Sections 2.2 and 2.3 a smaller number of results are available for the inversion of perturbed linear operators, and only a few results are known for the perturbation of generalized inverses.

The primary goal of Section 2.5 is to consider the reduced resolvent of a finite-dimensional perturbed operator. This is also known as the Drazin generalized inverse in linear algebra [24, 28]. However, as we use spectral theory and the theory of analytic functions we will refer to this object as the reduced resolvent rather than the Drazin inverse.

As before we distinguish between regular and singular perturbations. The perturbation is said to be regular if it does not change the dimension of the null space. Otherwise, the perturbation is said to be singular. One of the main advantages of the present approach is that it allows analysis of both the regular and singular perturbations in a unified framework.

It turns out that the perturbation analysis of the reduced resolvent can be applied to the perturbation analysis of the group inverse and the Moore-Penrose generalized inverse.

Analytic Perturbation of Singular Linear Systems 10

Bart [10] and later Bart, Kaashoek and Lay [13] (see also related references therein) have studied the analytic properties of the relative inverse [24] of a meromorphic operatorvalued function. In particular, they have given necessary and sufficient conditions for the relative inverse to be a finite-meromorphic function. Note that the Moore-Penrose generalized inverse is a particular member of the family of relative inverses [24]. However, no computational procedure was given in [10, 13] for the calculation of the Laurent series for the relative inverses of operator-valued functions. Stewart [139] provided a comprehensive analysis of the regular perturbations of the Moore-Penrose generalized inverse and pointed out that the error bounds grow infinitely as the perturbation vanishes in the singular case. He has given error bounds and a first order approximation for the general additive perturbation of the generalized inverse. The analytic perturbation is more restrictive than the general additive perturbation. However, it allows a deeper analysis of the singular case. The case of singular perturbations is interesting for it provides information on the lack of continuity of solutions to perturbed linear systems. The work on singular perturbation of the generalized inverse is very limited. Deif [36] proposed an algorithm for computing the Laurent series for the generalized inverse of an analytically perturbed matrix. However, to implement his algorithm one has to obtain power series expansions for all the quantities in the singular value decomposition, namely for all the eigenvectors and eigenvalues. This can be very costly, especially for matrices of high dimension. In contrast, we propose an algorithm, which works in appropriately constructed reduced subspaces of small dimension.

In Section 2.5 we prove the existence and obtain the Laurent series expansion of the reduced resolvent of a perturbed (finite-dimensional) linear operator. As a by-product, we also obtain the Laurent series of the Moore-Penrose generalized inverse of an analytically perturbed operator.

We provide recursive formulae for the (matrix) coefficients of the regular part of the Laurent series expansion for the reduced resolvent of the perturbed operator. These formulae require knowledge of the coefficients for the singular part and the latter are obtained via a new and simple reduction technique. In particular, this reduction technique uses a novel group reduced resolvent different from the one considered in Chatelin [28]. This group reduced resolvent relative to the group of eigenvalues Λ = {λ_i}^k_{i=1} can be given in terms of a Cauchy integral

A^{#Λ} = 1 2πi ∫ Γ 1 ζ (A − ζI)^{−1}dζ, where Γ is a contour in the complex plane which encloses zero and the set of eigenvalues {λ_i}^k_{i=1}, but none of the other eigenvalues {λ_i}^p_{i=k+1}. This shows that the approach of Section 2.5 is closely related to the analytic approach of Kato [87], which uses the

Analytic Perturbation of Singular Linear Systems 11

group eigenprojection in the form (2.6). Furthermore, it seems that the present approach complements the developments of Kato.

Note that if an operator is invertible, then its reduced resolvent is just the ordinary inverse. Therefore, our results are applicable to the problem of the inversion of nearly singular operators (see Sections 2.2, 2.3 and [10, 61, 62, 73, 91, 96, 98, 126, 133, 135, 145, 149]). Hence we have obtained as a by-product another new method for the inversion of singularly perturbed operators, which is based on the techniques of spectral theory.

Last but not least, the limit matrix in the Taylor series expansion of the eigenprojection matrix corresponding to the eigenvalue zero, has a simple expression in terms of (a) the original unperturbed 0-eigenprojection, (b) the perturbation matrices and (c), the singular part of the reduced resolvent. This provides some insight on how the perturbed 0-eigenvectors relate to the original 0-eigenvectors.

The results of Section 2.5 can be immediately applied to the theory of perturbed Markov chains. For example, the deviation matrix of a Markov chain is the negative of the reduced resolvent of the Markov chain generator. To demonstrate this application and verify the validity of our theoretical results, an illustrative example is provided at the end of the section. Another interesting potential application of our results is the perturbation analysis of the least squares problem [36, 139] and the boundary layer phenomenon arising in chemical networks [20].

In the last Section 2.6 of this chapter we provide a perturbation analysis for the Sylvester matrix equation. The Sylvester equation has many important applications (see [18, 28, 69, 84, 116, 150] and references therein). Again it can be viewed as a particular case of the general operator equation (2.1) with operator L(ε) : X → A(ε)X + XB(ε) acting on the Hilbert space of complex matrices C^{m×n}. Of course, one can use a Kronecker tensor product to write the Sylvester equation in the form A(ε)X = B(ε), where A(ε) and B(ε) are some augmented matrices [97], and then immediately apply the results of Sections 2.2 and 2.3. However, this approach leads to large sparse matrices. In contrast, we propose to take into account the structure of the Sylvester operator. The key element of our method is the novel use of the feasibility conditions of the Sylvester equations [92] expressed in terms of eigenvectors of the original coefficient matrices A(0) and B(0). The latter allows us to obtain a system of reduced equations with coefficient matrices of much smaller dimensions. In Section 2.6 we perform the perturbation analysis under the nondegeneracy assumption, which was first introduced by Lidskii [104] in the context of the perturbed eigenvalue problem. Since this is a practically important case, we explain in Subsection 2.6.3 how the algebraic reduction process of Section 2.2 can be implemented under this assumption. In particular, in the non-degenerate case, the Laurent series for

Analytic Perturbation of Singular Linear Systems 12

the perturbed solution can have at most a simple pole, and if the unperturbed equation has multiple solutions, then the perturbed solution converges to one of these solutions as the perturbation parameter goes to zero. Finally, we disscuss an important particular case, when only two semisimple eigenvalues of matrices A(ε) and B(ε) merge as the perturbation parameter ε goes to zero. This particular case has several applications in control theory [116] and the reduced system of equations for calculating of Laurent series coefficients can be written in a concise matrix form.

Since the methods of Chapter 2 are essentially based on the application of generalized inverse matrices, we review briefly the main definitions and facts from the theory of generalized inverses. An interested reader can find a more detailed discussion in [24, 141].

There are several types of generalized inverses. The Moore-Penrose generalized inverse (or Moore-Penrose pseudo-inverse) is by far the most commonly used generalized inverse. It can be defined in either geometrical or algebraical terms. First we give a “geometrical” definition.

Let A ∈ R^{m×n} be the matrix of a linear transformation from R^n to R^m . And let N(A) ⊆ R^n and R(A) ⊆ R^m denote the null space and the range space of this transformation, respectively. The space R^n can be represented as the direct sum N(A) ⊕ N(A)^⊥ and the space R^m can be represented as the direct sum R(A) ⊕ R(A)^⊥.

Definition 1 The Moore-Penrose generalized inverse of the linear transformation A : R^n → R^m is a linear transformation A^† : R^m → R^n defined in the following way. Let y ∈ R^m and write y = y_0 + y^⊥_0 , where y_0 ∈ R(A) and y^⊥_0 ∈ R(A)^⊥. Choose x ∈ R^n such that Ax = y_0 and write x = x_0 +x^⊥_0 , where x_0 ∈ N(A) and x^⊥_0 ∈ N(A)^⊥. Then A^†y = x^⊥_0 .

Of course, the generalized inverse matrix is just the matrix representation of the corresponding generalized inverse transformation. Next we give an equivalent algebraic defenition.

Definition 2 If A ∈ R^{m×n} , then the Moore-Penrose generalized inverse (or pseudoinverse) A^† ∈ R^{m×n} is defined by the equations

AA^†A = A, (2.7)

A^†AA^† = A^†, (2.8) (AA^†)^T = AA^†, (2.9) (A^†A)^T = A^†A. (2.10)

Analytic Perturbation of Singular Linear Systems 13

There are several methods for the computation of Moore-Penrose generalized inverses. The best known and the most computationally stable method is based on the singular value decomposition (SVD). Let r = r(A) be the rank of A ∈ R^{m×n} . There exist orthogonal matrices U ∈ R^{m×m} and V ∈ R^{n×n} and an invertible diagonal matrix D = diag{σ_1, ..., σ_r}, whose diagonal elements are the positive square roots of the nonzero eigenvalues of A^T A repeated according to multiplicity, such that A = U [ D 0 0 0 ] V.

Then the generalized inverse A^† ∈ R^{n×m} can be written in the form

A^† = V^T [ D^{−1} 0 0 0 ] U^T . The numbers σ_1, ..., σ_r are usually referred to as the singular values of A. More details on the singular value decomposition and the computation of the orthogonal matrices U and V can be found in [24, 141]. Another method for the computation of A^† based on the more elementary LU decomposition is discussed in [141].

The following properties of the Moore-Penrose generalized inverse will be used in the sequel (for the proof see, e.g., [24]).

(A^T )^† = (A^†)^T (2.11)

A^T = A^T AA^† = A^†AA^T (2.12) (A^T A)^† = A^†A^{T †} (2.13) A^† = (A^T A)^†A^T = A^T (AA^T )^† (2.14) One can immediately conclude from Definition 1 that the generalized inverse is an equation solver, that is

Lemma 1 Consider the assumed feasible system of linear equations

Ax = b, (2.15)

where A ∈ R^{m×n} and b ∈ R^m . Then x is a solution of this system if and only if x = A^†b + v , where v ∈ R^{n×1} belongs to the right null space^1 of A.

1We say that v ∈ R^{n×1} belongs to the right null space or simply the null space of A ∈ R^{m×n} if Av = 0.

Analytic Perturbation of Singular Linear Systems 14

The next lemma provides a simple condition for the feasibility of linear systems [24, 141].

Lemma 2 The system of linear equations (2.15) is feasible if and only if wb = 0 for all vectors w ∈ R^{1×m} in the left null space^2 of A.

An important particular case of the Moore-Penrose generalized inverse is the so-called group inverse, defined as follows:

Definition 3 Suppose that A is a square matrix. The group inverse A^g, if it exists, is characterized as the unique matrix satisfying the three equations

AA^gA = A, (2.16)

A^gAA^g = A^g, (2.17) AA^g = A^gA. (2.18)

Existence of the group inverse of A ∈ R^{n×n} is equivalent to the possibility to decompose the space R^n into a direct sum of the null space and the range of A (see e.g. [24]).

We now show that computing the Moore-Penrose generalized inverse reduces to computing the group inverse of a square symmetric matrix. This result seems to be new.

Lemma 3 The Moore-Penrose generalized inverse of A can be calculated by the formulae

A^† = (A^T A)^gA^T = A^T (AA^T )^g. (2.19)

Proof: By (2.14) to prove the above formulae, we need only to verify that the Moore- Penrose generalized inverse (A^T A)^† is also the group inverse of A^T A. Indeed, (A^T A)^† satisfies (2.16)–(2.18). It is obvious that (2.16) and (2.17) hold, since by definition, the generalized inverse satisfies (2.7), (2.8). The last identity (2.18) is obtained via

(A^T A)(A^T A)^† = A^T AA^†A^{T †} = A^T AA^†A^{†T} = A^T A^{†T} = (A^†A)^T = A^†A = (A^T A)^†(A^T A),

using (2.13), (2.11), (2.12), (2.10) and (2.14) respectively. Thus, the matrix (A^T A)^† satisfies (2.18), and, therefore, (A^T A)^g = (A^T A)^†, which immediately yields (2.19). □ Now let us discuss another type of generalized inverses, Drazin inverses. The Drazin inverse can be defined and calculated in the following way. If A ∈ R^{n×n} , then it can be represented by the following decomposition [24] A = W [ S 0 0 N ] W^{−1}, (2.20)

2We say that w ∈ R^{1×m} belongs to the left null space of A ∈ R^{m×n} if wA = 0.

Analytic Perturbation of Singular Linear Systems 15

where N is nilpotent and S is invertible. Then, the Drazin inverse is defined by

A^# = W [ S^{−1} 0 0 0 ] W^{−1}. Note that the Drazin inverse is not an equation solver. However, based on algebraic properties, Drazin inverses have more in common with usual inverse matrices than Moore- Penrose generalized inverses do [24]. In spectral theory the Drazin inverse is known as reduced resolvent [87].

The group inverse is also a particular case of the Drazin inverse. Namely, whenever the group inverse exists for matrix A, A can be decomposed into (2.20) with N = 0. Actually, the group inverse represents a situation when the Moore-Penrose generalized inverse and the Drazin inverse coincide.

2.2 The inversion of singularly perturbed matrices

2.2.1 Preliminaries

Let A(ε) be an analytic perturbation of matrix A_0 ∈ R^{n×n} . That is, the power series

A(ε) = A_0 + εA_1 + ε^2A_2 + ... , (2.21)

is well defined for all ε ∈ C with |ε| < ε_{max}. We adopt a standard assumption that A(ε) is invertible in a punctured disc: 0 < |ε| < ε_{max}. This immediately implies (see references mentioned in the “Background and literature review” section) that the inverse matrix valued function A^{−1}(ε) has the Laurent series (2.2). To simplify notations, we write the Laurent series in the following form

A^{−1}(ε) = 1 ε^s (X_0 + εX_1 + ε^2X_2 + ...). (2.22)

Upon substituting the above series into the identity A(ε)A^{−1}(ε) = I and collecting coefficients with the same power of ε, we obtain the system of fundamental equations. A_0X_0 = 0 (2.23.0) A_0X_1 + A_1X_0 = 0 (2.23.1) . . . . A_0X_s + ... + A_sX_0 = I (2.23.s) A_0X_{s+1} + ... + A_{s+1}X_0 = 0 (2.23.s + 1) . . . . Tha above infinite system of linear equations uniquely determine the coefficients of the Laurent series (2.22). This fact has been noted in [14, 73, 91, 149, 145].

Analytic Perturbation of Singular Linear Systems 16

Our aim is to provide an efficient computational scheme to determine the sequence {X_i}^∞_{i=0} from a knowledge of the sequence {A_i}^∞_{i=0}. Of course, in order to make the procedure finite, one has to specify some truncation parameters. For example, one could specify the number of coefficients required in the regular part of the Laurent expansion. This would then imply a (possibly posterior) bound on how many matrices of the series {A_i}^∞_{i=0} are needed. We also observe that the order s of the pole depends only on some finite subsequence {A_i}^p_{i=0} of the sequence {A_i}^∞_{i=0}, where the number p is not known in advance. The order s of the pole, and hence p, can be determined either by using the method of Sain and Massey (see [73, 130] and the introductory part to Section 2.2.3) or by applying the complete reduction process, which will be described in the last part of Section 2.2.3.

In this section we suggest three related methods for computing the coefficients of the Laurent series (2.22). All three methods are based on the recursive solution of the infinite set of fundamental equations (2.23). The first method uses the Moore-Penrose generalized inverse matrix to solve a set of linear equations and extends the work in [66]. The second method has one reduction step and in the third method we perform a complete reduction process with s number of steps. Of course, an intermediate process with the number of reductions between 1 and s could also be developed.

We emphasize that we are mainly interested in the case where A_0 is singular, as otherwise the analysis and the resulting procedure are quite straightforward.

2.2.2 Recursive solution of the fundamental equations

In this subsection we show that the fundamental equations (2.23) can be solved in a recursive manner and that we need to consider only s + 1 fundamental equations at a time to determine subsequent coefficients of the Laurent series (2.22).

Before proceeding further, let us introduce some more notation. For any integer t ≥ 0 define the matrix A^{(t)} ∈ R^{n(t+1)×n(t+1)} [61, 66, 73] by setting

A^{(t)} =

A_0 0 0 · · · 0 A_1 A_0 0 · · · 0 A_2 A_1 A_0 · · · 0 . . . . . . . .. . . A_t A_{t−1} · · · A_1 A_0

Let G^{(t) def}= [A^{(t)}]^† be the Moore-Penrose generalized inverse of A^{(t)} and define the matrices

Analytic Perturbation of Singular Linear Systems 17

G^{(t)}_{ij} ∈ IR^{n×n} for 0 ≤ i, j ≤ t by

G^{(t)} =

G^{(t)}_{00} · · · G^{(t)}_{0t} . . ... . . G^{(t)}_{t0} · · · G^{(t)}_{tt} where G^{(t)}_{ij} ∈ IR^{n×n} is the (i, j)-th block of G^{(t)}.

Let us prove the following lemma.

Lemma 4 Let s be the order of the singularity of A^{−1}(ε). Any eigenvector of A^{(s)} corresponding to the zero eigenvalue possesses the property that its first n elements are zero.

Proof: Suppose on the contrary that there exists an eigenvector Φ ∈ IR^{n(s+1)} such that

A^{(s)}Φ = 0 (2.24)

and not all of its first n entries are zeros. Then, we partition vector Φ into s + 1 blocks and rewrite (2.24) in the form A_0ϕ_0 = 0 A_0ϕ_1 + A_1ϕ_0 = 0 . . A_0ϕ_s + ... + A_sϕ_0 = 0 with ϕ_0 ≠ 0. The latter means that we have found a generalized Jordan chain of length s + 1. However, from the results of Gohberg and Sigal [62], we conclude that the maximal length of the generalized Jordan chain of A(ε) at ε = 0 is s. Thus, we come to a contradiction and hence ϕ_0 = 0. □ The next theorem provides the theoretical basis for the recursive solution of the infinite system of fundamental equations (2.23).

Theorem 1 Each coefficient X_k, k = 0, 1, ... is uniquely determined by the previous coefficients X_0, ..., X_{k−1} and the set of s fundamental equations (2.23.k) − (2.23.k + s).

Proof: It is obvious that the sequence of Laurent series coefficients {X_i}^∞_{i=0} is itself a solution to the fundamental equations (2.23). Let the coefficients X_i, i = 0, ..., k − 1 be determined. Now we show that the set of fundamental equations (2.23.k)-(2.23.k+s)

Analytic Perturbation of Singular Linear Systems 18

uniquely determines the next coefficient X_k. Suppose that there exists another solution X̃_k. Since X_k and X̃_k are both solutions, we can write

A^{(s)} X̃_k . . X̃_{k+s} = J_k − ∑_k i=1 A_iX_{k−i} . . J_{k+s} − ∑_k i=1 A_{i+s}X_{k−i} and A^{(s)} X_k . . X_{k+s} = J_k − ∑_k i=1 A_iX_{k−i} . . J_{k+s} − ∑_k i=1 A_{i+s}X_{k−i} , where the matrix J_i is defined as follows:

J_i = { I, i = s 0, otherwise . and X̃_{k+1}, ..., X̃_{k+s} are any particular solutions of the nonhomogenous linear system (2.23.k)- (2.23.k+s). Note that the above systems have identical right hand sides. By subtracting the second system from the first, we get

A^{(s)} X̃_k − X_k . . X̃_{k+s} − X_{k+s} = 0 . . 0 .

This means that [X̃_k − X_k · · · X̃_{k+s} − X_{k+s}]^T is a matrix of vectors in the null space of A^{(s)}. However, by Lemma 4, the first n rows of this matrix are zero. In other words, X̃_k − X_k = 0 which proves the theorem. □ Also Lemma 4 provides, as stated next in Proposition 1, an explicit expression for X_0, the leading term of the Laurent series expension (2.22). This will be used later, in the first method of Section 2.2.3, for the initialization of a recursive procedure for computing all other terms.

Proposition 1 The leading term X_0 of the Laurent series expansion (2.22) is given by

X_0 = G^{(s)}_{0s} .

Proof: According to Lemma 1, the general solution of the first s + 1 fundamental equations is given by

X_0 . . X̃_s = G^{(s)} 0 . . I + V = G^{(s)}_{0s} . . G^{(s)}ss + V_0 . . V_s ,

Analytic Perturbation of Singular Linear Systems 19

where each column of matrix V ∈ R^{sn×n} belongs to the right null space of A^{(s)}. From Lemma 4 we conclude that V_0 = 0 and hence X_0 = G^{(s)}_{0s} . □ 2.2.3 Solution methods

In this section we discuss three methods for solving the system of fundamental equations (2.23). The first method is based on a direct application of the Moore-Penrose generalized inverse. The second method involves the replacement of the original system of fundamental equations by a system of equations with a reduced order, whose matrix coefficients are of smaller dimensions. In the third method we show that the reduction process can be applied recursively to reduce the problem to a non-singular system. Since all methods depend to some extent on prior knowledge of s we begin by discussing a procedure for the determination of s. However, as will be seen in the last subsection, it is possible to use the third method without prior knowledge of s.

The determination of the order of the pole

The rank test on the matrix A^{(t)} proposed by Sain and Massey in [130] is likely to be the most effective procedure for determining the value of s. The calculation of rank is essentially equivalent to the reduction of A^{(t)} to row echelon normal form and it can be argued that we should use row operations to successively calculate the ranks of A^{(0)},A^{(1)},A^{(2)},... and find the minimum value of t for which rankA^{(t)} = rankA^{(t−1)} + n. This minimum value of t is equal to the order s of the pole [73, 130]. Note that previous row operations for reduction of A^{(t−1)} to echelon form are replicated in the reduction of A^{(t)} and do not need to be repeated. For example, if a certain combination of row operations reduces A_0 to row echelon form then the same operations are used again as part of the reduction of [ A_0 0 A_1 A_0 ]

to row echelon form.

Basic generalized inverse method

Assuming s known, Proposition 1 gives an explicit expression for X_0. In this section we define a recursive formula for the coefficients X_k, k = 1, 2, .... The formula will be given in terms of the generalized inverse G^{(s)} = [A^{(s)}]^†. Furthemore, we would like to note that in the solution we use only the first n rows of the generalized inverse, namely, [G^{(s)}_{00} · · · G^{(s)}_{0s} ].

Analytic Perturbation of Singular Linear Systems 20

The procedure initialises with X_0 = G^{(s)}_{0s} .

Then, the terms X_k, for k = 1, 2, ... can be obtained recursively from the fundamental equations (2.23.k)–(2.23.k + s) which can be rewritten in the form

A^{(s)} X̃_k . . X̃_{k+s} = J_k − ∑_k i=1 A_iX_{k−i} . . J_{k+s} − ∑_k i=1 A_{i+s}X_{k−i} Again as in Proposition 1, the general solution to the above system is given in the form. X_k X̃_{k+1} . . X̃_{k+s} = G^{(s)}_{00} · · · G^{(s)}_{0s} G^{(s)}_{10} · · · G^{(s)}_{1s} . . ... . . G^{(s)}_{s0} · · · G^{(s)}ss

J_k − ∑_k i=1 A_iX_{k−i} J_{k+1} − ∑_k i=1 A_{i+1}X_{k−i} . . J_{k+s} − ∑_k i=1 A_{i+s}X_{k−i} + 0 V_1 . . V_s ,

Thus the Laurent series coefficient X_k is given by the following recursive expression

X_k = s∑ j=0 G^{(s)}_{0j} (J_{j+k} − k∑ i=1 A_{i+j}X_{k−i}) , k ≥ 1, (2.25) where the matrix J_i is defined as before by

J_i = { I, i = s 0, otherwise.

Note that J_{s+j+k} = 0 for all j = 0, 1, 2, ... where k ≥ 1 and hence the matrices J_{j+k} in the expression (2.25) disappear when the coefficients of the regular part of the Laurent series (2.22) are computed.

Remark 1 The formula (2.25) is a generalisation of the recursive formula for the Neumann expansion. Indeed, let A_0 be invertible. Then s = 0 and G^{(0)} = A^{−1}_0 . Consequently, (2.25) becomes the classical formula

X_k = −A^{−1}_0 k∑ i=1 A_iX_{k−i}, k ≥ 1 with X_0 = A^{−1}_0 .

Remark 2 Probably from a computational point of view it is better not to compute the generalized inverse G^{(s)} beforehand, but rather to find the SVD or LU decomposition of A^{(s)} and then use these decompositions to solve the linear system (2.23.k)–(2.23.k + s) of fundamental equations. This is the standard approach for solving linear systems with various right hand sides.

Analytic Perturbation of Singular Linear Systems 21

The formulae of this section rely on a knowledge of the matrix G^{(s)}. However, we note from [24, Ch. 12] that the computation of the Moore-Penrose inverse for non-full rank matrices may be unstable. Therefore we will develop more computationally stable algorithms, to be presented in the ensuing sections.

The one step reduction process

In this subsection we describe an alternative scheme that can be used in the case where it is relatively easy to compute a basis for each of the left and right null spaces of A_0. Specifically, let m = n − r(A_0) be the dimension of the null space of A_0, let Q ∈ IR^{n×m} be a matrix whose m columns form a basis for the right null space and let M ∈ IR^{m×n} be a matrix whose m rows form a basis for the left null space of A_0. Of course, although m = 0 and hence s = 0 is possible, we are interested in the singular case where m ≥ 1. Recall that A^†_0 denotes the Moore-Penrose generalized inverse of the unperturbed matrix A_0.

Let us consider the first s + 1 fundamental equations as defined in Section 2.2.1 but with arbitrary right hand sides.

A_0X̃_0 = R_0 (2.26.0) A_0X̃_1 + A_1X̃_0 = R_1 (2.26.1) . . . . A_0X̃_s + ... + A_sX̃_0 = R_s. (2.26.s)

We are interested only in the case where the above system has a solution. In such a case it follows from Lemma 4 that X̃_0 is uniquely defined. The following theorem provides a key technique for the reduction process.

Theorem 2 Suppose that the system of equations (2.26) is feasible. The solution X̃_0 to this system is given by X̃_0 = A^†_0R_0 + QỸ_0

where {Ỹ_i}^{s−1}_{i=0} ⊂ IR^{m×n} solves a reduced system of equations in the form

B_0Ỹ_0 = T_0 (2.27.0) B_0Ỹ_1 + B_1Ỹ_0 = T_1 (2.27.1) . . . . B_0Ỹ_{s−1} + ... + B_{s−1}Ỹ_0 = T_{s−1}. (2.27.s − 1)

Analytic Perturbation of Singular Linear Systems 22 The matrices B_k ∈ IR^{m×m} and T_k ∈ IR^{m×n}, 0 ≤ k ≤ s − 1, are defined by B_k = M k+1∑ p=1 (−1)^{p−1} ∑ ν_1+...+ν_p=k+1 A_{ν1} A^†_0A_{ν2} · · · A^†_0A_{νp} Q, (2.28)

T_k = M k∑ i=0 k−i+1∑

p=1 (−1)^p ∑ ν_1+...+ν_p=k−i+1 A_{ν1} A^†_0A_{ν2} · · · A^†_0A_{νp}

A^†_0R_i + R_{k+1}

, (2.29) where ν_1, ..., ν_p are positive natural numbers. Moreover, the matrix Ỹ_0 is uniquely defined by the reduced system (2.27).

Proof: According to Lemma 1 the general solution to the matrix equation (2.26.0) is X̃_0 = A^†_0R_0 + QỸ_0, (2.30) where Ỹ_0 ∈ IR^{m×n} is some arbitrary matrix. Lemma 2 shows that the feasibility condition for equation (2.26.1) is M(R_1 − A_1X̃_0) = 0.

Substituting expression (2.30) for the general solution X̃_0 into the above feasibility condition, one finds that Ỹ_0 satisfies the equation M(R_1 − A_1(A^†_0R_0 + QỸ_0)) = 0 which can be rewritten as MA_1QỸ_0 = M(R_1 − A_1A^†_0R_0).

Thus we have obtained the first reduced fundamental equation (2.27.0) with B_0^Δ= MA_1Q and T_0^Δ= M(R_1 − A_1A^†_0R_0).

Next we observe that the general solution of equation (2.26.1) is represented by the formula X̃_1 = A^†_0(R_1 − A_1X_0) + QỸ_1 (2.31) with Ỹ_1 ∈ IR^{m×n}. Moving on and applying the feasibility condition stated in Lemma 2 to equation (2.26.2), we obtain M(R_2 − (A_1X̃_1 + A_2X̃_0)) = 0.

The substitution of expressions (2.30) and (2.31) into the above condition yields MA_1(A^†_0(R_1 − A_1X̃_0) + QỸ_1) + MA_2(A^†_0R_0 + QỸ_0) = MR_2

Analytic Perturbation of Singular Linear Systems 23

which is rearranged to give

MA_1QỸ_1 + M(−A_1A^†_0A_1 + A_2)QỸ_0 = M(R_2 − A_1A^†_0R_1 + (A_1A^†_0A_1 − A_2)A^†_0R_0).

The previous equation is the reduced equation (2.27.1) with

B_1^Δ= M(−A_1A^†_0A_1 + A_2)Q and T_1^Δ= M(R_2 − A_1A^†_0R_1 + (A_1A^†_0A_1 − A_2)A^†_0R_0).

Note that this equation imposes restrictions on Ỹ_1 as well as on Ỹ_0. By proceeding in the same way, we eventually obtain the complete system of equations (2.27) with coefficients given by formulae (2.28) and (2.29) each of which can be justified by induction in a straightforward way. Finally, notice that the matrix Ỹ_0 is uniquely determined by the reduced system of equations (2.27). This follows immediately from the facts that X̃_0 is determined uniquely by the system of equations (2.26) (see arguments of Theorem 1) and that the matrix Q has full rank. □ Remark 3 The matrices B_k and T_k given in (2.28) and (2.29) can be recursively computed in the spirit of [91, 134]. Specifically, define the series of matrices {U_k}^∞_{k=0} by setting

U_k^Δ= k+1∑ p=1 (−1)^{p−1} ∑ ν_1+...+ν_p=k+1 A_{ν1} A^†_0A_{ν2} · · · A^†_0A_{νp} , k = 0, 1, ...

which is equivalent to the recursive definition

U_k = A_{k+1} − k∑ i=1 A_iA^†_0U_{k−i} , k = 1, 2, ... initialising with U_0 = A_1. Then, (2.28) and (2.29) can be simplified to give

B_k = MU_kQ (2.32) and T_k = M ( − k∑ i=0 U_{k−i}A^†_0R_i + R_{k+1} ) (2.33)

for k = 0, . . . , s − 1.

Remark 4 It is important to note that all equations (2.27.0)–(2.27.s − 1) are needed in order to determine Y_0 uniquely. This in turn implies that B_0 is singular if s > 1. Actually, it is this observation which leads to the fact that the reduction process can now be applied again to the system (2.27.0)–(2.27.s−1). Details of a complete reduction process are given in the next subsection.

Analytic Perturbation of Singular Linear Systems 24

Remark 5 Note that, since dimB_k = dimN(A), the matrices B_k, k = 0, ..., s − 1 have significantly smaller dimensions than the coefficients A_k of the original fundamental equations.

Since the reduced system (2.27) has the same structure as the original system of fundamental equations, we can again apply the generalized inverse technique. Towards this end define

B^{(t) Δ}=

B_0 0 0 · · · 0 B_1 B_0 0 · · · 0 B_2 B_1 B_0 · · · 0 . . . . . . . .. . . B_t B_{t−1} · · · B_1 B_0 and H^{(t)} =

H^{(t)}_{00} · · · H^{(t)}_{0t} . . ... . . H^{(t)}_{t0} · · · H^{(t)}_{tt}

Δ= [B^{(t)}]^†.

By carrying out a similar computation to the one presented in the proof of Proposition 1, we obtain Ỹ_0 = s−1∑ i=0 H^{(s−1)}_{0i} T_i.

Once Ỹ_0 is determined it is possible to obtain X̃_0 which is given by

X̃_0 = A^†_0R_0 + QỸ_0 = A^†_0R_0 + Q s−1∑ i=0 H^{(s−1)}_{0i} T_i.

Furthermore, substituting for T_i for 0 ≤ i ≤ s − 1 from (2.33) and changing the order of summation gives

X̃_0 = ( A^†_0 − s−1∑ i=0 QH^{(s−1)}_{0i} MU_iA^†_0 ) R_0 + s∑ j=1 ( QH^{(s−1)}_{0j−1} M − s−1∑ i=j QH^{(s−1)}_{0i} MU_{i−j} A^†_0 ) R_j . (2.34) Note that we are using the convention the sum disappears when the lower limit is greater than the upper limit in the limits of the sum.

Next we apply the above results in order to solve the system of fundamental equations (2.23). As before, consider the set (2.23.k)–(2.23.k + s) of fundamental equations. This set uniquely determines the coefficient X_k of the Laurent series expansion (2.22). Indeed, we have A_0X_k = J_k − ∑_k i=1 A_iX_{k−i} A_0X_{k+1} + A_1X_k = J_{k+1} − ∑_k i=1 A_{i+1}X_{k−i} . . A_0X_{k+s} + ... + A_sX_k = J_{k+s} − ∑_k i=1 A_{i+s}X_{k−i}.

Analytic Perturbation of Singular Linear Systems 25

The above system is like the one given in (2.26) with R_j = J_{k+j} − ∑_k i=1 A_{i+j}X_{k−i}. Hence, from formula (2.34) with the appropriate R_j we obtain

X_k = ( A^†_0 − s−1∑ i=0 QH^{(s−1)}_{0i} MU_iA^†_0 ) (J_k − k∑ i=1 A_iX_{k−i})

+ s∑ j=1 ( QH^{(s−1)}_{0j−1} M − s−1∑ i=j QH^{(s−1)}_{0i} MU_{i−j} A^†_0 ) (J_{k+j} − k∑ i=1 A_{i+j} X_{k−i}) (2.35)

for all k ≥ 1. In particular, the coefficient of the first singular term in (2.22) can be given by the formula X_0 = QH^{(s−1)}_{0s−1} M . (2.36)

Remark 6 The advantage of (2.35) vis a vie (2.25) is that only the generalized inverses of smaller matrices B^{(s)} and A_0 are needed instead of the generalized inverse of the large augmented matrix A^{(s)}.

The complete reduction process

The reduced system (2.27) has a similar structure to the original system (2.26) but:

1. the number of fundamental equations is reduced from s + 1 to s,

2. the dimension of the unkown matrices is reduced from n to m = dimN(A_0), and

3. the matrices on the right hand sides have changed.

These changes do not affect the possibility of applying the reduction procedure more than once. As can be deduced from Theorems 1 and 2, it is possible to make up to s reduction steps. We now outline how these steps can be executed. Since this should be routine, no details are given. We start by introducing the sequence of reduced systems. The fundamental matrix equations for the l-th reduction step are

A^{(l)}_0 X^{(l)}_0 = R^{(l)}_0 (2.37.0) A^{(l)}_0 X^{(l)}_1 + A^{(l)}_1 X^{(l)}_0 = R^{(l)}_1 (2.37.1) . . . . A^{(l)}_0 X^{(l)}_{s−l} + ... + A^{(l)}_{s−l}X^{(l)}_0 = R^{(l)}_{s−l} (2.37.s − l)

With l = 0, one gets the original system (2.26) and with l = 1 one gets the reduced system (2.27) for the first reduction step. Initialising with R^{(0)}_i = 0, 0 ≤ i ≤ s − 1, and R^{(0)}s = I and with A^{(0)}_i = A_i, 0 ≤ i ≤ s, the matrices A^{(l)}_j and R^{(l)}_j , 0 ≤ j ≤ s − l, for each

Analytic Perturbation of Singular Linear Systems 26

reduction step 1 ≤ l ≤ s can computed subsequently by a recursion similar to (2.32) and (2.33):

U^{(l)}_0 = A^{(l−1)}_1 , U^{(l)}_j = A^{(l−1)}_{j+1} − j∑ i=1 A^{(l−1)}_i A^{(l−1)†}_0 U^{(l)}_{j−i}, j = 1, . . . , s − l

A^{(l)}_j = M^{(l)}U^{(l)}_j Q^{(l)} j = 0, . . . , s − l,

R^{(l)}_j = M^{(l)} ( − j∑ i=0 U^{(l)}_{j−i}A^{(l−1)†}_0 R^{(l−1)}_i + R^{(l−1)}_{j+1} ) j = 0, . . . , s − l where Q^{(l)} and M^{(l)} are the basis matrices for the right and left null spaces respectively of the matrix A^{(l−1)}_0 and where A^{(l−1)†}_0 is the Moore-Penrose generalized inverse of A^{(l−1)}_0 . After s reduction steps, one gets the final system of reduced equations

A^{(s)}_0 X^{(s)}_0 = R^{(s)}_0 .

Since the original system (2.26) has a unique solution and Theorem 2 states the equivalence of the n-th and (n+1)-th systems of reduced equations, the matrix A^{(s)}_0 is invertible. Thus, X^{(s)}_0 = [A^{(s)}_0 ]^{−1}R^{(s)}_0 . (2.38) The original solution X_0 = X^{(0)}_0 can be readily retrieved by the backwards recursive relationship X^{(l−1)}_0 = A^{(l−1)†}_0 R^{(l−1)}_0 + Q^{(l)}X^{(l)}_0 l = s, ..., 1. (2.39) By taking R^{(0)}_j = J_{k+j} − ∑_k i=1 A_{i+j} X_{k−i}, 0 ≤ j ≤ s, one gets the algorithm for computing the Laurent series coefficients X_k. Of course, recursive formulae similar to (2.25) and (2.35) can be obtained, but it is quite complicated and probably unnecessary to write them down for the general case.

Remark 7 The order s of the pole can also be obtained from the reduction process. We continue the reduction process until A^{(l)}_0 becomes non-singular. The number of reduction steps exactly equals the order of the pole.

Note also that the sequence of matrices A^{(l)}_0 , l ≥ 0, can be computed independently of the right hand sides. Once s is determined, one can compute the right hand sides R^{(l)}_j , 1 ≤ l ≤ s, 0 ≤ j ≤ s − l.

Analytic Perturbation of Singular Linear Systems 27

2.2.4 Example

Let us consider the following perturbed matrix

A(ε) = A_0 + εA_1 =

1 2 1 −1 1 0

0 3 1 + ε 1 −1 0 0 1 −1 −1 0 1 ,

where rank(A_0) = 2. Construct the augmented matrices

A^{(0)} = A_0 and A^{(1)} = [ A_0 0 A_1 A_0 ] .

and note that rank(A^{(1)}) − rank(A^{(0)}) = 5 − 2 = 3, which is the dimension of the original coefficients A_0 and A_1. Therefore, according to the test of Sain and Massey [130], the Laurent expansion for A^{−1}(ε) has a simple pole. Alternatively, we can compute a basis for N(A^{(1)}), which in this particular example consists of only one vector

q^{(1)} = [ 0 0 0 1 1 −3 ]_T . The first three zero elements in q^{(1)} confirm that the Laurent series has a simple pole. Next we compute the generalized inverse of A^{(1)} given by

A^{(1)†} = G^{(1)} = [ G^{(1)}_{00} G^{(1)}_{01} G^{(1)}_{10} G^{(1)}_{11} ] =

1/3 −5/12 −1/12 1/8 1/8 −1/8 0 1/4 1/4 1/8 1/8 −1/8 1/3 −5/12 −1/12 −3/8 −3/8 3/8 ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗

.

Consequently,

X_0 = G^{(1)}_{01} = 1 8 1 1 −1 1 1 −1 −3 −3 3

. (2.40)

Alternatively, we know that X_0 is uniquely determined by the fundamental equations

A_0X_0 = 0, A_0X_1 + A_1X_0 = I.

After one reduction step these equations reduce to

MA_1QW_0 = M,

Analytic Perturbation of Singular Linear Systems 28

where M = [ 1 1 −1 ] and Q = [ 1 1 −3 ]_T . Hence, W_0 = (MA_1Q)^{−1}M = 1 8 [ 1 1 −1 ]

and X_0 = QW_0 = 1 1 −3 1 8 [ 1 1 −1 ] = 1 8 1 1 −1 1 1 −1 −3 −3 3 . The latter expression is identical with (2.40) and coincides with the one computed by expanding A^{−1}(ε) with the help of the MATLAB symbolic toolbox. Note that even for this three dimensional example the direct symbolic calculation of the Laurent series takes a relatively long time.

2.2.5 Alternative proof of the results of Subsection 2.2.2

Here we show an alternative way to prove the results of Subsection 2.2.2. The following approach is based on the elegant technique introduced by Haviv and Ritov in [66, 67].

Theorem 3 The number τ of the first fundamental equations (2.6) which uniquely determine the leading Laurent series coefficient X_0 is equal to s + 1, where s is the order of the pole of A^{−1}(ε) at zero.^3

Proof: We start by proving that τ ≥ s + 1. Aiming for a contradiction assume that τ < s + 1 and consider the first τ fundamental equations

A_0X̃_0 = 0 A_0X̃_1 + A_1X̃_0 = 0 . . A_0X̃_{τ −1} + ... + A_{τ −1}X̃_0 = 0.

It is obvious that X̃_0 = X̃_1 = ... = X̃_{τ −1} = 0 is a solution. On the other hand the first τ coefficients of the Laurent series (2.22) is also a solution. Since the definition of τ implies that the solution for X̃_0 is unique it follows that the first coefficient of the Laurent series (2.22) is equal to zero. This contradicts the fact that s is the order of the pole.

We next show that τ equals s + 1. Namely, we prove that the first s + 1 fundamental equations uniquely determine X_0. Suppose on the contrary that this is not true and that there exists another solution Y_0, Y_1, ..., Y_s ∈ R^{n×n} to the first s + 1 fundamental equations

3Note that a priori the option that τ = ∞ is not ruled out.

Analytic Perturbation of Singular Linear Systems 29

with Y_0 ≠ X_0. In this case consider the sequence {Z_i}^∞_{i=0} of matrices in R^{n×n} defined by Z_i = X_i − Y_i for 0 ≤ i ≤ s, and Z_i = X_i for i > s. Clearly, for 0 < |ε| < ε̄, 1 ε^s A(ε)[Z(ε) + Y (ε)] = I, where Z(ε)^Δ= ∑_∞ i=0 Z_iε^i and Y (ε)^Δ= ∑_s i=0 Y_iε^i. Equivalently we may write 1 ε^s A(ε)Z(ε) = I − 1 ε^s A(ε)Y (ε) . But since the series {Y_i}^s_{i=0} solves the set of the first s + 1 fundamental equations, the above right hand side has order of magnitude O(ε) and hence 1 ε^s A(ε)Z(ε) = O(ε) . Multiplication of the last identity by A^{−1}(ε) on the left leads to 1 ε^s Z(ε) = O( 1 ε^{s−1} ) . This is a contradiction, since Z_0 ≠ 0 and the left hand side has order of magnitude O(1/ε^{s−1}). □ Then the important Lemma 4 becomes a corollary of the above theorem.

2.3 The inversion of singularly perturbed operators on Hilbert space

2.3.1 Preliminaries

In [135] Schweitzer and Stewart proposed a computationally efficient approach for the inversion of a matrix pencil (A + zB). Here we generalize the approach of [135] to the case when A and B are linear bounded operators acting from one complex Hilbert space H to another complex Hilbert space K. Let L(H, K) denote the space of linear bounded operators. Furthermore, we show how the results of [135] and their generalization for complex Hilbert spaces can be applied to polynomial perturbations

A(z) = A_0 + zA_1 + ... + z^mA_m, (2.41)

and analytic perturbations

A(z) = A_0 + zA_1 + z^2A_2 + ..., (2.42)

where A_k ∈ L(H, K).

Analytic Perturbation of Singular Linear Systems 30

2.3.2 Regular perturbation

Firstly, in order to make the present Section 2.3 self-contained, let us consider the application of the classical Neumann series expansion to the case of regular perturbations. The results can be summarized as follows:

Theorem 4 Let A, B ∈ L(H, K) and let A be a one-to-one mapping of H onto K. Then the perturbation operator can be expanded as Maclaurin series

(A + zB)^{−1} = ∞∑ n=0 z^n(−A^{−1}B)^nA^{−1} (2.43) for all |z| < 1/‖A^{−1}B‖. Proof: Note that

(A + zB)^{−1} = (A(I + zA^{−1}B))^{−1} = (I + zA^{−1}B)^{−1}A^{−1}

Then, by applying the Neumann series to (I + zA^{−1}B)^{−1}, we obtain the expansion (2.43) with the radius of convergence 1/‖A^{−1}B‖. □ Note that the case of regular polynomial or analytical perturbations can be treated in a similar way.

2.3.3 Singular perturbation

Now let us consider the case of a singular perturbation where the operator A does not have an inverse but the perturbed operator A+zB does for sufficiently small z but distinct from zero. It turns out that, under certain conditions, the inverse of the perturbed operator can be expanded as a Laurent series. Here we develop one set of conditions for the existence of Laurent series with a finite order pole and provide an algorithm for the calculation of its coefficients. Before proceeding further, let us recall several important facts about Hilbert spaces:

• If A ∈ L(H, K) is a bounded linear map and if M = N (A) is the null space of A then M is a closed subspace of H.

• The orthogonal compliment X^⊥ of any subspace X ⊂ H is always closed.

Then, one can define a natural projection in the Hilbert space. The following theorem provides a basis for this definition [106].

Analytic Perturbation of Singular Linear Systems 31

Theorem 5 Let H be a Hilbert space and let M ⊆ H be a closed subspace of H. For each x ∈ H there is a unique element x_M ∈ M, which is called the projection of x into M, such that ‖x − x_M ‖ ≤ ‖x − y‖ for all y ∈ M. Furthermore ⟨x − x_M , y⟩ = 0 for all y ∈ M.

Definition 4 Let H be a Hilbert space and let M ⊆ H be a closed subspace of H. For each x ∈ H let x_M ∈ M be the unique projection of x into M. Let P_M : H → M ⊆ H be defined by P_M x = x_M for all x ∈ H. The operator P_M is called the orthogonal projection operator onto the closed subspace M and we write

x = P_M x + (I − P_M )x = x_M + x^⊥_M .

It is easy to show that the defined above operator P_M indeed possesses all properties of the orthogonal projection operator.

To provide conditions for the existence of the Laurent series, we need to prove the next lemma.

Lemma 5 Let A, B ∈ L(H, K) be bounded linear maps. Let M = N (A) and define N = B(M) ⊆ K. If there exists a fixed value z_0 ∈ C with z_0 ≠ 0 for which (A + z_0B)^{−1} exists, then B is bounded below on M and N is a closed subspace of K.

Proof^4 By the Banach Inverse Mapping Theorem [106] the map (A + z_0B) is bounded below on H. Therefore we can find ϵ > 0 such that ‖(A + z_0B)x‖ ≥ ϵ‖x‖ for all x ∈ H. Since Am = 0 for all m ∈ M it follows that ‖Bm‖ ≥ ϵ |z_0| ‖m‖ for all m ∈ M. Now if {n_r} is a Cauchy sequence in N = B(M) then n_r = Bm_r where {m_r} is a corresponding sequence in M. Because B is bounded below on M the sequence

4The proof of this lemma was given by P.G. Howlett.

Analytic Perturbation of Singular Linear Systems 32

{m_r} must also be a Cauchy sequence. If m_r → m and n_r → n then it is easy to see that Bm = n. Thus n ∈ B(M) = N. □ Since M = N (A) is a closed subspace and the orthogonal complement M^⊥ is also closed it follows that H_1 = M and H_2 = M^⊥ are each Hilbert spaces. Let P_M ∈ L(H, H) denote the natural projection onto the subspace M ⊆ H and define associated mappings P_1 ∈ L(H, H_1) and P_2 ∈ L(H, H_2) by setting

P_1x = P_M x, and P_2x = (I − P_M )x

for each x ∈ H. The mappings P^∗_i ∈ L(H_i, H) are defined for i = 1, 2 by the identities ⟨P^∗_i ξ_i, x⟩ = ⟨ξ_i, P_ix⟩ = ⟨ξ_i, x⟩ for each ξ_i ∈ H_i and x ∈ H. Therefore P^∗_i ξ_i = ξ_i and we write P^∗_i = I_i. Define R ∈ L(H, H_1 × H_2) by the formula Rx = ( P_1x P_2x )

for each x ∈ H. The mapping R^∗ ∈ L(H_1 × H_2, H) is given by R^∗ξ = R^∗ ( ξ_1 ξ_2 ) = P^∗_1 ξ_1 + P^∗_2 ξ_2 = ξ_1 + ξ_2

for each ξ = ( ξ_1 ξ_2 ) ∈ H_1 × H_2.

Since

⟨Rx_1, Rx_2⟩ = ⟨P_1x_1, P_1x_2⟩ + ⟨P_2x_1, P_2x_2⟩ = ⟨P_1x_1 + P_2x_1, P_1x_2 + P_2x_2⟩ = ⟨x_1, x_2⟩

for each x_1, x_2 ∈ H the mapping R defines a unitary equivalence between H and H_1 × H_2. We write H ∼= H_1 × H_2.

In the same way we note that N = B(M) is a closed subspace and since the orthogonal complement N^⊥ is also closed it follows that K_1 = N and K_2 = N^⊥ are each Hilbert spaces. Let Q_N ∈ L(K, K) denote the natural projection onto the subspace N ⊆ K and define associated mappings Q_1 ∈ L(K, K_1) and Q_2 ∈ L(K, K_2) by setting

Q_1y = Q_N y, and Q_2y = (I − Q_N )y

Analytic Perturbation of Singular Linear Systems 33

for each y ∈ K. The mappings Q^∗_j ∈ L(K_j, K) are defined for j = 1, 2 by the identities ⟨Q^∗_j η_j , y⟩ = ⟨η_j, Q_j y⟩ = ⟨η_j, y⟩ for each η_j ∈ K_j and x ∈ H. Therefore Q^∗_j η_j = η_j and we write Q^∗_j = I_j. Define S ∈ L(K, K_1 × K_2) by the formula Sy = ( Q_1y Q_2y )

for each y ∈ K and note that S^∗ ∈ L(K_1 × K_2, K) is given by S^∗η = S^∗ ( η_1 η_2 ) = Q^∗_1η_1 + Q^∗_2η_2 = η_1 + η_2

for each η = ( η_1 η_2 ) ∈ K_1 × K_2.

The mapping S defines a unitary equivalence between K and K_1 × K_2. We write K ∼= K_1 × K_2.

We partition the operators A and B in the form SAR^∗ = ( 0 A_{12} 0 A_{22} ) SBR^∗ = ( B_{11} B_{12} 0 B_{22} )

where A_{ij} , B_{ij} ∈ L(H_i, K_j) and where A_{11} = Q_1AP^∗_1 = 0, A_{12} = Q_1AP^∗_2 , A_{21} = Q_2AP^∗_1 = 0, and A_{22} = Q_2AP^∗_2 ; and B_{11} = Q_1BP^∗_1 , B_{12} = Q_1BP^∗_2 , B_{21} = Q_2BP^∗_1 = 0, and B_{22} = Q_2BP^∗_2 . The block-triangular structure follows from the next equalities:

AP^∗_1 ξ_1 = Aξ_1 = 0, ∀ξ_1 ∈ H_1, and Q_2BP^∗_1 ξ_1 = Q_2Bξ_1 = Q_2η_1 = 0, ∀ξ_1 ∈ H_1.

Now we are able to formulate the main result of this section. This is a generalization of the approach given in Schweitzer and Stewart [135].

Theorem 6 Suppose that A ∈ L(H, K) is singular and that B_{11} ∈ L(H_1, K_1) is a 1 − 1 mapping of H_1 onto K_1. The mapping (A + zB) ∈ L(H, K) is a 1 − 1 mapping of H onto K if and only if z ≠ 0 and (A_{22} + zB_{22}) ∈ L(H_2, K_2) is a 1 − 1 mapping of H_2 onto K_2. In this case

(A + zB)^{−1} = P^∗_1 B^{−1}_{11} Q_1/z +[P^∗_2 − P^∗_1 B^{−1}_{11} (A_{12} + zB_{12})/z](A_{22} + zB_{22})^{−1}Q_2. (2.44)

Analytic Perturbation of Singular Linear Systems 34

If A_{22} ∈ L(H_2, K_2) is a 1−1 mapping of H_2 onto K_2, then for some real number ϵ > 0 the operator (A + zB)^{−1} can be represented in the region 0 < |z| < ϵ by a convergent Laurent series with a pole of order 1 at z = 0.

Proof: Since (A + zB) = S^∗ ( zB_{11} A_{12} + zB_{12} 0 A_{22} + zB_{22} ) R where R and S are unitary operators it follows that (A + zB)^{−1} exists if and only if ( zB_{11} A_{12} + zB_{12} 0 A_{22} + zB_{22} )_{−1}

exists. If we set x = Rξ and y = Sη then we may say that the system of equations (A + zB)x = y has a unique solution x ∈ H for each y ∈ K if and only if the system of equations

(zB_{11})ξ_1 + (A_{12} + zB_{12})ξ_2 = η_1 (A_{22} + zB_{22})ξ_2 = η_2

has a unique solution ξ ∈ H_1 × H_2 for each η ∈ K_1 × K_2. If the latter system is rewritten in the form

(A_{22} + zB_{22})ξ_2 = η_2 (zB_{11})ξ_1 = η_1 − (A_{12} + zB_{12})ξ_2

then it is clear there will be a unique solution if and only if z ≠ 0 and both B_{11} is a 1 − 1 mapping of H_1 onto K_1 and (A_{22} + zB_{22}) is a 1 − 1 mapping of H_2 onto K_2. In this case

ξ_2 = (A_{22} + zB_{22})^{−1}η_2 ξ_1 = B^{−1}_{11} [η_1 − (A_{12} + zB_{12})ξ_2] /z

and hence, by back substitution,

x = P^∗_1 ξ_1 + P^∗_2 ξ_2 = {P^∗_1 B^{−1}_{11} Q_1/z + [ P^∗_2 − P^∗_1 B^{−1}_{11} (A_{12} + zB_{12})/z ] (A_{22} + zB_{22})^{−1}Q_2}y.

Thus we obtain the desired formula for (A + zB)^{−1}. □

Analytic Perturbation of Singular Linear Systems 35

Remark 8 Recall that if A is singular and (A + z_0B)^{−1} exists for some z_0 ∈ C with z_0 ≠ 0 then B is bounded below on H_1. Equivalently we can say that B_{11} ∈ L(H_1, K_1) is bounded below. It follows that B_{11} is a 1 − 1 mapping of H_1 onto K_1.

Remark 9 It is possible to reduce polynomial perturbations to linear perturbations using an augmentation procedure and to then invert as above. For more detail see the next subsection.

Now let us note that Theorem 6 points to an iterative procedure for the computation of the Laurent series for (A+zB)^{−1}. Indeed, if the operator (A+zB) is invertible in some domain around z = 0, then the reduced operator (A_{22} + zB_{22}) is invertible as well. Note that the operator (A_{22} + zB_{22}) satisfies all conditions of Theorem 6 and hence formula (2.44) can be applied again. If the new unperturbed reduced operator is invertible, then the orginal perturbed operator (A+zB) can be expanded in a Laurent series with the pole of order two and we can terminate this reduction process. Otherwise, we can perform the next iteration. Note that the present reduction process is different from the one proposed in Section 2.2. However, these two reduction processes have the folowing common feature: the reduced operators act on “smaller” underlying spaces. In the case of finite dimensional Hilbert spaces this implies that the reduction process has a finite number of steps and the inverse of the linearly perturbed operator can always be expanded as a Laurent series with a finite order pole. However, in the case of infinite dimensional Hilbert spaces the inverse operator (A+zB)^{−1} can have an essential singularity at z = 0 and therefore the described above iterative process can, in principle, go on indefenitely. Of course, one can impose further restrictions on operators A and B to guarantee that the Laurent series has a finite order pole. For instance, one possibility is to assume that the operator A is Fredholm. However, we would like to emphasize again that the methods of [10, 91, 145] constructed for Fredholm operators can handle less general cases than the method presented above. In particular, our approach can treat the problem with the operator A having an infinite dimensional null space.

2.3.4 Extension to polynomial and analytic perturbation

Now let us show that the method described in the previous subsection can be easily applied to polynomial or even analytic perturbations. First we shall show that the polynomial perturbation (2.41) can be transformed to an equivalent linear perturbation problem.

Note that the problem of inversion of the perturbation operator is equivalent to the solution of the infinite system of fundamental equations (see Section 2.2). Suppose that the Laurent expansion has a finite order pole, as before in (2.22). Then, in the case

Analytic Perturbation of Singular Linear Systems 36

of polynomial perturbation (1.4) the coefficients of the Laurent series {X_k}^∞_{k=0} have to satisfy the fundamental equations m∑ i=0 A_iX_{l−i} = { I, l = s, 0, otherwise

(2.45)

The approach of Schweitzer and Stewart can be applied to the polynomial case by transforming the original perturbation problem to a suitable linear perturbation problem in augmented space. There are a number of methods to implement this idea [10, 14, 11, 60, 108, 124]. Here we discuss two schemes which seem to be most appropriate for the present approach.

Theorem 7 Suppose the inverse of the polynomial perturbation operator (2.41) can be expanded as a Laurent series (2.22) in some punctured neighbourhood of the origin. Define augmented operators from H^m to K^m by setting

A :=

A_0 0 · · · 0 A_1 A_0 · · · 0 . . . . ... . . A_{m−1} A_{m−2} · · · A_0 , B := A_m A_{m−1} · · · A_1 0 A_m · · · A_2 . . . . ... . . 0 0 · · · A_m , I := I 0 . . 0 .

Then the solution of the linear perturbation problem

(A + zB)X (z) = z^{s∗} I (2.46)

can be expanded as a Laurent series

X (z) = 1 z^{s∗}

0 . . 0 X_0 . . Xmod_{(s,m)}

+

Xmod_{(s,m)+1} . .

. . Xmod_{(s,m)+m}

+ ... (2.47)

where s_∗ = ⌊s/m⌋+1 and {X_k}^∞_{k=0} are coefficients of the Laurent series (2.22), and where ⌊s/m⌋ is the integer part and mod(s, m) is the remainder of the division of s by m.

Proof: The proof is based on the fact that the system of fundamental equations for (2.46) precisely coincides with the system of fundamental equations (2.45). □

Analytic Perturbation of Singular Linear Systems 37

Thus, we can apply the reduction process of Section 2.3.3 first to the augmented problem and then we can easily retrieve the coefficients of the original Laurent series (2.2).

The next scheme was analysed in [14, 108]. Note that the method was used for the perturbation analysis of the generalized eigenvalue problem but not for the inversion of perturbation operators.

Theorem 8 Let the augmented operators be defined as follows:

A :=

A_0 A_1 · · · A_{m−1} 0 I · · · 0 . . . . ... . . 0 0 · · · I B := 0 0 · · · A_m −I 0 · · · 0 . . ... ... . . 0 · · · −I 0 Then the uppermost block of the solution X (z) for equation (2.46) with s_∗ = s coincides with the solution of the original equation A(z)X(z) = z^sI.

Each of the presented augmentation schemes has its own merits. Using the second method to obtain the first k coefficients of the Laurent series (2.22) one needs to calculate k augmented coefficients X_i, i = 0, ..., k − 1, whereas if one utilizes the first augmentation scheme, one needs to compute about m times less augmented coefficients. However, in the second method both augmented matrices A and B are close to upper triangular form and have a lot of zero elements. Since the Schweitzer and Stewart method is based on simultaneous reduction of matrices A and B to upper triangular form, each iteration of the second method could be more computationally efficient.

Now we show that in turn the results on polynomial perturbation can be applied to the general case of analytical perturbation (2.42). Suppose again that the Laurent series for the inverse A^{−1}(z) has a pole of finite order s. Then the number of terms which uniquely determine the inversion procedure is finite (see Section 2.2). Namely, there exists m such that the inverse (A_0 + ... + z^mA_m)^{−1} exists for sufficiently small z. Moreover, any m ≥ s can be taken. Therefore we may write

A^{−1}(z) = [(A_0 + ... + z^sA_s) + z^{s+1}A_{s+1} + ...]^{−1} = [(A_0 + ... + z^sA_s)(I + (A_0 + ... + z^sA_s)^{−1}(z^{s+1}A_{s+1} + ...))]^{−1} = [I + (A_0 + ... + z^sA_s)^{−1}(z^{s+1}A_{s+1} + ...)]^{−1}(A_0 + ... + z^sA_s)^{−1} (2.48)

By using the method of augmented operators, we obtain the following Laurent series

(A_0 + ... + z^sA_s)^{−1} = 1 z^s ∞∑ k=0 z^kX̃_k.

Analytic Perturbation of Singular Linear Systems 38

Now substitute the above expansion into (2.48).

A^{−1}(z) = [ I + 1 z^s ∞∑ k=0 z^kX̃_k(z^{s+1}A_{s+1} + z^{s+2}A_{s+2} + ...) ]_{−1} 1 z^s ∞∑ k=0 z^kX̃_k

= [ I + ∞∑ k=1 z^k k−1∑ i=0 X̃_iA_{s+k−i} ]_{−1} 1 z^s ∞∑ k=0 z^kX̃_k By expanding the expression [ I + ∞∑ k=1 z^k k−1∑ i=0 X̃_iA_{s+k−i} ]_{−1}

as a Neumann power series, we obtain a simple recursive formulae for coefficients X_k, k = 0, 1, ... of the Laurent series for A^{−1}(z). For instance, X_{−s} = X̃_{−s}, X_{−s+1} = X̃_{−s+1} − X̃_{−s}A_{s+1}X̃_{−s}, X_{−s+2} = X̃_{−s+2} −X̃_{−s}A_{s+1}X̃_{−s+1} −X̃_{−s+1}A_{s+1}X̃_{−s} −X̃_{−s}A_{s+2}X̃_{−s} +X̃_{−s}A_{s+1}X̃_{−s}A_{s+1}X̃_{−s}.

2.4 Perturbation of null spaces with application to the eigenvalue problem and generalized inverses

2.4.1 Preliminaries

The primary goal of this section is to analyse the null space of an analytically perturbed matrix A(ε) = A_0 + εA_1 + ε^2A_2 + · · · , (2.49) with A_k ∈ R^{n×n}, k = 0, 1, ..., and the above series converging in the region 0 < |ε| ≤ ε_{max} for some positive ε_{max}. We assume that the unperturbed matrix A_0 has eigenvalue zero with multiplicity m ≥ 1 and that the perturbed matrices A(ε) also have eigenvalue zero with multiplicity m̄ for ε sufficiently small but different from zero. We emphasize that the dimension of the perturbed null space does not depend on ε in some small punctured neighbourhood around ε = 0 [60, 61] (see also Subsection 2.4.7). When the perturbation parameter ε deviates from zero, the zero eigenvalues of the unperturbed matrix can split into zero and non-zero eigenvalues [14, 87]. This fact implies that m̄ ≤ m. More detailed discussion on the stability properties of null spaces can be found in [12] and references therein. We assume that m̄ ≥ 1 and (for computational purposes) that the value of m̄

Analytic Perturbation of Singular Linear Systems 39

should be known in advance. The case where m̄ = 0 and hence A(ε) is invertible for ε ≠ 0 and sufficiently small, was dealt with in Sections 2.2 and 2.3. A perturbation is said to be regular if m̄ = m, and it is said to be singular if m̄ < m.

We denote by v_i, i = 1, ..., m, m orthonormal eigenvectors of A_0 corresponding to the eigenvalue zero and form the matrix V := [v_1, ..., v_m]. This matrix satisfies the following equations A_0V = 0, (2.50) V^T V = I_m. (2.51) Similarly, let v_i(ε), i = 1, ..., m̄ be linearly independent eigenvectors of the perturbed matrix A(ε) corresponding to the eigenvalue zero. Again one can form the matrix V (ε) := [v_1(ε), ..., v_{m̄}(ε)], which satisfies the equation

A(ε)V (ε) = 0. (2.52)

From Chapter S6 of [60],the results of [61], and Section 2.4.7 of this thesis, we know that there exists a holomorphic family of vector-valued functions v_i(ε) which constitute a basis for the null space of A(ε) for ε ≠ 0. Therefore, V (ε) can be expressed as a power series in some neighbourhood of zero

V (ε) = V_0 + εV_1 + ε^2V_2 + · · · . (2.53)

Of course, there exists an orthonormal family of perturbed eigenvectors v_i(ε), i = 1, ..., m̄. However, it is more convenient to construct a “quasi-orthonormal” family of eigenvectors described by the following condition

V^T_0 V (ε) = I_{m̄}, (2.54)

where V_0 is the first coefficient of the power series expansion (2.53). The above normalized conditions were used in [27, 28] for the case of regular perturbations. Note that even though this family of eigenvectors is not orthonormal for ε ≠ 0, it is linearly independent when ε is sufficiently small [27, 28]. Also note that (2.54) was introduced in order to make V (ε) unique once the leading term V_0 is determined (and some degrees of freedom exist here). Furthermore, one can always obtain an orthonormal basis from a “quasiorthonormal” basis by applying a Gram-Schmidt-like procedure over the vectors with elements as power series expansions. This procedure will be discussed in more detail in Section 2.4.6. As mentioned above, we distinguish between two cases, the regular case where m̄ = m and the singular case where 1 ≤ m̄ < m. To justify this terminology, note that only in the regular case it is possible to take V_0 = V . Moreover, as will be demonstrated in Section 2.4.6 in the case of singular perturbation only, the group inverse

Analytic Perturbation of Singular Linear Systems 40

of the perturbed matrix (when it exists) has a singularity, that is, a pole at ε = 0. Later on we also show that the group inverse of A(ε), denoted next by A^g(ε), can be expanded as a Laurent series:

A^g(ε) = 1 ε^s B_{−s} + · · · + 1 ε B_{−1} + B_0 + εB_1 + · · · (2.55)

where s is the order of the pole at the singularity.

One of the main purposes of this section is to obtain an efficient recursive algorithm for the computation of coefficients V_k, k = 0, 1, . . . as well as for the computation of B_l, l = −s, −s + 1, · · ·, determining the Laurent expansion (2.55). We would like to point out that, at least with our procedure, the latter task cannot be accomplished without prior completion of the former task. The algorithm for computing V_k, k = 0, 1, ... is based on recursively solving a system of fundamental equations. The fundamental equations named F 0, F 1, . . ., are obtained by substituting (2.49) and (2.53) into (2.52) to give

A_0V_0 = 0 (F 0) A_0V_1 + A_1V_0 = 0 (F 1) A_0V_2 + A_1V_1 + A_2V_0 = 0 (F 2) . . . . A_0V_k + A_1V_{k−1} + · · · + A_{k−1}V_1 + A_kV_0 = 0 (F k) . . . . The normalization condition (2.54) gives rise to another system of equations named N0, N1, . . . and given by

V^T_0 V_0 = I (N0) V^T_0 V_1 = 0 (N1) . . . . V^T_0 V_k = 0 (Nk) . . . . We will refer to the latter system as the system of normalization equations. We treat the cases of regular and singular perturbations separately. In Section 2.4.3 we provide an algorithm for computing the coefficients V_k, k ≥ 0, in the regular case. This algorithm is based on a straightforward recursive procedure. The singular case is treated in Section 2.4.4, where we suggest three algorithms for computing {V_i}^∞_{i=0}. The first is based on defining an augmented matrix which leads to the solution. The second algorithm is based on reducing the dimension of the equations to a set of equations whose type coincides with the regular case. The third algorithm is a combination of the previous two

Analytic Perturbation of Singular Linear Systems 41

algorithms and is based on repeating the reduction process a few times before solving the resulting system with the help of a generalized inverse. The number of reductions needed is determined by the series {A_i}^∞_{i=0} itself. Finally, in Section 2.4.5 we show how our results can be applied to a perturbation analysis of the general eigenvalue problem and in Section 2.4.6 we present a second application of our results to the computation of the Laurent series expansion for the perturbed group inverse (2.55). Before proceeding further, we would like to mention that the results of the present section are also based on the fundamental Lemmas 1 and 2 from Section 2.1.

2.4.2 Examples

Before proceeding to the formal analysis let us illustrate the problem by a couple of examples. First we consider an example of the regular perturbation. Namely, let the perturbed matrix be given by

A(ε) = A_0 + εA_1 = [ 0 1 0 0 ] + ε [ 1 0 0 0 ]

The null spaces of A_0 and A(ε) are both one-dimensional and they are spanned by the following vectors. v = [ 1 0 ] v(ε) = [ 1 0 ] + ε [ 0 −1 ] + ε^2 [ −1/2 1/2 ] + ... We can see that v(ε) is holomorphic and converges to v as ε goes to zero. Next we consider an example of the singular perturbation.

A(ε) = A_0 + εA_1 =

0 1 0 0 1 0 0 0 0 + ε 1 0 0 0 0 1 0 0 0 The null space of A_0 is two-dimensional and it is spanned by

v_1 = 1/ √ 2 0 1/ √ 2 v^2 = −1/ √ 2 0 1/ √ 2 and the null space of A(ε) is one-dimensional and it is spanned by the holomorphic vectorvalued function

v(ε) = 1/ √ 2 0 1/ √ 2 + ε 0 −1/ √ 2 0 + ε^2 −1/(4 √ 2) 0 −1/(4 √ 2) + ... (2.56)

Analytic Perturbation of Singular Linear Systems 42

Thus, we can see that v(ε) converges to the vector which belongs to the unperturbed null space as ε → 0 but there is a gap in the dimensions between the perturbed and unperturbed null spaces. The latter phenomenon justifies the name singular perturbation.

2.4.3 Regular perturbations

Let us obtain the feasibility conditions for the systems (F) and (N) in the case of a regular perturbation.

Lemma 6 If the perturbation is regular then the sequence of matrices {A_k}^∞_{k=0} satisfies the following conditions: U^T k+1∑ p=1 (−1)^{p−1} ∑ ν_1+...+ν_p=k+1 A_{ν1} A^†_0A_{ν2} ...A^†_0A_{νp} V = 0, k = 0, 1, ... , (2.57)

where V and U are bases for the right and left null spaces of matrix A_0, respectively.

Proof: From equation (F0) we conclude that

V_0 = V C_0 (2.58)

where C_0 is some coefficient matrix. Since we consider the case of a regular perturbation, the rank of V_0 equals m. This in turn implies that C_0 ∈ R^{m×m} and that it is a full rank matrix.

Since U^T A_0 = 0, we obtain by Lemma 2, the following feasibility condition for equation (F1):

U^T A_1V_0 = 0 Upon substituting (2.58) into the above expression, we get that

U^T A_1V C_0 = 0.

Moreover, since C_0 is a full rank matrix, we conclude that

U^T A_1V = 0, (2.59)

which is the first feasibility condition of (2.57).

Since the perturbation is regular, there exists a holomorphic basis V (ε) for the perturbed null space such that V = V (0). The coefficients V_k, k = 0, 1, ... of the power series (2.53) satisfy the fundamental equations (F0),(F1),... Hence the feasibility condition for equation (F1) is satisfied and we can write its general solution in the form

V_1 = V C_1 − A^†_0A_1V C_0. (2.60)

Analytic Perturbation of Singular Linear Systems 43

where C_1 ∈ R^{m×m} is some matrix. According to Lemma 2, the feasibility condition for the next fundamental equation (F2) is

U^T (A_1V_1 + A_2V_0) = 0 .

By substituting (2.58) and (2.60) into the above expression we obtain

U^T A_1V C_1 + U^T (A_2 − A_1A^†_0A_1)V C_0 = 0.

Now using the first feasibility condition (2.59) and the fact that C_0 is a full rank matrix, we obtain that U^T (A_2 − A_1A^†_0A_1)V = 0, which is condition (2.57) for the case that k = 1. By induction all feasibility conditions (2.57) can be proved to hold. □ The next theorem provides a recursive formula for the computation of the coefficients V_k, k = 0, 1, ... . Theorem 9 Let the matrix A(ε) be regularly perturbed. Then there exists a holomorphic family of eigenvectors V (ε) corresponding to the zero eigenvalue and satisfying the normalization condition (2.54). Moreover, the coefficients of the power series for V (ε) can be calculated recursively by the following formula:

V_k = −A^†_0 k∑ j=1 A_j V_{k−j} , k = 1, 2, . . . , (2.61) where V_0 = V .

Proof: It follows from the proof of Lemma 6 that the general solution of the fundamental equations is V_k = V C_k − A^†_0 k∑ j=1 A_j V_{k−j} , k = 1, 2, . . . with V_0 = V C_0. By choosing C_0 = I_m, we get V_0 = V , which satisfies the normalization condition (N0).

Now the coefficients C_k, k = 1, 2, ..., are uniquely determined by the normalization conditions (Nk). Namely, we have

V^T_0 V_k = V^T_0 (V C_k − A^†_0 k∑ j=1 A_j V_{k−j}) = 0,

Analytic Perturbation of Singular Linear Systems 44

or, equivalently, V^T V C_k − V^T A^†_0 k∑ j=1 A_j V_{k−j} = 0, since V_0 = V when C_0 = I_m. Recalling that V^T V = I and V^T A^†_0 = 0, since N(A) = R(A^†)^⊥ [24], we obtain that C_k = 0, k = 1, 2, ... as required. □ Next, we would like to address the issue of the radius of convergence. First, above we have implicitly assumed that the series {A_i}^∞_{i=0} has a positive radius of convergence. This is, for example, the case when ‖ A_i ‖≤ ar^i for some constants a and r and where ‖ ˙‖ is some matrix norm. In this case the radius of convergence is (at least) r^{−1}. The next theorem follows the similar technique of [73] and gives a bound on the radius of convergence of the series given in (2.53) with coefficients as in (2.61) for this special case.

Theorem 10 Suppose ||A_i|| ≤ ar^i for some positive constants a and r, then the radius of convergence of the series V (ε) = V_0 + εV_1 + · · ·, where V_k is computed by (2.61), is at least (1 + a||A^†_0||)^{−1}r^{−1}.

Proof: First, we prove by induction the following inequality ||V_k|| ≤ ||V_0||(1 + a||A^†_0||)^kr^k . (2.62) which trivially holds when k = 0. Now suppose inequality (2.62) holds for the coefficients V_0, .., V_{k−1}. From (2.61), we obtain ||V_k|| ≤ ||A^†_0|| k∑ j=1 ||A_j||||V_{k−j}|| ≤ a||A^†_0|| k∑ j=1 r^j||V_{k−j}||.

Now using inequality (2.62) for j = 0, 1, . . . , k − 1, (which is the inductive hypothesis) we get ||V_k|| ≤ a||A^†_0|| k∑ j=1 r^j||V_0||(1 + a||A^†_0||)^{k−j}r^{k−j}

≤ a||A^†_0||||V_0||r^k k∑ j=1 (1 + a||A^†_0||)^{k−j}. Note that k∑ j=1 (1 + a||A^†_0||)^{k−j} = (1 + a||A^†_0||)^k − 1 1 + a||A^†_0|| − 1 = (1 + a||A^†_0||)^k − 1 a||A^†_0|| .

Analytic Perturbation of Singular Linear Systems 45

Thus, ||V_k|| ≤ ||V_0||r^k[(1 + a||A^†_0||)^k − 1] ≤ ||V_0||r^k(1 + a||A^†_0||)^k as required. Consequently, the radius of convergence for the power series V (ε) = V_0 + εV_1 + · · · is at least (1 + a||A^†_0||)^{−1}r^{−1}. □ 2.4.4 Singular perturbations

In this subsection we deal with the case of singular perturbations, namely when the dimension of the perturbed null space N(A(ε)), 0 < ε < ε̄ is strictly less than the dimension of N(A_0). Next we propose two algorithms. The first is based on generalized inverses applied to some augmented matrices, whereas the second is based on a reduction technique. Both methods have their own merits. Finally, we also suggest a way to combine these two approaches.

An approach based on augmented matrices

Some definitions are required prior to introducing our analysis for the singlar case, that is, the case where m̄ < m. First, as in Section 2.2, for any integer t, t ≥ 0, we define the augmented matrix A^{(t)} ∈ R^{n(t+1)×n(t+1)} [61, 67, 73]:

A^{(t)} =

A_0 0 0 · · · 0 A_1 A_0 0 · · · 0 A_2 A_1 A_0 · · · 0 . . . . . . . .. . . A_t A_{t−1} · · · A_1 A_0

Second, we partition the generalized inverse G^{(t)} := [A^{(t)}]^† into a block structure which corresponds to the structure of the augmented matrix A^{(t)}. Namely,

G^{(t)} =

G^{(t)}_{00} · · · G^{(t)}_{0t} . . ... . . G^{(t)}_{t0} · · · G^{(t)}_{tt} ,

where G^{(t)}_{ij} ∈ R^{n×n} for 0 ≤ i, j ≤ t.

Third, let B_t ⊆ R^n be the linear subspace of vectors w such that for some vector v ∈ N(A^{(t)}) ⊆ R^{n(t+1)}, the first n entries in v coincide with w. Since v̄ ∈ N(A^{(t+1)})

Analytic Perturbation of Singular Linear Systems 46

implies that the first n(t + 1) entries of v̄ form a vector v ∈ N(A^{(t)}), B_{t+1} ⊆ B_t for any t ≥ 0 and hence dim(B_t) is non-increasing with t. Finally, let τ = arg min_t{dim(B_t)}. In other words, τ is the smallest value of t where the minimum of dim(B_t) is attained.

Theorem 11 For any V_0 ∈ B_τ , there exists a sequence {V_i}^∞_{i=0} which solves

A^{(t)} V_0 V_1 . . V_t = 0 0 . . 0 (2.63)

for any t ≥ 0. In particular, m̄ = dim(B_τ ).

Proof: A necessary (but not sufficient) condition for V_0 to be a leading term in such a series is that A_0V_0 = 0, i.e., that V_0 ∈ B_0. But what is further required is that for this V_0, there exists a V_1 such that A_0V_1 + A_1V_0 = 0, i.e., that V_0 ∈ B_1. Conversely, any V_0 ∈ B_1 (coupled with an appropriate V_1), solves (2.63) for t = 1. Similarly, one can see that V_0 ∈ B_2 (coupled with the corresponding V_1 and V_2 which exist by the definition of B_2) if and only if (2.63) holds for t = 2. By induction, we conclude that V_0 leads to a solution for (2.63) for any t ≥ 0, if any only if V_0 ∈ B_t for any t ≥ 0, i.e., if and only if V_0 ∈ B_τ . The explanation of m̄ = dim(B_τ ) follows from the fact, that for each V_0 ∈ B_τ one can construct an analytic perturbed eigenvector V (ε) = V_0 + εV_1 + .... Thus, the dimension of B_τ coincides with the dimension of the perturbed null space. □ The equations (F0)–(Fτ) are

A^{(τ )}

V_0 V_1 . . V_τ = 0 0 . . 0 . (2.64)

Above we argued that any vector in B_τ will lead to a solution of (2.64). Adding the normalization condition (N0) is now equivalent to requiring that V_0 be an orthonormal basis. Finally, any such orthonormal basis will do for our purposes.

Once V_0 is determined, the next goal is the determination of the corresponding V_1. Using (F1)–(F(τ + 1)) we have,

A^{(τ )}

V_1 V_2 . . V_{τ +1} = −A_1V_0 −A_2V_0 . . −A_{τ +1}V_0

(2.65)

Analytic Perturbation of Singular Linear Systems 47

which is as (2.63) with t = τ but with a different righthand side. Note that by definition of τ and by the fact that V_0 ∈ B_τ , (2.65) is solvable. Hence, by Lemma 1,

V_1 V_2 . . V_{τ +1}

= [A^{(τ )}]^†

−A_1V_0 −A_2V_0 . . −A_{τ +1}V_0 + y

for some y ∈ Null(A^{(τ )}). However, note that not any y ∈ Null(A^{(τ )}) will do since in (2.65) we have not considered all fundamental equations. However, for any w ∈ B_τ there exists such a y with w being its first n entries. Moreover, any such w leads to a vector V_1 such that coupled with V_0, they are the leading two terms in a series expansion for V (ε). The reason is that whatever was true for V_0 is now true for V_1 since in the latter case one gets the same set of equations but with a different righthand side. The normalization condition (N1), coupled with the fact that V_0 is chosen, imply a unique value for the matrix V_1.

Above we have shown how the value of V_0 leads to the value of V_1. Next, we show that this is the case in general. Specifically, once V_0, ..., V_k are determined, one can compute V_{k+1} by the recursive formula provided in the next theorem.

Theorem 12 The solution of the system of fundamental equations (F) coupled with the normalization conditions (N) is given by the following recursive formula

V_{k+1} = −(I − V_0V^T_0 ) τ∑ j=0 G^{(τ )}_{0j} k+1∑ i=1 A_{i+j}V_{k+1−i}, (2.66)

where V_0 is any orthogonal basis of the linear subspace B_τ .

Proof: Consider the set of fundamental equations (F.k+1)-(F.k+1+τ). Since they are feasible, the general solution is of the form V_{k+1} . . V_{k+1+τ} = G^{(τ )} − ∑_{k+1} i=1 A_iV_{k+1−i} . . − ∑_{k+1} i=1 A_{i+τ} V_{k+1−i} + y

where y ∈ Null(A^{(τ )}). Since the first n entries of y constitute a vector w in B_τ and V_0 is an orthogonal basis of B_τ , the general solution for V_{k+1} can be written as follows

V_{k+1} = − τ∑ j=0 G^{(τ )}_{0j} k+τ∑ i=1 A_{i+τ} V_{k+1−i} + V_0C_{k+1}, (2.67)

Analytic Perturbation of Singular Linear Systems 48

where C_{k+1} is some matrix coefficient that can be determined from the normalization condition (N.k+1). Specifically, −V^T_0 τ∑ j=0 G^{(τ )}_{0j} k+τ∑ i=1 A_{i+τ} V_{k+1−i} + C_{k+1} = 0,

and hence C_{k+1} = V^T_0 τ∑ j=0 G^{(τ )}_{0j} k+τ∑ i=1 A_{i+τ} V_{k+1−i}. Substituting the above expression for the coefficient C_{k+1} into the formula (2.67) results in the recursive formula (2.66). This completes the proof. □ Remark 10 We would like to point out that although above we call for [A^{(τ )}]^†, only its first m̄ rows are required in order to carry out the desired computations.

An algorithm based on a reduction process

Next, we show that by using a reduction process one can transform the system of fundamental equations (F) to another system with coefficient matrices of reduced dimensions. The latter system can be solved by the algorithm proposed in Section 2.4.2 for the regular case. Thus, we reduce the singular problem to the regular one. The next theorem is a key to the reduction process.

Theorem 13 A solution of the fundamental equations (F) together with the normalization conditions (N) is given by the following recursive formula

V_k = V W_k − A^†_0 k∑ j=1 A_j V_{k−j}, k = 1, 2, . . . (2.68) with V_0 = V W_0, and where the sequence of auxiliary matrices W_k, k ≥ 0, is a solution to the next system of reduced fundamental equations (RF):

B_0W_0 = 0 (RF 0) B_0W_1 + B_1W_0 = 0 (RF 1) B_0W_2 + B_1W_1 + B_2W_0 = 0 (RF 2) . . . . B_0W_k + B_1W_{k−1} + · · · + B_{k−1}W_1 + B_kW_0 = 0 (RF k) . . . .

Analytic Perturbation of Singular Linear Systems 49 and reduced normalization conditions (RN):

W^T_0 W_0 = I_{m̄} (RN0) W^T_0 W_k = 0 k = 1, 2, . . . . (RNk) with the coefficient matrices B_k, k ≥ 0, are given by the formula

B_k = U^T k+1∑ p=1 (−1)^{p−1} ∑ ν_1+···+ν_p=k+1 A_{ν1} A^†_0A_{ν2} A^†_0...A^†_0A_{νp} V, (2.69)

where ν_k are positive integers.

Proof: From the fundamental equation (F0) we conclude that V_0 belongs to the null space of A_0, that is V_0 = V W_0, (2.70) where W_0 ∈ R^{m×m1} is some coefficient matrix, and where m_1 is a number to be determined with m̄ ≤ m_1 ≤ m. By Lemma 2 the equation (F1) is feasible if and only if U^T A_1V_0 = 0 .

Substituting the expression (2.70) for V_0, one gets that U^T A_1V W_0 = 0 .

This is the first equation of the reduced system (RF) with B_0 = U^T A_1V . Note that m_1 above is the dimension of the null space of B_0. Next we consider the fundamental equations (F1). Their solution in the general form is V_1 = V W_1 − A^†_0A_1V_0, (2.71) where W_1 ∈ R^{m×m1} is some coefficient matrix, which describes the general solution of the corresponding homogeneous system and where −A^†_0A_1V_0 is a particular solution of (F1). The coefficient matrices W_0 and W_1 have to be chosen so that they satisfy the feasibility condition for the next fundamental equation (F2) U^T (A_1V_1 + A_2V_0) = 0.

Upon substitution of V_0 (see (2.70)) and V_1 (see (2.71)) into the above condition, one obtains U^T A_1V W_1 + U^T (A_2 − A_1A^†_0A_1)V W_0 = 0 which is the reduced fundamental equation (RF1) with B_1 = U^T (A_2 − A_1A^†_0A_1)V .

Analytic Perturbation of Singular Linear Systems 50

Note that the recursive formula (2.68) is just the general form of the solution of the fundamental equation (Fk). The reduced system of equations (RF) is the set of feasibility conditions for W_k, k = 0, 1, ..., which are obtained in a way similar to the above considerations. The general formula (2.69) for the coefficients can now be established by induction.

Next, we show that the new normalization conditions (RN) also hold. First, consider the normalization condition for W_0. Substituting the expression (2.70) into (N0), we get

(V W_0)^T V W_0 = I_{m̄} or W^T_0 V^T V W_0 = I_{m̄} .

Recall that we have chosen the basis V for the null space of A_0 such that V^T V = I_m. The latter implies that W^T_0 W_0 = I_{m̄}.

Thus, we have obtained the normalization condition (RN0). Next we show that the normalization conditions (RNk), k ≥ 1, hold as well. To this end, substitute the recursive expression (2.68) into (Nk) to obtain

V^T_0 V W_k − V^T_0 A^†_0( k∑ j=1 A_jV_{k−j}) = 0.

Note that since V_0 belongs to the null space of A_0 and since N(A) = R(A^†)^⊥ [24], V^T_0 A^†_0 = 0. Thus, V^T_0 V W_k = 0.

By substituting V_0 from (2.70) and taking into account that V^T V = I_m, we get that

W^T_0 V^T V W_k = W^T_0 W_k = 0,

which is the normalization condition (RNk). This completes the proof. □ Remark 11 Note that the computation of the coefficient matrices B_k, k ≥ 0, by (2.69) will be tedious. Therefore, similarly to Section 2.2 we propose to compute these coefficients recursively. Specifically, define the series of matrices {S_k}^∞_{k=0} as follows:

S_k = k+1∑ p=1 (−1)^{p−1} ∑ ν_1+...+ν_p=k+1 A_{ν1} A^†_0A_{ν2} A^†_0...A_{νp} , k = 0, 1, . . .

Analytic Perturbation of Singular Linear Systems 51

These auxiliary matrices can be computed by the following recursion

S_k = A_{k+1} − k∑ i=1 A_iA^†_0S_{k−i}, k = 1, 2, ... (2.72) initialising with S_0 = A_1. Then the coefficient matrices B_k, k ≥ 0, are simply given by

B_k = U^T S_kV.

We would like to point out that the reduced system of equations (RF) together with the normalization condition (RN) have exactly the same structure as the initial system of fundamental equations (F) with the normalization conditions (N). Thus, one has two options as how to proceed from here. The first is to solve it using the procedure described in the first subsection of 2.4.3, that is, to use the augmented matrix approach. The second is to apply the reduction technique again; now to the system composed of (RF) and (RN). If the latter option is pursued, then once again one may face the same alternative and so on. At first sight, it might seem that one may need to carry out an infinite number of reduction steps. However, as it turns out, termination is guaranteed after a finite number of steps. The next theorem addresses this issue.

Theorem 14 Suppose that {B^{(l)}_k }^∞_{k=0}, l = 1, 2, ... are the coefficients of the reduced system obtained at the l-th reduction step (B^{(1)}_k = B_k). Also, let m_l be the dimension of the null space of B^{(l)}_0 . Then, the reduction process terminates after a finite number of steps with m_l = m̄, where m̄ is the dimension of the null space of the perturbed matrices A(ε), 0 < |ε| < ε_{max}. Furthermore, the final system of reduced equations (namely, the system of reduced fundamental equations derived at the last reduction step) can be solved by the iterative procedure which was proposed for the case of regular perturbations described in Section 2.4.2.

Proof: Note that after each reduction step the dimension of the null space of B^{(l)}_0 does not increase. Since we deal with a finite-dimensional problem and since the sequence m_l, l ≥ 1, is of integers, we conclude that the sequence of m_l achieves its limit, say m_∗, in a finite number of steps. Next we argue that this limit m_∗ equals m̄ and once it is reached there is no need to make any further reductions. Note also that the solution to the final system of reduced equations (the reduction process terminates when the null space of B^{(l)}_0 has dimension m_∗) can be obtained by the recursive algorithm proposed in Section 2.4.2.

The latter means that a basis for the null space of the perturbed matrix A(ε) is constructed and this basis is holomorphic with the parameter ε. This basis is formed by m_∗ linearly independent vectors. However, according to our assumptions the dimension of the null space of A(ε) is m̄. This implies that the limit m_∗ equals m̄.

Analytic Perturbation of Singular Linear Systems 52 □ Finally we would like to suggest a practical implementation of the above scheme. If one applies the reduction process as described above to calculate V_k, then one needs to compute B_i, i = 0, ..., k + m̄, B^{(2)}_i , i = 0, ..., k + m̄ − 1 and so on. This could result in a large amount of calculations even when the recursive formula given in Remark 11 is used. Fortunately, it is possible to develop a recursion which uses only a finite number of precomputed B^{(l)}_i . Namely, suppose that we have already obtained V_0, ..., V_k, k > r, where r denotes the number of reduction steps needed to obtain the final system of reduced equations. Then we can rewrite the fundamental system as follows:

A_0V_{k+1} = −(A_1V_k + · · · + A_{k+1}V_0) A_0V_{k+2} + A_1V_{k+1} = −(A_2V_k + · · · + A_{k+2}V_0) . . A_0V_{k+r+1} + · · · + A_rV_{k+1} = −(A_{r+1}V_k + · · · + A_{k+r+1}V_0)

This system of equations can be effectively solved by the same reduction technique. Moreover, note that the auxiliary matrices such as B^{(l)}_i can be stored and used afterwards to compute the next terms V_{k+2}, V_{k+3}, · · ·

Remark 12 It is worth pointing out that in most applications the number of reduction steps r is small and hence we need to compute and to store only a small number of coefficients B^{(l)}_i .

Remark 13 If it is needed, the estimation of the convergence radius can be also obtained for the singular case. This can be done by applying recursively the arguments of Theorem 9.

2.4.5 Perturbation of general eigenvalue problem

The results on the perturbation of null spaces can be immediately applied to the general perturbed eigenvalue problem [14, 27, 28, 87, 104, 113, 121, 145, 149] A(ε)x(ε) = λ(ε)x(ε). (2.73) Recall that the perturbed eigenvalue λ(ε) satisfies the secular equation det(A(ε) − λ(ε)I) = 0. This is a polynomial equation

(−1)^nλ^n + a_{n−1}(ε)λ^{n−1} + ... + a_1(ε)λ + a_0(ε) = 0,

Analytic Perturbation of Singular Linear Systems 53

where the coefficients a_i(ε) are analytic functions. Using the method of the Newton diagram [14, 113, 145], one can obtain the Puiseux expansion of the perturbed eigenvalue

λ(ε) = λ_0 + ε^{1/p}λ_1 + ε^{2/p}λ_2 + ...

where p is a positive integer. Now let us introduce the new variable η := ε^{1/p}. Note that the perturbed eigenvalue depends analytically on this new variable. Consequently, the system of equations for the perturbed eigenvectors can be written in the form [A(η^p) − λ(η)I]x(η) = 0. Hence, we have reduced the general perturbed eigenvalue problem to the problem of analytic perturbation of the null space, which can be effectively solved by the methods described in Sections 2.4.2 and 2.4.3.

2.4.6 Perturbations of group inverse

Next we discuss the applications of the above analysis for the designing of several methods for calculating the Laurent series expansion (2.55) of the perturbed group inverse. We assume that the perturbed group inverse A^g(ε) exists for ε ∈ (0, ε). In the previous subsections we have developed the power series expansion for the eigenvectors corresponding to the zero eigenvalue of A(ε). The matrix V (ε) forms a basis for the null space of A(ε), though it is not necessarily orthogonal. To proceed further we need to construct the orthogonal projection P (ε) on the null space of A(ε). There are (at least) two possible directions to pursue here. The first is based on the direct application of the formula:

P (ε) = V (ε)(V^T (ε)V (ε))^{−1}V^T (ε), 0 < |ε| < ε_{max}. (2.74)

Since lim_{ε→0} V^T (ε)V (ε) = V^T_0 V_0 = I_{m̄}, the matrix (V^T (ε)V (ε))^{−1} is the “well-behaved” inverse of the perturbed identity matrix I_{m̄}. In this case we can apply directly the Neumann series [87]. The expansion is of the form

(V^T (ε)V (ε))^{−1} = I − ε(V^T_0 V_1 + V^T_1 V_0) + ...

Multiplying the above expression by V (ε) from the left and by V^T (ε) from the right, we obtain the power series for the orthogonal projection P (ε).

The second method is based on a Gram-Schmidt-like orthogonalization process. Firstly, we perform the Gram-Schmidt procedure (without normalization) over the analytic vectorvalued functions v_i(ε), i = 1, ..., m̄, which constitute the “quasi-orthogonal” basis V (ε). Note that summation, multiplication and division operations which are used in the orthogonalization procedure can be carried out on power series as well as on numbers.

Analytic Perturbation of Singular Linear Systems 54

This results in an orthogonal basis for the perturbed null space. Each new basis element is a vector-valued function analytic in the punctured disc: 0 < |ε| < ε_{max}. Next we show that the normalization procedure leads to a basis whose elements are analytic vector-valued functions at ε = 0. Indeed, consider a vector-valued function v(ε) which is analytic in 0 < |ε| < ε_{max}. It can be expanded as a Laurent series. And let v_i(ε) = ε^mv_{im} +ε^{m+1}v_{im+1} +... be the largest element (in absolute value and for sufficiently small ε) of the vector v(ε). Then, clearly ||v(ε)|| = √ v^2_1 (ε) + ... + v^2 (ε) = ε^m(ν_0 + εν_1 + ...), ν_0 ≠ 0.

The latter implies that the normalized vector v(ε)/||v(ε)|| can be expanded as a series with positive powers of ε and with a non-zero leading coefficient. As a result of the above procedure we obtain an orthonormal basis, say V̄ (ε). Then the orthogonal projection is given by P (ε) = V̄^T (ε)V̄ (ε).

Next we suggest some methods for finding the Laurent series expansion for the group inverse A^g(ε) which are based on results given in Sections 2.2 and 2.3. In particular, we assume that the Laurent series expansion for the inverse of a singularly perturbed martix is available, for example by any method suggested in Sections 2.2 and 2.3. Moreover, the power series for P (ε) is assumed to have been developed already.

The first method is based on a straightforward application of the inversion of singularly perturbed matrices. It utilizes the formula [40, 95]

A^g(ε) = [A(ε) + P (ε)]^{−1} − P (ε),

where the projection P (ε) is given by (2.74).

The second method is based on the solution of the following system of equations [87]

A(ε)A^g(ε) = I − P (ε), (2.75)

P (ε)A^g(ε) = 0, (2.76) where P (ε) is the same projection as before. Note that equation (2.76) can be written in the equivalent form, V^T (ε)A^g(ε) = 0, (2.77) which might be more useful for practical computations.

Finally, the third method is based on the construction of the matrix C(ε) = [Ã(ε), V (ε)], where the matrix Ã(ε) ∈ R^{n×(n−m)} consists of columns of A(ε) which span its range. The

Analytic Perturbation of Singular Linear Systems 55

matrix C(ε) is invertible for ε sufficiently small but distinct from zero, and the perturbed group inverse A^g(ε) can be immediately retrieved by [44]

A^g(ε) = [I − P (ε)]C^{−1}(ε).

We would like to discuss in more detail the second method based on equations (2.75) and (2.76). This approach is a generalization of the results given in [8, 66, 67]. By substituting the power series (2.49),(2.55) and the power series for the projection P (ε) into equations (2.75), (2.76) and equating terms with the same power of ε, we obtain two new systems of fundamental equations

A_0B_{−s} = 0 (G0) A_0B_{−s+1} + A_1B_{−s} = 0 (G1) . . . . A_0B_0 + A_1B_{−1} + · · · + A_{s−1}B_{−s+1} + A_sB_{−s} = I − P_0 (Gs) A_0B_1 + A_1B_0 + · · · + A_sB_{−s+1} + A_{s+1}B_{−s} = −P_1 (Gs + 1) . . . . and P_0B_{−s} = 0 (H0) P_0B_{−s+1} + P_1B_{−s} = 0 (H1) . . . . The next result provides a way to solve recursively the above infinite systems of equations.

Theorem 15 Equations (G0) − (Gs) together with the equation (H0) constitute the minimal set of fundamental equations that uniquely determine the first singular coefficient B_{−s} of the Laurent series (2.55).

Proof: By the same arguments as in Section 2.2.4 we conclude that it is necessary to take into account at least the first s + 1 fundamental equations from the set (G) and the first equation from the set (H0).

Now we prove that this set of equations is sufficient to determine uniquely the first Laurent series coefficient B_{−s}. (The demonstration below is also similar to the one given in [67] and Section 2.2.4.) Suppose on the contrary that there exists another solution C_{−s}, C_{−s+1}, ..., C_0 ∈ R^{n×n} to (G0)-(Gs) and (H0) such that C_{−s} ≠ B_{−s}. Consider the sequence {D_i}^∞_{i=−s} defined by D_i = B_i − C_i for −s ≤ i ≤ 0 and D_i = B_i for i > 0. Clearly, for sufficiently small ε we have by (2.75) A(ε)[D(ε) + C(ε)] = I − P (ε)

Analytic Perturbation of Singular Linear Systems 56

and hence A(ε)D(ε) = I − P (ε) − A(ε)C(ε). Using fundamental equations (G0)-(Gs), we conclude that A(ε)D(ε) = O(ε) Now we multiply the above equation by A^g(ε) from the left hand side and get that [I − P (ε)]D(ε) = O( 1 ε^{s−1} ) Since P_0B_0 − P_0C_0 = 0 − 0 = 0 and consequently the left hand side of the above equation is of order O(1/ε^s), we come to a contradiction. □ The above theoretical result points to a numerical procedure. First, solve the set of equations (G0)-(Gs) and (H0) to find B_{−s}. Note that, since this is a linear system, a number of efficient methods is available for its solution. For example, one can use methods similar to those described in Section 2.2 and in Subsections 2.4.2 and 2.4.3. Then, use equations (G1)-(Gs+1) and (H1) to find B_{−s+1} and so on. We would like to emphasize that the system of equations (G1)-(Gs+1) and (H1) has exactly the same left hand sides as the system of equations (G0)-(Gs) and (H0). Thus, the auxiliary results which were obtained during the solution of the system (G0)-(Gs) and (H0) can be applied again. Moreover, one can use the quantities obtained from the reduction process of the fundamental system (F) in order to solve the system (G).

2.4.7 On the existence of a holomorphic basis for the perturbed null space

To make the present analysis of the perturbed null spaces self-contained, we include a proof that there exists a holomorphic family of eigenvectors which constitute a basis for the perturbed null space. The proof of the next theorem was obtained independently of the analogous results in [60, 61].

Theorem 16 Let A(ε) be an analytic perturbation of the matrix A_0 and let A(ε) have a non-trivial null space for ε belonging to some small neighbourhood of zero. Then there exists a basis V (ε) of this subspace, whose vectors are analytic functions in a small neighbourhood of the origin.

Proof: If the perturbed matrix A(ε) has a non-trivial null space, then it has r := rank(A(ε)) linearly independent rows and the other rows can be expressed as their linear

Analytic Perturbation of Singular Linear Systems 57

combination. Without loss of generality, we can assume that these are the first r rows of the matrix A(ε). We now have n−r free variables. To construct n−r linearly independent and analytic solutions, let us assign the value of the determinant of the upper left r × r block to these free variables. Then, according to the Cramer rule the linearly independent solutions of the system (2.52) can be written in the form

x^{(j)}_i (ε) = −det(A^{(j)}_i (ε)), i = 1, ..., r det(A_{rr}(ε)), i = j + r 0, otherwise

where A_{rr}(ε) is the upper left r×r block of the matrix A(ε) and A^{(j)}_i (ε) is a matrix formed by inserting the upper r segment of the (j + r)-th column in place of the i-th column of the matrix A_{rr}(ε).

Since x^{(j)}_i (ε) are polynomials of matrix element a_{ij} (ε), which are analytic, they are analytic functions as well. Moreover, since in some small neighbourhood of the origin det(A_{rr}(ε)) ≢ 0, the solutions x^{(j)}, j = 1, .., n−r are linearly independent for ε sufficiently small but different from zero. □ To illustrate the obscure notations of the above theorem let us again consider the second example of Subsection 2.4.2. In this case we have n = 3, r = 2 and

x^{(1)}_3 (ε) = det(A_{22}(ε)) = | | | | ε 1 0 1 | | | | = ε,

x^{(1)}_1 (ε) = −det(A^{(1)}_1 (ε)) = − | | | | | 0 1 ε 1 | | | | | = ε, x^{(1)}_2 (ε) = −det(A^{(1)}_2 (ε)) = − | | | | | ε 0 0 ε | | | | | = −ε^2.

Thus, x^{(1)}(ε) = [ε − ε^2 ε]. By normalizing this vector and expanding each its component as a power series in ε, we obtain (2.56).

2.5 Analytic perturbation of reduced resolvents and generalized inverses

2.5.1 Preliminaries

In this section we recall several useful facts from spectral theory and from the theory of analytic functions. A more detailed exposition can be found for example in [87] and [111].

Analytic Perturbation of Singular Linear Systems 58

Any (finite-dimensional) linear operator A ∈ R^{n×n} possesses the following spectral representation A = p∑ i=0 (λ_iP_i + D_i), (2.78)

where p + 1 is the number of distinct eigenvalues of A, P_i is the eigenprojection and D_i is the nilpotent operator corresponding to the eigenvalue λ_i. By convention, λ_0 is the zero eigenvalue of A, that is, λ_0 = 0. In the case, where there is no zero eigenvalue, the eigenvalues are enumerated from i = 1. The resolvent is another very important operator in spectral theory.

Definition 5 The following operator-valued function of the complex parameter ζ is called the resolvent of the operator A ∈ R^{n×n} . R(ζ) = (A − ζI)^{−1}. The resolvent satisfies the resolvent identity:

R(ζ_1) − R(ζ_2) = (ζ_1 − ζ_2)R(ζ_1)R(ζ_2), (2.79)

for all ζ_1, ζ_2 ∈ C . The resolvent has singularities at the points ζ = λ_k, where λ_k are the eigenvalues of A. In a neighbourhood of each singular point λ_k the resolvent can be expanded as a Laurent series R(ζ) = − m_k −1∑

n=1 1 (ζ − λ_k)^{n+1} D^n_k − 1 ζ − λ_k P_k + ∞∑ n=0 (ζ − λ_k)^nS^{n+1}_k , (2.80)

where S_k is the reduced resolvent corresponding to the eigenvalue λ_k with geometric multiplicity m_k.

In particular, the reduced resolvent S_0 corresponding to the zero eigenvalue is denoted by A^# and we simply refer to it as the reduced resolvent. Note that the reduced resolvent is also known in linear algebra as the Drazin generalized inverse. The reduced resolvent has the following basic properties [87]

AA^# = I − P_0, (2.81)

P_0A^# = 0. (2.82) This characterization shows that A^# is the “inverse” of A in the complementary subspace to the generalized null space of A. Here by generalized null space we mean a subspace which is spanned by all eigenvectors and generalized (Jordan) eigenvectors corresponding to the zero eigenvalue. Note that P_0 is a projection onto this generalized null space.

Analytic Perturbation of Singular Linear Systems 59

Moreover, if the underlying space admits a decomposition into the direct sum of the null space and the range of the operator A (recall that this is a necessary and sufficient condition for the existence of the group inverse [24]), then the reduced resolvent and the group inverse coincide, and the following Laurent expansion holds R(ζ) = − 1 ζ P_0 + ∞∑ n=0 ζ^n(A^#)^{n+1}. (2.83)

Since the reduced resolvent is the constant term in the Laurent series (2.80) and (2.83), it can be calculated via the following Cauchy integral formula [87, 111]

A^# = 1 2πi ∫ Γ_0 1 ζ R(ζ) dζ, (2.84) where Γ_0 is a closed positively-oriented contour in the complex plane, enclosing 0 but no other eigenvalue of A. The above formula will play a crucial role in the sequel.

The reduced resolvent also has a simple expression in terms of eigenprojections, eigenvalues and nilpotent operators of the original operator A. Namely,

A^# = p∑ i=1 { 1 λ_i P_i + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i D^j_i } . (2.85)

The above expression again demonstrates that the reduced resolvent is the inverse operator in the complementary subspace to the generalized null space. Moreover, this expression exactly represents the inverse operator A^{−1} whenever A has no zero eigenvalue.

2.5.2 Existence of a Laurent series expansion

Consider a finite-dimensional linear operator A_0 ∈ R^{m×n} and the following analytic perturbation A(z) of A_0, given by:

A(z) = A_0 + zA_1 + z^2A_2 + ... , (2.86)

where |z| < z_{max} is a small complex perturbation parameter. If we analyse the reduced resolvent or the group inverse of the perturbed operator, we always assume that m = n. In this section we prove the existence of a Laurent series expansion for the reduced resolvent A^#(z) of the analytically perturbed operator A(z). The latter will imply the existence of a Laurent series expansion for both the group inverse and the Moore-Penrose generalized inverse.

First consider the resolvent R(ζ, z) := (A(z) − ζI)^{−1} of the perturbed operator A(z). One can expand R(ζ, z) in a power series with respect to the complex variable z near z = z_0, as follows (see e.g. [87]) R(ζ, z) = R(ζ, z_0) + ∞∑ n=1 (z − z_0)^nR^{(n)}(ζ, z_0), (2.87)

Analytic Perturbation of Singular Linear Systems 60

where

R^{(n)}(ζ, z_0) := ∑ ν_1+...+ν_p=n (−1)^pR(ζ, z_0)A_{ν1} R(ζ, z_0)A_{ν2} · · · R(ζ, z_0)A_{νp} R(ζ, z_0),

where A_{νk} are the coefficients of A(z) and ν_k ≥ 1. The above expansion is called the second Neumann series for the resolvent. It is uniformly convergent for z sufficiently close to z_0 and ζ ∈ D, where D is a compact subset of the complex plane which does not contain the eigenvalues of A(z_0) [87].

Theorem 17 Let A(z) be the analytic perturbation of the matrix A_0 given by (2.86). Then, the reduced resolvent A^#(z) of the perturbed operator A(z) can be expanded as a Laurent series A^#(z) = +∞∑ n=−s z^n H_n (2.88) for 0 < |z| < z_{max}. Proof: We first show that there exists a domain 0 < |z| < z_{max} such that A^#(z) can be expanded in Taylor series at any point z_0 in this domain. For a fixed, arbitrary z > 0, (2.84) becomes A^#(z) = 1 2πi ∫ Γ_0(z) 1 ζ R(ζ, z)dζ, (2.89) where Γ_0(z) is a closed positively-oriented curve enclosing the origin but no other eigenvalue of A(z).

With z_{max} less than the modulus of any non-zero eigenvalue of A_0, expand the perturbed resolvent in the power series (2.87), around the point z_0 (with 0 < |z_0| < z_{max}). Then, substituting that series in the integral formula (2.89), yields

A^#(z) = 1 2πi ∫ Γ_0(z_0) 1 ζ [ R(ζ, z_0) + ∞∑ n=1 (z − z_0)^nR^{(n)}(ζ, z_0) ] dζ. Since the power series for R(ζ, z) is uniformly convergent for z sufficiently close to z_0, we can integrate the above series term by term,

A^#(z) = 1 2πi ∫ Γ_0(z_0) 1 ζ R(ζ, z_0) dζ + ∞∑ n=1 (z − z_0)^n 1 2πi ∫ Γ_0(z_0) 1 ζ [R^{(n)}(ζ, z_0)] dζ

= A^#(z_0) + ∞∑ n=1 (z − z_0)^nH_n(z_0), (2.90)

where the coefficients are defined by

H_n(z_0) := 1 2πi ∫ Γ_0(z_0) 1 ζ [R^{(n)}(ζ, z_0)] dζ.

Analytic Perturbation of Singular Linear Systems 61

The convergence of power series (2.90) in some non-empty domain 0 < |z| < z_{max} can be shown by using the bounds for the contour integrals (for very similar development see for example [87, Ch.2, Sec.3]). From the power series (2.90), we can see that A^#(z) is holomorphic in the domain 0 < |z| < z_{max}. The formal convergence arguments Consequently, by Laurent’s theorem [111, v. II, p. 7], we conclude that A^#(z) possesses a Laurent series expansion at z = 0 (with radius of convergence z_{max}), i.e.,

A^#(z) = +∞∑ n=−∞ z^nH_n. (2.91)

We next show that the pole at z = 0 can be at most of finite order. Consider the spectral representation (2.85) for the reduced resolvent of the perturbed operator A(z)

A^#(z) = p∑ i=1 { 1 λ_i(z) P_i(z) + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i (z)

D^j_i (z) } . From Kato [87], we know that the perturbed eigenvalues λ_i(z) are bounded in |z| ≤ z_{max} and they have at most algebraic singularities. Furthermore, the eigenprojections P_i(z) and nilpotents D_i(z) can also have only algebraic singularities and poles of finite order. Therefore, none of the functions λ_i(z), P_i(z) and D_i(z) can have an essential singularity. This latter fact implies that their finite sums, products or divisions as in A^#(z), do not have an essential singularity as well and, consequently, the order of pole in (2.91) is finite. This completes the proof. □ Note that the Laurent series for the perturbed group inverse does not always exist.

Indeed, the existence of the group inverse of the unperturbed operator does not imply the existence of the group inverse of the perturbed operator. However, existence results for the Laurent series for the group inverse A^g(z) and the Moore-Penrose generalized inverse A^†(z) are direct consequences of the above theorem. The following is a general sufficient condition for the existence of the Laurent series for the perturbed group inverse.

Corollary 1 Let the group inverse A^g(z) of the analytically perturbed operator A(z) exist in some non-empty (possibly punctured) neighbourhood of z = 0. Then the group inverse A^g(z) can be expanded as a Laurent series around z = 0 with a non-zero radius of convergence.

Proof: Whenever the group inverse exists, it coincides with the reduced resolvent. Therefore, the existence of a Laurent series follows from Theorem 17. □ By contrast, the Laurent series for the Moore-Penrose generalized inverse A^†(z) always exists.

Analytic Perturbation of Singular Linear Systems 62

Corollary 2 Let A^†(z) be the Moore-Penrose generalized inverse of the analytically perturbed matrix A(z). Then, A^†(z) possesses a Laurent series expansion

A^†(z) = 1 z^s B_{−s} + ... + 1 z B_{−1} + B_0 + zB_1 + ... (2.92)

in some non-empty region around the origin.

Proof: Rewriting (2.19) for the perturbed operator A(z) yields

A^†(z) = (A^T (z)A(z))^gA^T (z).

Note that the group inverse of a symmetric matrix always exists. Since the group inverse is a particular case of the reduced resolvent and the product or sum of two analytic functions is an analytic function again, we can write

A^†(z) = A^#(z)A^T (z), (2.93)

where A(z) = ∑_∞ k=0 z^kA_k with A_k = ∑_k i=0 A^T_i A_{k−i}. Note that A(z) is an analytically perturbed operator. According to Theorem 17, A^#(z) has a Laurent series expansion, and from (2.93), we may conclude that the Laurent series for the perturbed pseudo-inverse A^†(z) exists as well. □ Remark 14 We would like to note that the statement of Corollary 2 can be considered as a particular case of more general existence results in [10, 13]. However, the reduced resolvent does not belong to the family of relative inverses and hence one cannot apply (at least, not immediately) the results of [10, 13] to the proof of Theorem 17.

Remark 15 We would like to emphasize that according to (2.93), computing the Laurent series of the perturbed pseudo-inverse A^†(z) reduces to computing the Laurent series of a reduced resolvent. Moreover, A(z) is a symmetric perturbation, that is, A^T_k = A_k, k = 0, 1, .... This guarantees that the reduction process defined in Section 2.5.4 is indeed applicable in this case.

2.5.3 Recursive formulae for the regular part coefficients

In this subsection, we derive recursive formulae for the coefficients of the regular part of the Laurent series (2.88). We use the same analytic technique as in [87, 91], based on Cauchy contour integrals and resolvent-like identities.

First, observe that the structure of the reduced resolvent (A_0 + zA_1 + z^2A_2 + ...)^# is similar to the structure of the classical resolvent (A_0 − zI)^{−1}. Moreover, A^#(z) becomes

Analytic Perturbation of Singular Linear Systems 63

precisely the resolvent if A_1 = −I and A_k = 0 for k ≥ 2. Therefore, one can expect that these two mathematical objects have some similar features. It turns out that the reduced resolvent of an analytically perturbed operator A(z) satisfies an identity similar to the resolvent identity (2.79).

Lemma 7 The reduced resolvent A^#(z) of the analytically perturbed operator A(z) = ∑_∞ k=0 z^kA_k satisfies the resolvent-like identity:

A^#(z_1) − A^#(z_2) = ∞∑ k=1 (z^k_2 − z^k_1 )A^#(z_1)A_kA^#(z_2) + A^#(z_1)P_0(z_2) − P_0(z_1)A^#(z_2), (2.94)

where P_0(z) is the eigenprojection matrix corresponding to the zero eigenvalue.

Proof: Consider the following expression

A(z_2) − A(z_1) = ∞∑ k=1 (z^k_2 − z^k_1 )A_k.

Premultiplying by A^#(z_1) and postmultiplying by A^#(z_2), yields

A^#(z_1)A(z_2)A^#(z_2) − A^#(z_1)A(z_1)A^#(z_2) = ∞∑ k=1 (z^k_2 − z^k_1 )A^#(z_1)A_kA^#(z_2).

Then, using (2.81), we get

A^#(z_1)[I − P_0(z_2)] − [I − P_0(z_1)]A^#(z_2) = ∞∑ k=1 (z^k_2 − z^k_1 )A^#(z_1)A_kA^#(z_2).

Equivalently,

A^#(z_1) − A^#(z_2) = ∞∑ k=1 (z^k_2 − z^k_1 )A^#(z_1)A_kA^#(z_2) + A^#(z_1)P_0(z_2) − P_0(z_1)A^#(z_2),

which is the desired identity (2.94). □ In the next theorem, we obtain a general relation between the coefficients of the Laurent series (2.88).

Theorem 18 Let H_k, k = −s, −s + 1, ... be the coefficients of the Laurent series (2.88) and P_0(z) = ∑_∞ k=0 z^kP_{0k} be a power series for the eigenprojection corresponding to the zero eigenvalue of the perturbed operator. Then the coefficients H_k, k = −s, −s + 1, ... satisfy the following relation ∞∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} = −(η_n + η_m − 1)H_{n+m+1}

Analytic Perturbation of Singular Linear Systems 64

− 0, m < 0, 1 2πi ∫ Γ_1

z^{−n−1}_1 A^#(z_1)[P_{0m+1} + z_1P_{0m+2} + ...]dz_1, m ≥ 0

− 0, n < 0 1 2πi ∫ Γ_2 z^{−m−1} 2 [P_{0n+1} + z_2P_{0n+2} + ...]A^#(z_2)dz_2, n ≥ 0, (2.95)

where η_m := { 1, m ≥ 0, 0, m < 0. For the sake of clarity of presentation, the detailed proof is postponed to the auxiliary Section 2.5.7. Now the recursive formula for the coefficients of the regular part of the Laurent series (2.88) becomes a corollary of the above general result.

Corollary 3 Suppose that the coefficients H_k, k = −s, ..., −1, 0 and P_{0k}, k = 0, 1, ... are given. Then, the coefficients of the regular part of the Laurent expansion (2.88) can be computed by the following recursive formula:

H_{m+1} = − m+s∑ i=0 (_s ∑ j=0 H_{−j} A_{i+j+1} ) H_{m−i} − m∑ i=1 P_{0m+1−i}H_i −(P_{0m+1}H_0 + ... + P_{0m+1+s}H_{−s}) − (H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1}) (2.96)

for m = 0, 1, . . ..

Proof: Let us take n = 0, m > 0 and then simplify the last two terms in (2.95), so that 1 2πi ∫ Γ_1

z^{−n−1}_1 A^#(z_1)[P_{0m+1} + z_1P_{0m+2} + ...]dz_1

= 1 2πi ∫ Γ_1 1 z_1 [ 1 z^s_1 H_{−s} + ... + 1 z_1

H_{−1} + H_0 + ...][P_{0m+1} + z_1P_{0m+2} + ...]dz_1

= 1 2πi ∫ Γ_1 1 z_1 1 z^{m+1}_1 1 z^s_1

[H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1}]dz_1

= H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1} (2.97)

The last term can be dealt with in a similar fashion. 1 2πi ∫ Γ_2 z^{−m−1} 2 [P_{0n+1} + z_2P_{0n+2} + ...]A^#(z_2)dz_2

= 1 2πi ∫ Γ_2 z^{−m−1} 2 [P_{01} + z_2P_{02} + ...]A^#(z_2)dz_2

Analytic Perturbation of Singular Linear Systems 65 = 1 2πi ∫ Γ_2 1 z_2 1 Z^m_2

[P_{01} + z_2P_{02} + ...][ 1 z^s_1 H_{−s} + ... + 1 z_1

H_{−1} + H_0 + ...]dz_2

= 1 2πi ∫ Γ_2 1 z_2

[P_{01}H_m + P_{02}H_{m−1} + ... + P_{0m}H_1 + P_{0m+1}H_0 + ... + P_{0m+1+s}H_{−s}]dz_2

= m∑ i=1 P_{0m+1−i}H_i + (H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1}) (2.98)

Substituting (2.97) and (2.98) into (2.95) with n = 0 and m > 0, we obtain ∞∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} = −H_{m+1} − (H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1})

−(P_{0m+1}H_0 + ... + P_{0m+1+s}H_{−s}) − m∑ i=1 P_{0m+1−i}H_i. Rearranging terms in the above expression, we get

H_{m+1} = − m+s∑ i=0 (_s ∑ j=0 H_{−j} A_{i+j+1} ) H_{m−i} − m∑ i=1 P_{0m+1−i}H_i −(P_{0m+1}H_0 + ... + P_{0m+1+s}H_{−s}) − (H_{−s}P_{0m+1+s} + ... + H_0P_{0m+1})

which is the recursive formula (2.96). □ Remark 16 If the perturbed operator A(z) is invertible for 0 < |z| < z_{max}, then the inverse A^{−1}(z) can be expanded as a Laurent series

A^{−1}(z) = 1 z^{−s} H_{−s} + ... + 1 z H_{−1} + H_0 + zH_1 + ...

and the formula (2.96) becomes

H_{m+1} = − m+s∑ i=0 (_s ∑ j=0 H_{−j}A_{i+j+1} ) H_{m−i}, m = 0, 1, ... which is the formula given by Korolyuk and Turbin [91]. Furthermore, if the perturbed operator is invertible and the perturbation is linear A(z) = A_0 + zA_1 we retrieve the recurrent formula obtained by Langenhop [98], and Schweitzer and Stewart [133, 135]

H_{m+1} = (−H_0A_1)H_m, m = 0, 1, ...

Note that, using (2.96) together with (2.93), one can easily derive the recursive formulae for the regular part of the Laurent series expansion (2.92) of the Moore-Penrose generalized inverse.

Analytic Perturbation of Singular Linear Systems 66

2.5.4 Reduction process

We have seen that the regular terms in the Laurent series expansion (2.88) of A^#(z) can be computed recursively by (2.96). However, to apply (2.96), one first needs to compute the terms H_{−s}, . . . , H_{−1}, H_0, that is, the terms of the singular part. One way to achieve this was discussed in Section 2.4.5. That approach is based on the recursive solution of the fundamental equations, which are obtained by substitution of the Laurent series (2.88) into (2.81-2.82) and the identification of terms with the same powers of z. One may show (see Section 2.4.5) that a finite subsytem of the fundamental equations provides a unique solution for H_{−s}, . . . , H_{−1}, H_0. This subsystem can be solved by an algebraic reduction process similar to the one defined in Section 2.2. However, here we would like to pursue an alternative approach based on spectral theory and analytic function theory. In particular, we define a group reduced resolvent which permits us to treat singular and regular perturbations in a unified framework.

Regular case

In this subsection we apply analytic function techniques to express the power series for the reduced resolvent of the perturbed operator in the case of regular perturbations, that is, when the dimension of the null space of the operator does not change with perturbations. In other words, when there is no splitting of the zero eigenvalue of the perturbed operator at z = 0. The latter implies that the expansion (2.90) is valid in some neighbourhood of z_0 = 0, and any contour Γ_0 := Γ_0(0) chosen so that it does not enclose eigenvalues other than zero. Namely, the expansion (2.90) takes the form

A^#(z) = A^#_0 + ∞∑ n=1 z^nA^#_n , (2.99)

where A^#_0 = A^#(0), A^#_n = 1 2πi ∫ Γ_0 1 ζ [R^{(n)}(ζ)] dζ and R^{(n)}(ζ) = ∑ ν_1+...+ν_p=n (−1)^pR(ζ)A_{ν1} R(ζ)A_{ν2} · · · R(ζ)A_{νp} R(ζ). It turns out that it is possible to express the coefficients A^#_n in terms of

• the unperturbed reduced resolvent A^#(0),

• the eigenprojection P_0 corresponding to the zero eigenvalue of A_0,

• the perturbation matrices A_n, n = 1, 2, . . ..

Analytic Perturbation of Singular Linear Systems 67

The next theorem gives the precise statement.

Theorem 19 Suppose that the operator A_0 is perturbed analytically as in (2.86) and assume that the zero eigenvalue of A_0 is semi-simple and the perturbation is regular. Then, the matrices A^#_n , n = 1, 2, . . . in the expansion (2.99) are given by the following formula

A^#_n = n∑ p=1 (−1)^p ∑ ν_1 + ... + ν_p = n μ_1 + ... + μ_{p+1} = p + 1 ν_j ≥ 1, μ_j ≥ 0

S_{μ1} A_{ν1} S_{μ2} ...A_{νp} S_{μp+1} , (2.100)

where S_0 := −P_0 and S_k := (A^#_0 )^k, k = 1, 2, ....

Proof: Since Γ_0 encloses only the zero eigenvalue, we have by (2.99)

A^#_n = 1 2πi ∫ Γ_0 1 ζ R^{(n)}(ζ)dζ = ∑ ν_1+...ν_p=n (−1)^p 1 2πi ∫ Γ_0 1 ζ R(ζ)A_{ν1} R(ζ)...A_{νp} R(ζ)dζ.

= ∑ ν_1+...ν_p=n (−1)^pRes_{ζ=0}{ 1 ζ R(ζ)A_{ν1} R(ζ)...A_{νp} R(ζ)} In order to compute the above residue, we replace R(ζ) by its Laurent series (2.83) in the expression 1 ζ R(ζ)A_{ν1} R(ζ)...A_{νp} R(ζ), and collect the terms with 1/ζ, that is, the terms ∑ σ_1+...+σ_{p+1}=0 S_{σ1+1}A_{ν1} S_{σ2+1}...A_{νp} S_{σp+1}. Next, we change indicies μ_k := σ_k + 1, k = 1, ..., p + 1, and rewrite the above sum as: ∑ μ_1+...+μ_{p+1}=p+1 S_{μ1} A_{ν1} S_{μ2} ...A_{νp} S_{μp} ,

which yields (2.100). □ Singular case

We now show that by using a reduction process, we can transform the original singular problem into a regular one. We would like to emphasize that the reduction process of this section is different from the algebraic reduction technique proposed in Sections 2.2 and

Analytic Perturbation of Singular Linear Systems 68

2.4. This reduction process can be viewed as complimentary to the existing reduction process based on spectral theory which was applied by many authors [87, 14, 40, 29] to the eigenvalue problem. Moreover, to the best of our knowledge, applying the reduction technique to analytical perturbations of generalized inverses is new.

To develop the reduction technique in the context of generalized inverses, we will need to introduce a new notion of group reduced resolvent. A definition based on spectral representation is as follows:

Definition 6 Let A : R^n → R^n be a linear operator with the spectral representation (2.78). Then, the group reduced resolvent A^{#Λ} relative to the group of eigenvalues Λ := {λ_i}^k_{i=0} is defined as follows: A^{#Λ def}= p∑ i=k+1 { 1 λ_i P_i + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i D^j_i }

Remark 17 Note that the reduced resolvent (see formula (2.85)) is a particular case of the group reduced resolvent. In this case, the group of eigenvalues consists only of the zero eigenvalue. In addition, we would like to mention the book of Chatelin [28], where a different group reduced resolvent is defined algebraically via a Sylvester equation.

From our definition, the properties of a group reduced resolvent follow easily. In particular, in the next theorem, we will obtain an alternative analytic expression of the group reduced resolvent that will play a crucial role in perturbation analysis.

Theorem 20 Let A be a linear operator with representation (2.78). Then, the group reduced resolvent relative to the eigenvalues Λ = {λ_i}^k_{i=0} is given by

A^{#Λ} = 1 2πi ∫ Γ 1 ζ (A − ζI)^{−1}dζ, (2.101)

where Γ is a contour in the complex plane which encloses the set of eigenvalues {λ_i}^k_{i=0}, but none of the other eigenvalues {λ_i}^p_{i=k+1}.

Proof: It is a well known fact [87] that the resolvent can be represented by − p∑ i=0 [ 1 ζ − λ_i P_i + m_i∑

j=1 1 (ζ − λ_i)^{j+1} D^j_i ] .

Substituting the above expression into the integral of (2.101) yields 1 2πi ∫ Γ 1 ζ (A − ζI)^{−1}dζ = − 1 2πi ∫ Γ p∑ i=0 [ 1 ζ(ζ − λ_i) P_i + m_i∑

j=1 1 ζ(ζ − λ_i)^{j+1} D^j_i ] dζ.

Analytic Perturbation of Singular Linear Systems 69

Using the fact that for every positive integer l

Res_{ζ=0} 1 ζ(ζ − λ)^l = 1 (−λ)^l and Res_{ζ=λ} 1 ζ(ζ − λ)^l = − 1 (−λ)^l , we obtain 1 2πi ∫ Γ 1 ζ (A − ζI)^{−1}dζ = k∑ i=0 Res_{ζ=λi} { − p∑ i=0 [ 1 ζ(ζ − λ_i) P_i + m_i∑

j=1 1 ζ(ζ − λ_i)^{j+1} D^j_i ]}

= p∑ i=k+1 { 1 λ_i P_i + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i D^j_i } . According to Definition 6, the latter expression is equal to the group reduced resolvent, so that the proof is complete. □ Lemma 8 Let P = ∑_k i=0 P_i be the projection corresponding to the group of eigenvalues Λ = {λ_i}^k_{i=0}, then A^{#Λ} = (A[I − P ])^#.

Proof: Since P_iP_j = δ_{ij}P_i and D_iP_j = δ_{ij} D_i, we have P_i[I − P ] = 0, D_i[I − P ] = 0 for i = 0, ..., k and P_i[I − P ] = P_i, D_i[I − P ] = D_i for i = k + 1, ..., p. Then, by (2.78) and above

(A[I − P ])^# = (_p ∑ i=0 (λ_iP_i + D_i)[I − P ]

)_# = (_p ∑ i=k+1 (λ_iP_i + D_i)

)_# . Using formula (2.85), we obtain

(A[I − P ])^# = p∑ i=k+1 { 1 λ_i P_i + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i D^j_i } .

The latter is equal to the group reduced resolvent A^{#Λ} by Definition 6. □ Now equipped with this new notion of group reduced resolvent, we go back to perturbation analysis. The group of the perturbed eigenvalues λ_i(z) such that λ_i(z) → 0 as z → 0 is called the 0-group (see e.g. Kato [87]). We denote the 0-group of eigenvalues by Ω. The eigenvalues of the 0-group split from zero when the perturbation parameter differs from zero. Since the eigenvalues of the perturbed operator are analytic functions except at some points with algebraic singularities [87], each eigenvalue of the 0-group (other than 0) can be written as λ_i(z) = z^ν λ_{iν} + o(z^ν ), (2.102)

Analytic Perturbation of Singular Linear Systems 70

with λ_{ik} ≠ 0 and ν is a positive rational number. The reduction technique is essentially based on the semi-simplicity assumption of reduced operators [87], which will be introduced below. Under that assumption, the power ν in (2.102) must be an integer. The latter implies that we can partition the 0-group into subsets that we call z^l-groups. Namely, we say that the eigenvalue λ_i(z) belongs to the z^l-group if λ_i(z) = z^lλ_{il} + o(z^l), with λ_{il} ≠ 0. We denote z^l-group by Λ_l.

Consider now the spectral representation of the perturbed reduced resolvent.

A^#(z) = p∑ i=1 { 1 λ_i(z) P_i(z) + m_i−1∑

j=1 (−1)^j 1 λ^{j+1}_i (z)

D^j_i (z) } , where {λ_i(z)}^k_{i=1} is the 0-group. From the above formula one can see that in this case, the Laurent expansion for the reduced resolvent A^#(z) will possess terms with negative powers of z. Moreover, it turns out that under our assumptions, the z^k-group eigenvalues contribute to the terms of the Laurent expansion for A^#(z) with negative powers −k, −k+ 1, ..., −1 as well as to the regular part of the Laurent expansion.

The basic idea is to first treat the part of the perturbed operator corresponding to the eigenvalues which do not tend to zero as z → 0. Then we treat subsequently the parts of the perturbed operator corresponding to the eigenvalues which belong to the z-group, z^2-group and so on.

What is helpful is that to treat the part of A(z) corresponding to z^{k+1}-group we have to perform the same algorithm as for the part of the perturbed operator corresponding to the z^k-group. These steps constitute the (finite) reduction process.

Now we implement the general idea we have just briefly outlined above. Consider a fixed contour Γ_0 that encloses only the zero eigenvalue of the unperturbed operator A_0. Note that by continuity of eigenvalues the 0-group of eigenvalues of the perturbed operator A(z) lies inside Γ_0 for z sufficiently small. Therefore, we may define the group reduced resolvent relative to the 0-group of eigenvalues as follows:

A^{#Ω}(z) = 1 2πi ∫ Γ_0 1 ζ R(ζ, z)dζ = 1 2πi ∫ Γ_0 1 ζ (A(z) − ζI)^{−1}dζ. Since A^{#Ω}(z) is an analytic function in some neighbourhood of the origin, it can be expanded as a power series

A^{#Ω}(z) = A^{#Ω}_0 + ∞∑ i=1 z^iA^{#Ω}_i . (2.103)

Note that A^{#Ω}_0 = (A_0)^# and from Theorem 19 it follows that the other coefficients A^{#Ω}_i , i = 1, 2, ... can be calculated by the formula (2.100). We would like to emphasize that in general the group reduced resolvent A^{#Ω}(z) is different from the reduced resolvent

Analytic Perturbation of Singular Linear Systems 71

A^#(z). The example of Subsection 2.5.5 demonstrates this phenomenon. However, we note that A^{#Ω}(z) does coincide with A^#(z) in the case of regular perturbations.

Another operator that is used extensively in the reduction process is the group projection P (z) = 1 2πi ∫ Γ_0 R(ζ, z) dζ, which describes the subspace corresponding to the eigenvalues which split from zero. The group projection is an analytic function in some small neighbourhood of the origin (see e.g. [87]).

Next, as in the classical reduction process [87, 14], we define the restriction B(z) of the operator A(z) to the subspace determined by the group projection P (z), that is,

B(z) := 1 z A(z)P (z) = 1 2πiz ∫ Γ_0 ζR(ζ, z) dζ, where Γ_0 is some fixed contour enclosing only the zero eigenvalue of the unperturbed operator A_0. For the operator B(z) to be analytic at zero, we need the following assumption. Assumption S1 The zero eigenvalue of the operator A_0 is semi-simple, that is the nilpotent operator D_0 corresponding to λ_0 = 0 is equal to zero.

Note that this assumption is not too restrictive. For example, in the case of a selfadjoint perturbation operator, the zero eigenvalue of A_0 is semi-simple. This is in particular the case when one studies the generalized inverse of an analytically perturbed operator since it reduces to study a symmetric perturbation of the reduced resolvent (see Remark 15). Whenever Assumption S1 is satisfied, the operator B(z) can be expressed as a power series [87] B(z) = B_0 + ∞∑ i=1 z^iB_i, with B_0 = P (0)A_1P (0), and

B_n = − n+1∑ p=1 (−1)^p ∑ ν_1 + ... + ν_p = n + 1 μ_1 + ... + μ_{p+1} = p − 1 ν_j ≥ 1, μ_j ≥ 0

S_{μ1} A_{ν1} S_{μ2} ...A_{νp} S_{μp+1} , (2.104)

where S_0 := −P (0) and S_k := ((A_0)^#)^k.

Since the operator B(z) is analytic in some neighbourhood of the origin, we can again construct the expansion for its group reduced resolvent

B^{#Ω}(z) = (B_0)^# + ∞∑ i=1 z^iB^{#Ω}_i . (2.105)

Analytic Perturbation of Singular Linear Systems 72

The coefficients B^{#Ω}_i , i = 1, 2, ... are calculated by the formula given in Theorem 19. This is the first reduction step. To continue, we must distinguish between two cases:

(i) If the splitting of the zero eigenvalue terminates, and consequently B(z) is a regular perturbation of B_0, then B^{#Ω}(z) = B^#(z) and the reduced resolvent of the perturbed operator A(z) is given by A^#(z) = A^{#Ω}(z) + 1 z B^#(z). (2.106) By substituting the series expansions (2.103) and (2.105) for A^{#Ω}(z) and B^#(z) into (2.106), we obtain the Laurent series expansion for A^#(z), which has a simple pole at zero.

(ii) If the zero eigenvalue splits further, the expression

A^{#Ω\Λ1} (z) = A^{#Ω}(z) + 1 z B^{#Ω}(z)

represents only the group reduced resolvent relative to the eigenvalues constituting the 0-group but not the z-group, and we have to continue the reduction process. In fact, we now consider B(z) as a singular perturbation of B_0, and repeat the procedure with B(z). The 0-group of eigenvalues of B_0 contains all the z^k-groups of A(0) (with k ≥ 2), but not the z-group. Specifically, we construct the next-step reduced operator C(z) = z^{−1}B(z)Q(z), where Q(z) is the eigenprojection corresponding to the 0-group of the eigenvalues of B(z). Again, to ensure that C(z) is an analytic function of z, we assume Assumption S2 The zero eigenvalue of B_0 is semi-simple.

We would like to emphasize that the subsequent reduction steps are totally identical with the first one. At each reduction step, we make the assumption Sk that the analogue of B_0 at step k has a semi-simple 0-eigenvalue. The final result is stated in the next theorem.

Theorem 21 Let Assumptions Sk hold. Then, the reduction process terminates after a finite number of steps, say s, and the perturbed reduced resolvent A^#(z) has the following expression:

A^#(z) = A^{#Ω}(z) + 1 z B^{#Ω}(z) + 1 z^2

C^{#Ω}(z) + ... + 1 z^s Z^#(z). (2.107)

Proof: Consider the first reduction step. Since R(P (z)) and R(I − P (z)) represent a direct decomposition of R^n and the subspace R(P (z)) is invariant under the operator A(z), we can write

A^#(z) = (A(z)[I − P (z)] + A(z)P (z))^# = (A(z)[I − P (z)])^# + (A(z)P (z))^#

Analytic Perturbation of Singular Linear Systems 73

= A^{#Ω}(z) + z^{−1}(z^{−1}A(z)P (z))^#, where Lemma 8 was used to get the first term of the right-hand-side. In view of Assumption S1, the operator B(z) = z^{−1}A(z)P (z) is analytic in z and hence, one can apply the next reduction step. Similarly, Assumptions Sk, k = 1, 2, . . . guarantee that the reduction process can be carried out. Since the splitting of the zero eigenvalue has to terminate after a finite number of steps [87], we conclude that the reduction process has to terminate after a finite number of steps as well. Indeed, we successively eliminate the eigenvalues of the z-group, the z^2-group, etc ... Let λ_i(z) = z^sλ_{is} + ... be the last eigenvalue which splits from zero. Then the corresponding reduced operator Z(z) is regularly perturbed and the associated reduced resolvent Z^#(z) has the power series defined by Theorem 19. This completes the proof. □ To obtain the Laurent series for A^#(z), it suffices to replace A^{#Ω}(z), B^{#Ω}(z), ... in (2.107) by their respective power series (2.103) computed during the reduction process.

Moreover, applying formula (2.93), one can easily obtain the Laurent series for the Moore-Penrose generalized inverse of a perturbed operator. Since A_k, k = 0, 1, ... are symmetric (cf. Remark 15) the reduced operators are symmetric as well, and consequently, Assumptions Sk are satisfied.

Remark 18 If the operator A(z) has an inverse for z ≠ 0, then the above algorithm can be used to calculate its Laurent expansion. Note that this problem, which was studied quite extensively [10, 22, 59, 61, 62, 73, 91, 96, 98, 126, 135, 145, 149] (see also Sections 2.2 and 2.3) is a particular case of our general approach.

2.5.5 Example

As was mentioned in the introduction, the perturbation analysis of the reduced resolvent can be applied directly to the theory of singularly perturbed Markov chains. Namely, the reduced resolvent of the generator of a Markov chain is just with minus sign the deviation matrix of this chain. The deviation matrix plays a crucial role in the Markov chain theory. For example, it is used to obtain mean first-passage times. Taking into acount the above remark, we consider an example of a perturbed Markov chain. We have taken the example from Schweitzer [134] to demonstrate the validaty of our approach. Let us consider the following perturbed operator.

A(z) = A_0 + zA_1 =

0 0 0 0 0.5 −0.5 0 −0.5 0.5 + z 2 −1 −1 −3 1 2 −4 3 1

Analytic Perturbation of Singular Linear Systems 74

Note that −A(z) is the generator of a Markov chain. The zero eigenprojection and the reduced resolvent of the unperturbed matrix A_0 is given by

P (0) =

1 0 0 0 0.5 0.5 0 0.5 0.5

A^{#0} =

0 0 0 0 0.5 −0.5 0 −0.5 0.5

In this instance, the Laurent expansion for A^#(z) has a simple pole. Using Hassin and Haviv’s method [63] for the determination of the singularity order of the perturbed Markov chains, one can check that

A^#(z) = 1 z H_{−1} + H_0 + zH_1 + ...

By applying the reduction process, we compute the singular coefficient H_{−1} and the first regular coefficient H_0. Since the zero eigenvalues of the reduced operators are always semi-simple in the case of perturbed Markov chains [40], we conclude from Theorem 21 that H_{−1} = B^#_0 , and H_0 = A^#_0 + B^{#Ω}_1 .

To compute B^#_0 and B^{#Ω}_1 , we need to calculate the first two terms of the expansion for the reduced operator B(z). In particular,

B_0 = P (0)A_1P (0) =

2 −1 −1 −3.5 1.75 1.75 −3.5 1.75 1.75

B_1 = −(A^#_0 A_1P (0)A_1P (0)+P (0)A_1A^#_0 A_1P (0)+P (0)A_1P (0)A_1A^#_0 ) = 1 8 0 4 −4 −24 5 19 20 −17 −3 calculated with the help of (2.104). Next, we calculate the eigenprojection corresponding to the zero eigenvalue of the operator B_0, that is,

Q(0) = 1 22 14 4 4 14 15 −7 14 −7 15 .

Now using formula (2.100) from Theorem 19, we obtain

B^{#Ω}_1 = Q(0)B_1(B^#_0 )^2 − B^#_0 B_1B^#_0 + (B^#_0 )^2B_1Q(0) = 1 2662

−16 52 −36 −236 41 195 248 −201 −47 .

Analytic Perturbation of Singular Linear Systems 75

Thus, we finally obtain

H_{−1} = B^#_0 = 1 5.5^2 1 −1.75 −1.75 [ 2 −1 −1 ] = 1 121 8 −4 −4 −14 7 7 −14 7 7 and H_0 = B^{#Ω}_1 + A^#_0 = 1 1331

−8 26 −18 −118 686 −568 124 −766 642 . Note that the above H_{−1} coincides with the one given in [134]. Independently of the above calculations and using MATLAB symbolic toolbox, we have also expanded A^#(z) as a Laurent series and checked that H_0 is indeed correct.

The above method for the computation of the perturbed Markov chain deviation matrix has at least two advantages in comparison with the algebraic methods proposed in [8, 66, 132]. Fistly, this method can easily cope with the case where the perturbed Markov chain has several ergodic classes. Secondly, our approach does not require the knowledge of the series expansion for the ergodic projection, that is, the eigenprojection corresponding to the zero eigenvalue of the Markov chain generator. However, if we do have in hand the expansion for the ergodic projection, we can use the recursive formula (2.96) to compute the regular coefficients. Let us compute by the recursive formula the coefficient H_1 for our example. Using any method as in [29, 40, 66, 67, 91, 116, 132, 134], one can compute the coefficients for the expansion of the ergodic projection associated with z and z^2.

P_{01} = 1 121 2 −12 10 2 −12 10 2 −12 10

P^{02} = 1 1331

32 −192 160 32 −192 160 32 −192 160

Then, according to formula (2.96), we have

H_1 = −(H_0A_1)H_0 − (P_{01}H_0 + P_{02}H_{−1}) − (H_{−1}P_{02} + H_0P_{01})

= 1 14641

−368 1856 −1488 −2128 12416 −10288 1744 −10816 9072 . The latter coefficient also coincides with the one obtained with the help of MATLAB symbolic toolbox.

Analytic Perturbation of Singular Linear Systems 76

2.5.6 Asymptotics for P_0(z)

We know that the eigenprojection P_0(z) of the perturbed operator corresponding to the identically zero eigenvalue is analytic in some (punctured) neighbourhood of z = 0 (see [13, 60] and Section 2.4), that is,

P_0(z) = P_{00} + ∞∑ k=1 z^kP_{0k}, for z ≠ 0. (2.108)

For regular perturbations, P_{00} is just P_0(0), and the group projection coincides with the eigenprojection. This is not the case for singular perturbations.

Therefore, an interesting question is how P_{00} in (2.108) relates to the original matrix P_0(0) in the general case and how the power series (2.108) can be computed. The answers to these questions are provided below.

Proposition 2 The coefficients of the power series (2.108) for the perturbed eigenprojection are given by P_{0k} = − s+k∑ i=0 A_iH_{k−i}, k = 1, 2, ... . Proof: The above formula is obtained by equating the terms with the same power of z in the identity (2.81) for the perturbed operators. □ Corollary 4 As z → 0, the limit matrix P_{00} satisfies

P_{00} = P_0(0) [I − s∑ i=1 A_iH_{−i}]. (2.109)

where P_0(0) is the 0-eigenprojection of the unperturbed matrix A_0.

Proof: When substituting the Laurent series expansion (2.91) into (2.81)-(2.82), and equating the terms of same power, one obtains in particular,

I − P_{00} = A_0H_0 + A_1H_{−1} + ... + A_sH_{−s} . (2.110)

In addition, from A(z)P_0(z) = 0, we immediately obtain:

A_0P_{00} = 0 so that P_{00} = P_0(0)V, (2.111)

for some matrix V . Moreover, as P_0(0)^2 = P_0(0), we also have P_0(0)P_{00} = P_0(0)^2V = P_0(0)V = P_{00}. Therefore, pre-multiplying both sides of (2.110) by P_0(0), and using P_0(0)A_0 = 0, one obtains (2.109), the desired result.

Analytic Perturbation of Singular Linear Systems 77 □ Hence, (2.109) relates in a simple manner, the limit matrix P_{00} to the original 0-group P_0(0), in terms of the perturbation matrices A_k, k = 1, ..., s, the original matrix P_0(0), and the coefficients H_{−k}, k = 1, ..., s of the singular part of A(z)^#. This shows how the perturbed 0-eigenvectors compare to the unperturbed ones, for small z. Observe that in the case of a linear (or first-order) perturbation, only the singular term H_{−1} is involved. Finally, the regular case is obtained as a particular case, since then, H_{−k}, k = 1, . . . , s vanish so that P_{00} = P_0(0).

2.5.7 The proof of Theorem 18

To prove Theorem 18 we use the Cauchy contour integration and the residue technique [111, 87, 91]. First we present some auxiliary results.

Lemma 9 Let Γ_1 and Γ_2 be two closed positively-oriented contours in the complex plane around zero and let z_1 ∈ Γ_1, z_2 ∈ Γ_2. Furthermore, assume that the contour Γ_2 lies inside the contour Γ_1. Then the following formulae hold: 1 2πi ∫ Γ_2 z^{−m−1} 2 z_2 − z_1 dz_2 = −η_mz^{−m−1}_1 , (2.112)

1 2πi ∫ Γ_1 z^{−m−1} 1 z_2 − z_1 dz_1 = −(1 − η_n)z^{−m−1}_2 , (2.113)

with η_m := { 0, m < 0, 1, m ≥ 0. and 1 2πi ∫ Γ_2 z^{−m−1} 2 P_0(z_2) z_2 − z_1 dz_2 = { 0, m < 0, −z^{−m−1} 1 [P_{00} + z_1P_{01} + ... + z^m_1 P_{0m}], m ≥ 0.

(2.114)

1 2πi ∫ Γ_1

z^{−n−1}_1 P_0(z_1) z_2 − z_1 dz_1 = { −z^{−n−1}_2 P_0(z_2), n < 0, −[P_{0n+1} + z_2P_{0n+2} + z^2 P_{0n+3} + ...], n ≥ 0.

(2.115)

Proof: The proof of formulae (2.112),(2.113) is given in the book of Kato [87] and in the book of Korolyuk and Turbin [91].

Let us establish the auxiliary integral (2.114). If m < 0, then the function^{z−m−12 P0(z2)}_{z2−z1} is analytic inside the area enclosed by the contour Γ_2 and hence the auxiliary integral

Analytic Perturbation of Singular Linear Systems 78

(2.114) is equal to zero by the Cauchy Integral Theorem. To deal with the case m ≥ 0, we first expand the function^{z−m−12 P0(z2)}_{z2−z1} as a Laurent series. z^{−m−1} 2 P_0(z_2)

z_2 − z_1 = − z^{−m−1} 2 P_0(z_2) z_1(1 − z_2/z_1)

= −z^{−1}_1 z^{−m−1}_2 [P_{00} + z_2P_{01} + z^2 P_{02} + ...][1 + z_2 z_1 + z^2 z^2_1 + ...] = = z^{−m−1}_2 (−z^{−1}_1 )P_{00} + ... + z^{−1}_2 (−z^{−1}_1 )[ 1 z^m_1

P_{00} + 1 z^{m−1}_1 P_{01} + ... + P_{0m}] + ...

Then, according to the Residue Theorem, we have 1 2πi ∫ Γ_2 z^{−m−1} 2 P_0(z_2) z_2 − z_1 dz_2 = (−z^{−1}_1 )[ 1 z^m_1

P_{00} + 1 z^{m−1}_1 P_{01} + ... + P_{0m}]

= −z^{−m−1}_1 [P_{00} + z_1P_{01} + ... + z^m_1 P_{0m}].

Thus, we have calculated the integral (2.114). The same method is applied to calculate the auxiliary integral (2.115). □ The proof of Theorem 18: Each coefficient of the Laurent series (2.88) can be represented by the contour integral formula

H_n = 1 2πi ∫ Γ z^{−n−1}A^#(z)dz, Γ ∈ D, (2.116) where Γ is a closed positively-oriented contour in the complex plane, which encloses zero but no other eigenvalues of A_0. Let us substitute (2.116) into the following expression ∞∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} = ∞∑ k=1 k−1∑ i=0 1 2πi ∫ Γ_1 z^{−n+i−1} 1 A^#(z_1)dz_1A_k 1 2πi ∫ Γ_2 z^{−m−i+k−2} 2 A^#(z_2)dz_2.

As in Lemma 9, we assume without loss of generality that the contour Γ_2 lies inside the contour Γ_1. Then, we can rewrite the above expressions as double integrals ∞∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} = ∞∑ k=1 k−1∑ i=0 ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n+i−1} 1 z^{−m−i+k−2} 2 A^#(z_1)A_kA^#(z_2)dz_2dz_1

= ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 ∞∑ k=1 k−1∑ i=0 z^i_1z^{k−i−1} 2 A^#(z_1)A_kA^#(z_2)dz_2dz_1

= ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 z_2 − z_1 ∞∑ k=1 (z^k_2 − z^k_1 )A^#(z_1)A_kA^#(z_2)dz_2dz_1.

Using the resolvent-like identity (2.94), we obtain ∞∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} =

Analytic Perturbation of Singular Linear Systems 79

= ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 [ A^#(z_1) − A^#(z_2)

z_2 − z_1 − A^#(z_1)P_0(z_2)

z_2 − z_1 + P_0(z_1)A^#(z_2) z_2 − z_1 ] dz_2dz_1. Thus, we obtain_∞ ∑ k=1 k−1∑ i=0 H_{n−i}A_kH_{m+i−k+1} = I_1 − I_2 + I_3,

with:

I_1 := ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 A^#(z_1) − A^#(z_2) z_2 − z_1 dz_2dz_1,

I_2 := ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 A^#(z_1)P_0(z_2)

z_2 − z_1 dz_2dz_1,

I_3 := ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 P_0(z_1)A^#(z_2)

z_2 − z_1 dz_2dz_1. Let us separately calculate the integrals I_1, I_2 and I_3. The integral I_1 can be written as

I_1 = ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 z_2 − z_1

A^#(z_1)dz_2dz_1 − ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−n−1}_1 z^{−m−1}_2 z_2 − z_1

A^#(z_2)dz_2dz_1

= ( 1 2πi )_2 ∫

Γ_1 ∫ Γ_2 z^{−m−1} 2 z_2 − z_1 dz_2 z^{−n−1}_1 A^#(z_1)dz_1

− ( 1 2πi )_2 ∫

Γ_2 ∫ Γ_1 z^{−n−1}_1 z_2 − z_1 dz_1 z^{−m−1} 2 A^#(z_2)dz_2

In the last equality we used Fubini Theorem to change the order of integration. Using the auxiliary integrals (2.112) and (2.113), we obtain

I_1 = 1 2πi ∫ Γ_1

(−η_mz^{−m−1}_1 )z^{−n−1}_1 A^#(z_1)dz_1 − 1 2πi ∫ Γ_2

(−(1 − η_n)z^{−n−1}_2 )z^{−m−1}_2 A^#(z_2)dz_2

= − η_n + η_m − 1 2πi ∫ Γ_1 z^{−n−m−2} 1 A^#(z_1)dz_1 = −(η_n + η_m − 1)H_{n+m+1},

where the second integral can be taken over Γ_1 by the principle of deformation of contours. We calculate the second integral I_2 as follows:

I_2 = 1 2πi ∫ Γ_1

z^{−n−1}_1 A^#(z_1) 1 2πi ∫ Γ_2 z^{−m−1} 2 P_0(z_2) z_2 − z_1 dz_2dz_1

= 1 2πi ∫ Γ_1 0z^{−n−1}_1 dz_1, m < 0, −^1_{2πi} ∫ Γ_1

z^{−n−1}_1 A^#(z_1)z^{−m−1}_1 [P_{00} + z_1P_{01} + ... + z^m_1 P_{0m}]dz_1, m ≥ 0

Analytic Perturbation of Singular Linear Systems 80

= 0, m < 0, −^1_{2πi} ∫ Γ_1 z^{−n−m−2} 1 A^#(z_1)[P_{00} + z_1P_{01} + ... + z^m_1 P_{0m}]dz_1, m ≥ 0

= 0, m < 0, −^1_{2πi} ∫ Γ_1 z^{−n−m−2} 1 A^#(z_1)[P_0(z_1) − z^{m+1}_1 P_{0m+1} − z^{m+2}_1 P_{0m+2} − ...]dz_1, m ≥ 0

= 0, m < 0, 1 2πi ∫ Γ_1 z^{−n−m−2} 1 A^#(z_1)[z^{m+1}_1 P_{0m+1} + z^{m+2}_1 P_{0m+2} + ...]dz_1, m ≥ 0

= 0, m < 0, 1 2πi ∫ Γ_1

z^{−n−1}_1 A^#(z_1)[P_{0m+1} + z_1P_{0m+2} + ...]dz_1, m ≥ 0

where, in the above expressions, the auxiliary integral (2.114) and the property A^#(z)P_0(z) = 0 has been used. Now, we calculate the last integral I_3 with the help of the auxiliary integral (2.115).

I_3 = 1 2πi ∫ Γ_2 1 2πi ∫ Γ_1

z^{−n−1}_1 P_0(z_1) z_2 − z_1 dz_1z^{−m−1}_2 A^#(z_2)dz_2

= −^1_{2πi} ∫ Γ_2 z^{−n−m−2} 2 P_0(z_2)A^#(z_2)dz_2, n < 0,

−^1_{2πi} ∫ Γ_2 z^{−m−1} 2 [P_{0n+1} + z_2P_{0n+2} + z^2 P_{0n+3} + ...]A^#(z_2)dz_2, n ≥ 0,

= 0, n < 0, −^1_{2πi} ∫ Γ_2 z^{−m−1} 2 [P_{0n+1} + z_2P_{0n+2} + z^2 P_{0n+3} + ...]A^#(z_2)dz_2, n ≥ 0.

Finally, summing up the three integrals I_1, I_2 and I_3, we obtain the relation (2.95). □ 2.6 Analytic perturbation of Sylvester matrix equation

2.6.1 Introduction

In this section of the thesis we study an analytic perturbation of the Sylvester matrix equation. Namely, we consider the perturbed Sylvester equation

A(z)X + XB(z) = C(z), (2.117)

whose coefficient matrices A(z) ∈ C^{m×m} , B(z) ∈ C^{n×n} and the right hand side C(z) ∈ C^{m×n} depend analytically on a small complex parameter z. The above equation has several

Analytic Perturbation of Singular Linear Systems 81

important applications in control and system theory (see e.g. [116, 150] and references therein). In particular, Wimmer [150] has considered equation (2.117) with coefficients A(z), B(z) and C(z) as matrix polynomials [60]. The latter is a particular instance of the more general analytic perturbation. Let us refer to z as the perturbation parameter. When z = 0, the equation A(0)X + XB(0) = C(0) (2.118) is called the unperturbed Sylvester equation. Since the matrix-valued functions A(z), B(z) and C(z) are analytic in the neighbourhood of z = 0, they can be represented by the following power series A(z) = ∞∑ k=0 z^kA^{(k)}, B(z) = ∞∑ k=0 z^kB^{(k)}, C(z) = ∞∑ k=0 z^kC^{(k)}. We distinguish between regular and singular perturbations. The perturbation is said to be regular if the unperturbed equation (2.118) has a unique solution, whereas the perturbation is said to be singular if the unperturbed equation (2.118) possesses none or multiple solutions, but the perturbed equation (2.117) has a unique solution for any z ≠ 0 and sufficiently small.

The difference between regular and singular perturbations can also be explained in terms of the eigenvalues of A(z) and B(z). Let δ(z) := dist[σ(A(z)), σ(B(z))] = min_{i,j} |λ_i(z) − μ_j(z)|, where λ_i(z) and μ_i(z) are the respective eigenvalues of A(z) and B(z). Then, in the case of a regular perturbation, δ(0) ≠ 0 whereas in the case of a singular perturbation, δ(0) = 0 but δ(z) > 0 for z ≠ 0 and sufficiently small. If A(z) and B(z) are normal matrices, then the following bounds are available [17, 18]: ||X(z)|| ≤ c δ(z) ||C(z)||. (2.119) Thus, we can see that the bounds grow to infinity in the case of singular perturbations. This is another justification for using the term “singular perturbations”. Apart from the above bounds there are many other bounds available for additive perturbations (e.g. see [69, 84, 115] and references therein). Since all of them are given in terms of some norm, they only indicate that in the singular case the solution may be very large, but they do not provide any direction for the deviation of the perturbed solution. By contrast, using a more specific analytic approach, we are able to exhibit the asymptotic behaviour of the perturbed solution. Moreover, as will be demonstrated in the sequel, if the unperturbed system has multiple solutions, then the perturbed solution may converge to some particular solution of the unperturbed problem. In the latter case, the normwise estimation

Analytic Perturbation of Singular Linear Systems 82

(2.119) does not reflect the real situation. Finally, we would like to mention the paper of Lancaster [97] that uses the special analytic perturbation B(z) = B + zI to obtain feasibility conditions for the unperturbed Sylvester equation.

In the next two subsections we will recall some useful facts about analytic perturbation theory and solvability of the Sylvester equation.

2.6.2 Preliminaries on Sylvester matrix equation

Let A, B, C be complex-valued matrices in C^{m×m} , C^{n×n} , C^{m×n} respectively and consider the Sylvester equation in C^{m×n} , that is:

AX + XB = C. (2.120)

In this section, we first discuss the structure of the null space as well as the feasibility conditions of equation (2.120) in terms of eigen-elements of matrices A and B. Our exposition follows closely the paper of Kucera [92] (see also related work by Trampus [144]).

For any two vectors (x, y) in C^m , < x, y > denotes the usual scalar product, that is < x, y >= y^∗x, where y^∗ denotes the conjugate transpose of y.

For any two matrices X, Y in C^{m×n} , ⟨X, Y ⟩ denotes the usual scalar product tr(Y^∗X), where again Y^∗ denotes the conjugate transpose matrix of Y .

Let α_i be an eigenvalue of matrix A. Then −α_i is an eigenvalue of −A and there exists a Jordan chain of generalized eigenvectors of −A in C^m satisfying (−A + α_iI_m)x_{ir} = x_{i,r−1}, r = 1, ..., ρ_i. By convention, x_{i0} = 0. Let y_{ir}, r = 1, ..., ρ_i be a system of generalized eigenvectors for the adjoint matrix −A^∗. These vectors satisfy the following equations. (−A^∗ + α^∗_i I_m)y_{ir} = y_{i,r−1}, r = 1, ..., ρ_i. In addition, the systems of vectors {x_{ir}} and {y_{ir}} are biorthogonal, that is: < x_{ip}, y_{jr} >= 0, if i ≠ j, and if i = j, < x_{ip}, y_{ir} >= { 1, p + r = ρ_i + 1, 0, otherwise.

(2.121)

Similarly, let β_j be an eigenvalue of the matrix B. Then there exists a system of eigenvectors u_{js}, s = 1, ..., σ_j in C^n , satisfying (B − β_jI_n)u_{js} = u_{j,s−1}, s = 1, ..., σ_j .

Analytic Perturbation of Singular Linear Systems 83 By convention, u_{j0} = 0. Let v_{js}, s = 1, ..., σ_j be a system of the generalized eigenvectors for the adjoint matrix B^∗ such that (B^∗ − β^∗_j I_n)v_{js} = v_{j,s−1}, s = 1, ..., σ_j, with v_{j0} = 0. The vectors {u_{js}} and {v_{js}} also form a biorthogonal system. As above, < u_{is}, v_{jl} >= 0, if i ≠ j, and if i = j, < u_{is}, v_{il} >= { 1, s + l = σ_i + 1, 0, otherwise.

(2.122) Now, consider the linear operator L : C^{m×n} → C^{m×n} defined by X → LX := AX + XB X ∈ C^{m×n} . All eigenvalues of L are of the form α_i +β_j , where α_i and β_j are eigenvalues of the matrices A and B, respectively. Suppose that α_i + β_j = 0 for some indicies i and j. Then, the operator L has a nontrivial null space spanned by the basis elements X_{ijk} = k∑ s=1 x_{i,k+1−s}v^∗_{js}, k = 1, ..., μ_{ij}, (2.123) where μ_{ij} = min(ρ_i, σ_j ).

Similarly, the null space of the adjoint operator L^∗ : C^{m×n} → C^{m×n} defined by Y → L^∗Y := A^∗Y + Y B^∗ Y ∈ C^{m×n} is spanned by the basis elements Y_{ijk} = k∑ s=1 y_{i,k+1−s}u^∗_{js}, k = 1, ..., μ_{ij}. (2.124) Then, the feasibility condition for the Sylvester equation (2.120), which can also be rewritten as LX = C, reads ⟨Y_{pqr}, C⟩ = tr(Y^∗_{pqr}C) = 0 ∀p, q such that α_p + β_q = 0. (2.125) Translated in terms of eigenvectors of A and B, the feasibility condition (2.125) reads r∑ l=1 y^∗_{p,r+1−l}Cu_{ql} = 0, r = 1, ..., μ_{pq}, (2.126) with μ_{pq} = min(ρ_p, σ_q).

Analytic Perturbation of Singular Linear Systems 84

2.6.3 Analytic perturbation under non-degeneracy assumption

In this subsection we briefly discuss the implementation of the algebraic reduction technique of Section 2.2 under the non-degeneracy assumption. For more details on the inversion of an analytically perturbed operator the interested reader is also referred to the following papers and books: [59, 60, 91, 116, 135, 145, 149].

Let (X, ⟨., .⟩) be a finite dimensional Hilbert space and consider a family of linear operators L^{(i)} : X → X, i = 0, 1, . . .. Let L(z) : X → X be the linear operator

L(z) := L^{(0)} + zL^{(1)} + z^2L^{(2)} + ..., (2.127)

that is, L(z) is an analytic perturbation of L^{(0)}.

Consider the linear equation L^{(0)}x = c^{(0)}, with c^{(0)} ∈ X, and its perturbed version

L(z)x(z) = c(z), (2.128)

with c(z) = c^{(0)} + zc^{(1)} + z^2c^{(2)} + ..., and z a scalar parameter.

Suppose that the unperturbed operator L^{(0)} is not invertible, whereas L(z) is invertible for sufficiently small and nonzero z, which is the case of singular perturbations. Note that the perturbed solution x(z) can have a singularity at z = 0. Let the vectors {u_i}^p_{i=1} form a basis for the null space of L^{(0)} and let the vectors {v_i}^p_{i=1} form a basis for the null space of the adjoint operator L^{(0)∗}. Following [104], consider the non-degeneracy assumption

det({< v_i, L^{(1)}u_j >}^n_{i,j=1}) ≠ 0. (2.129)

If (2.129) holds, then as one can conclude from the results of Section 2.2 the Laurent expansion for the perturbed solution x(z) has at most a simple pole. That is, x(z) = 1 z x^{(−1)} + x^{(0)} + zx^{(1)} + .... (2.130)

It turns out that the non-degenerate case, that is, when (2.129) holds, describes the most common case. Furthermore, the case of a higher order pole reduces to the case of a first order pole via a so-called “reduction technique” (see for example Sections 2.2 and 2.5 for a detailed development of this technique). Therefore, in the sequel, and for the sake of clarity of exposition, we voluntarily restrict ourselves to the non-degenerate case, that is, we will assume that (2.129) holds.

Substituting series (2.127) and (2.130) into equation (2.128) and equating terms with same powers of z, we obtain the following system of fundamental equations: L^{(0)}x^{(−1)} = 0 (f0) L^{(0)}x^{(0)} + L^{(1)}x^{(−1)} = c^{(0)} (f1) L^{(0)}x^{(1)} + L^{(1)}x^{(0)} + L^{(2)}x^{(−1)} = c^{(1)} (f2) . . . .

Analytic Perturbation of Singular Linear Systems 85

Then, from equation (f0) we conclude that

x^{(−1)} = p∑ j=1 γ_ju_j. (2.131)

The coefficients γ_j can be found from the feasibility conditions of the second fundamental equation (f1), that is:

⟨v_i, c^{(0)} − L^{(1)}x^{(−1)}⟩ = 0, i = 1, ..., p.

Substituting (2.131) into the above equations, the coefficients {γ_i} must be solutions to the linear system of equations p∑ j=1 ⟨v_i, L^{(1)}u_j⟩γ_j = ⟨v_i, c^{(0)}⟩, i = 1, ..., p. (2.132)

In the non-degenerate case, the system (2.132) has a unique solution. In particular, if ⟨v_i, c^{(0)}⟩ = 0 for all i = 1, ..., p, that is, unperturbed equation L^{(0)}x = c^{(0)} is feasible, the singular term in the Laurent series (2.130) vanishes and the first regular coefficient x^{(0)} corresponds to the best approximation for the perturbed problem.

Next, assuming that the coefficients x^{(−1)}, ..., x^{(k−1)} are known, the next coefficient x^{(k)} can be calculated by a recursive formula. Indeed, the (fk+1) fundamental equation

L^{(0)}x^{(k)} = c^{(k)} − k+1∑ i=1 L^{(i)}x^{(k−i)} has a general solution of the form

x^{(k)} = x^{(k)}_∗ + p∑ j=1 γ^{(k)}_j u_j (2.133)

where x^{(k)}_∗ is any particular solution. For instance, one may choose x^{(k)}_∗ := L^{(0)†}(c^{(k)} − ∑_{k+1} i=1 L^{(i)}x^{(k−i)}), where L^{(0)†} is the Moore-Penrose generalized inverse of L^{(0)}. Then, substituting again the expression (2.133) into the feasibility conditions for the next fundamental equation (fk+2), we obtain ⟨v_i, c^{(k+1)} − k+2∑ s=1 L^{(s)}x^{(k+1−s)}⟩ = 0, i = 1, ..., p. which yields the linear system of equations p∑ j=1 ⟨v_i, L^{(1)}u_j⟩γ^{(k)}_j = ⟨v_i, c^{(k+1)} − L^{(1)}x^{(k)}_∗ − k+2∑ s=2 L^{(s)}x^{(k+1−s)}⟩ i = 1, ..., p. (2.134)

Analytic Perturbation of Singular Linear Systems 86

The latter system uniquely determines the coefficients {γ^{(k)}_i }.

It is worth noting that the linear systems of equations (2.132) and (2.134) have the same coefficient matrix in the left hand side. This fact leads to efficient computational procedures. For example, if a LU-decomposition is used for solving (2.132), it can be stored and re-used for solving (2.134).

2.6.4 Perturbation analysis of the Sylvester equation

First, note that that the perturbed Sylvester equation (2.117) can be viewed as the perturbed linear system L(z)X(z) = C(z) with perturbed linear operator L(z) : X → A(z)X + XB(z). The linear operator L(z) acts on the Hilbert space of matrices C^{m×n} endowed with the scalar product ⟨X, Y ⟩ = tr(X^∗Y ). As already mentioned before, we only study the case of first-order singular perturbations, that is, when the Laurent series for the perturbed solution X(z) has a simple pole at z = 0.

In this case, the system of fundamental equations for the Sylvester operator takes the form A^{(0)}X^{(−1)} + X^{(−1)}B^{(0)} = 0 (fs0) (A^{(0)}X^{(0)} + X^{(0)}B^{(0)}) + (A^{(1)}X^{(−1)} + X^{(−1)}B^{(1)}) = C^{(0)} (fs1) (A^{(0)}X^{(1)} + X^{(1)}B^{(0)}) + (A^{(1)}X^{(0)} + X^{(0)}B^{(1)}) + (A^{(2)}X^{(−1)} + X^{(−1)}B^{(2)}) = C^{(1)} (fs2) . . . . To solve the above system, we will follow the general method briefly outlined in the previous section. From the fundamental equation (fs0), X^{(−1)} can be written as the following linear combination X^{(−1)} = ∑ ijk γ^{(−1)}_{ijk} X_{ijk}, where X_{ijk} is as in (2.123) and where the summation is taken over all pairs of indicies (i, j) such that α_i + β_j = 0. The coefficients γ^{(−1)}_{ijk} are solutions of the linear system of equations induced by the feasibility conditions of the second fundamental equation (fs1). This requires computing the quantities ⟨Y_{pqr}, L^{(1)}X_{ijk}⟩, with L^{(1)} : X → A^{(1)}X + XB^{(1)}, and with X_{ijk}, Y_{pqr} as in (2.123) and (2.124). ⟨Y_{pqr}, L^{(1)}X_{ijk}⟩ = ⟨Y_{pqr}, A^{(1)}X_{ijk} + X_{ijk}B^{(1)}⟩ (2.135) The matrix of the linear system (2.132) in the unknown variables γ^{(−1)}_{ijk} is filled-up with the above coefficients ⟨Y_{pqr}, L^{(1)}X_{ijk}⟩ defined in (2.135). Under the non-degeneracy assumption (2.129), which now reads det [ ⟨Y_{pqr}, L^{(1)}X_{ijk}⟩ ] ≠ 0, (2.136)

Analytic Perturbation of Singular Linear Systems 87

the matrix is non-singular so that there is a unique solution γ^{(−1)}_{ijk} .

We now develop ⟨Y_{pqr}, A^{(1)}X_{ijk}⟩ and ⟨Y_{pqr}, X_{ijk}B^{(1)}⟩ separately. Using the feasibility condition (2.126) given in terms of eigen-elements of A and B, and using the biorthogonality condition (2.122), we obtain ⟨Y_{pqr}, A^{(1)}X_{ijk}⟩ = r∑ l=1 y^∗_{p,r+1−l}A^{(1)}X_{ijk}u_{ql}

= r∑ l=1 y^∗_{p,r+1−l}A^{(1)} k∑ s=1 x_{i,k+1−s}v^∗_{js}u_{ql}

= 0, j ≠ q, r∑ l=1 y^∗_{p,r+1−l}A^{(1) k} ∑ s=1 x_{i,k+1−s}v^∗_{qs}u_{ql}, j = q,

= 0, j ≠ q, r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q+1 x_{i,k+1−s}, j = q, Similarly, using again (2.126) and biorthogonality condition (2.121), we get ⟨Y_{pqr}, X_{ijk}B^{(1)}⟩ = r∑ l=1 y^∗_{p,r+1−l}X_{ijk}B^{(1)}u_{ql}

= r∑ l=1 y^∗_{p,r+1−l} k∑ s=1 x_{is}v^∗_{j,k+1−s}B^{(1)}u_{ql}

= 0, i ≠ p, r∑ l=1 k∑ s=1 y^∗_{p,r+1−l}x_{ps}v^∗_{j,k+1−s}B^{(1)}u_{ql}, i = p,

= 0, i ≠ p, r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p+1 v^∗_{j,k+1−s}B^{(1)}u_{ql}, i = p, We are now able to formulate our main result:

Theorem 22 Under the non-degeneracy assumption (2.136), the linear system of equations in the unknown variables γ^{(−1)}_{ijk} ∑ ik γ^{(−1)}_{iqk} r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q +1 x_{i,k+1−s} +

∑ jk γ^{(−1)}_{pjk} r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p+1 v^∗_{j,k+1−s}B^{(1)}u_{ql} = r∑ l=1 y^∗_{p,r+1−l}C^{(0)}u_{ql}, r = 1, ..., μ_{pq}. (2.137)

Analytic Perturbation of Singular Linear Systems 88

has a unique solution and the perturbed solution of the Sylvester equation (2.117) has a Laurent series expansion with a simple pole X(ε) = 1 ε X^{(−1)} + X^{(0)} + εX^{(1)} + ... (2.138)

where X^{(−1)} = ∑ ijk γ^{(−1)}_{ijk} X_{ijk} and the other coefficients can be calculated recursively by

X^{(k)} = X^{(k)}_∗ + ∑ ijk γ^{(k)}_{ijk} X_{ijk},

where X^{(k)}_∗ is any particular solution of (fs k+1) and the coefficients γ^{(k)}_{ijk} are determined by ∑ ik γ^{(−1)}_{iqk} r∑ l=1 y^∗_{p,r+1−l}A^{(1)} ∑ 1≤s≤k; s+l=σ_q +1 x_{i,k+1−s} +

∑ jk γ^{(−1)}_{pjk} r∑ l=1 ∑ 1≤s≤k; s+r+1−l=ρ_p+1 v^∗_{j,k+1−s}B^{(1)}u_{ql} =

r∑ l=1 y^∗_{p,r+1−l} ( C^{(k+1)} − A^{(1)}X^{(k)}_∗ − X^{(k)}_∗ B^{(1)} − k+2∑ s=2 [A^{(s}X^{(k+1−s)} + X^{(k+1−s)}B^{(s)}] ) u_{ql}. (2.139) □ Again we would like to emphasize that the linear systems (2.137) and (2.139) have the same coefficient matrix on the left hand side, which permits an efficient calculation of the regular terms in the Laurent series (2.138). Note also that if the unperturbed system (2.118) is feasible and the non-degeneracy assumption (2.129) holds, then the Laurent series (2.138) has only positive powers of ε and X^{(0)} represents the limit solution as ϵ → 0, of the perturbed problem.

Consider now a particular but practically important case which yields a concise matrix representation. Suppose that there is only one pair of eigenvalues (α, β) such that α + β = 0, and in addition, assume that α and β are semisimple eigenvalues with respective multiplicities p and q. This case of a unique pair of semisimple eigenvalues was also considered in [116] in the context of a Lyapunov equation. Let us form the following matrices X = [x_1, ..., x_p] and Y = [y_1, ..., y_p], where x_i, y_i are the respective right and left eigenvectors of −A corresponding to the eigenvalue α. Similarly, let the matrices U and V be formed with the right and left eigenvectors of B corresponding the eigenvalue β. Then, the results of Theorem 22 can be rewritten in a more elegant matrix form, as indicated below.

Analytic Perturbation of Singular Linear Systems 89

Corollary 5 Let A and B possess only one pair of respective eigenvalues (α, β) such that α+β = 0. In addition, assume that both α and β are semisimple with respective associated bases of right eigenvectors (X and U) and bases of left eigenvectors (Y and V ). Under the non-degeneracy assumption (2.136), the reduced Sylvester equation

(Y^∗A^{(1)}X)Γ^{(−1)} + Γ^{(−1)}(V^∗B^{(1)}U) = Y^∗C^{(0)}U,

has a unique solution and the perturbed solution of the Sylvester equation (2.117) can be expanded in the Laurent series (2.138) with

X^{(−1)} = XΓ^{(−1)}V^∗ and X^{(k)} = X^{(k)}_∗ + XΓ^{(k)}V^∗, where X^{(k)}_∗ is any particular solution of (fs k+1) and the matrix Γ^{(k)} is a solution of the following Sylvester equation

(Y^∗A^{(1)}X)Γ^{(k)} + Γ^{(k)}(V^∗B^{(1)}U) =

= Y^∗ ( C^{(k+1)} − A^{(1)}X^{(k)}_∗ − X^{(k)}_∗ B^{(1)} − k+2∑ s=2 [A^{(s}X^{(k+1−s)} + X^{(k+1−s)}B^{(s)}] ) U □ Again, we would like to emphasize that to construct the Laurent series (2.138), we need to solve a series of new reduced Sylvester equations but with coefficient matrices of much smaller dimensions. This fact is especially useful in the case of higher order singularities. Namely, after each reduction step (see Section 2.2), we obtain new fundamental equations with coefficient matrices of smaller dimensions but the structure of these fundamental equations is essentially the same, that is, in performing the reduction process, one has to solve a series of Sylvester equations of smaller and smaller dimensions.

Chapter 3

Applications to Markov Chains and Markov Decision Processes

3.1 Background and literature review

First in this introductory section we review some known facts from Markov chains theory and the theory of Markov decision processes. Then, we briefly discuss the results that are obtained in the ensuing sections. We will also present the literature review on the perturbation analysis of Markov chains and Markov decision processes.

Since Markov chains theory is by now a classical subject, we will state the known results without the proof. A reader who might be interested in the detail development of the theory is referred to the following books: [79, 80, 89]. In the present thesis we are only concerned with the finite state space Markov chains. Namely,

Definition 7 A sequence of random variables {X_t}_{t≥0}, whose values belong to a finite set S = {1, ..., n} is said to be a (homogeneous finite) Markov chain with state space S, initial distribution α = {α_i}^n_{i=1} and transition matrix P = {p_{ij} }^n_{i,j=1} if and only if P {X_0 = i} = α_i, i ∈ S and

P {X_{t+1} = i_{t+1}|X_t = i_t, ..., X_0 = i_0} = P {X_{t+1} = i_{t+1}|X_t = i_t} = p_{it,it+1} (3.1)

for all t ≥ 0 and i_0, ..., i_{t+1} ∈ S. The above equation is called Markov property.

Markov chains can also be defined in more general settings of denumerable state space [90] and continuous state space [68, 110, 122]. Homogeneity is introduced by the second equality in (3.1) which shows that the conditional probability of state i_{t+1} at time t + 1 given state i_t at time t has a prescribed value independent of t. If we denote the distribution of a discrete random variable X_t by x_t ∈ R^{1×n}, then the evolution of the process

Applications to Markov Chains and Markov Decision Processes 91

is given by the following matrix equation

x_{t+1} = x_tP = αP^{t+1}, (3.2)

where matrix P as in (3.1). If the Markov chain is aperiodic [89], then the powers of transition matrix P converge to a limit. In general, however, one has to consider the Cesaro limit P^∗ = lim_{T →∞} 1 T + 1 T∑ t=0 P^t, (3.3)

which is known to exist always [79, 89]. The limit P^∗ is also referred to as ergodic projection. Indeed, P^∗ is an eigenprojection of transition matrix P corresponding to the eigenvalue one [87, 89]. We call the Markov chain ergodic, if for any two states there is a positive probability of moving from one state to another in a finite number of transitions. In the case of ergodic Markov chains, the Cesaro limit can be easily constructed. Namely, we first determine the stationary distribution or invariant measure as a solution of the linear system { μP = μ, μξ_n = 1, where ξ_n = [1 · · · 1]^T ∈ R^{n×1}. Then, the ergodic projection is given by

P^∗ = ξ_nμ. (3.4)

Note that P^∗ has identical rows. This demonstrates that in the ergodic case the starting state has no influence on the long run behaviour of the chain. However, this is not the case in general. In the general multi-chain case one can always renumerate the states in such an order that the transition matrix will take the following canonical form:

P = P_1 · · · 0 0 . . ... . . . . 0 · · · P_n 0 R_1 · · · R_n S

} Ω_1 . . } Ω_n } Ω_T ,

where the set of states Ω_i represents i-th ergodic class with transition matrix P_i and Ω_T represents the set of transient states. Let N = |Ω_1| + ... + |Ω_n| + |Ω_T | denote the total number of states in the Markov chain. Note that the elements of submatrix S are transition probabilities inside the transient set and the elements of R_i represent the one step probabilities of transition from the transient states to the ergodic states of class Ω_i. Often it is more convenient to use the Markov chain generator G = P − I rather than

Applications to Markov Chains and Markov Decision Processes 92

the transition matrix itself. We will use the following notations for the generator in the canonical form:

G = A_1 · · · 0 0 . . .. . . . . . 0 · · · A_n 0 R_1 · · · R_n T

} Ω_1 . . } Ω_n } Ω_T , where A_i = P_i − I and T = S − I. In the multi-chain case the ergodic projection P^∗ can be given in terms of invariant measures of the ergodic classes Ω_i. However, the expression is more involved than the formula (3.4). First, we form the matrix of invariant mesures

M = m_1 · · · m_n ∈ R^{n×N} ,

where m_i = [0 · · · 0 μ_i 0 · · · 0] with invariant measure μ_i placed in correspondence with the ergodic class Ω_i. Of course, μ_i ∈ R^{1×|Ωi|} can be found from the solution of the system { μ_iA_i = 0, μ_iξ_{Ωi} = 1,

where ξ_{Ωi} is a vector of ones with length |Ω_i|. Next, we form the matrix of probabilities of absorption in one of the ergodic classes. Q = [q_1 · · · q_n] ∈ R^{N×n}, where

q_i = 0 ξ_{Ωi} 0 φ_i } Ω_i } Ω_T (3.5)

where the j-th element of the vector q_i represents the probability that the process initiated in state j will be absorbed in the i-th ergodic class. The subvector φ_i can be calculated by the next formula φ_i = (I − S)^{−1}R_iξ_{Ωi} = −T^{−1}R_iξ_{Ωi} . (3.6) Then, the ergodic projection is given by

P^∗ = QM. (3.7)

Note that MQ = I. Clearly, the above formula is a generalization of (3.4).

Applications to Markov Chains and Markov Decision Processes 93

In Section 3.2 we analyse the most general case of analytic perturbation of finite Markov chains. That is, the generator of the perturbed Markov chain G(ε) is an analytic function of a perturbation parameter ε. Hence, it can be represented by power series

G(ε) = G_0 + εG_1 + ε^2G_2 + ...,

where G_0 is a generator of the unperturbed Markov chain. Even though the above power series can converge in some complex neighbourhood around ε = 0, we will only consider some real interval [0, ε_{max}] where the elements of matrix P (ε) are non-negative reals whose values are less or equal than one. We would like to emphasize that we make no assumption at all about the structure of the unperturbed and perturbed Markov chains. By contrast, most previous investigations were carried out under certain (e.g. ergodicity) assumptions. Next we provide a literature review on this topic, we also refer the reader to the recent surveys by Abbad and Filar [2] and Avrachenkov, Filar and Haviv [7].

The study of perturbed Markov chains was originated by Schweitzer in [131]. In that fundamental paper Schweitzer has rigorously analysed the regular perturbation of Markov chains. The regular perturbation is a perturbation that does not change the structure of the Markov chain, that is (a) the number of ergodic classes does not change with perturbation and (b) the states of the perturbed Markov chain belong to the same ergodic class as before perturbation. Schweitzer has studied the case of a linear perturbation G(ε) = G_0 + εG_1, which is a particular case of more general analytic perturbation (3.17). In particular, he derived closed-form updating formulae for the left and right eigenvectors corresponding to the zero eigenvalue of the Markov chain generator. Recall that the left eigenvectors are invariant measures and the right eigenvectors provide probabilities to be absorbed in one of the ergodic classes. For example, the following updating formula [131] is available for the invariant measure of the perturbed Markov chain:

m(ε) = m(0)[I − εG_1Z(0)]^{−1}, (3.8)

where Z(0) = [I − P (0) + P^∗(0)]^{−1} is a fundamental matrix [89] of the unperturbed Markov chain. In [131] Schweitzer, by presenting an illustrative example, has also pointed out a more challenging case of a singular perturbation. This example shows the essence of singular perturbation. Let us consider the perturbed Markov chain with the follow transition matrix P (ε) = [ 1 − ε ε ε 1 − ε ]

Applications to Markov Chains and Markov Decision Processes 94

Then, it is easy to see that the ergodic projection is given by

P^∗(ε) =

[ 1 0 0 1 ] , ε = 0 [ 0.5 0.5 0.5 0.5 ] , 0 < ε ≤ 1 From the above example, we can see that the ergodic projection has a discontinuity at ε = 0. The explanation for this fact is that the perturbed chain has less ergodic classes than the original chain. And hence, as follows from formula (3.7), the ergodic projection corresponding to the unperturbed chain has a larger rank than the one corresponding to the perturbed Markov chain.

Probably, the first motivation to study the singular perturbed Markov chains was given in the paper by Simon and Ando [137]. They demonstrated that several problems in econometrics lead to the mathematical model based on singularly perturbed Markov chains. The first rigorous theoretical developments of the singularly perturbed Markov chains have been carried out by Pervozvanski and Smirnov [117] and Gaitsgori and Pervozvanskii [53]. They have used so-called aggregation approach. The basic idea of this approach is to consider the ergodic classes of the original chain as states for some aggregated Markov chain which is responsible for rare transitions between these classes in the presence of perturbations. Similar ideas were developed in the work by Courtois and his co-authors [32, 33, 34]. As in [117, 53], they have also assumed that the unperturbed Markov chain consists of several ergodic classes without a set of transient states, and after the perturbation the Markov chain becomes ergodic. Since in this case the transition matrix of the unperturbed chain is block-diagonal, one often refers to this problem as the case of nearly completely decomposable Markov chains.

Delebecque and Quadrat [39] were first who have investigated a more general case, when the original Markov chain has a set of transient states in addition to the ergodic classes. Additional theoretical and computational development in this more general setting were given in [16, 91, 125, 146]. In particular, Korolyuk and Turbin [91] and later Bielecki and Stettner [16] have analysed the perturbation of Markov chains with transient states in the context of general Borel state space. In all papers reviewed above the authors considered a two time scale model. However, it turns out that in the presence of transient states the perturbed Markov chain exhibits multi-time scale behaviour. This phenomenon was thoroughly investigated in the fundamental paper of Delebecque [40]. In that paper, Delebecque has introduced the analytic perturbation of Markov chains and applied Kato’s approach [87] based on spectral theory. Coderch et al [29, 30] have carried out similar development for continuous-time Markov processes. They have also demonstrated that

Applications to Markov Chains and Markov Decision Processes 95

their multi-scale approximations converge uniformly on the time interval [0, ∞).

The study of continuous-time singularly perturbed Markov chains was originated in the paper by Phillips and Kokotovic [118] and then it proceeded pretty much in parallel with the developments of discrete-time model. The reader, who is interested in the analysis of singular perturbations for continuous-time Markov chains, is referred to the recent comprehensive book by Yin and Zhang [151]. In particular, Yin and Zhang [151] provide numerous applications of singularly perturbed Markov chains. In early 80’s Schweitzer (see technical report [132] and later journal publication [134]) has generalized his updating formula (3.8) to the case of singular perturbations. The new updating formula has the same structure as (3.8) m(ε) = m_0[I − εG_1Z_0]^{−1}, (3.9) with the unperturbed invariant mesure m(0) changed to the limiting invariant measure m_0 = lim_{ε→0} m(ε) and the fundamental matrix Z(0) of the unperturbed chain changed to the first regular coefficient Z_0 of the Laurent series expansion for Z(ε), the fundamental matrix of the perturbed chain, at ε = 0.

Note that Schweitzer, as many other researchers, has assumed that the perturbed Markov chain is a unichain, that is after the perturbation there is only one ergodic class and possibly some transient states. The unichain assumption implies that the perturbed chain has a unique invariant measure. This assumption significantly facilitates the analysis. To the best of our knowledge, only Delebecque [40] has managed to overcome this assumption. However, his results do not provide a clear picture of the ergodic structure of the perturbed chain.

In the ensuing Section 3.2, following Delebecque [40], we analyse the perturbation of finite Markov chains in the most general setting, when the perturbed Markov chain has an arbitrary multi-chain structure. Our approach is based on algebraic techniques of Sections 2.2 and 2.4 and reveals the ergodic structure of the perturbed process. Our algebraic reduction technique is close to the one used by Haviv and Ritov [66, 67]. In particular, we investigate the case when some ergodic classes merge with the set of transient states.

In this literature review we also would like to mention the papers by Hunter [76, 77, 78] and Seneta [136], where the authors investigate the rank one perturbation of Markov chains and derive several updating formulae. Probably, the most general updating formula was obtained by Lasserre [99]. The paper [99] treats the case of singular additive perturbations, that is the perturbed transition matrix is given in the form P^′ = P + D. Note that the rank one perturbation is a particular case of additive perturbation with D = ab^T . As was shown in the paper of Abbad and Filar [1], there is no limit for the ergodic projection as ||D|| → 0 in the case of general additive perturbation.

Applications to Markov Chains and Markov Decision Processes 96

Finally, we would like to mention the paper of Hassin and Haviv [63], where the authors proposed a combinatorial algorithm to deteremine the highest time scale needed to model the singularly perturbed Markov chain. Also many bounds and error estimations have been obtained for the approximation models of perturbed Markov chains [64, 105, 109, 138, 142].

In Section 3.3 we obtain several results on the asymptotic behaviour of the fundamental matrix of the singularly perturbed Markov chain. Then we apply these results to the perturbation analysis of mean first passage times. Before proceeding further, let us briefly review the known facts about the fundamental matrix and the mean first passage times. Let P be a transition matrix of a Markov chain and let P^∗ be the associated ergodic projection, then the fundamental matrix is defined as follows:

Z := [I − P + P^∗]^{−1}.

Another equivalent definition of the fundamental matrix can be given in the form of matrix series

Z := lim_{T →∞}(c) [_T ∑ t=0 (P − P^∗)^t ] = lim_{T →∞} 1 T + 1 T∑ t=0 [_t ∑ n=0 (P − P^∗)^n ] , where lim(c) denotes a Cesaro limit. Of course, if the chain is aperiodic, we have the convergence in the usual sense. If P^∗ expresses the ergodic (long-run) behaviour of the chain, then, according to the second definition, matrix Z represents the transient (shortrun) behaviour of the Markov chain. As was already mentioned above, the fundamental matrix is very useful in the perturbation analysis of Markov chains. Another important application of the fundamental matrix is the mean first passage times.

Definition 8 If an ergodic Markov chain is initiated in state i, the expected number of transitions to reach state j for the first time is called the mean first passage time from i to j. It is denoted by m_{ij} .

Obviously, the mean first passage time has a sensible definition only for the ergodic chains. Once we have in hand the fundamental matrix Z, the mean first passage time can be immediately computed by the following simple formula m_{ij} = z_{jj} − z_{ij} μ_j , (3.10)

where μ = [μ_1 · · · μ_N ] is an invariant measure of the Markov chain. By convention, m_{ii} = 1/μ_i, which is the expected return time.

Applications to Markov Chains and Markov Decision Processes 97

As was shown by Schweitzer [132, 134], the fundamental matrix of the singularly perturbed Markov chain can be expanded as a Laurent series

Z(ε) = [I − P (ε) + P^∗(ε)]^{−1} = 1 ε^s Z_{−s} + ... + 1 ε Z_{−1} + Z_0 + εZ_1 + ... (3.11)

Schweitzer has considered the case of linear perturbation P (ε) = P_0 + εP_1 and applied his early results on the inversion of singularly perturbed matrices (see also [133]). However, his approach seems to be excessively complicated. In particular, Schweitzer [132] has derived an intricate updating formula for the fundamental matrix of the singularly perturbed Markov chain. By contrast, we propose to use a natural reduction technique to compute the coefficients of the Laurent series (3.11). The reduction technique allows us to deal with the analytic perturbation as well as with the linear perturbation. We would like to note that our approach can be viewed as an extension of the results by Haviv and Ritov [66]. They have applied only one reduction step. Furthermore, for the case of linear (possibly singular) perturbation we have derived a simple updating formula for the regular part of Z(ε). This formula is much simpler than the corresponding Schweitzer’s updating formula [132] and it can be viewed as a generalization of another simple formula obtained by Schweitzer [131] for the case of regular perturbations.

Note that in Subsection 3.3.3 we prefer to obtain first the Laurent series for the deviation matrix H(ε) = Z(ε) − P^∗(ε) rather than straight away for the fundamental matrix Z(ε). There are several reasons for this. In particular, it is easier to implement the reduction process for the deviation matrix. Of course, once the Laurent series for deviation matrix is obtained, we can immediately calculate the Laurent series for the fundamental matrix. Moreover, note that the deviation matrix is the negative group inverse of the Markov chain generator. Actually, the theoretical basis for the computational procedure of Subsection 3.3.3 was already outlined in Section 2.4 where the perturbation of group inverses was considered. Alternatively, the results of Section 2.5 (see example there) based on spectral theory can be applied to obtain the Laurent series of the deviation matrix. However, to complete the development of Section 2.4 we have decided to pursue algebraic approach.

Finally, we would like to mention the work by Latouche and Louchard [100] and Latouche [101], where the authors have directly computed the expansions of mean first passage times for the singular perturbed Markov chain. However, they have assumed a block-diagonal structure of the unperturbed Markov chain. Because of this fact, the Laurent series for the first passage times can have only a simple pole. This is not the case if the original Markov chain has some transient states. By contrast, our approach does

Applications to Markov Chains and Markov Decision Processes 98

not impose any restrictions on the ergodic structure of the unperturbed chain and can treat a singularity of any order.

The example of Haviv and Ritov [66, 67] is used in Subsection 3.3.4 to illustrate the theoretical development and its application to the mean first passage times.

Since in the following sections we are going to apply the general results of analytic perturbation theory to Markov decision processes (MDPs, for short), let us briefly introduce MDPs and discuss different optimality criteria. An interested reader can find a more detailed study of MDP in the following books and surveys [45, 68, 72, 85, 86, 119, 148] and references therein.

In this thesis we consider a discrete-time MDP with a finite state space X = {1, ..., N} and a finite action space A (i) = {1, ..., m_i} for each state i ∈ X. At any time point t the system is in one of the states i ∈ X and the controller or “decision-maker” chooses an action a ∈ A (i); as a result the following occur: (a) the controller gains an immediate reward r(i, a), and (b) the process moves to a state j ∈ X with transition probability p(j|i, a), where p(j|i, a) ≥ 0 and ∑ j∈X p(j|i, a) = 1. A decision rule π_t at time t is a function which assigns a probability to the event that any particular action a is taken at time t. In general, π_t may depend on all history h_t = (i_0, a_0, i_1, a_1, ..., a_{t−1}, i_t) up to time t. The distribution π_t(a_t|h_t) defines the probability of selecting the action a_t at time t given the history h_t.

A policy (or strategy) is a sequence of decision rules π = (π_0, π_1, ..., π_t, ...). A policy π is called Markov if π_t(·|h_t) = π_t(·|i_t). If π_t(·|i) = π_t′ (·|i) for all t, t^′ ∈ N then the Markov policy π is called stationary. Furthermore, a deterministic policy π is a stationary policy whose single decision rule is nonrandomized. It can be defined by the function f(i) = a, a ∈ A (i). Let Π, Π^S and Π^D denote the sets of all policies, all stationary policies and all deterministic policies, respectively. Note that often we can restrict ourselves to stationary or even deterministic policies [45, 47, 48].

For any stationary policy π ∈ Π^S we can define the corresponding transition matrix P (π) = {p_{ij}(π)}^N_{i,j=1} and the reward vector r(π) = {r_i(π)}^N_{i=1}

p_{ij} (π) := ∑ a∈A (i) p(j|i, a)π(a|i), r_i(π) := ∑ a∈A (i) r(i, a)π(a|i).

The expected average reward g_i(π) and the expected discounted reward v^λ_i (π) can be expressed as follows: g_i(π) := lim_{T →∞} 1 T T∑ t=1 [ P^{t−1}(π)r(π) ] i

Applications to Markov Chains and Markov Decision Processes 99 and v^λ_i (π) := ∞∑ t=1 λ^{t−1} [ P^{t−1}(π)r(π) ] i = [ (I − λP (π))^{−1}r(π) ] i , where i ∈ X is an initial state and λ ∈ (0, 1) is a discount factor. One can also use the interest rate ρ = (1 − λ)/λ ∈ (0, ∞] instead of the discount factor λ. Note that λ ↑ 1 is equivalent to ρ ↓ 0. Then the expected discount reward v^ρ(π) := v^{λ(ρ)}(π) can be expanded as a Laurent series [112, 147, 95] for sufficiently small ρ

v^ρ(π) = (1 + ρ) [ ρ^{−1}y_{−1}(π) + ∞∑ n=0 ρ^ny_n(π) ] , (3.12)

where y_{−1}(π) = P^∗(π)r(π), y_0 = H(π)r(π), and y_n = (−1)^nH(π)^{n+1}r(π), n = 1, 2, .... Note that the above series can be considered as a particular case of resolvent expansion [87, 129], which in turn can be viewed as a particular case of the inversion of singularly perturbed matrices. The ergodic projection P^∗(π) and the reduced resolvent (or deviation matrix) H(π) associated with policy π are defined by

P^∗(π) := lim_{T →∞} 1 T T∑ t=1 P^{t−1}(π), H(π) := (I − P (π) + P^∗(π))^{−1} − P^∗(π).

The next properties of these matrices will be used extensively.

P^∗(π)P (π) = P (π)P^∗(π) = P^∗(π) (3.13)

P^∗(π)H(π) = H(π)P^∗(π) = 0 (3.14) (I − P (π))H(π) = H(π)(I − P (π)) = I − P^∗(π) (3.15) Note that in particular y_{−1}(π) = g(π) and y_0 = h(π), where g(π) is the expected average reward vector defined above and h(π) is so-called the expected bias reward vector.

Let us now discuss several optimality criteria [45, 85, 119, 147, 148]. The discount optimality and the average optimality are basic criteria in MDP models.

Definition 9 The stationary policy π_∗ is called the discount optimal for fixed λ ∈ (0, 1) if v^λ_i (π_∗) ≥ v^λ_i (π) for each i ∈ X and all π ∈ Π^S .

Definition 10 The stationary policy π_∗ is called the average optimal if g_i(π_∗) ≥ g_i(π) for each i ∈ X and all π ∈ Π^S .

It is well known that there exist deterministic discount and average optimal policies, which can be computed by a number of efficient algorithms [45, 85, 119]. The Laurent expansion (3.12) allows us to define more selective optimality criteria [112, 147, 148].

Applications to Markov Chains and Markov Decision Processes 100

Definition 11 We say that a policy π^∗ ∈ Π^S is n-discount optimal for some integer n ≥ 0 if [y_n(π^∗)]_i ≥ [y_n(π)]_i for each i ∈ X and all policies π that are (n − 1)-discount optimal. By convention, the average optimal policy is (-1)-discount optimal policy.

In particular, 0-discount optimal policy is called bias optimal.

Moreover, it is known that there exists a stationary (and even deterministic) policy that is n-discount optimal for all n ≥ −1 [112, 147, 148]. The latter is referred to as the Blackwell optimal policy [19] and defined in the following way.

Definition 12 We say that a policy π_∗ is Blackwell optimal if there exists some ρ_0 > 0 such that for all ρ ∈ (0, ρ_0] v^ρ(π^∗) ≥ v^ρ(π) for all π ∈ Π^S .

In other words, Blackwell optimal policy is the policy which is discount optimal policy for any discount factor sufficiently close to one. We shall give more detail discussion and literature review on n-discount optimality and Blackwell optimality in Section 3.5.

The results of analytic perturbation theory have several applications to Markov decision processes. The first example is the Laurent series (3.12) for the expected discount reward. Another important application is the singularly perturbed MDP. For the clarity of exposition we restrict ourselves to the case of a linear perturbation. Namely, we assume that the transition probabilities of the perturbed MDP are given by p^ε(j|i, a) = p(j|i, a) + εd(j|i, a) ≥ 0, (3.16) where p(j|i, a) are transition probabilities of the original unperturbed chain, ∑ j d(j|i, a) = 0, and ε is a “small” perturbation parameter. We are especially interested in the case of singular perturbations, that is when the perturbation changes the ergodic structure of the underlying Markov chain.

As the following example shows, the policies that are optimal for the unperturbed MDP may not coincide with the optimal policies for the perturbed MDP.

Example 1 Let us consider an MDP model with X = {1, 2}, A (1) = {a_1, b_1}, A (2) = {a_2} and p^ε(1|1, a_1) = 1, p^ε(2|1, a_1) = 0;

p^ε(1|1, b_1) = 1 − ε, p^ε(2|1, b_1) = ε; p^ε(1|2, a_2) = ε, P^ε(2|2, a_2) = 1 − ε;

r(1, a_1) = 1, r(1, b_1) = 1.5, r(2, a_2) = 0

Applications to Markov Chains and Markov Decision Processes 101

There are only two deterministic policies, u = [a_1, a_2] and v = [b_1, a_2]. For these policies one can easily calculate the average reward vectors. Namely,

g^ε(u) =

[ 1 0 ] ε = 0 [ 1 0 ] ε > 0 and g^ε(v) =

[ 1.5 0 ] ε = 0 [ 0.75 0 ] ε > 0 Thus, we can see that for ε = 0 the average optimal policy is v, whereas for ε > 0 the average optimal policy is u.

Since often we do not know the exact value of the perturbation parameter ε, we are interested in finding the policy which is “close” to the optimal one for ε small but different from zero. We will call it a suboptimal policy or a limit control optimal policy. A strict definition will be given later in this section.

Most of the previous research was carried out with the assumption that the unperturbed MDP is completely decomposable and the perturbed process is ergodic. More precisely, one can introduce the following three assumptions:

A1) X = ∪^n_{k=1}X_k , where X_k ∩ X_l = ∅ if k ≠ l, n > 1, and ∑_n k=1 card(X_k ) = N A2) p(j|i, a) = 0 whenever i ∈ X_k , j ∈ X_l and k ≠ l.

A3) For every i = 1, ..., n the unperturbed MDP associated with the subspace X_k is ergodic.

A4) The transition matrix P^ε(π) is irreducible for any π ∈ Π^S and any ε sufficiently small but different from zero, that is the perturbed MDP is ergodic.

The structure defined by assumptions A1)-A4) has a clear interpretation. The perturbed MDP model can be viewed as a complex system consisting of n “weakly-interacting” subsytems associated with X_k , k = 1, ..., n. Note that perturbation εd(j|i, a), where i and j are the states of different subsystems X_k and X_l respectively, represents the probability of rare transitions between the subsystems, which are independent in the unperturbed chain.

This model of singularly perturbed MDP was first studied by Pervozvanski and Gaitsgory [116]. They proposed an aggregation-disaggregation algorithm for the computation of suboptimal policies for the perturbed MDP with average and discount optimality criteria. Furthermore, they have shown that in the case of discount optimality criterion an optimal policy for the original problem is also suboptimal for the perturbed problem. The latter is not true in general if one uses average optimality criterion. In particular, if the perturbation is singular, the suboptimal policy of the perturbed problem can be quite different from the optimal policies of the unperturbed problem. The explanation for this

Applications to Markov Chains and Markov Decision Processes 102

phenomenon is that the interaction between weakly-coupled subsytems in the singularly perturbed process makes an effect only after sufficiently long time interval, and, if one uses discounting, the end of the trajectory has no contribution to the expected discount reward. To investigate this phenomenon, Delebecque and Quadrat [39] proposed to consider the discount optimality criterion, where the interest rate goes to zero (equivalently, the discount factor goes to one) as the perturbation parameter vanishes. In particular, in [39] Delebecque and Quadrat assumed that ρ = ρ(ε) = με. The latter allows to exhibit the two time scale behaviour of the singularly perturbed MDP. In addition, the model in [39] can admit a set of transient states. Delebecque and Quadrat solved the dynamic programming equation for the perturbed model by using an approach based on lexicographical ordering. The concept of lexicographical ordering was first used in MDP by Veinott [147] to calculate a Blackwell optimal policy. Moreover, as one can see from the futher discussion, the singular perturbed MDPs have a close relation with Blackwell optimality [19, 112, 147, 119, 148] and Markov branching decision chains (for comprehensive study of Markov branching chains an interested reader is refered to the paper by Huang and Veinott [74]). Later, based on the results of Delebecque [40], Quadrat [120] extended the results of [39] to include the possibility of several time scales. The key point in [40] and [120] is the use of the following dependency of the interest rate on the perturbation parameter ρ = ρ(ε) = με^l, where l represents the order of a time scale. Altman and Gaitsgory [4] have generalized the results of [116] to constrained Markov decision processes.

Abbad, Bielecki and Filar [1, 3, 15, 2] formulated the limit control principle, which provides a formal setting for the concept of suboptimal policies. First, we note that for any stationary policy π ∈ Π^S , there exists a limiting ergodic projection

P̂^∗(π) := lim_{ε→0} P^{∗,ε}(π).

The average reward optimization problem for the perturbed MDP can be written in the form g^{opt,ε}_i = max_{π∈ΠS} [P^{∗,ε}(π)r(π)]_i (L^ε). The limit control principle says that instead of the above singular program one can consider a well-defined limit Markov control problem:

ĝ^{opt}_i = max_{π∈ΠS} [P̂^∗(π)r(π)]_i (L).

It is natural to expect that an optimal strategy, if it exists, to (L) could be approximately optimal for the perturbed problem (L^ε), when the perturbation parameter is small. Bielecki and Filar [15] have shown the this fact indeed takes place. Namely, let π_∗ be any

Applications to Markov Chains and Markov Decision Processes 103

maximizer in (L), then lim_{ε→0} max_{i∈X} |g^ε_i (π_∗) − g^{opt,ε}| = 0 Abbad and Filar [1] proved that there exists a deterministic policy that solves the limit control problem (L). Furthermore, in [3] Abbad, Filar and Bielecki provided two methods for the computation of optimal policy for (L). Their first algorithm is based on linear programming approach and the second algorithm is similar to the one constructed by Pervozvanski and Gaitsgory [116]. Both algorithms essentially use the disaggregationaggregation approach. Recently, Bielecki and Stettner [16] have generalized the limit control principle to MDPs with general Borel state spaces and compact action spaces.

As a result of the solution of problem (L), one gets limit control optimal policy f_∗ ∈ Π^D such that for any other deterministic policy f ∈ Π^D the following holds

lim_{ε→0}(g^ε_i (f_∗) − g^ε_i (f)) ≥ 0, i ∈ X.

However, as was noted in [1], a policy that solves (L), in general, is only suboptimal. Remarkably, there exists a policy that is optimal for all sufficiently small ε but is not necessarily optimal for ε = 0. This policy is called uniform optimal [5] and it satisfies the following inequality g^ε_i (f_∗) ≥ g^ε_i (f), i ∈ X, for any deterministic policy f and all ε sufficiently small but different from zero. Again, we would like to emphasize that a uniform optimal policy is limit control optimal, but the converse need not hold, as the following example illustrates.

Example 2 Consider X = {1, 2}, A (1) = {a_1, b_1}, A (2) = {a_2}; let

p^ε(1|1, a_1) = 1, r(1, a_1) = 10 p^ε(1|1, b_1) = 1 − ε, r(1, b_1) = 10 p^ε(2|1, b_1) = ε, p^ε(1|2, a_2) = 1, r(2, a_2) = 0

Then the stationary policy u(1) = a_1, u(2) = a_2 is uniformly optimal with expected average reward g^ε_i (u) = 10. The stationary policy v(1) = b_1, v(2) = a_2 is limit control optimal as lim_{ε→0} g^ε_i (v) = 10, but for every ε > 0,

g^ε_i (v) = 10 1 + ε < g^ε_i (u). Abbad and Filar [1] have also proposed an heuristic procedure to determine the uniform optimal policy. However, their method has two disadvantages. First, they need to consider a series of problems (L^{εk} ), where the sequence {ε_k}^∞_{k=1} converges to zero.

Applications to Markov Chains and Markov Decision Processes 104

And hence they have to deal with a series of problems that become more and more illconditioned. Second, it is not possible to say exactly when one has to terminate their procedure. In contrast, we propose in Section 3.4 a well-defined computational procedure which is based on asymptotic linear programming. The asymptotic linear programming was first introduced by Jeroslow [81, 82] and later refined by Hordijk, Dekker and Kallenberg [71]. We would like to note that instead of asymptotic linear programming one can use asymptotic simplex method, which will be discussed in detail in the next chapter. Moreover, if the asymptotic linear programming or asymptotic simplex method is used, then we can drop Assumptions A1)-A4) and consider the most general situation.

As can be concluded from the above overview of Markov decision processes, there is an intrinsic relationship between the Blackwell optimality and singular perturbations. The work of Delebecque and Quadrat [39, 40, 120] clearly emphasize this connection. Therefore we devote Section 3.5 to Blackwell optimality criterion. In Section 3.5 we propose an algorithm based on the system of nested linear programs. This algorithm is an extension of the procedure proposed by Denardo [42, 44] for bias optimality criterion and it can be related to the algorithm proposed by Huang and Veinott [74] for branching Markov decision chains. It can be considered as an alternative approach to the algorithm based on nested policy improvements, which is proposed by Puterman [119]. A reader will find a more detail discussion of literature review for the Blackwell optimality in the special Subsection 3.5.1.

Moreover, in the ensuing Section 4.2, using the asymptotic simplex method, we demonstrate how Blackwell optimality, singularly perturbed MDPs and branching Markov decision chains can be considered in a unified framework.

3.2 Multichain singularly perturbed Markov chains

3.2.1 Preliminaries

In this section we are going to treat the most general case of analytic perturbation of Markov chains. Namely, we only assume that the generator of the perturbed chain is an analytic function and hence that it can be expanded as a power series at ε = 0

G(ε) = G_0 + εG_1 + ε^2G_2 + ..., 0 ≤ ε ≤ ε_{max}, (3.17)

where G_0 is a generator of the unperturbed Markov chain. We would like to emphasize that we take no assumption about the ergodic structures of the perturbed and unperturbed chains. That is, both the perturbed and unperturbed model can have several ergodic classes and sets of transient states.

Applications to Markov Chains and Markov Decision Processes 105

The starting point of our analysis is to rearrange the states of the perturbed Markov chain in such a way that the generator G(ε) can be written in the canonical form

G(ε) = A_1(ε) · · · 0 0 . . .. . . . . . 0 · · · A_n(ε) 0 R_1(ε) · · · R_n(ε) T (ε)

} Ω_1 . . } Ω_n } Ω_T .

(3.18)

This can be done for example by using the efficient classification algorithm of Fox and Landi [52] (see also related condensation technique of Balcer and Veinott [9]).

Now note that all invariant measures m_i(ε) of the perturbed Markov chain can be immediately constructed from the invariant measures of the ergodic classes associated with stochastic subgenerators A_i(ε), i = 1, ..., n. Namely, m_i(ε) = [0 · · · 0 μ_i(ε) 0 · · · 0], where μ_i(ε) is uniquely determined by the system { μ_i(ε)A_i(ε) = 0, μ_i(ε)ξ_{Ωi} = 1.

This is exactly the perturbation problem under the ergodicity assumption. Even though it has already been thoroughly analysed by many authors (see the literature review of Section 3.1), to make the presentation self-contained, we show in the next subsection how results of Section 2.4 can be applied to this problem.

The last challenging task that we face in the general case of multi-chain perturbation is the computation of power series for the right eigenvectors of the perturbed Markov chains. The pertubed right eigenvectors contain the probabilities to be absorbed in one of ergodic classes after perturbation. These quantities exhibit the multi-chain ergodic properties of the perturbed chain. This will be done in Subsection 3.2.3 with the help of the results on the inversion of analytically perturbed matrices from Section 2.2.

Finally, using formula (3.7), one can easily construct an asymptotic expansion for the ergodic projection of the perturbed Markov chain.

3.2.2 Ergodic case

To make the present section of the thesis self-contained, let us briefly outline the calculation of the asymptotic expansion for the perturbed invariant measure in the case of an ergodic perturbed chain. One can consider this problem as the perturbation of the left null space of the generator matrix. Therefore the results of Section 2.4 are immediately applicable. Of course, as was noted in the introductory Section 3.1, there are several other different approaches to this problem.

Applications to Markov Chains and Markov Decision Processes 106

Let us substitute the power series μ(ε) = μ_0+εμ_1+ε^2μ_2... and A(ε) = A_0+εA_1+ε^2A_2... into the system { μ(ε)A(ε) = 0, μ(ε)ξ_N = 1. and equate terms with the same power of ε. The latter results in the system of fundamental equations.

μ_0A_0 = 0 (MF 0) μ_1A_0 + μ_0A_1 = 0 (MF 1) μ_2A_0 + μ_1A_1 + μ_0A_2 = 0 (MF 2) . . . . μ_kA_0 + μ_{k−1}A_1 + · · · + μ_1A_{k−1} + μ_0A_k = 0 (MF k) . . . . and the system of normalization conditions

μ_0ξ_N = I (MN0) μ_1ξ_N = 0 (MN1) . . . . μ_kξ_N = 0 (MNk) . . . . Now we can reduce the above system to another equivalent system with the matrix coefficients of smaller dimensions.

Proposition 3 A solution of the fundamental equations (MF) together with the normalization conditions (MN) is given by the folowing recursive formulae

μ_0 = μ^{(1)}_0 M (3.19)

μ_k = μ^{(1)}_k M + k∑ j=1 μ_{k−j}A_j H, k ≥ 1, (3.20) where the auxiliary sequence μ^{(1)}_k , k ≥ 0, is a unique solution to the next system of reduced fundamental equations

μ^{(1)}_0 A^{(1)}_0 = 0 (RMF 0) μ^{(1)}_1 A^{(1)}_0 + μ^{(1)}_0 A^{(1)}_1 = 0 (RMF 1) . . . . μ^{(1)}_k A^{(1)}_0 + μ^{(1)}_{k−1}A^{(1)}_1 + · · · + μ^{(1)}_1 A^{(1)}_{k−1} + μ^{(1)}_0 A^{(1)}_k = 0 (RMF k) . . . .

Applications to Markov Chains and Markov Decision Processes 107

coupled with new reduced normalization conditions

μ^{(1)}_0 ξ_n = I (RMN0) μ^{(1)}_1 ξ_n = 0 (RMN1) . . . . μ^{(1)}_k ξ_n = 0 (RMNk) . . . . where the coefficient matrices A^{(1)}_j ∈ R^{n×n}, j ≥ 0, are given by the formula

A^{(1)}_j = M k+1∑ p=1 (−1)^{p−1} ∑ ν_1+···+ν_p=k+1 (Π^{p−1}_{j=1}A_{νj} H)A_{νp} Q,

and where M ∈ R^{n×N} is a marix whose rows are invariant measures of the unperturbed Markov chain, Q ∈ R^{N×n} is a matrix of eigenvectors corresponding to the zero eigenvalue of the unperturbed generator (it can be calculated by formula (3.5)) and H = [P^∗ − A]^{−1} − P^∗ is a deviation matrix of the unperturbed chain.

Note that the dimension of the coefficients A^{(1)}_j , j ≥ 0 is equal to n, the number of ergodic classes of the unperturbed Markov chain, which is usually much smaller than N, the number of states in the original Markov chain. Moreover, matrix A^{(1)}_0 can be considered as a generator of the aggregated Markov chain whose states represent the ergodic classes of the original chain [40, 116]. Now we have several options available. Since the reduced system (RMF) has essentialy the same structure as the original fundamental system (MF), we can perform a series of reduction steps. We terminate the reduction process, say after s steps, when the system { μ^{(s)}_0 A^{(s)}_0 = 0, μ^{(s)}_0 ξ_{ns} = 1,

has a unique solution. This approach is similar to the one discussed in the paper by Delebecque [40]. In particular, we obtain the folowing representation for the limiting invariant measure μ_0 = μ^{(s)}_0 M^{(s−1)} · · · M^{(1)}M, where M^{(k)} is a matrix of invariant measures for the aggregated chain at the k-th reduction step. And the solution to the final step reduced system is given by the recursive formula

μ^{(s)}_k = k∑ j=1 μ^{(s)}_{k−j}A^{(s)}_j H, k ≥ 1.

Applications to Markov Chains and Markov Decision Processes 108

Alternatively, we can stop after the first reduction step and then solve the system (RMF) with the help of generalized inverses and augmented matrices (for more detail see Section 2.4.3). The latter approach is in line with the work of Haviv and Ritov [66, 67]. Of course, one can make any number of reduction steps between 1 and s and then apply the approach based on the generalized inverses and augmented matrices.

3.2.3 Multi-chain case

Now we are in a position to analyse the most general case of analytic perturbation when the perturbed chain has a multi-chain structure. As was shown in Subsection 3.2.1, after we have obtained the invariant measures μ_1(ε), ..., μ_n(ε) for the ergodic classes Ω_1, ..., Ω_n of the perturbed Markov chain, we can immediately construct the invariant measures of the entire perturbed chain. They are simply of the form m_i(ε) = [0 · · · 0 μ_i(ε) 0 · · · 0], where μ_i(ε) is put in the place of states which constitute the ergodic class Ω_i.

Now we demonstrate how one can calculate the asymptotic expansions for the right 0-eigenvectors of the perturbed Markov chain generator. The elements of the i-th eigenvector are probability to be absorbed in the ergodic class Ω_i. According to formula (3.5), the right 0-eigenvectors of the perturbed chain can be written in the form

q_i(ε) = 0 ξ_{Ωi} 0 φ_i(ε) } Ω_i } Ω_T (3.21)

where subvector φ_i(ε) is given by

φ_i(ε) = −T^{−1}(ε)R_i(ε)ξ_{Ωi} . (3.22)

Note that if some ergodic classes become transient sets after the perturbation, then the matrix valued function T^{−1}(ε) has a singularity at ε = 0. To explain this phenomenon, let us consider the first term in the perturbation series T (ε) = T_0 + εT_1 + ε^2T_2 + ...

T_0 =

Ã_1 · · · 0 0 . . . .. . . . . 0 · · · Ã_m 0 R̃_1 · · · R̃_n T̃ .

Blocks Ã_1, ..., Ã_m represent the ergodic classes of the original Markov chain which merge with the transient set after the perturbation. Since each of Ã_1, ..., Ã_m is a Markov chain generator, we conclude that matrix T_0 has at least m zero eigenvalues and, of course, it is

Applications to Markov Chains and Markov Decision Processes 109

not invertible. However, matrix T (ε) is invertible for ε ≠ 0 and sufficiently small. From the discussion of Sections 2.2 and 2.3, it follows that one can expand T^{−1}(ε) as a Laurent series at ε = 0 T^{−1}(ε) = 1 ε^s U_{−s} + ... + 1 ε U_{−1} + U_0 + εU_1 + ... (3.23) One can also use the methods of Sections 2.2 and 2.3 to calculate the coefficients of the above series. Substituting the power series R_i(ε) = R_{i0} +εR_{i1} +ε^2R_{i2} +... and the Laurent series (3.23) into formula (3.22), we obtain the asymptotic expansion for φ_i(ε). Since the elements of φ_i(ε) are probabilities, the function φ_i(ε) is bounded and hence the singular terms of (3.23) satisfy the following conditions k∑ j=−s U_jR_{k−j} ξ_{Ωi} = 0, k = −s, ..., −1 (3.24) and φ_i(ε) is expanded as series with non-negative powers of ε

φ_i(ε) = φ_{i0} + εφ_{i1} + ε^2φ_{i2} + ... , (3.25)

where φ_{ik} = − k∑ j=−s U_j R_{k−j}ξ_{Ωi} , k ≥ 0. (3.26)

The above formulae are valid in the most general setting. Now we would like to discuss several important particular cases. First we discuss the situation when no ergodic classes merge with the transient set. In other words, T_0 = T̃ , where T̃ is a proper substochastic matrix. The latter implies that T_0 has an inverse and the asymptotic expansion for φ_i(ε) can be immediately constructed, using Neumann expansion for T^{−1}(ε), that is

φ_{i0} = −T^{−1}_0 R_{i0}ξ_{Ωi} ,

φ_{ik} = −T^{−1}_0 [ R_{ik}ξ_{Ωi} + k∑ j=1 T_jφ_{ik−j} ] . This case is interesting, since, even if the perturbation can be singular, the calculation of the asymptotic expansions for the right 0-eigenvectors is quite trivial.

Now let us consider an important particular case of a linear perturbation, that is T (ε) = T_0 + εT_1. In this case, using results of Schweitzer and Stewart [135], we can constract an elegant updating formula for the perturbed subvector φ_i(ε). Towards this end we consider the singular and regular parts of the Laurent series (3.23)

U^S (ε) = 1 ε^s U_{−s} + ... + 1 ε U_{−1}, and U^R(ε) = U_0 + εU_1 + ...,

Applications to Markov Chains and Markov Decision Processes 110

respectively. Note that, using the results of Schweitzer and Stewart [135], we conclude that the regular part U^R(ε) can be written in the close analytic form

B^R(ε) = (I + εU_0T_1)^{−1}U_0 (3.27)

Then, φ_i(ε) = −U_{−1}R_{i1}ξ_{Ωi} − U^R(ε)R_i(ε)ξ_{Ωi} can be calculated by the following updating formula φ_i(ε) = −U_{−1}R_{i1}ξ_{Ωi} − (I + εU_0T_1)^{−1}U_0R_i(ε)ξ_{Ωi} , or in terms of the limiting value φ_{i0}

φ_i(ε) = φ_{i0} − ε[U_0R_{i1} − (I + εU_0T_1)^{−1}U_0T_1U_0R_i(ε)]ξ_{Ωi} .

We would like to emphasize that the above updating formulae are computationally stable for small values of ε in contrast to the original formula (3.22), where T^{−1}(ε) is illconditioned when ε is close to zero.

Next we consider the case of first order singular perturbations. By this we mean that the Laurent series (3.23) has a simple pole. According to our experience, in general it is quite unlikely that the Laurent series (3.23) has negative powers of ε less than −1. In particular, this setting permits us to derive a nice expression for the limiting value of φ_i(ε) as ε goes to zero. Recall that we have deduced conditions (3.24) from the probabilistic interpretation. In the case of first order singularity it is easy to demonstrate by algebraic methods that the asymptotic expansion for φ_i(ε) does not have a singular part. Towards this end, we write φ_i(ε) as

φ_i(ε) = 1 ε φ_{i,−1} + φ_{i0} + εφ_{i1} + ... and show that φ_{i,−1} = 0. Upon substitution of the above series and the series for T (ε) and R_i(ε) into equation T (ε)φ_i(ε) = −R_i(ε)ξ_{Ωi} , (3.28) we obtain the following system of equations

T_0φ_{i,−1} = 0 (3.29)

T_0φ_{i0} + T_1φ_{i,−1} = −R_{i0}ξ_{Ωi} (3.30) · · · From equation (3.29) we conclude that

φ_{i,−1} = Q̃c_{−1} (3.31)

Applications to Markov Chains and Markov Decision Processes 111

where Q̃ is a matrix of right 0-eigenvectors of matrix T_0 (which can be calculated by (3.5)) and c_{−1} ∈ R^{m×1} is a vector of coefficients which can be determined from the feasibility condition of equation (3.30). The feasibility condition for equation (3.30) can be written in the form M̃T_1φ_{i,−1} = −M̃R_{i0}ξ_{Ωi} , (3.32)

where M̃ is a matrix whose rows m̃_k, k = 1, ..., m are “invariant measures” of the substochastic matrix T_0. Namely, m̃_k = [0 · · · 0 μ̃_k 0 · · · 0], where μ̃_k is an invariant measure associated with stochastic matrix generator Ã_k. Next we substitute (3.31) into equation (3.32) to get M̃T_1Q̃c_{−1} = −M̃ R_{i0}ξ_{Ωi} .

Note that in the case of first order singularity the matrix M̃T_1Q̃ is invertible (This is a so-called nondegenerated case [104], for more detail see Section 2.6.3). Therefore c_{−1} = 0 (and thereby φ_{i,−1} = 0) provided that M̃R_{i0} = 0. However, the latter is true, since Ω̃_1, ..., Ω̃_m correspond to ergodic classes when ε = 0 and submatrix R_{i0} must have zeros in places corresponding to those ergodic classes. Namely, R_{i0} has the following structure

R_{i0} = 0 . . 0 ρ_{i0}

}Ω̃_1 . . }Ω̃_m }Ω̃~_T

. (3.33)

Now we can write the asymptotic expansion for φ_i(ε) in the form φ_i(ε) = φ_{i0} + εφ_{i1} + ε^2φ_{i2} + ...

Again from (3.28), we obtain the system of fundamental equations for the coefficients φ_{ik}, k ≥ 0. T_0φ_{i0} = −R_{i0}ξ_{Ωi} (3.34) T_0φ_{i1} + T_1φ_{i0} = −R_{i1}ξ_{Ωi} (3.35) · · · The general solution of equation (3.34) can be written in the form φ_{i0} = Q̃c_0 + φ_{part}, (3.36) where φ_{part} is any particular solution of (3.34). It is interesting that φ_{part} can be expressed in closed form, as follows

φ_{part} = 0 . . 0 −T̃^{−1}ρ_{i0}ξ_{Ωi}

}Ω̃_1 . . }Ω̃_m }Ω̃~_T

. (3.37)

Applications to Markov Chains and Markov Decision Processes 112

Next we substitute the general solution (3.36) into the feasibility condition for the next fundamental equation (3.35). M̃T_1φ_0 = −M̃R_{i1}ξ_{Ωi} M̃T_1Q̃c_0 + M̃T_1φ_{part} = −M̃ R_{i1}ξ_{Ωi}

Because of the first order singularity assumption, the matrix M̃T_1Q̃ is invertible and we have got c_0 = −(M̃T_1Q̃)^{−1}M̃(T_1φ_{part} + R_{i1}ξ_{Ωi} ), and finally, φ_{i0} = −Q̃(M̃T_1Q̃)^{−1}M̃(T_1φ_{part} + R_{i1}ξ_{Ωi} ) + φ_{part} (3.38) Now let us demonstrate the above theoretical development with the help of the following example.

Example

Consider a Markov chain with the perturbed transition matrix

P (ε) =

1 0 0 0 0 1 0 0 0 ε 1 − 2ε ε ε 0 0 1 − ε

} Ω_1 } Ω_2 } Ω̃_1 } Ω̃_2

In this example we have got

T_0 = [ 0 0 0 0 ] , T_1 = [ −2 1 0 −1 ]

R_{10} = [ 0 0 ] , R_{11} = [ 0 1 ] , R_{20} = [ 0 0 ] , R_{21} = [ 1 0 ] , Next we conclude that M̃ = [ 1 0 0 1 ] , Q̃ = [ 1 0 0 1 ]

and φ_{part} = 0 for both ergodic classes Ω_1 and Ω_2, since there is no submatrix T̃ , which represents the states that are transient in the perturbed chain as well as in the unperturbed chain. Then, using the formula (3.38), we get

φ_{10} = −Q̃(M̃T_1Q̃)^{−1}M̃R_{11}ξ_{Ω1} = − 1 2 [ −1 −1 0 −2 ] [ 0 1 ] = [ 0.5 1 ]

Applications to Markov Chains and Markov Decision Processes 113 and φ_{20} = −Q̃(M̃T_1Q̃)^{−1}M̃R_{21}ξ_{Ω2} = − 1 2 [ −1 −1 0 −2 ] [ 1 0 ] = [ 0.5 0 ] . The above result is rather interesting. Of course, it is apparent that if the process initiated in the second transient state Ω̃_2 then it will be absorbed in the first ergodic class Ω_1 with probability one. However, it is a bit surprising that if the process is initiated in the first transient state Ω̃_1, then it will enter the two ergodic states with equal probabilities. Since to enter the first ergodic class Ω_1 from the first transient state takes two steps and to enter the second ergodic class Ω_2 from the same transient state takes only one step, one might have expected the probabilities to be absorbed in these two ergodic classes to be different. Nevertheless, the above analysis shows that this is not the case.

3.3 Fundamental matrix of a singularly perturbed Markov chain

3.3.1 Preliminaries

Even though perturbed Markov chains have been discussed thouroughly in the previous section, we would like to restate here some basic facts and definitions.

Here as in Section 3.2 we consider the perturbed finite Markov chain with transition matrix P (ε) depending on a small parameter ε. Two types of perturbation are discussed. The first type is a linear perturbation

P (ε) = P_0 + εB, (3.39)

where P_0 ∈ IR^{N×N} (N – the number of states) is the transition matrix of the unperturbed chain and εB is the perturbation term. The second type is an analytic perturbation

P (ε) = P_0 + εG_1 + ε^2G_2 + ... or G(ε) = G_0 + εG_1 + ε^2G_2 + ..., (3.40) where G(ε) = P (ε) − I ∈ IR^{N×N}, G_0 = P_0 − I ∈ IR^{N×N} are the generators of the perturbed and unperturbed chains respectively.

Let ξ_n be the vector [1 · · · 1]^T ∈ IR^{n×1}. Since each row of a transition matrix is a probability distribution, we immediately have

P (ε)ξ_N = P_0ξ_N = ξ_N and G(ε)ξ_N = G_0ξ_N = 0. (3.41)

Applications to Markov Chains and Markov Decision Processes 114

For the same reasons, Bξ_N = 0 and G_kξ_N = 0, k ≥ 1.

Let us denote by P^∗ and P^∗(ε) the ergodic projections of the unperturbed and perturbed chains, respectively.

There are a number of algorithms for computing P^∗ [79, 89] and the asymptotic expansion for P^∗(ε) (see [40, 30, 33, 116, 125, 132, 134] and Section 3.2).

P^∗(ε) = P^∗_0 + εP^∗_1 + ε^2P^∗_2 + ..., ε ≠ 0 (3.42)

The constant term P^∗_0 will be called the limiting ergodic projection. Note that in general P^∗_0 ≠ P^∗ [131]. In particular, the discontinuity occures in the case of a singular perturbation. In Section 3.2 we have analysed the asymptotic behaviour of the ergodic projection without any assumption about the structure of the chain. Since the concept of mean first passage times has sense only for the ergodic Markov chains, in this section we make the following standard assumption.

Assumption A. For any ε > 0 sufficiently small, the perturbed matrix P (ε) is a unichain transition matrix, that is, the perturbed chain has a unique ergodic class and possibly, a set of transient states.

It will be seen that it does not create significant complications to make the above slightly more general unichain assumption rather than to assume that the perturbed chain is ergodic. In particular, the above assumption still implies that P^∗(ε) = ξ_N μ(ε) for ε ≠ 0, where the stationary probability distribution or invariant measure μ(ε) of the perturbed chain is the unique solution of the system { μ(ε)P (ε) = μ(ε), μ(ε)ξ_N = 1 and μ(ε) has a Taylor series expansion

μ(ε) = μ_0 + εμ_1 + ε^2μ_2 + ... , ε ≠ 0. (3.43)

In the case of a linear perturbation (cf. (3.39)), Schweitzer [132, 134] proved that μ(ε) can be expressed by the updating formula

μ(ε) = μ_0[I − εBZ_0]^{−1}, ε ≠ 0, (3.44)

where Z_0 is the constant term in the fundamental matrix Laurent series expansion (cf. (3.47) below). Hence, the coefficients μ_k, k = 0, 1, ... in (3.43) form a power sequence

μ_k = μ_0(BZ_0)^k, k = 0, 1, ... .

The fundamental matrix of the original chain is defined by the formula [79, 89]

Z^{def}= (I − P_0 + P^∗)^{−1} = (P^∗ − G_0)^{−1}. (3.45)

Applications to Markov Chains and Markov Decision Processes 115

Of course, the same formula holds for the perturbed chain

Z(ε)^{def}= (I − P (ε) + P^∗(ε))^{−1} = (P^∗(ε) − G(ε))^{−1}. (3.46)

In this paper, we are mainly concerned with the characterization of the fundamental matrix Z(ε) of the perturbed chain.

In the case of a singular perturbation, Z(ϵ) also has a discontinuity at ϵ = 0. Moreover, in this case, ||Z(ε)|| → ∞ as ε → 0 and Z(ε) admits a Laurent series expansion [132, 134, 66, 67] Z(ε) = 1 ε^s Z_{−s} + ... + 1 ε Z_{−1} + Z_0 + εZ_1 + ..., ε ≠ 0. (3.47) Note that s, the order of the pole, is finite and s ≤ N. We denote the singular and the regular parts of the fundamental matrix expansion (3.47) by Z^S(ε) and Z^R(ε), respectively. Schweitzer has also obtained formulae for the matrices Z_k. However, they are rather complicated and their computation requires to handle large size matrices (cf. [132]).

In sequel, we propose a different approach that allows us to compute more efficiently the coefficients of the Laurent series (3.47). This approach can be considered as a particular realisation of the general scheme proposed in Section 2.4 for the perturbation analysis of group inverses. Our method leads to the operations with matrices of small dimensions. For example, immediately after the first stage of the reduction process one handles aggregated Markov chains with no more than m states (m being the number of ergodic classes). This would, typically, constitute a drastic reduction of the dimension. In addition, for the case of a linear perturbation we provide a simple formula for the regular part Z^R(ϵ), which readily simplifies to the usual formula [131] if the perturbation is regular.

We introduce the deviation matrices (or reduced resolvents) H and H(ε) for the original and perturbed chains: H^{def}= Z − P^∗ and H(ε)^{def}= Z(ε) − P^∗(ε). We immediately have

H^S(ε) = Z^S (ε) and H^R(ε) = Z^R(ε) − P^∗(ε). (3.48)

The fundamental matrix and the reduced resolvent are known to satisfy [79, 89] the useful identities:

HG_0 = G_0H = ZG_0 = G_0Z = P^∗ − I, (3.49) HP^∗ = P^∗H = 0, ZP^∗ = P^∗Z = P^∗, (3.50) (with G_0 as in (3.40)) and similarly, for the perturbed chain H(ε)G(ε) = G(ε)H(ε) = Z(ε)G(ε) = G(ε)Z(ε) = P^∗(ε) − I, (3.51)

Applications to Markov Chains and Markov Decision Processes 116 H(ε)P^∗(ε) = P^∗(ε)H(ε) = 0, Z(ε)P^∗(ε) = P^∗(ε)Z(ε) = P^∗(ε). (3.52) The following additional identities will also be useful Zξ_N = Z(ε)ξ_N = P^∗ξ_N = P^∗(ε)ξ_N = ξ_N , (3.53) Hξ_N = H(ε)ξ_N = 0. (3.54)

3.3.2 The regular part of the fundamental matrix

In this subsection we obtain a closed form analytic formula for the regular part Z^R(ε) of the fundamental matrix expansion (3.47). We use arguments similar to those in Schweitzer’s elegant technique introduced in [134]. We also show that Schweitzer’s formula for regular perturbations is in fact a particular case of our formula, which handles both regular and singular perturbations.

Theorem 23 Let P (ε) = P_0 + εB be the transition matrix of a linearly perturbed Markov chain and let Assumption A hold. Then the regular part Z^R(ϵ) of the fundamental matrix Z(ϵ) is given by Z^R(ε) = {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} − P^∗(ε)Z^S(ε). (3.55) Proof: For arbitrary 0 < ϵ_1, ϵ_2, we have the following identity (see e.g. [99]; this identity is also a particular case of the more general identity (2.94) )

Z(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z(ε_1)BZ(ε_2) + Z(ε_1)P^∗(ε_2) − P^∗(ε_1)Z(ε_2). Under Assumption A, and using(3.53), we have Z(ε_1)P^∗(ε_2) = Z(ε_1)ξ_N π(ε_2) = ξ_N π(ε_2) = P^∗(ε_2). Hence, Z(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z(ε_1)BZ(ε_2) + P^∗(ε_2) − P^∗(ε_1)Z(ε_2) (3.56) With ε_2 fixed in (3.56), the regular parts with respect to ε_1 satisfy:

Z^R(ε_1) − Z(ε_2) = (ε_1 − ε_2)Z^R(ε_1)BZ(ε_2) + Z_{−1}BZ(ε_2) + P^∗(ε_2) − P^∗(ε_1)Z(ε_2) (3.57) Letting ε_1 = ε_2 in (3.57) yields Z^R(ε_2) − Z(ε_2) = Z_{−1}BZ(ε_2) + P^∗(ε_2) − P^∗(ε_2)Z(ε_2) (3.58) and since P^∗(ε) = P^∗(ε)Z(ε), we have Z^R(ε_2) − Z(ε_2) = Z_{−1}BZ(ε_2)

Applications to Markov Chains and Markov Decision Processes 117 so that Z^S (ε) = −Z_{−1}BZ^S (ε) (3.59) and 0 = Z_{−1}BZ^R(ε). (3.60) If instead, we fix ε_1 in (3.56) and consider the regular parts with respect to ε_2, we obtain Z^S (ε) = −Z^S (ε)BZ_{−1} (3.61) and Z^R(ε)BZ_{−1} = P^∗(ε) − P^∗(ε)Z^R(ε) = P^∗(ε)Z^S(ε). (3.62) Taking the regular parts in (3.57) with respect to ε_2 (with of course, ε_1 fixed) yields Z^R(ε_1) − Z^R(ε_2) = (ε_1 − ε_2)Z^R(ε_1)BZ^R(ε_2) − Z^R(ε_1)BZ_{−1} + Z_{−1}BZ^R(ε_2) + P^∗(ε_2) −P^∗(ε_1)Z^R(ε_2).

The term Z_{−1}BZ^R(ε_2) vanishes in view of (3.60). Then with ε_1 := ε and letting ε_2 → 0, one gets Z^R(ε) − Z_0 = εZ^R(ε)BZ_0 − Z^R(ε)BZ_{−1} + P^∗_0 − P^∗(ε)Z_0.

Z^R(ε)[I − εBZ_0] = [I − P^∗(ε)]Z_0 + P^∗_0 − Z^R(ε)BZ_{−1}. Using (3.62), we get Z^R(ε)[I − εBZ_0] = [I − P^∗(ε)]Z_0 + P^∗_0 − P^∗(ε)Z^S(ε). (3.63) We shall now show that P^∗(ε)Z^S(ε) = P^∗(ε)Z^S(ε)[I − εBZ_0]. (3.64) It suffices to prove that Z^S (ε)BZ_0 = 0. Indeed, from (3.60) and (3.61), Z^S (ε)BZ_0 = −Z^S (ε)BZ_{−1}BZ_0 = 0.

Finally, substituting (3.64) into (3.63) and multiplying (3.63) by [I − εBZ_0]^{−1} from the right-hand-side, we get the required formula (3.55). □ Two useful corollaries follow directly from Theorem 23. First, consider the term P^∗(ε)Z^S(ε). This term is regular, despite the fact that it is the product of the perturbed ergodic projection and the singular part of the fundamental matrix. The next corollary shows the explicit regular structure of this product.

Applications to Markov Chains and Markov Decision Processes 118 Corollary 6 The formula (3.55) is equivalent to

Z^R(ε) = {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} − P^∗(ε) s∑ i=1 (BZ_0)^iZ_{−i}. (3.65) Proof: In view of Assumption (A) and (6) we have P^∗(ε) = ξ_N π(ε) = P^∗_0 [I − εBZ_0]^{−1} and hence P^∗_k = P^∗_0 (BZ_0)^k, k = 0, 1, ... in the power series (3.42).

Note that only the regular part of P^∗(ε)Z^S(ε) contributes to equation (3.55), since Z^R(ε) and {[I − P^∗(ε)]Z_0 + P^∗_0 }[I − εBZ_0]^{−1} are both regular. Then,

[P^∗(ε)Z^S (ε)]^R = [ ∞∑ k=1 P^∗_0 (εBZ_0)^k s∑ i=1 ε^{−i}Z_{−i}]^R = s∑ i=1 ∞∑ k=i P^∗_0 (BZ_0)^kZ_{−i}ε^{k−i} =

= s∑ i=1 ∞∑ k=0 P^∗_0 (εBZ_0)^k(BZ_0)^iZ_{−i} = ∞∑ k=0 P^∗_0 (εBZ_0)^k s∑ i=1 (BZ_0)^iZ_{−i} = P^∗(ε) s∑ i=1 (BZ_0)^iZ_{−i} This yields formula (3.65). □ By using (3.48) and (3.44), one easily obtains the counterpart of (3.55) for the deviation matrix H(ε).

Corollary 7 The regular part of the deviation matrix H(ε) is given by H^R(ε) = [I − P^∗(ε)]H_0[I − εBZ_0]^{−1} − P^∗(ε)H^S(ε).

Remark 19 Schweitzer’s formula for regular perturbations [131, 134] Z(ε) = {[I − P^∗(ε)]Z(0) + P^∗}[I − εBZ(0)]^{−1} is a particular case of (3.55) (since then, Z^S (ϵ) = 0).

Remark 20 The matrices Z_k, k ≥ 1 are easily obtained from (3.65), with Z_k = Z_0(BZ_0)^k − P^∗_0 k∑ j=0 (BZ_0)^j Z_0(BZ_0)^{k−j} + P^∗_0 (BZ_0)^k{I − s∑ i=1 (BZ_0)^iZ_{−i}}. (3.66) Of course, in practical applications, a more efficient (and numerically stable) computational scheme for the above matrices Z_k, k ≥ 1 is via recurrent formulae, in the same spirit as in [91, 132]. For instance, if we define the two k-dependent expressions U_k = (BZ_0)^k and W_k = k∑ j=0 (BZ_0)^j Z_0(BZ_0)^{k−j}, k = 1, . . . , then (3.66)) is equivalent to Z_k = Z_0U_k − P^∗_0 [W_k − U_k{I − s∑ i=1 (BZ_0)^iZ_{−i}}], k = 1, . . . , (3.67)

Applications to Markov Chains and Markov Decision Processes 119

with U_k and W_k computed recursively in (3.68) below.

U_{k+1} = U_k(BZ_0), W_{k+1} = W_k(BZ_0) + U_{k+1}Z_0, k = 1, . . . . (3.68)

Remark 21 Since the deviation matrix H(ε) ia a minus group inverse of the perturbed Markov chain generator G(ε), we can use the recursive formula (2.96) from Section 2.5.3. In particular, this formula allows us to deal with analytic perturbations. Here (2.96) takes the following form

H_{k+1} = k+s∑ i=0 (_s ∑ j=0 H_{−j} G_{i+j+1} ) H_{k−i} − m∑ i=1 P^∗_{k+1−i}H_i −(P^∗_{m+1}H_0 + ... + P^∗_{m+1+s}H_{−s}) (3.69)

where m ≥ 0 and P^∗_k , k ≥ 0 are coefficients of the Taylor series for the ergodic projection P^∗(ε) of the perturbed Markov chain. Note that the term (H_{−s}P^∗_{m+1+s} + ... + H_0P^∗_{m+1}) in (2.96) vanishes, since according to Assumption A H_kξ_N = 0 and P^∗_k = ξ_N μ_k.

3.3.3 The singular part and the reduction process

Note that once the matrices Z_{−k}, k = 1, ..., s and Z_0 have been computed, then it follows from Remarks 20 and 21 that the matrices Z_k, k ≥ 1 can be obtained directly via the recurent formulae (3.67), (3.68) for the linear perturbation case and via (3.69) for the analytic case. Note also that Z_0 is a prerequisite in Schweitzer’s updating formula (3.44).

Therefore, our aim in this section is to provide an efficient algorithm for computing Z_{−k}, k = 0, ..., s (including Z_0). We shall use the reduction process to compute the first regular term Z_0 and the singular part of the fundamental matrix expansion (3.47). It turns out that the reduction process is easier for the deviation matrix H(ε) than for the fundamental matrix Z(ε). In particular, since the deviation matrix is the negative group inverse of the Markov chain generator, the general approach for the calculation of the Laurent series for perturbed group inverses (see Section 2.4.5) can be applied to the present problem. In this section we choose to pursue the algebraic reduction technique. Alternatively, one can perform the reduction process based on the tools of spectral theory (for more detail see Section 2.5). Of course, once the matrices H_{−k}, k = 1, ..., s and H_0 are computed, one can immediately recover the matrices Z_{−k}, k = 0, ..., s from (3.48), that is

Z_{−k} = H_{−k}, k = 1, s; Z_0 = H_0 + P^∗_0 . (3.70)

The reduction process for analytic perturbations has practically the same level of difficulty as for linear perturbations. Therefore, we consider the general case of analytic perturbations (3.40).

Applications to Markov Chains and Markov Decision Processes 120 Under Assumption A, the deviation matrix H(ε) of the perturbed Markov chain is uniquely defined by the following equations (cf. [79, 66])

Applications to Markov Chains and Markov Decision Processes 121

H(ε)G(ε) = P^∗(ε) − I, (3.71) H(ε)ξ_N = 0. (3.72) To simplify subsequent summations, we introduce a new notation for the coefficients H_k. Let us denote X_k^{def}= H_{k−s}, k = 0, 1, . . ., so that H(ε) = (X_0 + εX_1 + . . .)/ε^s = X(ε)/ε^s and (3.71)-(3.72) become X(ε)G(ε) = ε^s[P^∗(ε) − I], (3.73) X(ε)ξ_N = 0. (3.74) Then, substitute (3.40) and (3.42) into (3.73) and equate the terms with the same power of ε to get

X_0G_0 = 0 (F H.0) X_1G_0 + X_0G_1 = 0 (F H.1) · · · X_{s−1}G_0 + ... + X_0G_{s−1} = 0 (F H.s − 1) X_sG_0 + ... + X_0G_s = P^∗_0 − I (F H.s) X_{s+1}G_0 + ... + X_0G_{s+1} = P^∗_1 (F H.s + 1) · · · the system of fundamental equations. It follows from (3.74) that each equation (FH.k) is coupled with the normalization condition

X_kξ_N = 0, k ≥ 0. (3.75)

Before applying the reduction process, let us formally introduce the n-th step reduced system of fundamental equations:

X^{(n)}_0 G^{(n)}_0 = 0 (F Hn.0) X^{(n)}_1 G^{(n)}_0 + X^{(n)}_0 G^{(n)}_1 = 0 (F Hn.1) · · · X^{(n)}_{s−n−1}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n−1} = 0 (F Hn.s − n − 1) X^{(n)}_{s−n}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n} = A^{(n)}_0 (F Hn.s − n) X^{(n)}_{s−n+1}G^{(n)}_0 + ... + X^{(n)}_0 G^{(n)}_{s−n+1} = A^{(n)}_1 (F Hn.s − n + 1) · · ·

Applications to Markov Chains and Markov Decision Processes 122 With n = 0, we retrieve the original system of fundamental equations (FH). Namely, X^{(0)}_k = X_k, G^{(0)}_k = G_k and A^{(0)} = P^∗_0 − I, A^{(0)}_k = P^∗_k , k ≥ 1. The n-th step reduced equations (FHn) are also coupled with the normalization conditions X^{(n)}_k ξ_{mn} = 0, k = 0, 1, ... (3.76) The matrix G^{(n)}_0 ∈ IR^{mn×mn} can be interpreted as the generator of the n-th step aggregated Markov chain [30, 40]. Further, m_n is the number of ergodic classes of the (n− 1)-th step aggregated Markov chain and in particular, m_1 is the number of ergodic classes in the original chain. The corresponding aggregated ergodic projection P^{∗(n)} satisfies P^{∗(n)}G^{(n)}_0 = G^{(n)}_0 P^{∗(n)} = 0. (3.77) The aggregated ergodic projection is constructed by the following decomposition [15, 40] P^{∗(n)} = Q^{(n)}M^{(n)}, (3.78) where Q^{(n)} ∈ IR^{mn×mn+1} : G^{(n)}_0 Q^{(n)} = 0, Q^{(n)}ξ_{mn+1} = ξ_{mn} ; (3.79) M^{(n)} ∈ IR^{mn+1×mn} : M^{(n)}G^{(n)}_0 = 0, M^{(n)}ξ_{mn} = ξ_{mn+1} . (3.80) In addition, M^{(n)}Q^{(n)} = I_{mn+1} .

The n-th step deviation matrix H^{(n)} is computed via the formula H^{(n)} = (P^{∗(n)} − G^{(n)}_0 )^{−1} − P^{∗(n)}. (3.81) Of course, this matrix satisfies (3.49)-(3.50), that is, H^{(n)}G^{(n)}_0 = G^{(n)}_0 H^{(n)} = P^{∗(n)} − I, (3.82) H^{(n)}P^{∗(n)} = P^{∗(n)}H^{(n)} = 0. (3.83) We may now formulate the main result of this section, which allows us to solve the system (FH), step-by-step.

Theorem 24 Let the n-th step (n < s) reduced fundamental system (FHn) with the normalization conditions (3.76) be given. Then the unknown X^{(n)}_k satisfy:

X^{(n)}_k = X^{(n+1)}_k M^{(n)} + { ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}, k < s − n, ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)} − A^{(n)}_{k+n−s}H^{(n)}, k ≥ s − n, (3.84)

Applications to Markov Chains and Markov Decision Processes 123 where X^{(n+1)}_k ∈ IR^{mn×mn+1} , k = 0, 1, . . . are solutions of the next (n + 1)-th step reduced fundamental equations X^{(n+1)}_0 G^{(n+1)}_0 = 0 (F Hn + 1.0) X^{(n+1)}_1 G^{(n+1)}_0 + X^{(n+1)}_0 G^{(n+1)}_1 = 0 (F Hn + 1.1) · · · X^{(n+1)}_{s−n−2}G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n−2} = 0 (F Hn + 1.s − n − 2) X^{(n+1)}_{s−n−1}G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n−1} = A^{(n+1)}_0 (F Hn + 1.s − n − 1) X^{(n+1)}_{s−n} G^{(n+1)}_0 + ... + X^{(n+1)}_0 G^{(n+1)}_{s−n} = A^{(n+1)}_1 (F Hn + 1.s − n) · · · The matrices G^{(n+1)}_k and the right-hand-sides A^{(n+1)}_k are given by G^{(n+1)}_k = M^{(n)} k+1∑ p=1 ∑ ν_1+...+ν_p=k+1 G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} Q^{(n)}, (3.85)

A^{(n+1)}_k = k∑ i=0 A^{(n)}_i k−i∑ p=1 ∑ ν_1+...+ν_p=k−i G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} Q^{(n)}, k = 0, 1, ... . (3.86) The new reduced equations (FHn+1) are also coupled with the normalization conditions X^{(n+1)}_k ξ_{mn+1} = 0, k = 0, 1, ... . (3.87) Proof: Define the new unknowns X^{(n+1)}_k^{def}= X^{(n)}_k Q^{(n)}. (3.88) The first fundamental equation (FHn.0) implies X^{(n)}_0 = X^{(n)}_0 P^{∗(n)}. (3.89) Substituting the decomposition of the ergodic projection (3.78) into (3.89), we get X^{(n)}_0 = X^{(n)}_0 Q^{(n)}M^{(n)} = X^{(n+1)}_0 M^{(n)}. (3.90) Multiply (38.1) by Q^{(n)} from the right and use (3.79) to obtain X^{(n)}_0 G^{(n)}_1 Q^{(n)} = 0. (3.91) Then, substitute (3.90) into (3.91) to get X^{(n+1)}_0 M^{(n)}G^{(n)}_1 Q^{(n)} = 0

Applications to Markov Chains and Markov Decision Processes 124 or X^{(n+1)}_0 G^{(n+1)}_0 = 0, where G^{(n+1)}_0^{def}= M^{(n)}G^{(n)}_1 Q^{(n)}. The above equation is the first required equation (FHn+1.0). The n-th step deviation matrix H^{(n)} plays a crucial role in obtaining the next reduced equations. Indeed, consider the following decomposition of X^{(n)}_1

X^{(n)}_1 = X^{(n)}_1 P^{∗(n)} + X^{(n)}_1 (I − P^{∗(n)}) = X^{(n)}_1 Q^{(n)}M^{(n)} − X^{(n)}_1 G^{(n)}_0 H^{(n)} = X^{(n+1)}_1 M^{(n)} − X^{(n)}_1 G^{(n)}_0 H^{(n)}. (3.92)

In the above the definition of X^{(n+1)}_1 (3.88) and the property (3.82) of the deviation matrix H^{(n)} have been used. Now, using (FHn.1) for X^{(n)}_1 G^{(n)}_0 and substituting into (3.92) yields

X^{(n)}_1 = X^{(n+1)}_1 M^{(n)} + X^{(n)}_0 G^{(n)}_1 H^{(n)} = X^{(n+1)}_1 M^{(n)} + X^{(n+1)}_0 M^{(n)}G^{(n)}_1 H^{(n)}. (3.93)

Note that we have expressed the n-th step unknown X^{(n)}_1 in terms of new unknowns X^{(n+1)}_0 , X^{(n+1)}_1 . Similar expressions are obtained for X^{(n)}_k , k ≥ 2.

Now substitute (3.90) and (3.93) into (FHn.2) to get

[X^{(n+1)}_1 M^{(n)} + X^{(n+1)}_0 M^{(n)}G^{(n)}_1 H^{(n)}]G^{(n)}_1 + X^{(n+1)}_0 M^{(n)}G^{(n)}_2 = 0.

Multiplying (FHn.2) by Q^{(n)} from the right and using (3.79) yields

X^{(n+1)}_1 M^{(n)}G^{(n)}_1 Q^{(n)} + X^{(n+1)}_0 M^{(n)}(G^{(n)}_1 H^{(n)}G^{(n)}_1 + G^{(n)}_2 )Q^{(n)} = 0,

or, equivalently, X^{(n+1)}_1 G^{(n+1)}_0 + X^{(n+1)}_0 G^{(n+1)}_1 = 0, with G^{(n+1)}_1^{def}= M^{(n)}(G^{(n)}_1 H^{(n)}G^{(n)}_1 + G^{(n)}_2 )Q^{(n)}. Thus, we have the second step reduced equation (FHn+1.1) and an expression for G^{(n+1)}_1 . The other next step reduced equations are obtained with similar arguments. The general formulae (3.85) and (3.86) can be proved by induction.

Note that if X^{(n+1)}_k , k ≥ 0 are known, then the coefficients X^{(n)}_k , k ≥ 0 are easily calculated by the recurrent formula (3.84). Indeed,

X^{(n)}_k = X^{(n)}_k P^{∗(n)} + X^{(n)}_k (I − P^{∗(n)}) = X^{(n+1)}_k M^{(n)} − X^{(n)}_k G^{(n)}_0 H^{(n)} = X^{(n+1)}_k M^{(n)} + { ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}, k < s − n, ∑_{k−1} i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)} − A^{(n)}_{k+n−s}H^{(n)}, k ≥ s − n, .

Applications to Markov Chains and Markov Decision Processes 125

Finally, we show that the normalization condition (3.87) holds. To prove this, we need the second identity in (3.80) and the property of the ergodic projection P^{∗(n)}ξ_{mn} = ξ_{mn} . For example, consider the case k < s − n.

0 = X^{(n)}_k ξ_{mn} = X^{(n+1)}_k M^{(n)}ξ_{mn} + k−1∑ i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}ξ_{mn}

= X^{(n+1)}_k ξ_{mn+1} + k−1∑ i=0 X^{(n)}_i G^{(n)}_{k−i}H^{(n)}P^{∗(n)}ξ_{mn}

= X^{(n+1)}_k ξ_{mn+1} ,

since H^{(n)}P^{∗(n)} = 0. □ Note that the (n + 1)-th step reduced system (FHn+1) has a very similar structure to the n-th step reduced system (FHn). The only one, but important, difference between the structures of these two systems is that the system (FHn+1) has less equations with null right-hand-sides. Thus, after s reduced steps, the system (below) of reduced equations has non-zero right-hand-sides.

X^{(s)}_0 G^{(s)}_0 = A^{(s)}_0 (F Hs.0) X^{(s)}_1 G^{(s)}_0 + X^{(s)}_0 G^{(s)}_1 = A^{(s)}_1 (F Hs.1) · · · X^{(s)}_k G^{(s)}_0 + ... + X^{(s)}_0 G^{(s)}_k = A^{(s)}_k (F Hs.k) · · · The next proposition gives the simple recurrent formulas for the solution of the (final step) reduced system (FHs).

Proposition 4 The solutions X^{(s)}_k , k = 0, 1, ... of the system (FHs) are given by

X^{(s)}_0 = −A^{(s)}_0 H^{(s)}; X^{(s)}_k = [ k−1∑ i=0 X^{(s)}_i G^{(s)}_{k−i} − A^{(s)}_k ]H^{(s)}, k ≥ 1 . (3.94)

Proof: The final-step aggregated generator G^{(s)}_0 has the same number of ergodic classes as the perturbed chain described by the generator G(ε), ε > 0 [40]. Hence, in view of Assumption A, the aggregated generator G^{(s)}_0 is a unichain generator and the corresponding ergodic projection is just P^{∗(s)} = ξ_{ms} μ^{(s)}_0 , where μ^{(s)}_0 ∈ IR^{1×ms} is a unique stationary distribution vector of the aggregated generator G^{(s)}_0 .

Of course, the final-step reduced system (FHs) is coupled with the normalization conditions X^{(s)}_k ξ_{ms} = 0, k = 0, 1, . . .. Multiplying by μ^{(s)}_0 , we get

X^{(s)}_k ξ_{ms} μ^{(s)}_0 = X^{(s)}_k P^{∗(s)} = 0, k = 0, 1, . . . . (3.95)

Applications to Markov Chains and Markov Decision Processes 126 Now, using the modified normalization conditions (3.95) and the decomposition of X^{(s)}_k into subspaces R(P^{∗(s)}) and R(I − P^{∗(s)}), we obtain the recurrent formulas (3.94) X^{(s)}_k = X^{(s)}_k P^{∗(s)} + X^{(s)}_k (I − P^{∗(s)}) = X^{(s)}_k (I − P^{∗(s)}) = −X^{(s)}_k G^{(s)}_0 H^{(s)} = [ k−1∑ i=0 X^{(s)}_i G^{(s)}_{k−i} − A^{(s)}_k ]H^{(s)}, □ Using Theorem 24 and Proposition 4, we are now able to outline a practical algorithm for the computation of matrices Z_{−k}, k = 0, ..., s.

Computational algorithm:

1. Determine the order of singularity s, using for instance, the method proposed in [63] (knowledge of the order of singularity makes the algorithm more straightforward and economical).

2. By using the formulae in Theorem 24, make s reduction steps (i.e. successively calculate the matrices G^{(n)}_k , k = 0, ..., 2s−n and the right-hand-sides A^{(n)}_k , k = 0, ..., s for n = 1, ..., s). As a result, one gets the final system of reduced fundamental equations (FHs).

3. Compute X^{(s)}_k , k = 0, ..., s in (FHs) using the recurrent formulae (3.94). 4. Using (3.84), restore successively all the X^{(n)}_k , k = 0, ..., s from n = s − 1 down to n = 0. In particular, H_k = X_{k+s} = X^{(0)}_{k+s}, k = −s, ..., 0. 5. Finally, via (3.70), compute the matrices of the fundamental matrix expansion Z_{−k} = H_{−k}, k = 1, ..., s; Z_0 = H_0 + P^∗_0 .

Now, let us make several remarks about the reduction process.

Remark 22 To compute the matrices G^{(n+1)}_k and A^{(n+1)}_k , instead of using (3.85) and (3.86), one may also use recurrent formulas that are more efficient. In the spirit of Remark 20 and [91, 132], define V^{(n)}_k = k+1∑ p=1 ∑ ν_1+...+ν_p=k+1 G^{(n)}_{ν1} H^{(n)}G^{(n)}_{ν2} · · · H^{(n)}G^{(n)}_{νp} ,

Applications to Markov Chains and Markov Decision Processes 127

which can be calculated by the simple recurrent formula

V^{(n)}_k = G^{(n)}_{k+1} + k∑ i=1 G^{(n)}_i H^{(n)}V^{(n)}_{k−i}, k = 0, 1, . . . . (3.96)

We then have

G^{(n+1)}_k = M^{(n)}V^{(n)}_k Q^{(n)} and A^{(n+1)}_k = k∑ i=0 A^{(n)}_i V^{(n)}_{k−i−1}Q^{(n)}. (3.97)

Remark 23 One may obtain every matrix Z_k, k = −s, −s+1, ... by the reduction process. At first sight, it seems that if we have got Z_{−s}, ..., Z_k and want to obtain the next coefficient Z_{k+1}, we need to calculate a lot of additional reduced coefficients G^{(n)}_k . Fortunately, we can avoid this. From Subsection 2.4.5 (see also Section 2.2), we know that once X_0, ..., X_k are computed, the next coefficient X_{k+1} is uniquely determined by the next finite subsystem of fundamental equations (FH)

X_kG_0 = R_k − ∑_k i=1 X_{k−i}G_i X_{k+1}G_0 + X_kG_1 = R_{k+1} − ∑_k i=1 X_{k−i}G_{i+1} · · · X_{k+s}G_0 + ... + X_kG_s = R_{k+s} − ∑_k i=1 X_{k−i}G_{i+s}

where

R_k = 0, k < s, P^∗_0 − I, k = s, P^∗_{k−s}, k > s. plus the corresponding normalization conditions. Note that the above system can be efficiently solved by the same reduction process as before. Moreover, we only need to recompute the right hand sides A^{(n)}_k . The coefficient matrices G^{(n)}_k , k = 0, ..., s − n, n = 1, ..., s computed before can be used again. By doing this, one can even accelerate the computational procedure for Z_k, k = −s, ..., 0 outlined above.

However, despite the above elegant modification of the reduction process, we still recommend to calculate the regular part of the Laurent series by using recurrent formula (3.67), (3.68) and (3.69).

Finally, we discuss the computational complexity of the above algorithm. Obviously, Steps 2 and 4 have the highest computational burden. In fact, Step 2 even prevails. Therefore, it suffices to estimate the number of arithmetic operations in Step 2 to obtain the computational complexity of the reduction process.

Applications to Markov Chains and Markov Decision Processes 128

Step 2 consists of s reduction steps. Note that the first reduction step is the most demanding from a computational point of view, since it reduces the determining system from the full state space into the aggregated chain subspace with dimension m_1 equal to the number of ergodic classes in the original unperturbed chain. It is not difficult to see that the number of operations in this procedure is O(s^2N^3). Indeed, multiplying two N × N-matrices requires O(N^3) operations and the recurrent formulas (3.96),(3.97) for k = 0, ..., 2s − 1 require O(s^2) such multiplications. After this crucial first step, we only deal with matrices whose dimension does not exceed m_1. The complexity of the other reduction steps can be estimated as O(s^3m^3_1). Thus, Step 2 requires O(s^2N^3 + s^3m^3_1) operations.

Let us now discuss this evaluation. In most practical applications m_1 << N and s << N, that is, the number of ergodic classes and the order of singularity are much less than N, the number of states of the original chain. Therefore, the complexity of the algorithm is in fact not much worse than O(N^3) (or O(N^4), see remark below about the determination of s). However, if m_1 ∼ N, then the complexity of the algorithm is O(s^3N^3). The latter may increase significantly (even up to O(N^6)), if s is of the same order of magnitude as N. However, we are convinced that the cases of large s are quite rare.

Finally, note that the determination of s by the method proposed in [63] requires O(N^4) operations. However, if s has not been determined, then the above reductionprocess algorithm can be run with s := 1, 2, . . . until G^{(s)}_0 has rank m_s − 1, in which case s is the order of the pole. Therefore, assuming that m_1 ≪ N, the computational complexity to determine both s and the singular part Z^s is just O(s^3N^3). When s ≪ N (as one may expect in practice), compare with O(N^4) just for getting s in [63].

3.3.4 Asymptotic expansions for mean first passage times

As was noticed in the introductory Section 3.1, the fundamental matrix expansion (3.47) can be employed to obtain a close approximation of mean first passage times of the singularly perturbed Markov chain. In particular, it gives the “time-scales” to link states in different ergodic classes (of the unperturbed chain), which is valuable information (e.g. for simulation).

For an ergodic Markov chain, the mean first passage time between states i and j are given by the formula [79, 89] m_{ij} = z_{jj} − z_{ij} μ_j , (3.98)

where Z := {z_{ij} }^N_{i,j=1} and μ := {μ_j}^N_{j=1} are the fundamental matrix and the stationary distribution of the Markov chain, respectively.

Applications to Markov Chains and Markov Decision Processes 129

Since by Assumption (A) the singularly perturbed Markov chain is regular, (3.98) is valid, so that m_{ij} (ε) = z_{jj}(ε) − z_{ij} (ε) μ_j(ε) , ε ≠ 0. (3.99)

Substituting the expansions (3.43) and (3.47) into (3.99), we immediately obtain the Laurent series expansion

m_{ij} (ε) = 1 ε^{sij} m^{(−sij )}_{ij} + ... + 1 ε m^{(−1)}_{ij} + m^{(0)}_{ij} + εm^{(1)}_{ij} + ..., ε ≠ 0.

Note that the series inversion 1/μ_j(ε) is an elementary task, since μ_j(ε) = μ^{(0)}_j + εμ^{(1)}_j + ... is the scalar Taylor series. Note that in general, the order of singularity s_{ij} of m_{ij} (ε), is different from the order of singularity s of the fundamental matrix, and depends on the particular pair of states i, j considered.

Hassin and Haviv [63], Haviv and Ritov [66, 67] give a nice elementary example of a singularly perturbed Markov chain with second-order singularity. Our reduction process and the Laurent series expansion for mean first passage times are illustrated on this elementary example.

Consider the singularly perturbed Markov chain with following transition matrix

P (ε) = P_0 + εG_1 =

0 1 0 0 0 1 0 0 0 0 0 1 0 0 0 1 + ε 0 −1 0 1 1 −1 0 0 0 1 0 −1 0 0 1 −1 .

It is a second order perturbation, that is s = 2 [66, 63]. Hence, the reduction process consists of just two steps. Using standard definitions [79, 89] we get the matrices of normalized left and right eigenvectors M, Q, the ergodic projection P^∗ and the reduced resolvent H of the unperturbed chain, and using [40] (or a method of Subsection 3.2.2), the Taylor series expansion of the perturbed ergodic projection P^∗(ε) = P^∗_0 + εP^∗_1 + ... as shown below

M^{(0)} = M = [ 0 1 0 0 0 0 0 1 ] ; Q^{(0)} = Q = 1 0 1 0 0 1 0 1 ;

P^{∗(0)} = P^∗ = QM

H^{(0)} = H = (I − P_0 + P^∗)^{−1} − P^∗ =

1 −1 0 0 0 0 0 0 0 0 1 −1 0 0 0 0

Applications to Markov Chains and Markov Decision Processes 130

A^{(0)}_0 = P^∗_0 − I =

−1 0.5 0 0.5 0 −0.5 0 0.5 0 0.5 −1 0.5 0 0.5 0 −0.5

; A^{(0)}_1 = P^∗_1 = 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 ;

A^{(0)}_2 = P^∗_2 = −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 −0.5 0.5 .

Now, after the first step of the reduction process, we have

G^{(1)}_0 = MG_1Q = [ 0 0 0 0 ] ; G^{(1)}_1 = MG_1HG_1Q = [ −1 1 1 −1 ] ;

G^{(1)}_2 = MG_1HG_1HG_1Q = [ 1 −1 −1 1 ] ; G^{(1)}_3 = MG_1HG_1HG_1HG_1Q = [ −1 1

1 −1 ] ;

A^{(1)}_0 = A^{(0)}_0 Q = −0.5 0.5 −0.5 0.5 0.5 −0.5 0.5 −0.5 ; A^{(1)}_1 = (A^{(0)}_1 + A^{(0)}_0 HG_1)Q =

1 −1 0 0 −1 1 0 0 ;

A^{(1)}_2 = (A^{(0)}_2 + A^{(0)}_1 HG_1 + A^{(0)}_0 HG_1HG_1)Q =

−1 1 0 0 1 −1 0 0 .

In this particular example, M^{(1)} = Q^{(1)} = I_2, P^{∗(1)} = I_2 and H^{(1)} = 0, so that the next reduction step is straightforward. Namely,

G^{(2)}_0 = G^{(1)}_1 = [ −1 1 1 −1 ] ; G^{(2)}_1 = G^{(1)}_2 = [ 1 −1 −1 1 ] ; G^{(2)}_2 = G^{(1)}_3 = [ −1 1

1 −1 ] ; and A^{(2)}_k = A^{(1)}_k , k = 0, 1, 2 .

The above matrices are used in the (final step) reduced system (FHs) that can be solved easily via the recurrent formulas (3.94).

P^{∗(2)} = [ 0.5 0.5 0.5 0.5 ] , H^{(2)} = H = (P^{∗(2)} − G^{(2)}_0 )^{−1} − P^{∗(2)} = [ 0.25 −0.25 −0.25 0.25 ] ;

X^{(2)}_0 = −A^{(2)}_0 H^{(2)} =

0.25 −0.25 0.25 −0.25 −0.25 0.25 −0.25 0.25

; X^{(2)}_1 = (X^{(2)}_0 G^{(2)}_1 −A^{(2)}_1 )H^{(2)} =

−0.25 0.25 0.25 −0.25 0.25 −0.25 −0.25 0.25 ;

Applications to Markov Chains and Markov Decision Processes 131

X^{(2)}_2 = (X^{(2)}_0 G^{(2)}_2 + X^{(2)}_1 G^{(2)}_1 − A^{(2)}_2 )H^{(2)} = 0 Then, we use the recurrent formulas (3.84) to successively restore X^{(1)}_k , k = 0, 1, 2 and X^{(0)}_k , k = 0, 1, 2. Again, due to M^{(1)} = I_2 and H^{(1)} = 0, we have X^{(1)}_k = X^{(2)}_k , k = 0, 1, 2.

X^{(0)}_0 = X^{(1)}_0 M^{(0)} =

0 0.25 0 −0.25 0 0.25 0 −0.25 0 −0.25 0 0.25 0 −0.25 0 0.25 ;

X^{(0)}_1 = X^{(1)}_1 M^{(0)} + X^{(0)}_0 G_1H^{(0)} =

0.25 −0.5 −0.25 0.5 0.25 0 −0.25 0 −0.25 0.5 0.25 −0.5 −0.25 0 0.25 0 ;

X^{(0)}_2 = X^{(1)}_2 M^{(0)} + (X^{(0)}_1 G_1 − A^{(0)})H^{(0)} = 0.5 −0.5 0.5 −0.5 0 0 0 0 0.5 −0.5 0.5 −0.5 0 0 0 0 .

Finally, from (3.70), we get

Z_{−2} = X^{(0)}_0 , Z_{−1} = X^{(0)}_1 , Z_0 = X^{(0)}_2 + P^∗_0 =

0.5 0 0.5 0 0 0.5 0 0.5 0.5 0 0.5 0 0 0.5 0 0.5 .

Using MATLAB symbolic toolbox for a direct expansion of (I − P (ε) + P^∗(ε))^{−1}, one may check that both results coincide. Schweitzer’s formula (3.44) also permits us to check the validity of the Taylor’s series expansion of μ(ϵ). Indeed,

μ_k = μ_0(G_1Z_0)^k, k = 0, 1, ... .

Substituting the expression obtained for Z_0 into the above equation, we get

μ_k = (−1)^k[ −0.5 0.5 − 0.5 0.5 ], k = 1, 2, ... ,

which coincides with the expression for μ_k, k ≥ 1 given in [66].

Now, let us apply the coefficients of the fundamental matrix expansion to compute mean first-passage times via formula (3.99). Due to the symmetry of this particular example, one only needs to compute the mean first passage times to states 1 and 2.

m_{21}(ε) = z_{11}(ε) − z_{21}(ε)

μ_1(ε)

= [(

0.25 ε + 0.5 + ...) − (

0.25 ε + 0 + ...)]/[0.5ε − 0.5ε^2 + ...] = 1 ε + ...,

Applications to Markov Chains and Markov Decision Processes 132

m_{31}(ε) = 1 ε^2 + 1 ε + ..., m_{41}(ε) = 1 ε^2 + 2 ε + ..., m_{12}(ε) = 1 ε + ..., m_{32}(ε) = 1 ε^2 + 0 ε + ..., m_{42}(ε) = 1 ε^2 + 1 ε + ... . The mean first passage times exhibit different time scales. Namely, the mean first passage times m_{21}(ε), m_{12}(ε) between states in the same ergodic class are of order ε^{−1} whereas the mean first passage times m_{31}(ε), m_{41}(ε), m_{32}(ε), m_{42}(ε), that is, between states in different ergodic classes, are of order ϵ^{−2}. It confirms the intuition that a transition between states in different ergodic classes takes much more time to occur than a transition between states in the same class. Finally, we would like to emphasize that the present approach permits us to handle perturbations with any order of singularity. By contrast, the method of Latouche and Louchard [100] is restricted to the case of first-order singularity.

3.4 Uniform optimality in singularly perturbed Markov decision processes

3.4.1 Preliminaries

In this section we study the Markov decision processes with perturbed transition probabilities (3.16). Using asymptotic linear programming [81, 82, 71], we obtain the uniform optimal policy π_∗ ∈ Π^S such that g^ε_i (π_∗) ≥ g^ε_i (π), i ∈ X, for any other stationary policy π ∈ Π^S. As was shown in Example 2, the uniform optimality is a more strong criterion than limit optimality.

Here we provide two algorithms to obtain a uniform optimal policy. The first algorithm is based on linear programming approach [41, 70, 85, 86] and the second algorithm is based on policy iteration procedure [72, 45, 119]. Both algorithms essentially use the concept of ordering in the field of rational functions [81, 82].

We would like to emphasize that in contrast to the previous research the present method does not need any assumptions about the ergodic structure of the perturbed and the unperturbed MDPs.

The following notation is used below: δ_{ij} is the Kronecker delta, |B| is the cardinality of a set B, that is, the number of elements in B, and K = {(i, a) : i ∈ X, a ∈ A (i)}. For two vectors c and d of appropriate dimensions, c · d denotes the summation over common indices (scalar product).

Applications to Markov Chains and Markov Decision Processes 133

3.4.2 Linear programming for average optimality

Let us fix ε and consider the solution to the perturbed problem (L^ε) (see p.98) based on linear programming approach [41, 70]. Given the initial distribution β over X, define F^ε_β to be the set of {(z, ζ)}, z, ζ ∈ IR^{|K|} , that satisfy ∑ i∈X ∑ a∈A (i) (δ_{ij} − p(j|i, a) − εd(j|i, a))z(i, a) = 0, ∀j ∈ X (3.100) ∑ a∈A_j z(j, a) + ∑ i∈X ∑ a∈A (i) (δ_{ij} − p(j|i, a) − εd(j|i, a))ζ(i, a) = β(j), ∀j ∈ X (3.101) z ≥ 0, ζ ≥ 0. (3.102)

Remark 24 (i) Every z(·, ·) ∈ F^ε_β satisfies ∑ i,a z(i, a) = 1. This can be seen by summing equation (3.101) over all j ∈ X.

(ii) We may delete one of the constraints among (3.100). This follows from the fact that the coefficients of z(i, a) in (3.100) sum to 0.

Next we consider the perturbed linear program with fixed ε: Find z, ζ ∈ IR^{|K|} , such that max{r · z} (LP^ε) subject to (z, ζ) ∈ F^ε_β . This linear program (LP^ε) is related to (L^ε) in the following way. Given any (z, ζ) ∈ F^ε_β , define the stationary policy π ∈ Π^S by

π(a|i) = z(i, a) ∑ a^′∈A (i) z(i, a ′) , if ∑ a^′∈A (i) z(i, a ′) > 0

ζ(i, a) ∑ a^′∈A (i) ζ(i, a ′) , if ∑ a^′∈A (i) z(i, a ′) = 0 and ∑ a^′∈A (i) ζ(i, a ′) > 0

arbitrary, otherwise. (3.103) This construction was introduced in [41] by Denardo and Fox and later was developed by Hordijk and Kallenberg [70]. The following lemma is an immediate corollary of the results in [70], for ε > 0 and fixed.

Lemma 10 (i) Fix ε > 0. The optimal values of the perturbed MDP (L^ε) and of (LP^ε) are equal. (ii) Suppose that (z^∗(ε), ζ^∗(ε)) is an optimal solution of LP (ε) with an associated policy π_∗ constructed via (3.103), then π_∗ is an average optimal policy for (L^ε).

Applications to Markov Chains and Markov Decision Processes 134

However, the results in [70] do not permit us to find a uniformly optimal deterministic policy. The latter is a more difficult problem both from a theoretical point of view and due to the fact that the rank of the coefficient matrix of (LP^ε) can change at ε = 0 (the case of the singular perturbation). This can create numerical problems when ε > 0 is small.

3.4.3 Application of asymptotic linear programming

A key step in our method is to find a basis for (LP^ε), which is optimal for all ε sufficiently small. In order to achieve this we use an asymptotic linear programming approach due to Jeroslow [81, 82]. This approach allows to find an optimal solution to the parametric linear program max c(ε)x subject to A(ε)x = b(ε), x ≥ 0, where the elements of A(ε), b(ε) and c(ε) are rational functions of ε. The solution obtained by the method of [81, 82] is optimal for all ε sufficiently small but different from zero. Note that our problem (LP^ε) is a parametric linear program, where only elements of the coefficient matrix A(ε) are linear functions of the perturbation parameter ε.

The asymptotic linear programming of Jeroslow [81, 82] was previously applied to MDPs by Hordijk et al. [71] to obtain a Blackwell optimal policy and by Huang and Veinott [74] in the context of Markov branching decision chains.

The main idea of asymptotic linear programming is to consider the entries of the coefficient matrix of (LP^ε) not as the elements of the usual Archimedean ordered field of the real numbers, but as elements of the non-Archimedean ordered field F(IR) of rational functions with real coefficients. An order relation between two rational functions will be defined as in [81, 82]. We denote the ordering and equality in this field by ” >_l ” and ” =_l ”, respectively (for more detail see auxiliary Subsection 3.4.7).

The logical steps of asymptotic linear programming method (ALP) are:

• In order to identify an initial feasible basis, we may add the artificial variables ρ(i), ξ(i), i ∈ X, one variable for each of the constraints in (3.100) and (3.101), respectively. We note that (z, ζ, ρ, ξ) = (0, 0, 0, β) is feasible. A feasible initial basis is an identity matrix corresponding to the artificial variables.

Applications to Markov Chains and Markov Decision Processes 135

• One may follow the standard or the revised simplex method for solving the linear program max{r ·x} s.t. A(ε)x =_l b, x ≥ 0, but with respect to the order and equality relations of F(IR). Note that after adding the artificial variables, A(ε) is of full rank. A basis is optimal if and only if the reduced costs r_N (ε) := r_N −r_B B^{−1}(ε)N(ε) ≤_l 0. Here, r_B (r_N , resp.) is the vector of rewards corresponding to the elements in the basis (not in the basis, resp.); B(ε) is a basic submatrix of A(ε), and N(ε) is the corresponding nonbasic submatrix. Let us use the simplex tableaux. We shall write in the simplex tableaux only the numerators of the rational functions which are the coefficients of variables in (LP^ε). This is possible because the entries of the simplex tableaux can be assumed to have common denominators. Let y_{ik} denote the ik-th entry of the current tableau. In the first column we indicate the basic variables. The reduced costs are written in the bottom row of the tableau, and B^{−1}b appears in the right most column. We denote the i-th element of the latter by y_{i0}.

• The entry and exit rules are natural extensions of the usual simplex rules:

(i) First, we determine the entering non-basic column. Any column (not in the basis) whose corresponding reduced cost is strictly positive (with respect to ”>_l”) can be chosen to enter. As usual, we can choose the column with the largest nonnegative reduced cost to enter.

(ii) The column p to leave the basis is one that minimizes (with respect to ”>_l”) the ratio y_{i0}(ε)/y_{ik}(ϵ) among those i^′s satisfying y_{ik}(ε) >_l 0 (k is the index of the entering column).

We now perform the pivot operation and construct the new tableau. This employs algebraic operations over the field of polynomials P (IR).

• The order of the polynomials appearing in both the numerators and denominators never exceeds the number of constraints, that is, twice the number of states. This follows from the fact that (i) each coefficient of the constraints A(ε) is linear in ε, and (ii) the elements in the simplex tableau are given by B^{−1}(ε)b, where A(ε) is the matrix of constraints, and b is the vector of the right hand side coefficients.

3.4.4 Numerical examples

Consider the following illustrative examples.

Applications to Markov Chains and Markov Decision Processes 136

Example 3 Consider an MDP with X = {1, 2}, A (1) = {a_1, b_1}, and A (2) = {a_2, b_2}; let

p^ε(1|1, a_1) = 1, r(1, a_1) = 10 p^ε(1|1, b_1) = 1 − ε, r(1, b_1) = 10 p^ε(2|1, b_1) = ε, p^ε(1|2, a_2) = 1, r(2, a_2) = 0 p^ε(1|2, b_2) = p^ε(2|2, b_2) = 0.5, r(2, b_2) = 5.

We take β(1) = β(2) = 0.5.

By adding the artificial variables, the linear program (LP^ε) becomes:

Max {10z(1, a_1) + 10z(1, b_1) + 5z(2, b_2) − 100ξ(1) − 100ξ(2) − 100ρ(1) − 100ρ(2)}

subject to the constraints

+εz(1, b_1) − z(2, a_2) − 0.5z(2, b_2) +ξ(1) = 0 −εz(1, b_1) + z(2, a_2) + 0.5z(2, b_2) +ξ(2) = 0 +z(1, a_1) + z(1, b_1) + εζ(1, b_1) − ζ(2, a_2) − 0.5ζ(2, b_2) +ρ(1) = 0.5 +z(2, a_2) + z(2, b_2) − εζ(1, b_1) + ζ(2, a_2) + 0.5ζ(2, b_2) +ρ(2) = 0.5

z(1, a_1), z(1, b_1), z(2, a_2), z(2, b_2), ζ(1, a_1), ζ(1, b_1), ζ(2, a_2), ζ(2, b_2), ξ(1), ξ(2), ρ(1), ρ(2) ≥ 0.

A reader familiar with MDPs will note that this example is of the so-called ”unichain” model (for ε > 0). Consequently, a simpler version of (LP^ε) could have been used (e.g., see Kallenberg [85] p.132). However, the present version of (LP^ε) applies generally and hence is better suited for demonstrating this new technique.

We added a penalty term for the artificial variables to ensure that they exit the basis. We shall delete the 2nd constraint (and will thus not use ξ(2), see Remark 24 (ii)).

The first simplex tableau is given in Table 3.1. The common denominator is 1. We then choose the 1st column z(1, a_1) to enter. The row/variable to exit is the 2nd one, ρ(1). In all the tableaux the pivoting element is underlined.

The second simplex tableau is given in Table 3.2. The common denominator is again one. The column that enters the basis is ζ(1, a_1) for which the reduced cost 110 is the largest. The column to exit is ρ(2).

The third and fourth simplex tableaux are given in Tables 3.3, and 3.4. The common denominator in Table 3.3 is 1, and in 3.4 it is ε.

At this stage we have obtained an optimal solution over the field of rational functions F(IR) with real coefficients (see auxiliary Subsection 3.4.7). A uniformly optimal policy uses actions a_1 and a_2 in states 1 and 2,respectively, as follows from (3.103). Note that it is uniformly optimal for all ε > 0 and sufficiently small. The value of this MDP is 10

Applications to Markov Chains and Markov Decision Processes 137

artif. variables z variables ζ variables Basis ξ(1) ρ(1) ρ(2) 1a_1 1b_1 2a_2 2b_2 1a_1 1b_1 2a_2 2b_2 r.h.s. ξ(1) 1 0 0 0 ε -1 -0.5 0 0 0 0 0 ρ(1) 0 1 0 1 1 0 0 0 ε -1 -0.5 0.5 ρ(2) 0 0 1 0 0 1 1 0 −ε 1 0.5 0.5 red. cost 0 0 0 110 110 + 100ε 0 55 0 0 0 0 Table 3.1: First tableau of Example 3

artif. variables z variables ζ variables Basis ξ(1) ρ(1) ρ(2) 1a_1 1b_1 2a_2 2b_2 1a_1 1b_1 2a_2 2b_2 r.h.s. ξ(1) 1 0 0 0 ε -1 -0.5 0 0 0 0 0 z(1, a_1) 0 1 0 1 1 0 0 0 ε -1 -0.5 0.5 ρ(2) 0 0 1 0 0 1 1 0 −ε 1 0.5 0.5 red. cost 0 -110 0 0 100ε 0 55 0 −110ε 110 55 Table 3.2: Second tableau of Example 3

artif. variables z variables ζ variables Basis ξ(1) ρ(1) ρ(2) 1a_1 1b_1 2a_2 2b_2 1a_1 1b_1 2a_2 2b_2 r.h.s. ξ(1) 1 0 0 0 ε -1 -0.5 0 0 0 0 0 z(1, a_1) 0 1 1 1 1 1 1 0 0 0 0 1 ζ(2, a_2) 0 0 1 0 0 1 1 0 −ε 1 0.5 0.5 red. cost 0 -110 -110 0 100ε -110 -55 0 0 0 0 Table 3.3: Third tableau of Example 3

artif. variables z variables ζ variables Basis ξ(1) ρ(1) ρ(2) 1a_1 1b_1 2a_2 2b_2 1a_1 1b_1 2a_2 2b_2 r.h.s. z(1, b_1) 1 0 0 0 ε -1 -0.5 0 0 0 0 0 z(1, a_1) -1 ε ε ε 0 1 + ε 0.5 + ε 0 0 0 0 ε ζ(2, a_2) 0 0 ε 0 0 ε ε 0 −ε^2 ε 0.5ε 0.5ε red. cost -100ε -110 ε -110ε 0 0 -10ε -5ε 0 0 0 0 Table 3.4: Fourth tableau of Example 3

Applications to Markov Chains and Markov Decision Processes 138

(independently of ε). The stationary deterministic policies that choose action b_1 in state 1 are optimal for the limit problem but are not optimal for any positive ε.

Now consider the second example, which exposes the singularity of the problem.

Example 4 Consider an MDP with X = {1, 2, 3} and A (1) = {a_1, b_1}, A (2) = {a_2}, A (3) = {a_3}. And let

p^ε(1|1, a_1) = 1 − ε, p^ε(3|1, a_1) = ε, r(1, a_1) = 10 p^ε(1|1, b_1) = 1 − ε, p^ε(2|1, b_1) = ε, r(1, b_1) = 10 p^ε(2|2, a_2) = 1 − ε, p^ε(3|2, a_2) = ε, r(2, a_2) = 10 p^ε(1|3, a_3) = p^ε(2|3, a_3) = 0.5, r(3, a_3) = 0.

Since the perturbed Markov chain is ergodic for all stationary policies, we may use a simplified form of (LP^ε) with only the z-variables (see Kallenberg [85], p.128). Thus our (LP^ε) problem is

max{ ∑ i,a r(i, a)z(i, a)|A(ε)z = b, z ≥ 0}, where A(ε) = ε ε 0 −0.5 0 −ε ε −0.5 1 1 1 1 , b = 0 0 1 . We shall start with a basis consisting of the columns that correspond to the policy (a, a, a). Hence B(ε) = ε 0 −0.5 0 ε −0.5 1 1 1 . We have

B^{−1}(ε) = (ε + ε^2)^{−1} 0.5 + ε −0.5 0.5ε −0.5 0.5 + ε 0.5ε −ε −ε ε^2 . Note that B^{−1}(ε) has a singularity at ε = 0. Now,

B^{−1}(ε)b = (1 + ε)^{−1} 0.5 0.5 ε ,

and finally

B^{−1}(ε)A_{[1,b]}(ε) = (1 + ε)^{−1}

1.5 + ε −0.5 − ε ε .

Applications to Markov Chains and Markov Decision Processes 139

z variables Basis (1, a_1) (1, b_1) (2, a_2) (3, a_3) r.h.s. z(1, a_1) 1 + ε 1.5 + ε 0 0 0.5 z(2, a_2) 0 −0.5 − ε 1 + ε 0 0.5 z(3, a_3) 0 ε 0 1 + ε ε red. cost 0 10 ε 0 0 Table 3.5: First tableau of Example 4

z variables Basis (1, a_1) (1, b_1) (2, a_2) (3, a_3) r.h.s. z(1, b_1) 1 + ε 1.5 + ε 0 0 0.5 z(2, a_2) 0.5 + ε 0 1.5 + ε 0 1 z(3, a_3) −ε 0 0 1.5 + ε ε red. cost - 10 ε 0 0 0 Table 3.6: Second tableau of Example 4

The reduced reward coefficients corresponding to the element (1, b) is

r(1, b) − (r^BB^{−1}(ε)A_{[1,b1]}(ε)) = 10ε(1 + ε)^{−1},

where r^B is the vector of rewards corresponding to the elements in the basis.

In the first simplex tableau (Table 3.5) we only write the numerators. The denominator which is common to all entries is (1 + ε). The expected long-run average reward corresponding to this basis is 10(1 + ε)^{−1}.

To obtain the second tableau, the second column enters the basis and the first row exits the basis. This simply corresponds to the policy (b, a, a). The common denominator to all entries in the second Tableau is (1.5 + e), which we have omitted.

The reward corresponding to the new basis is 15(1.5 + ε)^{−1} and the policy (b, a, a) is uniformly optimal.

3.4.5 Asymptotic policy iteration

The ordering for rational functions proposed in [81, 82] can also be used in a policy iteration type method to obtain a uniformly optimal policy. The steps of Asymptotic Policy Iteration Method (API) are as follows:

1. Start with an arbitrary stationary deterministic policy f ∈ Π^D.

Applications to Markov Chains and Markov Decision Processes 140

2. Solve the equations with unknowns g, h, w, which are all |X|-dimensional vectors whose entries are elements in the field F(IR) of rational functions (in ε) with real coefficients:

P^ϵ(f)g =_l g (3.104) (P^ϵ(f) − I)h =_l g − r(f) (3.105) (P^ϵ(f) − I)w =_l h (3.106)

Note that, over the reals, g and h are uniquely determined (e.g., see [119] p. 452), and it can be shown that, over the field of rational functions, there exist unique g =_l g^ε(f), h =_l h^ε(f) satisfying (3.104)-(3.106).

3. Choose a stationary deterministic policy f^′ that selects an action f^′(i) = a in state i as follows: If there is an action a such that ∑ j p^ε(j|i, a)g_j >_l g_i,

then f^′(i) = a. If such an action does not exist, but there is an action a for which ∑ j p^ε(j|i, a)g_j =_l g_i and r(i, a) + ∑ j p^ε(j|i, a)h_j >_l g_i + h_i,

then set f^′(i) := a. If there are no actions satisfying either of the above conditions, then the action at this state is unchanged (we set f^′(i) := f(i)).

4. If f^′ = f then stop. Otherwise, set f := f^′, and return to Step 1.

3.4.6 Finite convergence of ALP and API

The next proposition demonstrates that both the (ALP) and (API) methods indeed find a uniformly optimal policy.

Proposition 5 Consider a singularly perturbed MDP and the associated optimal control problem L^ε. Apply either the (ALP) or the (API) method to this problem. Both methods terminate in finitely many iterations and yield a uniformly optimal control.

Proof: (i) For the (API) method.

In Steps 2 and 3 of (API) the relations ” >_l ” and ” =_l ” are with respect to the ordering of rational function with real coefficients, as in [81, 71] (see exact definitions given in Subsection 3.4.7). The above algorithm finds an optimal policy in finitely many steps. This follows from the fact that each step in the algorithm yields a strict improvement of the

Applications to Markov Chains and Markov Decision Processes 141

long-run expected average reward criterion with respect to the ordering over F(IR). Now, the uniformity follows from the following reasoning. Consider a rational function p/q, where p and q are polynomials with rational coefficients. It is called positive (nonnegative, resp.) if p/q >_l (≥_l)p_0, respectively. Then p/q is positive if and only if there exists ε_0 > 0 such that p(ϵ)/q(ϵ) > 0 for all ε ∈ (0, ε_0]. The latter implies that we find a policy which is optimal for all sufficiently small ε, namely, a uniform optimal policy.

(ii) For the (ALP) method.

The proof of the convergence of the general asymptotic linear programming is given by Jeroslow [81, 82]; see also Theorem 28 in Section 4.2. □ 3.4.7 The field of rational functions with real coefficients

In order for this thesis to be self contained, we include a brief description of the field of rational functions (see e.g. [81, 71]). Let P (IR) denote the set of polynomials with real coefficients of the form

p(x) = a_0 + a_1x + ... + a_nx^n, n ∈ N.

Let p_0 and p_1 denote the polynomials p_0^Δ= 0, p_1^Δ= 1, respectively. Let d(p) denote the dominating (leading) coefficient of the polynomial p; it is a_k, where k is the smallest integer with a_k ≠ 0.

The field F(IR) of rational functions with real coefficients consists of elements of the form p/q, where p, q ∈ P (IR). A polynomial p is identified with p/1. We say that p/q =_l r/s if ps = qr, p, q, r, s ∈ P (IR). The addition and multiplication of elements in F(IR) are defined by p q + r s =_l ps + rq qs , p q · r s =_l pr qs , p, q, r, s ∈ P (IR). p_0 and p_1 are the identities with respect to addition and multiplication, respectively. A complete ordering on F(IR) is obtained by defining

p/q >_l p_0 if and only if d(p)d(q) > 0.

With these definitions it can be shown (see [46] for the general methodology) that many of the properties that hold for unperturbed MDP’s over IR, easily extend to the perturbed MDP’s when considered over the field F(IR). For instance, the uniqueness of the solution to the parametric equations (3.104)-(3.106).

Applications to Markov Chains and Markov Decision Processes 142

3.5 Blackwell optimality via nested linear programs

3.5.1 Preliminaries and literature review

The discount optimal policy takes into account the behaviour of the MDP during the early stages of the process, whereas the average optimality takes care only of the long-run behaviour of the chain. In many problems, the asymptotic and transient behaviours of the chain are both important. In these cases, one can use sensitive discount optimality approach. Recall that the policy is called n-discount optimal, if it maximizes all terms up to the n-th in the Laurent series (3.12). Moreover, there exists a policy that is n-discount optimal for all n ≥ −1. This policy is called Blackwell optimal. Note that the Blackwell optimal policy is the policy which is average optimal and at the same time discount optimal for all discount factors sufficiently close to 1. The latter means that a Blackwell optimal policy simultaneously takes into account the transient and the asymptotic behaviours of the chain. The following important result says that in order to find a Blackwell optimal policy it is sufficient to find n-discount optimal policy for some finite n [95, 148].

Theorem 25 Suppose π_∗ is (|S| − r − 1)-discount optimal, where r is the number of ergodic classes in the Markov chain induced by transition matrix P (π_∗). Then π_∗ is Blackwell optimal. And moreover π_∗ is n-discount optimal for all n ≥ −1.

The bias optimality (in other words, 0-discount optimality (see pp.95-96)) and Blackwell optimality were first introduced in the pioneering work of Blackwell [19]. Later Veinott defined n-discount optimality [147] that provides a unified treatment of average optimality, bias optimality as well as Blackwell optimality. Moreover, in [147] he proposed an algorithm for the computation of n-discount optimal policy based on lexicographic ordering. Veinott developed further his algorithm in [148], where the proof of Theorem 25 can also be found.

Recently Puterman [119] proposed a method to obtain an n-discount optimal policy based on the succesive solution of n-discount optimality equations. To solve n-discount optimality equations Puterman used a policy iteration algorithm. The system of n-discount optimality equations appears implicitly in Veinott [147] and explicitly in Dekker [37] and in Dekker and Hordijk [38].

Furthermore, Hordijk et. al. [71] used the asymptotic linear programming approach of [81, 82] to calculate a Blackwell optimal policy. Lamond [93, 94] calculated a Blackwell optimal policy by using an asymptotic simplex method, which is a further modification of asymptotic linear programming. A reader will find more discussion on asymptotic simplex method in the ensuing Section 4.2. Unfortunately, the methods of [71] and [93, 94] cannot

Applications to Markov Chains and Markov Decision Processes 143

be used (at least at present) for the calculation of n-discount optimal policies that are not Blackwell optimal. Huang and Veinott [74] proposed an algorithm for Markov branching decision chains based on the series of parametric linear programs where only the objective function and the right hand side depend on the interest rate but not the coefficient matrix. The later fact facilitates the application of the asymptotic linear programming. However, one needs to use augmented matrices of dimension (n + 2)|X| to determine an n-discount optimal policy. The authors of [74] pointed out that their method can be applied to Blackwell optimality.

In [42] (see also [44]) Denardo proposed an algorithm for determining the bias optimal policy via nested MDPs with truncated state space. For each truncated MDP one has to solve an average optimality problem with a specific immediate reward. One can solve MDPs either by policy iteration method or linear programming. Later Denardo [43] showed that his results can be extended to semi-Markov decision chains. The algorithm of [42] for bias optimality was further refined by Kallenberg [85, 86]. Note that the procedure of Puterman [119] can be considered as an extension of [42] to n-discount optimality with application of policy iteration technique. Also Cavazos-Cadena and Lasserre [26] proposed a similar approach to MDPs with denumerable state space.

Our algorithm for determining the n-discount optimal policy and Blackwell optimal policy is a generalization of the results in [42, 85] to n-discount optimality via nested linear programs. This approach can be considered as a counterpart to Puterman’s method [119]. We would like to note that Denardo [42] has already pointed out the possibility of such an extension. We feel that the method of Huang and Veinott [74] is strongly related to our procedure. The authors of [74] also hinted on the connection of their method to the results of Denardo [40]. However, at present we cannot show explicitly the relationship between these two approaches. We would like to note that our algorithm can be used for the computation of Blackwell optimal as well as n-discount optimal policies. Moreover, since it is based on linear programming, the algorithm can be extended to the MDP model with general Borel state space [68, 152].

Sensitive discount optimality has several important applications in the control of queueing systems, inventory problem, investment management and immigration research [65, 74, 119, 148].

Here we restrict ourselves only to the case of a completely ergodic MDP model. Namely,

Assumption (E) For any stationary policy π the Markov chain induced by transition matrix P (π) has single ergodic class and there is no transient states.

Applications to Markov Chains and Markov Decision Processes 144

The above assumption implies that the ergodic projection P^∗(π) associated with any stationary policy π has identical rows. The latter implies that the expected average reward vector g(π) = P^∗(π)r(π) has identical elements as well. Therefore we shall use the notation g(π) not only for the average reward vector but also for any its component. Since in every particular case it is clear whether we use a vector or a scalar, this notation should not cause any confusion.

The reminder of this section is organized as follows: In the next two subsections we briefly review the known results on average optimality and bias optimality [42, 85]. In Subsection 3.5.4 we present our general approach to n-discount optimality. The formal algorithm for the computation of Blackwell optimal as well as n-discount optimal policies via nested linear programs are given in Subsection 3.5.5.

3.5.2 Average optimality: (−1)-discount optimality

In this subsection we recall the well-known algorithm [45, 85, 119] for finding an average optimal policy for the completely ergodic Markov decision process (see Assumption (E)). This algorithm is based on the pair of dual linear programs. The primal program is

min g̃ (3.107)

s.t. g̃ + ∑ j (δ_{ij} − p(j|i, a))h̃_j ≥ r(i, a), i ∈ X, a ∈ A (i)} and the corresponding dual program is max ∑ i,a r(i, a)x_{ia} (3.108)

s.t. ∑ i,a (δ_{ij} − p(j|i, a))x_{ia} = 0, ∑ i,a x_{ia} = 1, x_{ia} ≥ 0. Let (g_∗, h_∗) be an optimal solution of the linear program (3.107), then g_∗ = g(π_∗) = max{g(π)|π ∈ Π^S }, where π_∗ is an average optimal policy. An average optimal policy can be obtained from the dual linear program (3.108). Suppose that x_∗ is a basic optimal solution, then deterministic average optimal policy f ∈ Π^D can be obtained as follows:

f(i) = a_i, such that x_{∗iai} > 0. (3.109)

Note that the above procedure defines a one-to-one correspondence between the sets of all basic optimal solutions of (3.108) and the set of all average optimal deterministic policies [45, 85, 119].

Applications to Markov Chains and Markov Decision Processes 145

3.5.3 Bias optimality: 0-discount optimality

Now let us discuss the approach for the computation of the bias optimal policy based on the system of two nested linear programs [42, 85]. Recall that a bias optimal policy is an average optimal policy f which maximizes the bias vector h(f) = H(f)r(f). The exposition of this section follows closely the book of Kallenberg [85, Ch.5].

We first solve the pair of dual linear programs (3.107) and (3.108) for the computation of the stationary average optimal policy. As a result, we have the optimal solutions (g_∗, h_∗) and x_∗ of the primal and dual linear programs respectively. Recall that g_∗ is an optimal value of the average reward. Let us define the following set

A_0 (i)^Δ= {a ∈ A (i) | g_∗ + ∑ j (δ_{ij} − p(j|i, a))h_{∗j} = r(i, a)}. (3.110) Remark 25 The above set can be determined in two ways: either by a direct search procedure among all actions a ∈ A (i) or from the set of optimal basic feasible solutions of the dual problem (3.108), namely, if x_∗ is an optimal basic feasible solution, then by complementary slackness a ∈ A_0 (i) whenever x_{∗ia} > 0. In particular, the second approach will be justified by the next proposition.

Let us remind that all statements of Section 3.5 are made under Assumption (E) .

Proposition 6 Let f be any deterministic and stationary average optimal policy and (g_∗, h_∗) be an optimal solution to (3.107). Then, (i) f(i) ∈ A_0 (i), i ∈ X, and (ii) the corresponding bias vector h(f) = H(f)r(f) can be calculated by the formula h(f) = h_∗ − P^∗(f)h_∗. Proof: See [42, 44, 85].

According to Definition 11, a stationary policy d is bias optimal or 0-discount optimal if h_i(d) = max_f {h_i(f)|g(f) = g_∗}. In other words an average optimal policy, which supplies the optimal value to the bias vector, is a bias optimal policy. It follows from the second part of the Proposition 6 that the maximization of h(f) = h_∗ − P^∗(f)h_∗ is equivalent to the maximization of −P^∗(f)h_∗ over all average optimal policies f.

Note that g^{(0)} := −P^∗(f)h_∗ is the expected average reward vector for the Markov decision process with transition matrix P (f) and immediate reward vector r^{(0)}(i, a) := −h_{∗i}. Thus we can consider another Markov decision process with state space S and truncated action set A_0 (i). Note that the part (i) of Proposition 6 guarantees that A_0 (i) ≠ ∅ for every state i ∈ X. Moreover, according to Assumption (E), all stationary policies induce Markov chains with single ergodic class (without transient states). Hence all

Applications to Markov Chains and Markov Decision Processes 146 policies constructed from the truncated action sets A_0 (i), i ∈ X also induce irreducible Markov chains. The latter implies that the new truncated MDP model is also completely ergodic and we can use the linear programming approach from Subsection 3.5.2 again.

Let us now present the dual and primal linear programs for the truncated Markov decision process. The primal program is min g̃^{(0)} (3.111) s.t. g̃^{(0)} + ∑ j (δ_{ij} − p(j|i, a)) h̃^{(0)}_j ≥ −h_{∗i}, i ∈ X, a ∈ A_0 (i). where h_∗ is an optimal solution to (3.107). An optimal solution of this program g^{(0)}_∗ is the optimal average reward for the truncated model. The dual program is of the form max ∑ i (−h_{∗i}) ∑ a∈A_0 (i)

x^{(0)}_{ia} (3.112)

s.t. ∑ i,a (δ_{ij} − p(j|i, a))x^{(0)}_{ia} = 0, ∑ i,a x^{(0)}_{ia} = 1, x^{(0)}_{ia} ≥ 0, i ∈ S, a ∈ A_0 (i). Suppose that x^{(0)}_∗ is a basic optimal solution for the dual program (3.112), then any deterministic policy f, such that f_∗(i) = a_i, if x^{(0)}_{∗iai} > 0, is an average optimal policy for the truncated model. The next theorem states that f_∗ is also a bias optimal policy for the original MDP.

Theorem 26 Under the ergodicity Assumption (E), let f_∗ be any average optimal policy for the truncated Markov decision process. Then, h(f_∗) = h_{opt}, where h_{opt} is the optimal value of the bias vector. Namely, the policy f_∗ is bias optimal. Proof: See [42, 85]. □ 3.5.4 The generalization to n-discount optimality

In this subsection we propose an algorithm for constructing n-discount optimal policy based on the system of nested linear programs. This is a generalization of the approach discussed in the preceding subsection. We recall (see pp.95-96) that n-discount optimality

Applications to Markov Chains and Markov Decision Processes 147

(n ≥ 1) is more selective criterion which implies average optimal as well as bias optimal criteria.

We will present an iterative approach for calculating the n-discount optimal policies (n ≥ 1). Namely, the linear program for (n+1)-discount optimal policy will be constructed from the solution of the linear program for n-discount optimal policy.

Let us first formally introduce the pair of dual linear programs for the computation of n-discount optimal policy. The primal program can be postulated as follows:

min g̃^{(n)} (3.113)

s.t. g̃^{(n)} + ∑ j (δ_{ij} − p(j|i, a))h̃^{(n)}_j ≥ −h^{(n−1)}_{∗i} , i ∈ X, a ∈ A_n (i). The corresponding dual program is max ∑ i (−h^{(n−1)}_{∗i} ) ∑ a∈A_n (i) x^{(n)}_{ia} (3.114)

s.t. ∑ i,a (δ_{ij} − p(j|i, a))x^{(n)}_{ia} = 0, ∑ i,a x^{(n)}_{ia} = 1, x^{(n)}_{ia} ≥ 0, i ∈ X, a ∈ A_n (i). Note that the pair of the dual linear programs (3.111) and (3.112) for the bias optimality is the base for our induction. Indeed in the case of bias optimality we have n = 0, h^{(−1)}_∗ := h_∗ and the action set A_0 (i) is defined as in (3.110). From a basic optimal solution of (3.112) we can construct the bias (or in other words 0-discount) optimal policy.

Now let us perform an induction step. Namely, we are going to construct a linear program for the calculation of (n + 1)-discount optimal policy.

Firstly define a new truncated set of actions. Let (g^{(n)}_∗ , h^{(n)}_∗ ) be an optimal solution to the problem (3.113), then

A_{n+1} (i)^{def}= {a ∈ A_n (i) | g^{(n)}_∗ + ∑ j (δ_{ij} − p(j|i, a))h^{(n)}_{∗j} = −h^{(n−1)}_{∗i} }. (3.115) The induction step is based on the following lemma, which is a generalization of Proposition 6.

Lemma 11 Under the ergodicity Assumption (E), let f be any deterministic and stationary n-discount optimal policy. Then, (i) f(i) ∈ A_{n+1} (i), i ∈ X, and (ii) the corresponding (n+1)-discount vector y_{n+1}(f) ( see Laurent expansion (3.12) ) can be calculated by the formula

y_{n+1}(f) = [I − P^∗(f)]h^{(n)}_∗ . (3.116)

Applications to Markov Chains and Markov Decision Processes 148

Proof: We first prove part (i). Let f be a deterministic n-discount optimal policy. Then, according to the induction assumption, it is average optimal for the truncated MDP model associated with linear programs (3.113) and (3.114). From Subsection 3.5.2 we know that there exists a one-to-one correspondence between the deterministic average optimal policies and the basic optimal solutions of the dual linear program (3.114). Hence there exists a basic optimal solution x^{(n)}_∗ such that x^{(n)}_{∗if(i)} > 0. Then from the complementary slackness theorem we conclude that

g^{(n)}_∗ + ∑ j (δ_{ij} − p_{if(i)j} )h^{(n)}_{∗j} = −h^{(n−1)}_{∗i} ,

that is f(i) ∈ A_{n+1} (i).

As a result of part (i), we have the following equation valid for any n-discount optimal policy g^{(n)}_∗ + (I − P (f))h^{(n)}_∗ = −h^{(n−1)}_∗ . (3.117) We prove the formula (3.116) by induction. Suppose that for n = k − 1 it is true. The part (ii) of Proposition 6 provides the induction base. Let us prove that the formula (3.116) holds for n = k as well. Taking into account the structure of coefficients y_k(f) of the Laurent series (3.12), we have

y_{k+1}(f) = (−1)^{k+1}H^{k+2}(f)r(f) = −H(f)(−1)^kH^{k+1}(f)r(f) = −H(f)y_k(f).

Then, using the induction assumption y_k(f) = [I − P^∗(f)]h^{(k−1)}_∗ , formula (3.117) and the properties of the deviation matrix (3.14),(3.15), we obtain y_{k+1}(f) = −H(f)y_k(f) = −H(f)[I − P^∗(f)]h^{(k−1)}_∗ = H(f)(−h^{(k−1)}_∗ ) = H(f)[g^{(k)}_∗ + (I − P (f))h^{(k)}_∗ ] = H(f)(I − P (f))h^{(k)}_∗ = (I − P^∗(f))h^{(k)}_∗ .

Thus, according to the principle of the mathematical induction, the formula (3.116) holds for any n ≥ −1. □ It follows from the Definition 11 that the policy f is (n + 1)-discount optimal if it is ndiscount optimal and in addition the (n + 1)-discount vector y_{n+1}(f) achieves its maximal value. Now we can apply the considerations which are similar to those of Section 3.5.3. The Lemma 11 part (ii) says that the maximization of the vector y_{n+1}(f) is equivalent to the maximization of the product −P^∗(f)h^{(n)}_∗ .

The vector g^{(n+1)}(f) := P^∗(f)(−h^{(n)}_∗ ) can be considered as the expected average reward vector for the Markov decision process with transition matrix P (f), the immediate

Applications to Markov Chains and Markov Decision Processes 149

reward vector r^{(n+1)}(i, a) := −h^{(n)}_{∗i} and the truncated action set A_{n+1} (i). Note that A_{n+1} (i) ≠ ∅ for ∀i ∈ X due to the part (i) of Lemma 11. We shall refer to this truncated Markov decision process as (n + 1)-step truncated MDP model. We emphasize that under Assumption (E) the n-step truncated MDP model is completely ergodic for any n ≥ −1. The optimal value of the expected average reward g^{(n+1)}(f) can be obtained from the next linear program min g̃^{(n+1)} (3.118) s.t. g̃^{(n+1)} + ∑ j (δ_{ij} − p(j|i, a))h̃^{(n+1)}_j ≥ −h^{(n)}_{∗i} , i ∈ X, a ∈ A_{n+1} (i), and the average optimal policy for the (n + 1)-step truncated model can be determined from the corresponding dual linear program max ∑ i (−h^{(n)}_{∗i} ) ∑ a∈A_{n+1} (i) x^{(n+1)}_{ia} (3.119)

s.t. ∑ i,a (δ_{ij} − p(j|i, a))x^{(n+1)}_{ia} = 0, ∑ i,a x^{(n+1)}_{ia} = 1, x^{(n+1)}_{ia} ≥ 0, i ∈ X, a ∈ A_{n+1} (i). Namely, if x^{(n+1)}_∗ is a basic optimal solution of the dual program (3.119), then the deterministic policy f_∗ such that

f_∗(i) = a_i, if x^{(n+1)}_{∗iai} > 0, (3.120)

is average optimal for the (n + 1)-step truncated model. The next theorem shows that it is also (n + 1)-optimal for the original problem.

Theorem 27 Let f_∗ be any average optimal policy for the (n + 1)-step truncated Markov decision process. Then, y_{n+1}(f_∗) = y^{opt}_{n+1}, where y^{opt}_{n+1} is the optimal value of the (n + 1)-discount vector. Namely, the policy f_∗ is (n + 1)-discount optimal.

Proof: Let d be any stationary (n + 1)-discount optimal policy for the original Markov decision problem; such a policy exists, see for example [119, 147]. Of course, d is also an n-discount optimal policy. From Lemma 11 part (ii), we have

y^{opt}_{n+1} = y_{n+1}(d) = h^{(n)}_∗ − P^∗(d)h^{(n)}_∗ . (3.121)

Applications to Markov Chains and Markov Decision Processes 150

Since f_∗ is an average optimal policy for the (n + 1)-step truncated model, we can write

y^{opt}_{n+1} ≥ y_{n+1}(f_∗) = h^{(n)}_∗ − P^∗(f_∗)h^{(n)}_∗ ≥ h^{(n)}_∗ − P^∗(d)h^{(n)}_∗ . (3.122)

Of course, here a ≥ b means a_i ≥ b_i, for ∀i ∈ X. Then, (3.121) and (3.122) imply that

y^{opt}_{n+1} = y_{n+1}(f_∗),

which completes the proof. □ Thus the system of nested linear programs (3.113),(3.114), n = 0, 1, ... provides an elegant iterative method for determining n-discount optimal policies. Moreover, this approach eventually leads to the computation of the Blackwell optimal policy.

3.5.5 The algorithm for computation of Blackwell optimal pol- icy Here we present a formal algorithm for the computation of the Blackwell optimal policy. Note that n-discount optimal policies, n = 0, 1, ..., are by-products of that algorithm. Moreover if we want to obtain only the n-discount optimal policy for some particular n, then we should perform at most n main iterative steps.

Algorithm:

1. Solve the dual linear program (3.108) for determining the average optimal policy. If it has a unique basic optimal solution, then stop. The policy obtained via (3.109) is Blackwell optimal as well as n-discount optimal for any n ≥ −1. Otherwise, go to the next step.

2. Compute a solution to the primal program (3.107).

3. Set n := 0.

4. Obtain the truncated action set A_n defined by (3.110) and (3.115).

5. Solve the dual program (3.114) for the n-step truncated MDP model. From a basic optimal solution of (3.114) using (3.120) obtain an n-discount optimal policy. If one needs to satisfy only the n-discount optimality criterion, then stop. Also one should stop, if either the basic optimal solution is unique or n = |S| − 2. In this case the Blackwell optimal policy is achieved. (Recall that the Blackwell optimality implies the n-discount optimality for any n ≥ −1.) Otherwise, proceed to the next step.

Applications to Markov Chains and Markov Decision Processes 151 6. Solve the primal program (3.113) for the n-step truncated MDP model. 7. Increment the number n by one and return to Step 4.

Note that the Theorem 1.1 guarantees the finite convergence of the above algorithm. The maximal number of repetitions of the main iterative steps 4-7 does not exceed |S|−2.

Chapter 4

Applications to Mathematical Programming

4.1 Background and literature review

The general results obtained in Chapter 2 have immediate applications to perturbation analysis of mathematical programs. A perturbed mathematical problem can be written in the following form min_x f(x, ε) (4.1) subject to g(x, ε) ≥ 0, h(x, ε) = 0 (4.2) where x ∈ IR^n, g and h are some vector-valued functions, and ε ia a “small” perturbation parameter. When ε = 0, the above mathematical program is referred to as the unperturbed or original mathematical program.

The well-established theory of parametric programming (see e.g. [50, 55, 56, 57] and references therein) also deals with the problems of the form (4.1). However, there is an essential difference between our approach and the approach used in the parametric programming. In general, the parametric programming investigates the global properties of (4.1), that is the properties that hold for a large interval of ε. By contrast, we are interested in the asymptotic properties of program (4.1) when the perturbation parameter goes to zero. Since the latter is a more specific problem, more detailed results can be obtained. Moreover, the parametric programming is mainly devoted to the case of a “nice” behaviour of perturbed optimal solutions, that is when the perturbed optimal solution converges to the optimal solution of the original problem if the perturbation vanishes. By contrast, we are also interested in the more difficult case when the perturbed optimal solution is discontinuous with respect to the perturbation parameter. We refer to the

Applications to Mathematical Programming 153

former case as a regular perturbation and to the latter case as a singular perturbation. Note that often singularity arises when the dimension of the feasible set changes with perturbation [116]. Therefore in the ensuing sections we will give more specific definitions of the singular perturbations in terms of constraints.

Many authors investigated the mathematical program (4.1) in the context of regular perturbations. Numerous conditions were given to insure that the perturbed optimal solution converges to the optimal solution of the original problem when ε goes to zero. These conditions are often referred to as stability conditions of mathematical programs. An interested reader can find more about the stability theory from the work of the following authors: Bonnans and Shapiro [21], Fiacco [49, 50, 51], Gal and Greenberg [57], Levitin [103], Pervozvanskii and Gaitsgory [116].

On the other hand, the research on the singular perturbation is very limited. The analysis of the singularly perturbed linear programs was originated by Jeroslow [81, 82], though he did not use the term “singular perturbation”. His approach, asymptotic linear programming, was refined later in several papers [71, 75, 93, 94] (also see more detail review below). In Section 4.2 we extend further this approach. The field of singular perturbations of the nonlinear mathematical programming is still largely uncharted teritory. To the best of our knowledge the contribution of Pervozvanski and Gaitsgory [54, 116] seems to be unique in this area. In particular, they showed that under certain assumptions an optimal solution of a singularly perturbed nonlinear mathematical program can be approximated by an optimal solution of some well-defined auxiliary mathematical program. We will use this principle in Section 4.3. Recently, Coulomb, Filar and Szczechla [31] demonstrated that under some rather general assumptions an optimal solution of the perturbed mathematical program (4.1) can be expanded as a Puiseux series. These are perhaps all results on singular perturbation of mathematical programs that are available at present. Therefore in this part of the thesis we are going to focus on the challenging case of singular perturbations of mathematical programming problems.

Firstly, in Section 4.2 we analyse the perturbed linear program. The perturbed linear program is a mathematical program (4.1)-(4.2) with f(x, ε) = c(ε)x, g(x, ε) = x, and h(x, ε) = A(ε)x − b(ε). Furthermore, we restrict ourselves to the case when the coefficients of the objective functions c_i(ε) and the coefficients of constraints a_{ij}(ε) and b_i(ε) are linear functions of ε. However, as will be demonstrated in Subsection 4.2.4 our approach can be easily generalized to the case when the coefficients a_{ij} (ε), b_i(ε) and c_i(ε) are polynomials of the perturbation parameter. In Subsection 4.2.3 we construct a method that finds a solution to the perturbed linear program which is optimal for all sufficiently small ε but different

Applications to Mathematical Programming 154

from zero. We call this solution a-optimal.

Our results are based on the preceding works of [71, 75, 81, 82, 93, 94]. In particular, Jeroslow [81, 82] considered the elements of matrices A(ε), b(ε) and c(ε) as arbitrary rational functions. To deal with such perturbed LPs, Jeroslow [81, 82] proposed simplex-like method which works directly over the field of rational functions. The main disadvantage of this method is that the polynomials involved in calculation can have a high degree. For instance, the inversion of a basis matrix takes O(m^4log(m)) flops [71]. It can be shown that Jeroslow’s method can be viewed as an instance of a more general theory of extending algorithms for parametric problems (see Eaves and Rothblum [46]). Another application of this general theory would be a method which works in the field of series expansions. We will call this method the asymptotic simplex method. It uses only initial terms of asymptotic expansions and hence can significantly reduce computational effort. The basic idea of this asymptotic simplex method was given by Pervozvanskii and Gaitsgory [116]. However they imposed some strong regularity restrictions. For example, it was required that the inverse of the perturbed basis matrix has a pole of order one at the singular point ε = 0. Later Lamond [93] proposed a method for the expansion of the inverse of the basis matrix which demands O(s̄m^3) flops, where s̄ is the maximal order of poles of the basis matrices. Huang [75] improved further the expansion of the perturbed basis matrix by proposing an algorithm which demands only O(m^3) flops. In another paper Lamond [94] proposed to update the asymptotic expansion for the inverse of the perturbed basis matrix rather then to compute it anew. However, his approach applies only to some particular cases, that is when the inverse of the perturbed basis matrix has the pole of order one. This updating procedure demands O(m^2) operations, which is comparable with the standard simplex method. In Subsection 4.2.3 we propose an updating procedure which deals with the general case and demands only O(s̄m^2) operations. Moreover, our procedure is simpler than the inversion technique of Huang [75] and the updating algorithm of Lamond [94]. It is based on the elegant recurrent formulae of Langenhop [98] and Schweitzer and Stewart [135].

In Subsection 4.2.6 we show how the asymptotic simplex method provides a unified framework for singularly perturbed MDPs, branching Markov decision chains and MDPs with Blackwell optimality criterion.

In Section 4.3 we consider the perturbed mathematical program with linear constrains and nonlinear strictly convex objective function. In particular, we are interested in the singular case when some of the constraints merge. Note that if one attempts to solve this singularly perturbed program by standard gradient projection method [107, 127] for a small fixed ε, one will need to invert the ill-condition matrix A(ε)A^T (ε) to compute the

Applications to Mathematical Programming 155

projection. This can lead to large errors. On the other hand, we propose a modification of the gradient projection method which avoids ill-conditioned operations by using the asymptotic expansion of the projection with respect to the perturbation parameter. The asymptotic expansion of the projection is efficiently obtained with the help of the results from Section 2.2. Finally, we would like to note that our method of Section 4.3 is in line with the general principle of Pervozvanskii and Gaitsgory [54, 116]: to reduce the ill-posed singularly perturbed mathematical program to some auxuiliary mathematical program, which is well-defined.

4.2 Asymptotic simplex method

4.2.1 Preliminaries

Let us consider the following perturbed linear program.

min_x {(c^{(0)} + εc^{(1)})x} (4.3)

subject to (A^{(0)} + εA^{(1)})x = b^{(0)} + εb^{(1)}, x ≥ 0. (4.4) This is the case of a linear perturbation. Later we show how our method can be generalized to the case of a polynomial perturbation, where the coefficient matrix is of the form

A(ε) = A^{(0)} + εA^{(1)} + ... + ε^pA^{(p)},

and similarly for b(ε) and c(ε). As was mentioned in the introductory Section 4.1, we are interested in the determination of an asymptotically optimal solution. For linear programming we can define it as follows:

Definition 13 The set of basic indices B is said to be asymptotically optimal (or a-opti-mal) for the perturbed linear program (4.3), (4.4), if it is optimal for the linear program (4.3), (4.4) with any particular fixed ε ∈ (0, ε], where ε > 0.

The effect of perturbations (for small values of ε) can be either small or large. Typically the effect of perturbation is large when the dimension of the perturbed feasible set is different from the dimension of the original feasible set [116]. This underlies the classification of problems into either regular or singular perturbation problems. More precisely, we have the following definition.

Applications to Mathematical Programming 156

Definition 14 Let B = {j_1, j_2, ..., j_m} be a subset of m indices selected from {1, 2, ..., n}, and A_B (ε) be the m × m submatrix of A(ε), whose columns correspond to the index set B, for ε ≥ 0. In all cases it will be assumed that rank[A(ε)] = m for ε > 0 and sufficiently small. There are now three cases:

(i) Regular perturbation: A^{−1}_B (0) exists whenever A^{−1}_B (ε) exists for ε > 0 and sufficiently small.

(ii) Weakly singular perturbation: rank[A(0)] = m but there exits at least one B such that rank[A_B (0)] < m and rank[A_B (ε)] = m for ε > 0 and sufficiently small.

(iii) Strongly singular perturbation: rank[A(0)] < m.

Note that the above definition is more general then the one proposed in [54, 116]. In particular, the notions of weakly singular and strongly singular perturbations are new. It was shown in [116] that an a-optimal solution of the regularly perturbed LP is always the optimal solution of the original unperturbed LP. However, in the case of singular perturbations it is often not true. Let us demonstrate this phenomenon with the help of the following elegant example [116] max_{x1,x2} {x_2} subject to { x_1 + x_2 = 1, (1 + ε)x_1 + (1 + 2ε)x_2 = 1 + ε,

(4.5)

x_1 ≥ 0, x_2 ≥ 0.

It is obvious that the system of constraints (4.5) has the unique feasible solution x^∗_1(ε) = 1, x^∗_2(ε) = 0, when ε > 0. Of course, this is also an optimal solution if ε is not equal to zero. However, the optimal solution of the original (ε = 0) problem is x^∗_1 = 0, x^∗_2 = 1, which is not anywhere near the previous solution. Thus we can see that in the singularly perturbed linear programs the gap between the solution of the original problem and lim_{ε→0} x^∗(ε) may arise.

Since the asymptotic simplex method is based on a generalisation of the revised simplex method to the field of asymptotic expansions, we shall briefly outline the classical revised simplex method in the next subsection.

4.2.2 Revised simplex method

To ensure that this section is self-contained and has consistent notation we briefly outline the now classical, revised simplex method. More detailed explanations and proofs can

Applications to Mathematical Programming 157

be found in any standard book on linear programming (e.g., [35, 107]). Consider the following linear program min_x {cx} (4.6) subject to Ax = b, x ≥ 0, (4.7) Denote by B the index set of the current basic variables. Let A_B be the corresponding basis and x_B = A^{−1}_B b be the vector of basic variables. Suppose that all elements of this vector are positive (non-degeneracy assumption).

Recall that when applying the revised simplex method the following quantities need to be computed or updated:

(i) Simplex multipliers: λ = c_B A^{−1}_B .

(ii) Reduced cost coefficients: r_N = λA_N − c_N , where N corresponds to the set of non-basic column indices, namely N = {1, 2, ..., n}\B. (iii) Entering column: y_k = A^{−1}_B a_k, where k = arg max_{j∈N} {r_j|r_j > 0}. (iv) Exiting column index: p = arg min_l {

[x_B ]_l [y_k]_l |y_l > 0}. Of course, most of the above depend on the knowledge of A^{−1}_B and it is a well known fact that this inverse need not be computed from scratch but can be updated at each iteration.

In particular, if B^′ is the next set of basic variable indices and we construct the following vector and matrix ξ = [− y_1 y_p , ..., − y_{p−1} y_p , 1 y_p , − y_{p+1} y_p , ..., − y_m y_p ]^T , E = [e_1, ..., e_{p−1}, ξ, e_{p+1}, ..., e_m], then the next inverse basis is given by A^{−1}_B′ = EA^{−1}_B .

Applications to Mathematical Programming 158

4.2.3 Asymptotic simplex method

In this subsection we present the asymptotic simplex method for obtaining an a-optimal solution to the perturbed linear program (4.3),(4.4).

At first let us introduce some rather mild assumptions, which will be relaxed further in Subsection 4.2.4. Let M_ε denote the feasible region of (4.3),(4.4) and M_0 be the feasible region of the unperturbed problem.

Assumption 1 The region M_0 is bounded.

The above assumption ensures that basic feasible solutions of the perturbed program (4.3),(4.4) can be expanded as Taylor series (see Lemma 13 for details).

Assumption 2 The perturbed problem is non-degenerate, namely, every element of the basic feasible vector x_B (ε) = A^{−1}_B (ε)b(ε), ε ∈ (0, ε] is positive.

From the preceding description of the classical revised simplex method we see that everything depends on the inverse basis matrix A^{−1}_B . In the perturbed case it is necessary to realise that the analogous matrix A^{−1}_B (ε) is a Laurent series whose structure and coefficients determine the asymptotic behaviour, as ε → 0. In particular,

A^{−1}_B (ε) = 1 ε^s B^{(−s)} + ... + 1 ε B^{(−1)} + B^{(0)} + ... . (4.8)

If A_B (ε) becomes singular at ε = 0, then the above series will have a pole of order s at ε = 0 and will contain a nontrivial singular part; defined by

A^S_B (ε) = 1 ε^s B^{(−s)} + ... + 1 ε B^{(−1)} . (4.9)

Similarly, a regular part of (4.8) is defined by

A^R_B (ε) = B^{(0)} + εB^{(1)} + ... . (4.10)

Clearly, if A^S_B (ε) ≠ 0 and ε is small then standard simplex operations could result in unstable behaviour. The methods developed in this section overcome this difficulty by working with the coefficients of (4.8).

At first sight it might appear that computations involving the series expansion (4.8) would be too difficult. Fortunately, recursive formulae developed by Langenhop [98] and Schweitzer and Stewart [135] provide tools that can be adapted to the revised simplex method. A key observation here is that if B^{(0)} and B^{(−1)} are known, then every coefficient of (4.8) can be obtained according to (see [98], [135] and the Auxiliary Subsection 4.2.5)

B^{(k)} = (−B^{(0)}A^{(1)}_B )^{k−1}B^{(0)} = B^{(0)}(−A^{(1)}_B B^{(0)})^{k−1}, k = 0, 1, ... (4.11)

Applications to Mathematical Programming 159

B^{(−k)} = (−B^{(−1)}A^{(0)}_B )^{k−1}B^{(−1)} = B^{(−1)}(−A^{(0)}_B B^{(−1)})^{k−1}, k = 1, ..., s, (4.12) where A^{(i)}_B are the coefficients of ε^i in the basis matrix A_B (ε). Consequently, if B^{(0)} and B^{(−1)} can be efficiently updated, when moving from one basis to another, then any coefficient of (4.8) can also be calculated for the next basis via (4.11),(4.12), if it is needed.

However, we still need to compute B^{(0)} and B^{(−1)} for the initial step of the asymptotic simplex method. There are two solutions to this problem. The first solution is to compute the singular part and the first regular coefficient of asymptotic expansion (4.8) by using methods presented in Section 2.2. The other solution is to start the asymptotic simplex method with an analog of phase 1 method [107]. Note that when we introduce artificial variables in phase 1, the linear program becomes weakly singular, even if it was strongly singular before modification. The later enables us to start from a basis matrix which possesses a Taylor series expansion instead of a Laurent series. This significantly facilitates computations. In addition, if we use the phase 1 method, we need not be concerned about the choice of an initial basic feasible solution.

In asymptotic simplex method we need to compare two functions in some small neighbourhood of zero. This will be done with the help of asymptotic expansion (4.8) and the concept of lexicographical ordering. Before proceeding further, let us recall the definition of lexicographical ordering [147, 148].

Definition 15 A vector a (possibly infinite) is called lexicographically nonnegative, written a ⪰ 0, if the first nonzero element (if any) in a is positive, and a is called lexicographically positive, written a ≻ 0, if a ⪰ 0 and a ≠ 0. For two vectors a and b we say that a is lexicographically greater (strictly) than b, if a − b ⪰ 0 (a − b ≻ 0).

Suppose that we have an analytic function g(ε) which can be expanded as a Laurent series at ε = 0 with the finite singular part g(ε) = 1 ε^{−s} g^{(−s)} + ... + 1 ε g^{(−1)} + g^{(0)} + εg^{(1)} + ... .

We construct from the coefficients of the above series the infinite vector γ = [g^{(−s)}, ..., g^{(0)}, g^{(1)}, ...]. It is easy to see that g(ε) > 0 for ε sufficiently small and positive ⇔ γ ≻ 0. Moreover, if g(ε) is a rational function then only a finite number of elements in γ needs to be checked (see Lemma 12). The comparison (in a neighbourhood of 0) between two functions g(ε) and h(ε) possessing Laurent series expansions with finite order poles can be carried out similarly, by considering g(ε) − h(ε).

Applications to Mathematical Programming 160 Now let us formally present the asymptotic simplex method and comment on its possible implementation. The proof of its finite convergence is given at the end of the subsection.

The asymptotic simplex method:

Let the initial set of basic indices B be given.

Step 1: Obtain or update only the singular and the first regular coefficients of the Laurent series expansion (4.8) for the inverse basis matrix A^{−1}_B (ε). The implementation of this step is discussed at the end of this section.

Step 2 (idea): In asymptotic simplex method we have to decide which column enters the basis. Namely, among the non-basic elements of the reduced cost vector r_N (ε) := λ(ε)A_N (ε) − c_N (ε), where λ(ε) := c_B (ε)A^{−1}_B (ε), (4.13) we need to find such k that k ∈ arg max_{j∈N} {r_j (ε)|r_j(ε) > 0, ε ∈ (0, ε̄]}. Substituting (4.8) into (4.13), we obtain the next asymptotic expansion r_N (ε) = 1 ε^s r^{(−s)}_N + 1 ε^{s−1} r^{(−s+1)} N + ... , where

r^{(i)}_N := λ^{(i)}A^{(0)}_N + λ^{(i−1)}A^{(1)}_N − δ_{0i}c^{(0)}_N − δ_{1i}c^{(1)}_N and λ^{(i)} := c^{(0)}_B B^{(i)} + c^{(1)}_B B^{(i−1)}. Let us construct the following (semi-infinite) matrix

ρ = r^{(−s)}_N r^{(−s+1)} N ... and denote its i-th column by ρ_i.

As mentioned above, the lexicographical ordering can be used to compare functions in the “small” neibourhood near zero. In particular, it is easy to see that arg max_{j∈N} {r_j(ε)|r_j(ε) > 0, ε ∈ (0, ε̄]} = arg lex- max_{j∈N} {ρ_j|ρ_j ≻ 0}, where “lex-max” is a maximum with respect to the lexicographical ordering and “arg lexmax” is an index at which “lex-max” is attained. Note that to compare two reduced cost coefficients r_i(ε) and r_j(ε) for sufficiently small ε we need only to check a finite number

Applications to Mathematical Programming 161

of elements of the vectors ρ_i and ρ_j . This follows from the fact that r_i(ε) and r_j (ε) are rational functions (see Lemma 12). A practical implementation of the lexicographical entering rule is as follows:

Step 2 (implementation): Set i := −s and λ^{(−s−1)} := 0.

Step 2a) Calculate the i-th term of the Laurent expansion for the vector of simplex multipliers λ^{(i)} := c^{(0)}_B B^{(i)} + c^{(1)}_B B^{(i−1)}.

Step 2b) Calculate the i-th term of the Laurent expansion for the vector of non-basic reduced cost coefficients

r^{(i)}_N := λ^{(i)}A^{(0)}_N + λ^{(i−1)}A^{(1)}_N − δ_{0i}c^{(0)}_N − δ_{1i}c^{(1)}_N

where δ_{0i} and δ_{1i} are the Kronecker deltas. Let N^{(−s−1)} := N and N^{(i)} = {j ∈ N^{(i−1)}|r^{(i)}_j = 0}. If r^{(i)}_j < 0 for j ∈ N^{(i−1)}, then STOP; the current solution is a-optimal. If there is an index k such that k := arg max_{j∈N (i−1)}{r^{(i)}_j |r^{(i)}_j > 0},

then k identifies the entering non-basic variable; go to Step 3.

Step 2c) If the algorithm does not stop and k has not been identified in Step 2b, and i < m+1, then N^{(i)} is not empty. Increment the index i and return to Step 2a to consider the higher order approximation of r_N (ε).

Remark 26 Lemma 12, proved in sequel, ensures that if index i = m + 1 is reached in Step 2c and N^{(m+1)} is still non-empty, then r_j (ε) ≡ 0 for j ∈ N^{(m+1)} and ε sufficiently small. The latter implies that r_N (ε) ≤ 0 for all ε sufficiently small, that is, the current solution is a-optimal.

Step 3 (idea): Now, as in the revised simplex method, we have to find out which elements of the vector y_k(ε) = A^{−1}_B (ε)a_k(ε) are positive for ε > 0 and sufficiently small. Namely, we have to identify the set of indices P := {l|[y_k(ε)]_l > 0, ε ∈ (0, ε]}. Towards this, as in Step 2, we first expand y_k(ε) as a Laurent series

y_k(ε) = 1 ε^s y^{(−s)}_k + 1 ε^{s−1} y^{(−s+1)} k + ... and then define an auxiliary semi-infinite matrix υ = [y^{(−s)}_k , y^{(−s+1)}_k , ...]. Let υ_l denote the l-th row of matrix υ. Then the set P can be described as P = {l|υ_l ≻ 0} and the practical procedure for its determination is

Applications to Mathematical Programming 162

Step 3 (implementation): Set i := −s, B^{(−s−1)} := 0 and P = ∅. Step 3a) Calculate the i-th term of the Laurent expansion for y_k(ε)

y^{(i)}_k = B^{(i)}a^{(0)}_k + B^{(i−1)}a^{(1)}_k .

Step 3b) Let Q^{(−s−1)} := {1, ..., m} and Q^{(i)} := {j ∈ Q^{(i−1)}|[y^{(i)}_k ]_j = 0}. Add the index j ∈ Q^{(i−1)} to the set P if [y^{(i)}_k ]_j > 0. If Q^{(i)} = ∅, then go to Step 3d.

Step 3c) If Q^{(i)} ≠ ∅ and i < m, then increment i by one and return to Step 3a. However, if the index i reached m, then go to the next Step 3d. Lemma 12 guarantees that [y_k(ε)]_j ≡ 0, j ∈ Q^{(m)}.

Step 3d) Stop. At this point the set P is determined.

Remark 27 From Lemma 13 one can easily deduce that the feasible region for the perturbed problem is bounded. The latter implies that in our setting the set P is always non-empty.

Step 4 (idea): Now we have to choose a basic variable which exits the basis, namely we have to find p ∈ arg min_l { [x_B (ε)]_l [y_k(ε)]_l | l ∈ P, ε ∈ (0, ε] } . According to the previous step the functions [y_k(ε)]_l, l ∈ P can be expressed as a Laurent series [y_k(ε)]_l = ε^{ql} [y^{(ql)}_k ]_l + ε^{ql+1}[y^{(ql+1)}_k ]_l + ..., (4.14) with y^{(ql)}_l > 0. Due to the non-degeneracy Assumption 2 and Lemma 13 [x_B (ε)]_l can be expressed as power series with a positive leading coefficient

[x_B (ε)]_l = ε^{tl} x^{(tl )}_{Bl} + ε^{tl+1}x^{(tl +1)}_{Bl} + ..., x^{(tl)}_{Bl} > 0. (4.15)

Then by Lemma 14 the quotient Δ_l(ε) := [x_B (ε)]_l/[y_k(ε)]_l can also be written in terms of Laurent series Δ_l(ε) = ε^{tl−ql} (Δ^{(0)}_l + εΔ^{(1)}_l + ε^2Δ^{(2)}_l + ...), (4.16) where the coefficients Δ^{(i)}_l are calculated by simple recurrent formulae (see Lemma 14). Thus, similarly to the previous steps the lexicographical ordering can be implemented as follows:

Step 4 (implementation): Set i := 0.

Step 4a) Form the set of indices corresponding to the maximal powers of the leading coefficients in (4.16).

R^{(−1)} := {j|j = arg max_l {t_l − q_l|l ∈ P }}

Applications to Mathematical Programming 163 Step 4b) Calculate the (q_l + i)-th and (t_l + i)-th terms of the expansions (4.14),(4.15) respectively [y^{(ql+i)}_k ]_l = [B^{(ql+i)}]_la^{(0)}_k + [B^{(ql+i+1)}]_la^{(1)}_k , l ∈ R^{(i−1)}, and x^{(tl +i)}_{Bl} = [B^{(tl +i)}]_lb^{(0)} + [B^{(tl+i+1)}]_lb^{(1)}, l ∈ R^{(i−1)}, Step 4c) Calculate the i-th coefficient of expansion (4.16)

Δ^{(i)}_l = (x^{(tl+i)}_{Bl} − i−1∑ j=0 [y^{(ql+i−j)} k ]_lΔ^{(j)}_l )/[y^{(ql)}_k ]_l, l ∈ R^{(i−1)}.

Step 4d) Form the following set of indices R^{(i)} := {j|j = arg min_l {Δ^{(i)}_l |l ∈ R^{(i−1)}}}.

If R^{(i)} consists of a unique index p, then go to Step 5. If R^{(i)} is not a singleton and i < 2m + 1, then we should take into account the higher order approximation of Δ_l(ε). Namely, increment i by one and return to Step 4b. However, if i = 2m + 1 then choose any p ∈ R^{(i)} and go to Step 5.

Remark 28 Again Lemma 12 guarantees that Δ_p(ε) ≡ Δ_q(ε), if p, q ∈ R^{(2m+1)}.

Step 5: Construct a new basis A_B′ (ε) obtained from A_B (ε) by replacing a_p(ε) with a_k(ε). Go to Step 1.

This completes the algorithm.

Remark 29 Note that if we know the first regular and the first singular terms of the Laurent expansion (4.8), then the computation of Laurent series coefficients for simplex quantities λ(ε), x_B(ε) and y(ε) can be easily performed by the following recurrent formulae λ^{(t)} = λ^{(t−1)}D_1, y^{(t)}_k = D_2y^{(t−1)}_k , x^{(t)}_B = D_2x^{(t−1)}_B , t ≥ 2, and λ^{(−t)} = λ^{(−t+1)}F_1, y^{(−t)}_k = F_2y^{(−t+1)}_k , x^{(−t)}_B = F_2x^{(−t+1)}_B , t ≥ 3, where D_1 := −A^{(1)}_B B^{(0)}, D_2 := −B^{(0)}A^{(1)}_B and F_1 := −A^{(0)}_B B^{(−1)}, F_2 := −B^{(−1)}A^{(0)}_B .

Applications to Mathematical Programming 164

As in the revised simplex method, it is possible to update the expansion (4.8) for the inverse of the new basis matrix A_B′ (ε) via the multiplication of the series by E(ε) = [e_1, ..., e_{p−1}, ξ(ε), e_{p+1}, ..., e_m], where ξ(ε) = [−^{y1(ε)}_{yp(ε)} , ..., −^{yp−1(ε)}_{yp(ε)} ,^1_{yp(ε)} , −^{yp+1(ε)}_{yp(ε)} , ..., −^{ym(ε)}_{yp(ε)} ]^T . Since the division of two Laurent series in the scalar case is not a problem (see Lemma 14), one can easily obtain the Laurent series for E(ε) E(ε) = 1 ε^t E^{(−t)} + ... + 1 ε E^{(−1)} + E^{(0)} + ... (4.17)

Consequently, the coefficients B^{′(k)}, k = −s^′, −s^′ + 1, ... of the Laurent series for A^{(−1)}_B′ (ε) can be calculated by the following formula

B^{′(k)} = ∑ i+j=k E^{(i)}B^{(j)}, k = −s^′, −s^′ + 1, ... . (4.18)

However, we would like to emphasize that we need to update only the coefficients B^{′(−1)}, B^{′(0)} by the above formula. The other coefficients, if needed, can be restored by iterative formulae (4.11),(4.12) in a more efficient way. The computational complexity for this updating procedure is given in the next proposition.

Proposition 7 The updating procedure for terms B^{(−1)} and B^{(0)} of the Laurent series expansion (4.8) requires O(s̄m^2) operations, where s̄ is the maximal order of poles of the Laurent expansions for basis matrices.

Proof: Note that for our updating procedure we need to compute s̄ terms of the Laurent series (4.17). To calculate the Laurent series for E(ε), we need to calculate m scalar Laurent expansions for elements of ξ(ε). This can be done by applying the recursive formulae from Lemma 14. Since the computation of each scalar expansions takes O(s̄^2) flops, the computation of first s̄ terms of Laurent series (4.17) requires O(s̄^2m) operations. Note that since matrix E^{(i)} has a special structure, the matrix multiplication E^{(i)}B^{(j)} takes only O(m^2) operations. Then the calculation of B^{(−1)} and B^{(0)} by formula (4.18) demands O(s̄m^2) flops. Consequently, the whole updating procedure requires O(s̄^2m + s̄m^2) operations, which is equivalent to O(s̄m^2), since s̄ ≤ m. □ Remark 30 If s̄ << m (as can be expected in practice), then the estimated number of operations O(s̄m^2) needed in our updating procedure could be significiantly less than O(m^3), which is required in Huang’s method [75].

Now we prove the finite convergence of the asymptotic simplex method.

Applications to Mathematical Programming 165

Theorem 28 Let the assumptions 1 and 2 hold. Then the asymptotic simplex method finds the a-optimal basic index set for perturbed LP (4.3), (4.4), 0 < ε < ε, in a finite number of steps. Furthermore, let B^∗ denote this a-optimal basic index set, then the basic variables of the a-optimal solution can be expressed by the power series

x_B∗ (ε) = x^{(0)}_B∗ + εx^{(1)}_B∗ + ... , ε < min{ε, 1/||D_2||} (4.19)

where x^{(0)}_B∗ = B^{(0)}b^{(0)} + B^{(−1)}b^{(1)}, x^{(1)}_B∗ = B^{(1)}b^{(0)} + B^{(0)}b^{(1)} and the subsequent coefficients are calculated by the recurrent formula x^{(k)}_B∗ = D_2x^{(k−1)}_B∗ , k ≥ 2, with D_2 as in Remark 29. The matrices B^{(0)} and B^{(−1)} are coefficients of the Laurent series (4.8) corresponding to the basic set B^∗.

Proof: At each iteration of the asymptotic simplex method it is necessary to determine the column that enters the basis and the column that exits it. Namely, it is necessary to determine the following numbers

k ∈ arg max_{j∈N} {r_j (ε)|r_j(ε) > 0}, p ∈ arg min_l { x_{Bl}(ε) y_l(ε) |y_l(ε) > 0}. According to Lemma 12, in the asymptotic simplex method k and p are determined in a finite number of steps by a recursive procedure analogous to lexicographic ordering of the coefficients of Laurent/power series expansions.

Next let us show that the asymptotic simplex method has a finite number of iterations. Note that after each iteration the objective function c(ε)x is “decreased” by the subtraction of the function r_k(ε) x_{Bp}(ε) y_p(ε) for all ε ∈ (0, ε]. Since all quantities in the above expression are positive for small ε > 0 (in particular, x_{Bp}(ε) > 0 for ε ∈ (0, ε] due to the nondegeneracy assumption), after each iteration the objective function is strictly decreased for all ε ∈ (0, ε]. Hence, cycling is imposible and the asymptotic simplex method converges in a finite number of iterations.

The series expansion (4.19) is obtained by substituting the Laurent expansion (4.8) into x_B∗ (ε) = A^{−1}_B∗ (ε)(b^{(0)} + εb^{(1)}) and noticing that x_B∗ (ε) cannot have a singular part because of Lemma 13. The inequality ε < 1/||D_2|| is the standard convergence condition for Neumann series [87, p. 32]. □ Once an a-optimal basis is found by the asymptotic simplex method, one can exactly calculate the optimal solution for any sufficiently small value of the perturbation parameter. Namely,

Applications to Mathematical Programming 166

Corollary 8 There is a precise updating formula for the optimal solution of the perturbed linear program x_B∗ (ε) = x^{(0)}_B∗ + ε[I − εD_2]^{−1}x^{(1)}_B∗ , ε < min{ε, 1 ||D_2|| } (4.20)

where x^{(0)}_B∗ , and x^{(1)}_B∗ are as in Theorem 28.

Note that this updating formula is computationally stable even in the case of singular perturbations, since one needs to invert the matrix which is close to the identity.

Computational aid:

Finally, we would like to present a practical modification of the asymptotic simplex method. Note that the main computational difficulties can arise in Step 2 and Step 3, if the functions r_j (ε) and y_l(ε) are identically zero, namely, if r_j (ε) = 0, y_l(ε) = 0 for any ε. In this case we are forced to calculate all terms in corresponding expansions up to the (m + 1)-st term. Of course, we are interested in identifying such identically zero elements by an efficient method.

One simple heuristic solution for the above problem is proposed here. Note that if r_j (ε) = 0 or y_l(ε) = 0 for ε ∈ (0, ε] then these equalities hold for any ε ∈ IR. This fact follows from the observation that r_j (ε) and y_l(ε) are rational functions of ε and every rational function has either no zero or isolated zeros or it is identically zero. Therefore we can detect elements that are identically zero not only in the neighbourhood of ε = 0 but also at any point ε ∈ IR.

For instance, choose an ε^∗ such that the basis matrix A_B (ε^∗) is well-conditioned. Then calculate r_j (ε^∗) and y_l(ε^∗) (now we can use directly formulas r_N (ε^∗) = λ(ε^∗)A_N (ε^∗) − c_N (ε^∗) and y(ε^∗) = A^{−1}_B (ε^∗)a_k(ε^∗) instead of expansions). If r_j (ε^∗) ≠ 0 and y_l(ε^∗) ≠ 0, then the functions are certainly not identically zero. If we obtain some zero elements, then we should add to ε^∗ arbitrary small variation and check whether this is a local zero or an identical zero. Of course, ε^∗ and its small variation (if necessary) are chosen according to the features of the specific problem.

4.2.4 Generalizations

In this subsection we show how the asymptotic simplex method can be modified to solve problems more general than LP (4.3), (4.4) under Assumptions 1 and 2.

We first point out that our method can be readily generalized to an LP with polynomial perturbations. Namely, suppose that the coefficients A(ε), b(ε) and c(ε) in the perturbed LP are polynomials of ε. In particular, a basis matrix has the form A_B (ε) = A^{(0)}_B + εA^{(1)}_B + ... + ε^pA^{(p)}_B . (4.21)

Applications to Mathematical Programming 167

Clearly, the lexicographical entry and exit rules will need only some “technical” changes. Note that in the case of polynomial perturbations one needs at worst to check (m + 1)p terms of Laurent expansions for the entry rule and 2mp terms for the exit rule. The main difficulties that we face now are in the inversion of the polynomial matrix (4.21). It turns out that the methods of Lamond [93, 94] and Huang [75] for calculating the Laurent series

A^{−1}_B (ε) = 1 ε^s B^{(−s)} + 1 ε^{s−1} B^{(−s+1)} + ... (4.22)

cannot be applied (at least not directly) to the polynomial perturbation problem. This is because their methods are heavily dependent on the linearity of the perturbation. Note that the iterative formulae (4.11),(4.12) that we use in our analysis were also derived for the case of linear perturbations. However, they can be generalized for the case of polynomial perturbations. The next generalized recursive formula is due to Korolyuk and Turbin [91]

B^{(k+1)} = − p−1∑ i=0 (_{p−1−i} ∑ j=0 B^{(−j)}A^{(j+i+1)} ) B^{(k−i)}, k = 0, 1, ... . (4.23)

Note that the above formula is a particular case of the more general formula (2.96) from Section 2.5. Thus, only some singular and the first regular terms of Laurent expansion (4.22) have to be obtained or updated. The other terms, if needed, can be computed in an efficient way by the recursive formula (4.23). On the first iteration of the asymptotic simplex method one may use the algorithm from Section 2.2 or 2.3 to get the initial Laurent expansion. For the next iterations one can use the generalized version of the updating algorithm that we introduced in the previous section.

Note that Assumption 1 guarantees that an a-optimal solution can be expanded in Taylor series. We have introduced this assumption in order to restrict ourselves to the most common and interesting case where the a-optimal solution differs from the optimal solution of the unperturbed problem but both solutions are finite. In this case there exists a computationally stable updating formula (4.20). Of course, one can consider a perturbed LP without this restriction. Then one will need to deal with the basic solutions in the form of general Laurent series with singular terms. Again, the asymptotic algorithm for that case would not be much different from the one presented in Subsection 4.2.3.

4.2.5 Auxiliary results

Here we present several auxiliary theoretical results that help to develop the asymptotic simplex method.

Applications to Mathematical Programming 168 The next elegant property of the Laurent expansion for the singularly perturbed inverse matrix was originally established by Langenhop [98]. Later Schweitzer [133] greatly simplified the proof. Here we give yet another modification of Schweitzer’s proof. Theorem 29 (Langenhop,Schweitzer) Consider a linearly perturbed matrix A(ε) = A_0 + εA_1 ∈ IR^{m×m} and suppose that detA(ε) ≠ 0, 0 < ε < ε and det(A_0) = 0. Then the inverse operator B(ε) = A^{(−1)}(ε) can be expanded as a Laurent series B(ε) = 1 ε^s B^{(−s)} + ... + 1 ε B^{(−1)} + B^{(0)} + εB^{(1)} + ..., s ≤ m, The regular part B^R(ε) = B^{(0)} + εB^{(1)} + ... and the singular part B^S(ε) =^1_{εs} B^{(−s)} + ... + 1 ε B^{(−1)} of this series can be represented in the close analytic forms B^R(ε) = B^{(0)}(I + εA_1B^{(0)})^{−1} = (I + εB^{(0)}A_1)^{−1}B^{(0)} (4.24) B^S (ε) = ε^{−1}B^{(−1)}(I + ε^{−1}A_0B^{(−1)})^{−1} = (I + ε^{−1}B^{(−1)}A_0)^{−1}ε^{−1}B^{(−1)} (4.25) Moreover if the coefficients B^{(0)}, B^{(−1)} are given, then the other coefficients of the Laurent expansion are calculated by simple iterative formulae B^{(k)} = (−B^{(0)}A_1)^{k−1}B^{(0)} = B^{(0)}(−A_1B^{(0)})^{k−1}, k = 0, 1, ... (4.26) B^{(−k)} = (−B^{(−1)}A_0)^{k−1}B^{(−1)} = B^{(−1)}(−A_0B^{(−1)})^{k−1}, k = 1, ..., s (4.27) Proof: It is easy to check that the matrix B(ε) satisfies the following resolvent-type identity B(ε_2) − B(ε_1) = (ε_1 − ε_2)B(ε_2)A_1B(ε_1) Suppose ε_2 is fixed and take regular parts of the above identity with respect to ε_1 B(ε_2) − B^R(ε_1) = (ε_1 − ε_2)B(ε_2)A_1B^R(ε_1) + B(ε_2)A_1B^{(−1)}, (4.28) and let ε_1 = ε_2, B(ε_2) − B^R(ε_2) = B(ε_2)A_1B^{(−1)}, and again take regular parts ( with respect to ε_2 ) 0 = B^R(ε_2)A_1B^{(−1)} (4.29) Now in (4.28) take regular parts with respect to ε_2 (with ε_1 fixed).

B^R(ε_2) − B^R(ε_1) = (ε_1 − ε_2)B^R(ε_2)A_1B^R(ε_1) − B^{(−1)}A_1B^R(ε_1) + B(ε_2)A_1B^{(−1)} The last summand in the above equation is zero due to (4.29). Let ε_2 = ε_1, 0 = 0 − B^{(−1)}A_1B^R(ε_1).

Applications to Mathematical Programming 169 So, we have obtained B^R(ε_2) − B^R(ε_1) = (ε_1 − ε_2)B^R(ε_2)A_1B^R(ε_1). (4.30) By setting ε_2 = ε, ε_1 = 0, we get B^R(ε) − B^{(0)} = −εB^R(ε)A_1B^{(0)} B^R(ε)[I + εA_1B^{(0)}] = B^{(0)} or B^R(ε) = B^{(0)}[I + εA_1B^{(0)}]^{−1}. To obtain the other formula B^R(ε) = [I + εB^{(0)}A_1]^{−1}B^{(0)} just set in (4.30) ε_2 = 0, ε_1 = ε.

The similar considerations can be applied to obtain the resolvent-type identity for the singular part B^S (ε_2) − B^S (ε_1) = (ε_1 − ε_2)B^S (ε_2)A_1B^S (ε_1) and then, via equating coefficients of ε^{−1}_{1,2} in this identity, we get the formulae (4.25).

Finally, expanding the analytic formulas (4.24),(4.25) in the Neumann power series, we immediately obtain (4.26),(4.27). □ Lemma 12 (Lamond,Huang) Suppose c(ε) = a(ε)/b(ε) is a rational function with the degrees of the polynomials a(ε) and b(ε) being m and n, respectively. Then the function c(ε) can be expanded as a Laurent series c(ε) = 1 ε^s c^{(−s)} + 1 ε^{s−1} c^{(−s+1)} + ... in some punctured neighbourhood of zero with the order of pole s that is at most n. Moreover, if c^{(−s)} = c^{(−s+1)} = ... = c^{(m)} = 0, then c(ε) ≡ 0. Proof: See papers of Lamond [93, 94] and Huang [75]. □ Lemma 13 Let Assumption 1 hold. Then, any basic feasible solution of the perturbed program (4.3), (4.4) can be expanded as the Taylor series x_B (ε) = x^{(0)}_B + εx^{(1)}_B + ...

for ε ∈ (0, ε], where ε > 0 is sufficiently small.

Proof: Recall that any basic feasible solution can be given by the formula x_B (ε) = A^{−1}_B (ε)b(ε). (4.31)

Applications to Mathematical Programming 170

According to Theorem 29, the inverse basis matrix A^{−1}_B (ε) possesses, in general, a Laurent series expansion. Thus one can see from the formula (4.31), that x_B (ε) possesses a Laurent series expansion in some punctured neibourhood of ε = 0 as well.

Now we shall show that the Laurent series for x_B (ε) does not have a singular part. Suppose this is not the case and some basic feasible solution has a Laurent series with a non-trivial singular part. The latter implies that there exists a sequence {ε_k}^∞_{k=0} such that ε_k → 0 and ||x_B(ε_k)|| → ∞ as k → ∞.

Next we define the following auxiliary sequence

y_k := x_B (ε_k) ||x_B (ε_k)|| . Note that ||y_k|| = 1, k = 1, 2, ... . According to the Bolzano-Weierstrass principle on the bounded sequences in the finite dimensional spaces, there exists a convergent subsequence {y_{kl} } with the limit y as k_l → ∞.

From the definition of the basic feasible solution one gets A(ε_{kl} )y_{kl} = b(ε_{kl} ) ||x(ε_{kl} || , for each k_l. Now let k_l go to the infinity to obtain

A^{(0)}y = 0 and y ≥ 0.

Take any feasible solution of the unperturbed problem x_f such that

A^{(0)}x_f = b^{(0)}, x_f ≥ 0.

It is easy to see that x_f + λy is also feasible solution for any λ ≥ 0. The latter means that the original feasible region M_0 is unbounded, which is a contradiction to Assumption 1.

Thus, every basic feasible solution of the perturbed program can be expanded as a Taylor series. □ Remark 31 We would like to note that the first term x^{(0)}_B of the Taylor expansion for x_B (ε) might not be a basic feasible solution for the original program. This may occur in the case of singular perturbations.

Lemma 14 (Markushevich) Let analytic functions a(ε) and b(ε) be represented by the power series a(ε) = ε^ta^{(t)} +ε^{t+1}a^{(t+1)} +..., a^{(t)} ≠ 0 and b(ε) = ε^qb^{(q)} +ε^{q+1}b^{(q+1)} +..., b^{(q)} ≠ 0 respectively. Then the division of these analytic functions can be also expressed as a power series (for sufficiently small ε) c(ε) = a(ε) b(ε) = ε^{t−q}c^{(0)} + ε^{t−q+1}c^{(1)} + ..., c^{(0)} ≠ 0, (4.32)

Applications to Mathematical Programming 171

whose coefficients are calculated by the recurrent formula

c^{(k)} = [a^{(t+k)} − k−1∑ i=0 b^{(q+k−i)}c^{(i)}]/b^{(q)}, k = 0, 1, 2, ... . (4.33) Proof: It is well known [111] that the division of two analytic functions with poles with finite orders is also an analytic function with a pole of finite order. Then c(ε) can be expanded as a Laurent series near ε = 0 that converges in a punctured disc of the origin with non-zero radius. Moreover, the coefficients of expansion (4.32) are unique. The recursive formula (4.33) is easily derived from the system of equations obtained by equating the terms with the same power of ε in the identity b(ε)c(ε) = a(ε). □ 4.2.6 Application of the asymptotic simplex method to MDPs

The asymptotic simplex method from Subsection 4.2.3 (or its extension to the case of polynomial perturbation) can be applied to the next four MDP models.

Model I: MDP with Blackwell optimality criterion.

The Blackwell optimal policy in MDP is a discount optimal policy for all discount factor sufficiently close to one, or, equivalently, the policy which is optimal for all interest rate sufficiently close to zero. The Blackwell optimal policy can be determined by using the asymptotic linear programming approach [6, 71, 93, 94]. Namely, one needs to find a solution to the following linear program which is optimal for all interest rates ρ > 0 and sufficiently small. max ∑ i,a (1 + ρ)r(i, a)x_{ia} ∑ i,a [(1 + ρ)δ_{ij} − p(j|i, a)]x_{ia} = 1, x_{ia} ≥ 0. (4.34) Note that the above linear program can be immediately written in the form (4.3),(4.4) with ε = ρ. Hordijk et al [71] developed a refined version of Jeroslow’s asymptotic linear programming method [81, 82] to solve (4.34). Later Lamond [94] applied his version of the asymtotic simplex method to the above parametric LP. Of course, our algorithm can be applied to this model as well. Lamond [94] pointed out to the fact that in this particular case the Laurent series (4.8) has always a simple pole. The latter implies that the complexity of the basis updating is O(n^2), which is comparable with the complexity of the basis updating for the ordinary simplex method.

Model II: Markov branching decision chains.

Applications to Mathematical Programming 172

The Markov branching decision chains were introduced by Huang and Veinott in [74]. These are MDPs with immediate rewards dependent on the interest rate. Namely, it is assumed that r(i, a) = r^ρ(i, a) is a polynomial of the interest rate ρ. To find a policy which is optimal for all sufficiently small ρ (Strong-value policy [74]), we need to solve only slightly modified version of (4.34), that is max ∑ i,a (1 + ρ)r^ρ(i, a)x_{ia} ∑ i,a [(1 + ρ)δ_{ij} − p(j|i, a)]x_{ia} = 1, x_{ia} ≥ 0. (4.35) Note that after a simple modification of Step 2 of our algorithm, the asymptotic simplex method can be applied to solve this problem. The method of finding the optimal policy proposed by Huang and Veinott [74] also employs the asymptotic linear programming approach. Their method is based on the subsequent solution of the augmented LPs, whose objective functions and the right hand sides but not the constraint coefficient matrix depend on the parameter. Of course, this facilitates the implementation of the asymptotic linear programming, however they have to deal with large matrices. Moreover, since, as in the Model I, the Laurent series (4.8) has only a simple pole, the dependance of the constraint coefficient matrix on the parameter does not make much harm.

Model III: Singularly perturbed MDP with average criterion.

In Section 3.4 we applied the asymptotic linear programming [81, 82, 71], which is based on the ordering in the field of rational functions, to singularly perturbed MDPs with average criterion. Since one needs to solve the following parametric program max ∑ i,a r(i, a)x_{ia} ∑ i,a [δ_{ij} − p(j|i, a) − εd(j|i, a)]x_{ia} = 0, ∑ a x_{ja} + ∑ i,a [(δ_{ij} − p(j|i, a) − εd(j|i, a)]y_{ia} = β_j, x_{ia} ≥ 0, y_{ia} ≥ 0, (4.36) the asymptotic simplex method, based on the Laurent series expansions, can be applied as well. Moreover, since the basis updating in the asymptotic linear programming takes O(m^4log(m)) flops, and the asymptotic simplex method takes O(s̄m^2) flops; obviously, the latter method appears to be much faster.

Model IV: Singularly perturbed MDP with killing interest rate

Applications to Mathematical Programming 173

Quadrat and Delebecque [39, 120] considered singularly perturbed MDPs with “killing interest rate” ρ(ε) = με^l, where l is the order of a time scale. This model exhibits the necessity of different control regimes for the different time scales. Quadrat and Delebecque [39, 120] provided a lexicographical policy improvement algorithm for the solution of the perturbed dynamic programming equation. Alternatively, the extension of our asymptotic simplex method for the polynomial perturbation can be used in this problem. Here the parametric linear program takes the following form max ∑ i,a (1 + με^l)r(i, a)x_{ia} ∑ i,a [(1 + με^l)δ_{ij} − p(j|i, a) − εd(j|i, a)]x_{ia} = 1, x_{ia} ≥ 0. (4.37)

Generalized Model:

Finally, we would like to note that the Models I,II and IV can be viewed as particular cases of the next unified scheme. Let transition probabilities p^ε(j|i, a), immediate rewards r^ε(i, a) and interest rate ρ(ε) of an MDP model be polynomials of the parameter ε. Then a policy which is optimal for all sufficiently small values of parameter ε can be found from the next perturbed linear program. max ∑ i,a (1 + ρ(ε))r^ε(i, a)x_{ia} ∑ i,a [(1 + ρ(ε))δ_{ij} − p^ε(j|i, a)]x_{ia} = 1, x_{ia} ≥ 0. (4.38)

The above perturbed LP can be efficiently solved by the generalization of the asymptotic simplex method proposed in Subsection 4.2.4. Note that we retrieve Model I with ρ(ε) = ε, r^ε(i, a) = r(i, a), p^ε(j|i, a) = p(j|i, a); Model II with ρ(ε) = ε, r^ε(i, a) = ∑_p k=0 ε^kr_k(i, a), p^ε(j|i, a) = p(j|i, a); and Model IV with ρ(ε) = με^l, r^ε(i, a) = r(i, a), p^ε(j|i, a) = p(j|i, a) + εd(j|i, a). 4.3 Gradient projection method for singularly perturbed mathematical programs

4.3.1 Preliminaries

In this section we analyse a mathematical program with non-linear strictly convex objective function and linear constraints which depend on a small perturbation parameter ε. Namely, consider the program (P r_ε) min_x f(x)

Applications to Mathematical Programming 174

subject to A(ε)x = b(ε), (4.39) where x ∈ IR^n, f ∈ C^1, A(ε) ∈ IR^{m×n} is an analytic matrix valued function, b(ε) ∈ IR^m is analytic vector valued function and the level sets L_c = {x|f(x) ≤ c} are assumed to be compact (or empty) for every c ∈ IR. The corresponding unperturbed program (P r_0) is given by min_x f(x) subject to A(0)x = b(0) (4.40) Suppose that x^{opt}(ε) and x^{opt}(0) are optimal solutions of the perturbed and unperturbed problems, respectively. We are mainly interested in the singular perturbation case, when x^{opt}(ε) ↛ x^{opt}(0) as ε → 0. This situation takes place when some of the perturbed constraints (4.39) merge as the perturbation parameter goes to zero [116]. Here we provide a modification of the gradient projection method [107, 127] to solve the auxiliary welldefined mathematical program. The key element of our method is the use of an asymptotic expansion of the projection operator onto the perturbed feasible set. As will be shown in the next section, this expansion can be readily calculated with the help of the results from Section 2.2.

4.3.2 Perturbations of linear manifolds and projections

Singular perturbations occur when the rank of the perturbed constraint matrix A(ε) is strictly greater than the rank of the unperturbed matrix A(0). To investigate the behaviour of the linear manifold described by (4.39) with respect to the perturbation parameter, let us consider the auxiliary quadratic program (AP)

min(x − x_0)^T (x − x_0)

subject to (4.39), where x_0 is some arbitrary point in IR^n. The above (convex) quadratic program admits simple solution x(ε) in the folowing closed form:

x(ε) = d(ε) + P (ε)x_0 (4.41)

where d(ε) = A^T (ε)(A(ε)A^T (ε))^{−1}b(ε) (4.42) is a perpendicular from the origin to the perturbed linear manifold described by (4.39) and P (ε) = I − A^T (ε)(A(ε)A^T (ε))^{−1}A(ε) (4.43)

Applications to Mathematical Programming 175

Figure 4.1: Projection onto the perturbed manifold

is a projection operator onto this manifold (see Figure 4.1). In sequel we will show that the perturbed projection always possesses a Maclaurin series expansion around ε = 0, even though the matrix (A(ε)A^T (ε))^{−1} may have a singularity at this point. The perpendicular d(ε) can be either finite or infinite when the perturbation parameter tends to zero. This underlies the further classification. Note that the unperturbed problem can be infeasible, even if the perturbed problem is feasible. In this case, the perturbed linear manifold defined by (4.39) moves to infinity (that is, ||d(ε)|| → ∞) when the perturbation parameter vanishes. However, in the case of feasible unperturbed problem it is possible that the perturbed manifold does not move away when ε → 0, that is ||d(ε)|| is bounded when ε → 0. Therefore, it is sufficient for our purposes to demand the boundedness of this quantity in some small neighbourhood of ε = 0.

Now let us analyse the dependance of the projection matrix P (ε) on a small parameter ε. First we need the following auxiliary lemma.

Lemma 15 Let an orthogonal projection Q(ε) depend on a parameter ε. Then its norm and its elements are uniformly bounded with respect to the parameter ε.

Applications to Mathematical Programming 176

Proof: The proof follows immediately from the fact that ||Q(ε)x|| ≤ ||x|| if Q(ε) is an orthogonal projection matrix. □ Remark 32 Note that the above statement is not true in general for a non-orthogonal projection.

Clearly, P (ε) defined above is a projection [107, 127]. If P (ε) is symmetric, then it is an orthogonal projection [28]. Indeed, we have

(A^T (ε)(A(ε)A^T (ε))^{−1}A(ε))^T =

= A^T (ε)(A(ε)A^T (ε))^{−T} (A^T (ε))^T = A^T (ε)(A(ε)A^T (ε))^{−1}A(ε).

Hence P (ε) is orthogonal. Now we are able to formulate and prove the main result of this section.

Theorem 30 The projection matrix P (ε) possesses Maclaurin series expansion at ε = 0.

Proof: The proof for the regular case follows immediately from the Neumann expansion [87] of [A(ε)A^T (ε)]^{−1}. Consequently we consider the singular case.

Since in the singular case the rows of matrix A(ε) become linearly dependent when the perturbation parameter tends to zero, the matrix A(ε)A^T (ε) does not have a full rank when ε = 0 [141]. Using the results of Section 2.2 we conclude that the inverse of A(ε)A^T (ε) possesses a Laurent series expansion in some neighbourhood of ε = 0. Namely,

[A(ε)A^T (ε)]^{−1} = 1 ε^s C_{−s} + 1 ε^{s−1} C_{−s+1} + ... + 1 ε C_{−1} + C_0 + εC_1 + ... (4.44)

for 0 < |ε| < ε_∗. This implies that the projection P (ε) = I −A^T (ε)(A(ε)A^T (ε))^{−1}A(ε) can be expanded as a Laurent series as well. However, P (ε) is an orthogonal projection and hence it is uniformly bounded for 0 < |ε| < ε_∗. Consequently, the Laurent expansion for P (ε) cannot have any terms with negative powers of ε, that is, P (ε) possesses a Maclaurin series at ε = 0. □ Even though by using the general results from Section 2.2 one can obtain Maclaurin series for P (ε) at ε = 0 in the general case of analytic perturbation A(ε) = A_0 + εA_1 + ε^2A_2 + ...., b(ε) = b_0 + εb_1 + ε^2b_2 + ... the calculations become much more easy and transparent in the case of linear perturbations. Namely, let us assume that A(ε) = A_0 + εA_1 and b(ε) = b_0 + εb_1. This implies that we need to obtain the Laurent series (4.44) for the inverse of quadratic perturbation A_0A^T_0 + ε(A_0A^T_1 + A_1A^T_0 ) + ε^2A_1A^T_1 . Note

Applications to Mathematical Programming 177

that if we have in hand the coefficients C_{−1}, C_0 and C_1, then the other coefficients of the regular part of (4.44) can efficiently be computed by the recursive formula (4.23) from Subsection 4.2.4. In this particular setting, this recursive formula has the following form

C_{k+1} = −[C_0(A_0A^T_1 + A_1A^T_0 ) + C_{−1}A_1A^T_1 ]C_k − [C_0A_1A^T_1 ]C_{k−1}, k = 1, 2, ... (4.45)

The coefficients C_{−s}, ..., C_1 can be computed by the methods of Section 2.2. Next, upon substituting the Laurent series (2.2) into (4.43) and equating coefficients of like powers of ε, we obtain the power series for the projection matrix

P (ε) = ∞∑ k=0 ε^kP_k, (4.46)

where P_k = δ_{0k}I − A^T_0 C_kA_0 − A^T_1 C_{k−1}A_0 − A^T_0 C_{k−1}A_1, k = 0, 1, ... and δ_{0k} is Kroneker delta. In the sequel we will also need the expansion for d(ε). Again, upon the substitution of (4.44) into (4.42) and equating coefficients with with the same powers of ε, we obtain the next Laurent series d(ε) = ∞∑ k=−s ε^kd_k, (4.47)

where d_{−s} = A^T_0 C_{−s}b_0 and d_k = A^T_0 C_kb_0 + A^T_0 C_{k−1}b_1 + A^T_1 C_{k−1}b_0, k = −s + 1, −s + 2, ... .

4.3.3 Application of the gradient projection method to the limiting mathematical program

Let M_ε denote the perturbed linear manifold described by the system (4.39), M_0 denote the linear manifold corresponding to unperturbed constraints (4.40) and finally let M_∗ denote (when it exists) a limiting linear manifold, that is the limit of set M_ε as ε goes to zero (see Figure 4.2). Strictly speaking, by this we mean that d(ε) → d_0 and P (ε) → P_0 as ε → 0. As mentioned before, here we are interested in the case where the distance from the origin to the limiting manifold M_∗ is finite. Equivalently, the power series expansion (4.47) for d(ε) does not have any terms with negative powers of ε

d(ε) = d_0 + εd_1 + ε^2d_2 + ... .

Note that in this case ‖d_0‖ = dist{0, M_∗} and P_0 (the first term of (4.46)) is an orthogonal projection operator onto M_∗. Observe that, in general, P_0 ≠ P (0). Actually, M_∗ is uniquely characterized by d_0 and P_0, that is, any vector y from M_∗ can be written in the form y = d_0 + P_0x for some x ∈ IR^n.

Applications to Mathematical Programming 178

Figure 4.2: The limiting manifold and the auxiliary mathematical program

Applications to Mathematical Programming 179

Now let us review briefly the gradient projection method [107, 127]. Suppose we want to find an optimal solution to the following mathematical program

min_x f(x)

subject to Ax = b. Here we assume that f(x) is strictly convex with compact level sets. Then, it is known that a unique optimal solution exists and it can be found by the iterative gradient projection method [107, 127]. First we construct the projection matrix P = I − A^T (AA^T )^{−1}A onto the feasible region and find any feasible solution x_0. Then, the gradient projection method is performed according to:

x_{k+1} = x_k − α_kP g_k, (4.48) where g_k := ∇f(x_k) and α_k := arg min_α {f(x_k − αP g_k)}. Since f(x) is a strictly convex function with compact level sets, there exists a simple necessary and sufficient condition for a feasible x to be optimal, namely, P ∇f(x) = 0.

Now suppose we need to solve the perturbed mathematical program (P r_ε) when the perturbation is singular. If one tries to apply the above gradient projection method directly to (P r_ε), one will face at least two problems. The first problem is that the matrix A(ε)A^T (ε) becomes ill-conditioned when ε is close to zero. This will lead to an incorrect computation of the projection P (ε). The latter in turn implies that the sequence {x_k} generated by the gradient projection method may leave the feasible set. The second problem is that, since ε may not be known exactly or even be unknown, it is very difficult to find the first feasible solution x_0 ∈ M_ε. In other words, the perturbed feasible set described by (4.39) is very sensitive to changes in ε in the case of singular perturbations.

As a solution to the outlined problems, we propose to substitute the ill-posed program (P r_ε) with a specially constructed auxiliary limiting mathematical program. This is in line with the general approach to singular perturbation problems [3, 15, 54, 116]. Namely, the limiting mathematical program (P r_∗) can be defined as follows: min_x {f(x)|x ∈ M_∗}, where M_∗ is a limiting feasible set of (4.39). Now we can solve the above limiting program by the gradient projection method. As an initial feasible solution one can take x_0 = d_0. Then, the iterative procedure takes the form.

x_{k+1} = x_k − α_kP_0g_k , (4.49)

Applications to Mathematical Programming 180

where P_0 is the first term in (4.46). As a result, we obtain an approximation to optimal solution x^{opt}_∗ of the auxiliary limiting program (P r_∗), which we shall show is close to the optimal solution of the perturbed problem for small values of the perturbation parameter. Namely, we can state the following result. Its geometric interpretation is given in Figure 4.2.

Theorem 31 Suppose the distance from the origin to the limiting manifold M_∗ is finite and f is strictly convex with compact level sets. Then, the optimal solution x^{opt}(ε) of the perturbed mathematical program (P r_ε) converges to the optimal solution x^{opt}_∗ of the limiting program (P r_∗) as ε goes to zero.

Proof: Let us consider the optimality equations for the perturbed program

∇f(x^{opt}) + λ^T A(ε) = 0, (4.50) A(ε)x^{opt} = b(ε). (4.51) In the case of regular perturbations, that is, when A(ε) does not change the rank at ε = 0, we can apply the implicit function theorem to show that x^{opt}(ε) is continuous at ε = 0 and converges to the optimal solution of (P r_0) (and hence to the optimal solution of (P r_∗), which in this case coincides with (P r_0)) as ε → 0. The case of singular perturbations requires a more detailed argument.

Let us choose ε̄ > 0 such that A(ε) has a constant rank on the interval (0, ε̄]. It is always possible to do so in the finite dimensional case. For any 0 < ε < ε̄ the optimal solution of the perturbed problem x^{opt}(ε) is continuous on the closed interval [ε, ε̄]. The justification of that fact is the same as in the above case of regular perturbations.

Now let us prove, by contradiction, that x^{opt}(ε) is bounded at ε = 0. Since f(x) is strictly convex with compact level sets and d(ε) → d_0 as ε → 0, there exists a constant c such that d(ε) belongs to the set L_c = {x ∈ IR^n|f(x) ≤ c} for ε ∈ [0, ε̄]. Suppose on contrary that ‖x^{opt}(ε)‖ → ∞ as ε → 0. Then, there exists some ε^′ for which f(x^{opt}(ε^′)) > c. On the other hand f(d(ε^′)) ≤ c, since d(ε^′) ∈ L_c. Consequently, f(x^{opt}(ε^′)) > f(d(ε^′)). We came to the contradiction and hence x^{opt}(ε) is bounded on [0, ε̄].

Next we show that in fact x^{opt}(ε) has a finite limit, say x_∗, as ε goes to zero. Note that if this limit exists it belongs to M_∗. Suppose on contrary that there is no limit, then, since x^{opt}(ε) is bounded on [0, ε̄], there exist at least two sequences {ε^′_k, k = 0, 1, ...|ε^′_k → 0} and {ε^{′′}_k, k = 0, 1, ...|ε^{′′}_k → 0} such that x^{opt}(ε^′_k) → x^′_∗ ∈ M_∗, x^{opt}(ε^{′′}_k) → x^{′′}_∗ ∈ M_∗ as k → ∞, and x^′ ≠ x^{′′}. Since x^{opt}(ε^′_k) and x^{opt}(ε^{′′}_k) are optimal solutions of the perturbed problems (P_ε′_k ) and (P_ε′′_k ), respectively, we can write the following optimality conditions P (ε^′_k)∇f(x^{opt}(ε^′_k)) = 0, P (ε^{′′}_k)∇f(x^{opt}(ε^{′′}_k)) = 0.

Applications to Mathematical Programming 181

Recall that P (ε) → P_0 as ε → 0 and f ∈ C^1. Hence, we can let k go to infinity. The latter results in P_0∇f(x^′_∗) = 0, P_0∇f(x^{′′}_∗) = 0, with x^′_∗, x^{′′}_∗ ∈ M_∗ and x^′_∗ ≠ x^{′′}_∗ . This contradicts the fact that the limiting mathematical program has a unique solution, as the objective function is strictly convex with compact level sets and the limiting constraints form a linear manifold [107]. Consequently, the limit x_∗ = lim_{ε→0} x^{opt}(ε) exists. Moreover, from the optimality condition P_0∇f(x_∗) = 0 we conclude that it is an optimal solution to (P_∗). This completes the proof. □

Bibliography

[1] M. Abbad and J.A. Filar, “Perturbation and stability theory for Markov control problems”, IEEE Trans. Auto. Contr., AC-37, no.9, pp.1415-1420, 1992.

[2] M. Abbad and J.A. Filar, “Algorithms for singularly perturbed Markov control problems: A survey”, in Techniques in discrete-time stochastic control systems (ed.) C.T. Leondes, Series: Control and Dynamic Systems, v.73, Academic Press, New York, 1995.

[3] M. Abbad, J.A. Filar, and T.R. Bielecki, “Algorithms for singularly perturbed limiting average Markov control problems”, IEEE Trans. Auto. Contr., v.37, pp.1421- 1425, 1992.

[4] E. Altman and V.G. Gaitsgory, “Stability and Singular Perturbations in Constrained Markov Decision Problems”, IEEE Trans. Autom. Control, v.38, pp.971-975, 1993.

[5] E. Altman, K.E. Avrachenkov, and J.A. Filar, “Asymptotic linear programming and policy improvement for singularly perturbed Markov decision processes”, ZOR: Math. Meth. Oper. Res., v.49, pp.97-109, 1999.

[6] E. Altman, A. Hordijk, and L.C.M. Kallenberg, “On the value function in constrained control of Markov chains”, ZOR: Math. Meth. Oper. Res., v.44, pp.387-399, 1996.

[7] K.E. Avrachenkov, J.A. Filar and M. Haviv, “A survey on singular perturbations of Markov chains and decision processes”, submitted to: E. Feinberg and A. Shwartz (eds.) Recent Advances in Markov Decision Processes, Kluwer, 1999.

[8] K.E. Avrachenkov and J.B. Lasserre, “The fundamental matrix of singularly perturbed Markov chains”, to appear in Adv. Appl. Prob., v.31, September 1999.

[9] Y. Balcer and A.F. Veinott, Jr., “Computing a graph’s period quadratically by node condensation”, Discrete Math., v.4, pp.295-303, 1973.

[10] H. Bart, Meromorphic operator valued functions, Thesis. Vrije Universiteit, Amsterdam, 1973, (Math. Center Tracts 44, Mathematical Center, Amsterdam, 1973).

Bibliography 183

[11] H. Bart, I. Gohberg, and M.A. Kaashoek, Minimal factorization of matrix and operator functions, OT1, Birkhauser, Berlin, 1979.

[12] H. Bart, M.A. Kaashoek, and D.C. Lay, “Stability properties of finite meromorphic operator functions”, Nederl. Akad. Wetensch. Proc. Ser. A, v.77, pp.217-259, 1974.

[13] H. Bart, M.A. Kaashoek, and D.C. Lay, “Relative inverses of meromorphic operator functions and associated holomorphic projection functions”, Math. Ann., v.218, 199- 210, 1975.

[14] H. Baumgartel (1985), Analytic Perturbation theory for Matrices and Operators, Birkhauser.

[15] T.R. Bielecki and J.A. Filar, “Singularly perturbed Markov control problem: Limiting average cost”, Annals O.R., v.28, pp.153-168, 1991.

[16] T.R. Bielecki and L. Stettner, “Ergodic control of singularly perturbed Markov process in discrete time with general state and compact action spaces”, Appl. Math. Optimization, v.38, no.3, pp.261-281, 1998.

[17] R. Bhatia, C. Davis and A. McIntosh, “Perturbation of spectral subspaces and solution of linear operator equations”, Lin. Alg. Appl., v.52/53, pp.45-67, 1983.

[18] R. Bhatia and P. Rosenthal, “How and why to solve the operator equation AX − XB = Y ”, Bull. Lond. Math. Soc., v.29, pp.1-21, 1997.

[19] D. Blackwell, “Discrete dynamic programming”, Ann. Math. Stat., v.33, pp.719-726, 1962.

[20] E. Bohl and P. Lancaster, “Perturbation of spectral inverses applied to a boundary layer phenomenon arising in chemical networks”, Lin. Alg. Appl., v.180, pp.35-59, 1993.

[21] J.F. Bonnans and A. Shapiro, “Optimization problems with perturbations: A guided tour”, SIAM Review, v.40, pp.228-264, 1998.

[22] S.L. Campbell, Singular systems of differential equations, Series: Research notes in mathematics, v.40, Pitman, London, 1980.

[23] S.L. Campbell, Singular systems of differential equations II, Series: Research notes in mathematics, v.61, Pitman, London, 1982.

Bibliography 184

[24] S.L. Campbell and C.D. Meyer, Generalizes Inverses of Linear Transformation, Pitman, London, 1979.

[25] S.L. Campbell and N.J. Rose, “Singular perturbation of autonomous linear systems”, SIAM J. Math. Anal., v.10, pp.542-551, 1979.

[26] R. Cavazos-Cadena and J.B. Lasserre, “A direct approach to Blackwell optimality”, to appear in Morfismos (Journal of Math. Dept. of CINVESTAV-IPN), Mexico, 1998.

[27] F. Chatelin, Spectral Approximation of Linear Operators, Academic Press, New York, 1983.

[28] F. Chatelin, Eigenvalue of Matrices, John Wiley & Sons, New York, 1993.

[29] M. Coderch, A.S. Willsky, S.S. Sastry and D.A. Castanon, “Hierarchical aggregation of linear systems with multiple time scales”, IEEE Trans. Auto. Contr., AC-28, pp.1029-1071, 1983.

[30] M. Coderch, A.S. Willsky, S.S. Sastry, and D.A. Castanon, “Hierarchical aggregation of singularly perturbed finite state Markov processes,” Stochastics. v.8, pp.259-289, 1983.

[31] J.M. Coulomb, J.A. Filar, and W.W. Szczechla, “Puiseux series solutions of nonlinear optimization problems”, International conference on nonlinear programming and variational inequalities, Hong Kong, December 1998.

[32] P.J. Courtois, Decomposability: queueing and computer system applications, Academic Press, New York, 1977.

[33] P.J. Courtois and G. Louchard, “Approximation of eigencharacteristics in nearlycompletely decomposable stochastic systems”, Stoch. Process. Appl., v.4, pp.283-296, 1976.

[34] P.J. Courtois and P. Semel, “Bounds for the positive eigenvectors of non-negative matrices and their approximation by decomposition”, JACM, v.31, pp.804-825, 1984.

[35] G.B. Dantzig, Linear programming and extensions, Princeton University Press, 1963.

[36] A.S. Deif, Sensitivity analysis in linear systems, Springer-Verlag, Berlin, 1986.

[37] R. Dekker, Denumerable Markov decision chains: optimal policies for small interest rate, Ph.D. Thesis, Univ. of Leiden, 1985.

Bibliography 185

[38] R. Dekker and A. Hordijk, “Average, sensitive and Blackwell optimal policies in denumerable Markov decision chains with unbounded rewards”, Math. Oper. Res., v.13, pp.395-420, 1988.

[39] F. Delebecque and J.P. Quadrat, “Optimal control of Markov chains admitting strong and weak interactions”, Automatica, v.17, pp.281-296, 1981.

[40] F. Delebecque, “A reduction process for perturbed Markov chain”, SIAM J. Appl.

Math., v.43, pp.325-350, 1983.

[41] E.V. Denardo and B.L. Fox, “Multichain Markov renewal programs”, SIAM J. Appl.

Math., v.16, pp.468-487, 1968.

[42] E.V. Denardo, “Computing a bias-optimal policy in a discrete-time Markov decision problem”, Operations Research, v.18, pp.279-289, 1970.

[43] E.V. Denardo, “Markov renewal programs with small interest rate”, Annals of Math.

Stat., v.42, pp.477-496, 1971.

[44] E.V. Denardo, “A Markov decision problem”, in Mathematical Programming, Academic Press, New York, 1973.

[45] C. Derman, Finite state Markovian decision processes, Academic Press, New York, 1970.

[46] B.C. Eaves and U.G. Rothblum, “A theory on extending algorithms for parametric problems”, Mathematics of Operations Research, v.14, pp.502-533, 1989.

[47] E.A. Feinberg, “Non-randomized strategies in stochastic decision processes”, Ann.

Oper. Res., v.29, pp. 315-332, 1991.

[48] E.A. Feinberg, “On stationary strategies in Borel dynamic programming”, Math.

Oper. Res., v.17, no.2, pp. 392-397, 1992.

[49] A.V. Fiacco, Introduction to sensitivity and stability analysis in nonlinear programming, Series: Mathematics in Science and Engineering, v.165, Academic Press, New York, 1983.

[50] A.V. Fiacco (ed.), Optimization with data perturbations, Annals of OR, v.27, 1990.

[51] A.V. Fiacco (ed.), Mathematical programming with data perturbations, Marcel Dekker, 1998.

Bibliography 186 [52] B. Fox and D. Landi, “An algorithm for identifying the ergodic subchains and transient states of a stochastic matrix”, Commun. ACM, v.11, pp.619-621, 1968.

[53] V.G. Gaitsgori and A.A. Pervozvanskii, “Aggregation of states in a Markov chain with weak interactions”, Cybernetics, v.11, pp.441-450, 1975. (Translation of Russian original in Kibernetika, v.11, pp.91-98, 1975.)

[54] V.G. Gaitsgory and A.A. Pervozvanskii, “Perturbation theory for mathematical programming problems”, JOTA, pp.389-410, 1986.

[55] T. Gal, “Linear parametric programming – a brief survey”, Math. Program. Study, v.21, pp.43-68, 1984.

[56] T. Gal, Postoptimal analyses, parametric programming, and related topics, 2nd ed., W. de Gruyter, Berlin, New York, 1995.

[57] T. Gal and H.J. Greenberg (eds.), Advances in sensitivity analysis and parametric programming, Kluwer Academic Publishers, 1997.

[58] F.R. Gantmacher, Matrix theory, (English translation), Chelsea, 1960. [59] I. Gohberg, M. A. Kaashoek and F. van Schagen, “On the local theory of regular analytic matrix functions”, Linear Algebra and its Applications, v.182, pp.9-25, 1993.

[60] I. Gohberg, P. Lancaster and L. Rodman, Matrix Polynomials, Academic Press, New York, 1982.

[61] I. Gohberg and L. Rodman, “Analytic matrix functions with prescribed local data”, Journal d’analyse mathématique, v.40, pp.90-128, 1981.

[62] I.C. Gohberg and E.I. Sigal, “An operator generalization of the logarithmic residue theorem and the theorem of Rouché”, Math. USSR Sbornik, v.13, pp. 603-625, 1971.

[63] R. Hassin and M. Haviv, “Mean passage times and nearly uncoupled Markov chains”, SIAM J. Disc. Math., v.5, pp.368-397, 1992.

[64] M. Haviv and L. van der Heyden, “Perturbation bounds for the stationary probabilities of a finite Markov chain”, Adv. Appl. Prob., v.16, pp.804-818, 1984.

[65] M. Haviv and M.L. Puterman, “Bias optimality in controlled queueing systems”, J.

Appl. Prob., v.35, pp.136-150, 1998.

[66] M. Haviv and Y. Ritov , “Series expansions for stochastic matrices”, Unpublished manuscript, Department of Statistics, The Hebrew University, 1989.

Bibliography 187 [67] M. Haviv and Y. Ritov, “On series expansions and stochastic matrices”, SIAM J.

Matrix Anal. Appl., v.14, pp.670-676, 1993.

[68] O. Hernandez-Lerma and J.B. Lasserre, Discrete-time Markov control processes: basic optimality criteria, Springer-Verlag, New York, 1996.

[69] N.J. Higham, “Perturbation theory and backward error for AX − XB = C”, BIT, v.33, pp.124-136, 1993.

[70] A. Hordijk and L.C.M. Kallenberg, “Linear programming and Markov decision chains”, Management Science, v.25, pp.352-362, 1979.

[71] A. Hordijk, R. Dekker, and L.C.M. Kallenberg, “Sensitivity analysis in discounted Markovian decision problems”, OR Spectrum, v.7, pp.143-151, 1985.

[72] R.A. Howard, Dynamic programming and Markov processes, Cambridge, MA: MIT Press, 1960.

[73] P.G. Howlett, “Input retrieval in finite dimentional linear systems”, J. Austral. Math.

Soc. (Series B), v.23, pp. 357-382, 1982.

[74] Y. Huang and A.F. Veinott, Jr., “Markov branching decision chains with interestrate-dependent rewards”, Probability in the Engineering and Information Sciences, v.9, pp.99-121, 1995.

[75] Y. Huang, “A canonical form for pencils of matrices with applications to asymptotic linear programs, Lin. Alg. Appl., v.234, pp.97-123, 1996.

[76] J.J. Hunter, “Stationary distributions of perturbed Markov chains”, Lin. Alg. Appl., v.82, pp.201-214, 1986.

[77] J.J. Hunter, “The computation of stationary distributions of Markov chains through perturbations”, J. Appl. Math. Stoch. Anal., v.4, pp.29-46, 1991.

[78] J.J. Hunter, “A survey of generalized inverses and their use in applied probability”, Math. Chronicle, v.20, pp.13-26, 1991.

[79] M. Iosifescu, Finite Markov Processes and Their Applications, Wiley, Bucuresti, 1980. [80] D.L. Isaacson and R.W. Madsen, Markov chains: theory and applications, Wiley, New York, 1976.

[81] R.G. Jeroslow, “Asymptotic Linear Programming”, Oper. Res., v.21, pp.1128-1141, 1973.

Bibliography 188 [82] R.G. Jeroslow, “Linear Programs Dependent on a Single Parameter”, Disc. Math., v.6, pp.119-140, 1973.

[83] B. Kagstrom, A. Ruhe, Matrix pencils, Lecture notes in mathematics, v.973, Springer- Verlag, 1983.

[84] B. Kagstroem, “A perturbation analysis of the generalized Sylvester equation (AR − LB, DR − LE) = (C, F )”, SIAM J. Matr. Anal. Appl., v.15, pp. 1045-1060, 1994.

[85] L. C. M. Kallenberg, Linear programming and finite Markovian control problems, Mathematical Centre Tracts 148, Amsterdam, 1983.

[86] L. C. M. Kallenberg, “Survey of linear programming for standard and nonstandard Markovian control problems, Part I: Theory”, ZOR - Methods and Models in Operations Research, v.40, pp.1-42, 1994.

[87] T. Kato, Perturbation theory for linear operators, Springer-Verlag, Berlin, 1966. [88] M.V. Keldysh, “On the characteristic values and characteristic functions of certain classes of non-self-adjoint equations”, Dokl. Akad. Nauk SSSR, v.77, pp.11-14, 1951.

[89] J.G. Kemeny and J.L. Snell, Finite Markov Chains, Springer-Verlag, New York, 1976. [90] J.G. Kemeny, J.L. Snell and A.W. Knapp, Denumerable Markov Chains, D. Van Nostrand Company Inc., Toronto, 1966.

[91] V.S. Korolyuk and A.F. Turbin, Mathematical foundations of the state lumping of large systems, Naukova Dumka, Kiev, 1978, (in Russian), translated by Kluwer Academic Publishers, Dordrecht, Boston, 1993.

[92] V. Kucera, “The matrix equation AX + XB = C”, SIAM J. Appl. Math., v.26, pp.15-25, 1974.

[93] B.F. Lamond, “A generalized inverse method for asymptotic linear programming”, Math. Programming, v.43, pp.71-86, 1989.

[94] B.F. Lamond, “An efficient basis update for asymptotic linear programming”, Lin.

Alg. Appl., v.184, pp.83-102, 1993.

[95] B. F. Lamond and M. L. Puterman, “Generalized inverses in discrete time Markov decision processes”, SIAM J. Matrix Anal. Appl., v.10, pp.118-134, 1989.

[96] P. Lancaster, “Inversion of lambda-matrices and application to the theory of linear vibrations”, Arch. Rational Mech. Anal., v.6, pp. 105-114, 1960.

Bibliography 189

[97] P. Lancaster, “Explicit solutions of linear matrix equations”, SIAM Review, v.12, pp.544-566, 1970.

[98] C.E. Langenhop, “The Laurent expansion for a nearly singular matrix”, Linear Algebra Appl., v.4, pp. 329-340, 1971.

[99] J.B. Lasserre, “A formula for singular perturbation of Markov chains”, J. Appl. Prob., v.31, pp.829-833, 1994.

[100] G. Latouche and G. Louchard, “Return times in nearly completely decomposable stochastic processes”, J. Appl. Prob., v.15, pp.251-267, 1978.

[101] G. Latouche, “First passage times in nearly decomposable Markov chains”, in Numerical solution of Markov chains, Pure Prob. Appl., v.8, pp.401-411, 1991.

[102] D.C. Lay, “Spectral analysis using ascent, descent, nullity and defect”, Math. Ann., v.184, pp. 197-214, 1970.

[103] E.S. Levitin, Perturbation theory in mathematical programming and its applications, Wiley & Sons, New York, 1994.

[104] V.B. Lidskii, “Perturbation theory of non-conjugate operators”, USSR Comput.

Math. and Math. Phys., v.1, pp.73-85, 1965, (Zh. Vychisl. Mat. i Mat. Fiz., v.6, pp.52-60, 1965).

[105] G. Louchard and G. Latouche, “Geometric bounds on iterative approximations for nearly completely decomposable Markov chains”, J. Appl. Prob., v.27, pp.521-529, 1990.

[106] D.G. Luenberger, Optimization by vector space methods, Wiley, 1979.

[107] D.G. Luenberger, Linear and nonlinear programming, 2nd ed., Addison-Wesley, 1984.

[108] A.S. Markus, Introduction to the spectral theory of polynomial operator pencils, series “Translations of mathematical monographs”, American Mathematical Society, Providence R.I., 1988.

[109] C.D. Meyer, Jr., “The condition of a finite Markov chain and perturbation bounds for the limiting probabilities”, SIAM J. Algebraic Discrete Methods, v.1, pp.273-283, 1980.

Bibliography 190

[110] S.P. Meyn and R.L. Tweedie, Markov chains and stochastic stability, Springer- Verlag, Communications and Control Engineering Series, London, 1993.

[111] A.I. Markushevich, Theory of functions of a complex variable, Chelsea Publishing Company, New York, 1977.

[112] B. L. Miller and A. F. Veinott, Jr., “Discrete dynamic programming with a small interest rate”, Ann. Math. Stat. v.40, pp.366-370, 1969.

[113] J. Moro, J.V. Burke and M.L. Overton, “On the Lidskii-Vishik-Lyusternik perturbation theory for eigenvalues of matrices with arbitrary Jordan structure”, SIAM Journal on Matrix Analysis and Applications, v.18, pp. 793-817, 1997.

[114] M.V. Pattabhiraman and P. Lancaster, “Spectral properties of a polynomial operator”, Numer. Math., v.13, pp. 247-259, 1969.

[115] S. Peng and C. E. de Souza, “Bounds on the solution of the algebraic Riccati equation under perturbations in the coefficients”, Syst. Contr. Letters, v.15, pp.175- 181, 1990.

[116] A.A. Pervozvanski and V.G. Gaitsgori, Theory of suboptimal decisions, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1988, (Translation from the Russian orginal: Decomposition, aggregation and approximate optimization, Nauka, Moscow, 1979.)

[117] A.A. Pervozvanskii and I.N. Smirnov, “Stationary-state evaluation for a complex system with slowly varying couplings”, Cybernetics, v.10, pp.603-611, 1974. (Translation of Russian original in Kibernetika, v.10, pp.45-51, 1974.)

[118] R.G. Phillips and P.V. Kokotovic, “A singular perturbation approach to modeling and control of Markov chains”, IEEE Trans. Auto. Contr., AC-26, no.5, pp.1087- 1094, 1981.

[119] M. L. Puterman, Markov decision processes, John Wiley & Sons, New York, 1994.

[120] J.P. Quadrat, “Optimal control of perturbed Markov chains: the multitime scale case”, in Singular perturbations in systems and control, ed. M.D. Ardema, CISM Courses and Lectures no.280, Springer-Verlag, Wien - New York, 1983.

[121] F. Rellich, Perturbation theory of eigenvalue problems, Gordon and Breach Science Peblishers, New York, 1969.

[122] D. Revuz, Markov chains, North-Holland, Amsterdam, 1975.

Bibliography 191

[123] M. Ribaric and I. Vidav, “Analytic properties of the inverse A^{−1}(z) of an analytic operator valued function A(z)”, Arch. Rational Mech. Anal., v.32, pp. 298-310, 1969.

[124] L. Rodman, An introduction to operator polynomials, Operator Theory Series v.38, Birkhauser, 1989.

[125] J.R. Rohlicek and A.S. Willsky, “The reduction of Markov generators: An algorithm exposing the role of transient states”, JACM, v.35, pp. 675-696, 1988.

[126] N. J. Rose, “The Laurent expansion of a generalized resolvent with some applications”, SIAM J. Math. Anal., v.9, 751-758, 1978.

[127] J.B. Rosen, “The gradient projection method for nonlinear programming. Part I.

Linear constraints”, J. Soc. Idust. Appl. Math., v.8, pp.181-217, 1960.

[128] J.B. Rosen, “The gradient projection method for nonlinear programming. Part II.

Nonlinear constraints”, J. Soc. Idust. Appl. Math., v.9, pp.514-532, 1961.

[129] U. Rothblum, “Resolvent expansions of matrices and applications”, Lin. Alg. Appl., v.38, pp.33-49, 1981.

[130] M.K. Sain and J.L. Massey, “Invertibility of linear time invariant dynamical systems”, IEEE Trans. Auto. Contr., v.AC-14, pp.141-149, 1969.

[131] P.J. Schweitzer, “Perturbation theory and finite Markov chains”, J. Appl. Prob., v.5, pp.401-413, 1968.

[132] P.J. Schweitzer, Perturbation series expansions of nearly completely-decomposable Markov chains, Working paper, no. 8122, Graduate School of Management, University of Rochester, August 1981.

[133] P.J. Schweitzer, The Laurent expansion for a nearly singular pencil, Working Paper QM8413, Graduate School of Management, Univ. Rochester, 1984.

[134] P.J. Schweitzer, “Perturbation series expansions for nearly completelydecomposable Markov chains”, in Teletrafic Analysis and Computer Performance Evaluation, O.J. Boxma, J.W. Cohen, and H.C. Tijms (eds.), Elsevier Science Publishers B.V. (North-Holland), pp. 319–328, 1986.

[135] P.J. Schweitzer and G.W. Stewart, “The Laurent expansion of pencils that are singular at the origin”, Linear Algebra Appl., v.183, pp. 237-254, 1993.

Bibliography 192 [136] E. Seneta, “Sensitivity analysis, ergodicity coefficients, and rank-one updates for finite Markov chains”, in Numerical solution of Markov chains, Workshop 1990, Pure Prob. Appl., v.8, pp.121-129, 1991.

[137] H.A. Simon and A. Ando, “Aggregation of variables in dynamic systems”, Econometrica, v.29, pp.111-138, 1961.

[138] J.L. Smith, “Approximate stationary probability vectors of a finite Markov chain”, SIAM J. Appl. Math., v.20, pp.612-618, 1971.

[139] G.W. Stewart, “On the perturbation of pseudo-inverses, projections and linear least squares problems”, SIAM Review, v.19, pp.634-662, 1977.

[140] G.W. Stewart and J.-G. Sun, Matrix perturbation theory, Academic Press, San Diego, 1990.

[141] G. Strang, Linear algebra and its applications, 2nd ed., Academic Press, 1980. [142] Y. Takahashi, “On the effects of small deviations in the transition matrix of a finite Markov chain”, J. Oper. Res. Soc. Japan, v.16, pp.104-129, 1973.

[143] A.E. Taylor, Introduction to functional analysis, Wiley and Sons, New York, 1967. [144] A. Trampus, “A canonical basis for the matrix transformation X → AX + XB”, J.

Math. Anal. Appl., v.14, pp.242-252, 1966.

[145] M.M. Vainberg and V.A. Trenogin, Theory of branching of solutions of non-linear equations, Noordhoff International Publishing, 1969.

[146] H. Vantilborgh, “Aggregation with an error of O(ε^2)”, JACM, v.32, pp. 161-190, 1985.

[147] A. F. Veinott, Jr., “Discrete dynamic programming with sensitive discount optimality criteria”, Ann. Math. Stat. v.40, pp.1635-1660, 1969.

[148] A. F. Veinott, Jr., “Markov decision chains”, in Studies in Optimization, eds. G. B.

Dantzig and B. C. Eaves, pp. 124-159, 1974.

[149] M.I. Vishik and L.A. Lyusternik, “The solution of some perturbation problems in the case of matrices and self-adjoint and non-self-adjoint differential equations”, Uspechi Mat. Nauk, v.15, pp.3-80, 1960.

[150] H.K. Wimmer, “The generalized Sylvester equation in polynomial matrices”, IEEE Trans. Auto. Contr., AC-41, pp.1372-1376, 1996.

Bibliography 193

[151] G.G. Yin and Q. Zhang, Continuous-time Markov chains and applications: A singular perturbation approach, Series: Applications of Mathematics, v.37, Springer- Verlag, New York, 1998.

[152] A. A. Yushkevich, “Blackwell optimal policies in a Markov decision process with a Borel state space”, Z. Oper. Res., v.40, pp.253-288, 1994.