Learning Control Algorithms: Convergence and Robustness

Anatoly A. Pervozvanskii Department of Mechanics and Control Processes St.Petersburg State Technical University St.Petersburg, Russia e-mail: control1@citadel.stu.neva.ru

Konstantin E. Avrachenkov Centre for Industrial and Applied Mathematics School of Mathematics University of South Australia, The Levels SA 5095, Australia e-mail: matkea@zarniwoop.levels.unisa.edu.au

Abstract

The general learning control procedure is considered. It is shown that known convergence conditions for the learning procedure demand operators with unproper transfer functions. Therefore we propose new weaker convergence conditions which admit learning operators with proper transfer functions. A new robust learning algorithm based on these conditions is constructed. The presented algorithm is especially useful for the control of singularly perturbed mechanical systems.

1 Introduction

Many industrial systems (for example, robotic manipulators of conveyor lines) work in a cyclic mode. Namely, a system has to repeat the same operation many times returning after each cycle to the same initial conditions. For continuous cyclic dynamic systems and especially for robots the learning control was suggested in [1], where such terminology was also introduced. The basic idea of the learning control is very simple and natural: the control scheme should use information about errors from the previous cycles to construct the control for the next cycle. So after receiving a new task, the system has to make several tuning trials, which improve the precision of operations, and afterwards begin to yield operations with the desired accuracy. The first theoretical results for cyclic control of discrete systems were obtained in [7].

A general theory and several applications of the learning control were given in [2, 8, 9]. However it turns out that the sufficient convergence conditions for the learning procedure proposed in [8] are very tight. Namely, according to these conditions to control inertial objects we need to use high derivatives of the error.

In this paper the authors present weaker convergence conditions, which allow to construct the learning operators with proper transfer functions. The learning algorithm based on new convergence conditions is proposed. This algorithm is robust in respect to the highfrequency dynamics and does not use derivatives of the error. Such type of algorithms is extremely useful for the control of mechanical systems with weak damping and hidden resonances. Therefore we consider in the last section of the paper the application of the general learning scheme to singularly perturbed multifrequency mechanical systems. Our approach is close to the scheme proposed in [6]. However it is much simpler. Moreover in our paper a regrious proof of convergence is obtained.

2 Convergence of learning control algorithms

In this section we present main results of the learning control theory. An interested reader can find detail proofs and explanations in [2, 8, 9].

Let us formulate the general scheme of the learning control. Consider an arbitrary system working cyclically, that can be described in the operator form y_k(t) = G{u_k(τ), τ ∈ [0, T ]}, t ∈ [0, T ], k = 0, 1, ..., where G{} = H{} + Φ{} is the system operator consisting of linear part H and nonlinear part Φ, T is the cycle duration, k is the cycle number, and u_k(t), y_k(t), t ∈ [0, T ] are the control and the output of the system on the k-th cycle, respectively. The nonlinear part satisfies Lipschitz condition ‖Φ{u_1} − Φ{u_2}‖ ≤ α‖u_1 − u_2‖. The aim of the learning control is to decrease successively the error z_k(t) = y_k(t) − y^d(t), k = 0, 1, ... , where y^d(t), t ∈ [0, T ] is a desired behavior of the system. The linear learning control algorithm is the iterative procedure u_{k+1}(t) = u_k(t) − F {z_k(t)}, k = 0, 1, ..., (1) where F {} is a linear learning operator, and u_0(t) is an arbitrary control on the first cycle.

It was shown in [8] that the above learning algorithm is convergent, that is lim_{k→∞} ‖z_k(t)‖ = 0, if the following condition holds ‖I − HF ‖ + α‖F ‖ < 1. (2) This condition is quite general, since one can use any functional norms and corresponding operator norms.

In particular, if the system is linear, then the condition (2) can be written in the form ‖I − H_{yu}(p)F (p)‖_{H∞} < 1, (3) where H_{yu}(p) is the transfer function of the object, F (p) is the transfer function of the learning operator. Here the operator norm is H_∞-norm [3, 4, 5] and the functional norm is L_2-norm.

As it was said before, the learning control can be applied in the case, when the operator of the system is not known precisely. Namely, suppose that H_{yu}(p) = H̄_{yu}(p) + ΔH_{yu}(p), where H̄_{yu} is the known part and ΔH_{yu} is the unknown perturbation. Then the condition (3) can be modified as follows ‖I − H̄_{yu}(p)F (p)‖_{H∞} + ‖ΔH_{yu}(p)F (p)‖_{H∞} < 1 (4) It is convenient to represent the perturbation ΔH_{yu}(p) in the multiplicative form ΔH_{yu}(p) = η(p)H̄_{yu}(p), where |η(iω)| ≤ C(ω) and C(ω) characterizes the range of uncertainty.

The simplest method of the construction of learning operator F (p), called in [8, 9] the inverse operator principle, is to take

F (p) = H̄^{−1}_{yu} (p), (5) of course, if such operator exists. It was demonstrated in [9] how to use this principle in combination with the classical high gain feedback for the control of mechanical systems, in particular, for the robot control.

However, there are some disadvantages of this approach:

• in the case of inertial systems the degree of denominator of H̄_{yu}(p) is greater than the degree of numerator. Thus, if we use the precise model of the object H̄_{yu}(p) = H_{yu}(p) and the inverse operator principle, then the learning operator F (p) = H^{−1}_{yu} (p) appears to be not proper;

• if one uses unprecise model H̄_{yu}(p) ≠ H_{yu}(p) and (5), then it follows from the condition (4) that C(ω) < 1, ∀ω. But the above inequality may be not satisfied, especially, for the objects with hidden resonances.

Moreover, we would like to emphasize that the outlined problems will arise in any other methods of the learning operator construction. Indeed even in the scalar case the condition (3) means that sup_ω |1 − H_{yu}(iω)F (iω)| < 1. (6) This condition can be satisfied only if the difference between the degrees of numerator and denominator of F (p) is precisely equal to the difference between the degrees of denominator and numerator of H_{yu}(p). Otherwise, (6) will not hold, since |1 − H_{yu}(iω)F (iω)| → 1 as ω → ∞. On the other hand, it is obvious that (3) is only sufficient condition, so that the learning procedure can converge even if the condition (3) is not satisfied. It was stated in [6] that the condition (3) is also necessary. However according to the theorem 1 below, it is not true.

Therefore we are very interested in obtaining weaker sufficient conditions. A variant of such weak conditions is proposed in the next section.

3 Weak sufficient conditions

Let us consider a sequence of functions {x_k(t), k = 0, 1, ..., t ∈ [0, T ]} formed by the recurrent equation

x_{k+1}(t) = Ax_k(t), k = 0, 1, ... (7)

where A is a linear operator with the corresponding transfer function A(p) and x_0(t) ∈ L_{2[0,T ]} is an initial term of the sequence. We denote the Fourier transform of x_0(t) as X_0(iω). Then sufficient convergence conditions of the sequence {x_k(t)} can be formulated as follows.

Theorem 1 Let A(p) ∈ H_∞, i.e. sup_ω σ_{max}{A(iω)} is bounded ( σ_{max}{M} is a maximal singular eigenvalue of M). Let also the following conditions hold: (i) σ_{max}{A(iω)} ≤ 1, ω ∈ [0, ∞) , (ii) σ_{max}{A(iω)} has the finite number of local maxima,

(iii) lim_{ω→∞} σ_{max}{A(iω)} < 1.

Then

lim_{k→∞} ‖x_k(t)‖^2_{L2} = lim_{k→∞} T∫ 0 x^2_k (t)dt = 0.

If x_0(t) is a bounded variation function, then convergence takes place without condition (iii). If (ii) is satisfied everywhere with the exception of the domain Ω, where σ_{max}{A(iω)} = 1, ω ∈ Ω, then

lim_{k→∞} ‖x_k (t)‖^2_{L2} ≤ 1 2π ∫ Ω |X_0(iω)|^2dω.

Proof: For simplicity we show the proof only for the scalar case when σ_{max}{A(iω)} = |A(iω)|. Let us denote ω_1, ..., ω_n the coordinates of local maxima where |A(iω_l)| = 1, l = 1, ..., n. (8) From the recurrent formula (7) and Parseval’s equality, we get

‖x_k (t)‖^2_{L2} = ‖X_k(p)‖^2_{H2} = 1 2π +∞∫ −∞ |X_k(iω)|^2dω

= 1 2π +∞∫ −∞ |A(iω)|^{2k} |X_0(iω)|^2dω, where X_k(iω) is the Fourier transform of x_k(t). Denote Ω = {ω/ |A(iω)|^2 ≥ 1 − ε} Due to (ii) and (iii), there exists ε > 0, such that Ω = ⋃ l Ω_l, Ω_l ⋂ Ω_k = 0, l ≠ k

Ω_l = [ω_l − δ_l, ω_l + δ^′_l], δ_l, δ^′_l > 0 Moreover, there is only one maximum point ω_l in each Ω_l. We have

‖x_k(t)‖^2_{L2} = 1 2π ∫ R\Ω |A(iω)|^{2k} |X_0(iω)|^2 dω + ∑ l 1 2π ∫ Ω_l |A(iω)|^{2k} |X_0(iω)|^2 dω (9)

Now let us find bounds for each summand in (9). It is obvious that 1 2π ∫ R\Ω |A(iω)|^{2k} |X_0(iω)|^2 dω ≤

≤ (1 − ε)^k 1 2π ∫ R\Ω |X_0(iω)|^2 dω ≤ (1 − ε)^k ‖x_0(t)‖^2_{L2}

(10) and 1 2π ∫ Ω_l |A(iω)|^{2k} |X_0(iω)|^2 dω ≤

≤ max_{ω∈Ωl} |X_0(iω)|^2 1 2π ∫ Ω_l |A(iω)|^{2k}dω .

Note that |A(iω)| < 1 if ω ∈ [ω_l − δ_l, ω_l −^{δl}_2 ] ⋃ [ω_l + δ^′_l 2 , ω_l + δ^′_l], hence ∫ Ω_l |A(iω)|^{2(k+1)}dω < ∫ Ω_l |A(iω)|^{2k}dω

and the sequence of J_k = ∫ Ω_l

|A(iω)|^{2k}dω is decreasing

and has limit J ≥ 0. We prove by contradiction that J = 0. So suppose J > 0. Then there exist δ̄_l < δ_l, δ̄^′_l < δ^′_l such that

lim_{k→∞} ω_l+δ̄^′_l∫

ω_l−δ̄_l |A(iω)|^{2k}dω = J 2 or

lim_{k→∞}[ ω_l−δ̄_l∫

ω_l−δ_l |A(iω)|^{2k} dω+ ω_l+δ^′_l∫

ω_l+δ̄^′_l |A(iω)|^{2k} dω] = J 2 .

However, due to isolating of maxima (ii), there exists ε_1 > 0 such that |A(iω)|^2 ≤ 1−ε_1, ω ∈ [ω_l−δ_l, ω_l −δ̄_l]∪[ω_l + δ̄^′_l, ω_l + δ^′_l] The above inequality implies 0 < J 2 ≤ lim_{k→∞}(1 − ε_1)^k(δ_l − δ̄_l + δ^′_l − δ̄^′_l) = 0

We have got contradiction, thus lim_{k→∞} 1 2π ∫ Ω_l |A(iω)|^{2k} |X_0(iω)|^2 dω = 0, l = 1, ..., n

Together with (9) and (10) it proves that

lim_{k→∞} ‖x_k (t)‖^2_{L2} = 0.

Now we consider the case when the condition (iii) is not satisfied, that is lim_{ω→∞} |A(iω)| = 1. Since A(p) ∈ H_∞ and (ii), we can find ω^∗ : ω_n < ω^∗ < ∞ such that |A(iω)| is not decreasing if ω ∈ Ω^∗ = {ω ≥ ω^∗} and |A(iω)| < 1 − ε, ω ∈ (R \ Ω) \ Ω^∗. If x_0(t) is a bounded variation function, then [10] |X_0(iω)| ≤ c |ω| and we have

J^∗_k^Δ= 1 2π ∫ Ω^∗ |A(iω)|^{2k} |X_0(iω)|^2 dω ≤

≤ c 2π ∫ Ω^∗ |A(iω)|^{2k} 1 ω^2 dω = c 2π 1/ω^∗∫

0 | |A(iξ^{−1}) | |^{2k} dξ

The convergence of the sequence {J^∗_k } to zero is proved by analogy with {J_k}.

So the above assertions are correct if |A(iω)| has the finite number of local maxima. On the other hand, if |A(iω)| = 1, ω ∈ Ω, then we should write in (9) the additional term 1 2π ∫ Ω |X_0(iω)|^2dω,

which determines the convergence domain.

Note if we take A(p) = I − H_{yu}(p)F (p), then we immediately get new weaker conditions for convergence of the learning procedure (1).

4 A robust learning algorithm

The weak sufficient conditions given in the previous section allow us to construct learning operators with proper transfer functions. Let us consider a robust learning algorithm, which is especially useful for the control of mechanical systems with hidden resonances and weak damping. Take the learning operator in the form F (p) = R(p)H̄^{−1}_{yu} (p), (11) where R(p) is a transfer function of the regularizing filter R(iω) = { 1, |ω| ≤ ω 0, |ω| > ω (12) It is obvious that this control algorithm is robust in respect to the perturbation of the object frequency characteristic in the range [ω̄, ∞). The next theorem gives precise statements for SISO systems.

Theorem 2 Let the transfer function of the object be

G(p) = [1 + η(p)]H̄_{yu}(p),

and the learning operator is chosen according to (11), (12). If |η(iω)| < 1, ω ≤ ω, (13) then the learning procedure converges to the domain

‖z(t)‖^2_{L2} ≤ 1 π ∞∫ ω |Z_0(iω)|^2dω. (14)

Proof: That is only enough to check the conditions of the Theorem 1 for the operator A(p) = 1−H_{yu}(p)F (p).

We would like to emphasize that the learning operator F (p) is not linear-rational transformation in this case. It is convenient to implement the learning algorithm (11), (12) via the convolution

u_{k+1}(t) = u_k(t) − T∫ 0 f(t − τ)z_k (τ)dτ, t ∈ [0; T ],

where f(τ) = 1 2π +∞∫ −∞ F (iω)e^{iωτ} dω

= 1 2π +ω∫ −ω H̄^{−1}_{yu} (iω)e^{iωτ} dω., τ ∈ [−T ; +T ].

The weight function f(τ) can be calculated beforehand. Note also that the above algorithm does not demand any differentiation. It is good advantage in comparison with algorithms based on the inverse operator principle. The choice of ω̄ is determined by the robustness criterion as well as the tolerance level of error. Below we shall show the application of this general scheme to the control of mechanical systems.

5 Learning control of singularly perturbed mechanical systems

Let us consider a linear mechanical system in the general form

q̈ + Dq̇ + Ω^2q = B_uu(t) + B_ww(t), y = Cq, (15)

z = y − y^d(t), (16)

where q is the vector of main generalized coordinates, D, Ω^2 are diagonal matrices, u is a control, w(t) is uncontrollable disturbance, and y, y^d(t) are an output and its desired behavior. Again we assume that w(t) and y^d(t) are the same for every cycle and q(0) = 0. The system of equation (15), (16) can be rewritten in the operator form Z(p) = H_{yu}(p)U(p) + W (p), where

H_{yu}(p) = C[p^2I + pD + Ω^2]^{−1}B_u,

W (p) = C[p^2I + pD + Ω^2]^{−1}B_wW (p) − Y^d(p).

We can also write the transfer function H_{yu}(p) in the form H_{yu}(p) = N∑ k=1 g_k p^2 + d_kp + Ω^2_k . Let us enumerate the frequencies Ω_i, i = 1, N as follows

Ω_1 ≤ ... ≤ Ω_N << Ω_{N+1} ≤ ... ≤ Ω_N .

One can separate the two groups of frequencies, because in most of real mechanical systems the low-frequency dynamics, corresponding to Ω_1, ..., Ω_N , is known well, whereas the higher frequencies Ω_{N+1}, ..., Ω_N are known unprecisely or even unknown at all. The first group represents the known part of the mechanical object and the second one represents the singular perturbation. Therefore we chose ω̄ and H̄_{yu}(p) such that

Ω_N < ω < Ω_{N+1} and H̄_{yu}(p) =^N ∑ k=1 g_k p^2 + d_kp + Ω^2_k + N∑ k=N +1 g_k Ω^2_k

, (17) where g_k, d_k, Ω_k are estimates of object parameters. Note that we neglect high-frequency dynamics in (17). Due to use of regularizing filter (12) the learning procedure is convergent, though the limiting error differs from zero. For example, if u_0(t) = 0, then

Z_0(p) = W (p).

According to (14) the level of the limiting error is determined by high-frequency parts of disturbance transfer function and desired output. Thus one chooses ω to satisfy a required accuracy of the learning procedure. On the other hand, the robustness condition (13) for low-frequency dynamics has to hold as well. Of course, slight empirical tuning of ω is recommended in every practical realization.

The described above algorithm has been tested on a benchmark model having two degrees of freedom. Simulations show that the algorithm has a small domain of convergence (1-5% of the initial error value) and good robustness in respect to parameter estimations (for example, the convergence takes place when the elasticity parameter is changed in the range -30%,+80%). Moreover the presented learning algorithm has been successfully applied even to nonlinear mechanical models as robot-manipulators.

References [1] S. Arimoto, S. Kawamura, and F. Miyzaki, “Bettering Operation of Robots by Learning”, Robotic Syst., vol. 1, 1984, pp. 123-140.

[2] K.E. Avrachenkov, “Learning Control of Flexible Mechanical Systems”, Master thesis, St.Petersburg State Technical University, February 1996, (in Russian).

[3] A.E. Barabanov and A.A. Pervozvanskii, “Optimization by Frequency-Uniform Criteria (H_∞ – Theory)”, Avtomatika i Telemekhanika, no. 9, 1992. Engl. transl. in Automation and Remote Control.

[4] J.C. Doyle, K.G. Glover, P.P. Khargonekar, and B.A. Francis, “State-Space Solutions to Standard H_2 and H_∞ Control Problems”, IEEE Trans. Auto. Control, AC-34, 1989, pp. 831-847.

[5] B.A. Francis, “A Course in H_∞ Control Theory”, LNCIS, Springer-Verlag , 1988.

[6] G.J. Goh and V.Y. Yan, “An H_∞ Synthesis of Robust Current Error Feedback Learning Control”, J. of Dynamic Syst., Meas., and Contr., vol.118, 1996, pp. 341-346.

[7] V. Katkovnik and A. Pervozvanski, “Extremum Search Methods and Multivariable Control Sytems”, J. of Cybernetics, vol.3, no. 2, 1973, pp. 81-101.

[8] A.A. Pervozvanskii, “Learning Control and Its Applications. Part 1. Elements of General Theory”, Avtomatika and telemekhanika, no. 11, 1995. Engl. transl. in Automation and Remote Control.

[9] A.A. Pervozvanskii, “Learning Control and Its Applications. Part 2. Frobenious Systems and Learning Control for Robot-Manipulators”, Avtomatika i Telemekhanika, no. 12, 1995. Engl. transl. in Automation and Remote Control.

[10] L. Schwartz, “Mathematics for The Physical Sciences”, Addison-Wesley Pub. Co., 1966.