To the memory of Prof. A.A. Pervozvansky

Iterative Learning Control for Over-Determined, Under-Determined, and Ill Conditioned Systems

Konstantin E. Avrachenkov INRIA Sophia Antipolis 2004 route des Lucioles, B.P. 93, 06902, Sophia Antipolis Cedex, France e-mail: k.avrachenkov@sophia.inria.fr

Richard W. Longman Department of Mechanical Engineering Columbia University New York 10027, USA e-mail: RWL4@columbia.edu

Abstract

This paper studies iterative learning control for under-determined and over-determined systems. These are systems where the control action to produce the desired output is not unique, or systems for which it is not feasible to exactly track the desired output. We also study discrete time systems whose operators are ill conditioned. For all these cases we recommend to use the pseudoinverses or their approximations as a learning operator. In particular, we show that for over-determined systems, unless one knows the system exactly, the minimum possible output error is never achieved by a repetition invariant learning controller. Finally, the relation between several iterative learning control methods and Tikhonov-type regularization techniques is discussed.

1 Introduction and problem formulation

In this paper we study general iterative learning control (ILC) laws for over-determined and under-determined systems as well as the regularization technique for ill conditioned discrete time systems. Over-(under-) determined systems are systems where the desired output cannot be exactly achieved by any control, or systems in which several input control values can be chosen to obtain the desired output. There are many applications of iterative learning control: robotic manipulators, hard disk drives, chemical processing, etc. [1, 16, 19, 20, 22, 24, 27] Some of them, such as robotic manipulators, clearly can be either underdetermined or over-determined systems. We note that in robotics such systems are also referred to as over-(under-)actuated systems. Iterative learning control is designed to improve the performance of cyclical systems and its basic idea is to use the information from the previous cycles to improve the system performance on the current cycle [1, 16, 20, 27].

As in [5, 6], let us consider a controlled system represented by the operator F acting on Hilbert spaces U and Y , that is F : U → Y , where U is the control space and Y is the space of observations or system outputs. Unless noted explicitly, the vector norm is given by the scalar prod- uct (||x|| = √ < x, x >) and the operator norm is induced by this scalar product norm. Since we consider a cyclical system, the system evolution is given by

y_k = F (u_k), k = 0, 1, ... (1)

where u_k ∈ U and y_k ∈ Y are the control input and the observed output of the system at the k-th cycle, respectively. Let y_d be the desired output of the system. Our aim is to find a control u_d which is a solution of the operator equation

y_d = F (u). (2)

Of course, we suppose that we do not know exactly the operator F , otherwise the equation (2) can be solved by classical methods [11] provided the computation is not too ill conditioned. Since we are dealing with cyclically operating systems, iterative learning control can be used to solve the operator equation (2) online. Here we consider linear iterative learning control scheme [1, 16, 22, 23, 27]

u_{k+1} = u_k − Lz_k, k = 0, 1, ... (3)

where z_k = y_k − y_d is the error at the k-th cycle and L is a linear learning operator.

Now let us give a strict definition of overdetermined and under-determined systems. We say that a system is under-determined if for some outputs there is no unique control action and we say that a system is over-determined if there exist some values of the output that cannot be achieved, that is the range of operator F is a strict subset of the observation space Y . In the case of underdetermined systems we are interested in the solution of equation (2) which minimizes the norm ||u||. Whereas in the case of over-determined systems we are interested in the minimization of ||y_d − F (u)|| [17]. Of course, in general the minimum of ||y_d − F (u)|| is not zero. Moreover, we show that for over-determined systems one cannot achieve this minimum using the learning procedure (3). This is a sharp contrast with the systems which have one-to-one correspondence between the control actions and outputs. In the later case the minimum of ||y_d − F (u)|| is equal to zero and can be achieved by the appropriate choice of the learning operator.

In the next section we study linear systems. The linear theory can be easily understood and it clearly demonstrates the essence of the problems as well as possible approaches to their solution. Then, in the third section, we discuss the regularization technique as well as the generalization to nonlinear systems. Finally, in the last section we show that the pseudoinverse method and regularization techniques can also be applied to discrete time systems with ill conditioned operators.

2 Linear systems

In this section we study the case of a general linear system described by bounded linear operator F . We assume that the range R(F ) of the system operator is closed. This ensures the existence of pseudoinverse (or Moore-Penrose generalized inverse) operator F^† [12]. By straightforward calculations one can obtain the following recursion formula [16, 20, 27] z_{k+1} = [I − F L]z_k, k = 0, 1, ... (4) Note that if F is a one-to-one operator, then the condition ||I − F L|| < 1 (5) is satisfied for a large class of learning operators. In particular, this condition implies that the sequence {z_k} converges to zero in norm.

Now let us consider over-determined systems. The recurrent equation (4) still holds, but the condition ||I − F L|| < 1 cannot be satisfied by choosing any L. Let us show this in the case of finite-dimensional spaces U and Y . It is known [8] that if we take the Euclidean norm, i.e. ||A||_E = ( ∑_n j=1 ∑_n i=1 |a_{ij} |^2)^{1/2}, then ||I − F L||_E achieves its minimum at L = F^†, where F^† is the pseudoinverse (or the Moore-Penrose generalized inverse) of the operator F . That is, ||I − F F^†||_E ≤ ||I − F L||_E (6) for any operator L. Note that F F^† is an orthogonal projection mapping Y onto R(F ). Therefore I − F F^† is equal to zero only for the systems described by a one-to-one operator or for under-determined systems. Next we consider over-determined systems for which I − F F^† ≠ 0. We note that ||A||_2 ≤ ||A||_E , where || · ||_2 is the norm induced by the scalar product [11]. Next we recall that I − F F^† is an orthogonal projection and hence ||I − F F^†||_2 = 1. Thus, 1 = ||I − F F^†||_2 ≤ ||I − F F^†||_E ≤ ||I − F L||_E and consequently the condition (5) cannot be satisfied for over-determined systems. Also we conclude from inequality (6) that probably the best strategy for the over-determined systems is to choose the learning operator L as close to the pseudoinverse F^† as possible.

An intuitive explanation of the fact that ||I − F L|| ≥ 1 for over-determined systems is clear: There exists such values of the output which cannot be achieved by the system using any control action and hence the sequence {z_k} cannot converge to zero with any L. However, if y_d ∉ R(F ) we are interested in the minimization of ||y_d−F u||. That is, ideally we want to choose such a learning operator that the sequence {z_k} converges to z_d := F u_d−y_d ≠ 0, where u_d = argmin||y_d−F u||. Recall that u_d = F^†y_d provides a solution to the optimization problem min_u ||y_d−F u|| [8, 9]. Thus,

z_d = F u_d − y_d = F F^†y_d − y_d = [F F^† − I]y_d. (7)

In the next theorem we give convergence conditions of the general iterative learning procedure (3) for linear over-determined systems. In particular, we will show that unless one knows the system exactly, the limit of the sequence {z_k} does not equal z_d. Namely, by using the learning algorithm (3) we are not able to minimize ||y_d − F u||. Nethertheless, as the theorem shows, we are able to find a good approximation of the optimal solution.

Theorem 1 Let the learning operator satisfy the following condition ||F^† − L|| < 1 ||F || . (8)

Then the iterative learning procedure (3) converges, that is

lim_{k→∞} z_k = z_∞ = [I − F (F^† − L)]^{−1}z_d, (9)

where z_d is given by (7).

Proof: Let us consider the recurrent formula (4) and rewrite the operator I − F L as follows: I − F L = I − F F^† + F F^† − F L = I − F F^† + F (F^† − L).

Next we consider the product

[I − F F^†]F (F^† − L) = [F − F F^†F ](F^† − L).

Since the pseudoinverse operator F^† satisfies the equation F F^†F = F [9], we have that

[I − F F^†]F (F^† − L) = 0.

Next, using the above property and the fact that I − F F^† is an orthogonal projection, we can give the following expression of the powers of I − F L

[I − F L]^k = [(I − F F^†) + F (F^† − L)]^k = (I − F F^†) + F (F^† − L)(I − F F^†) +... + [F (F^† − L)]^{k−1}(I − F F^†) +[F (F^† − L)]^k = (I + F (F^† − L)

+... + [F (F^† − L)]^{k−1})(I − F F^†) +[F (F^† − L)]^k

From condition (8) we conclude that the series I + F (F^† − L) + [F (F^† − L)]^2 + ... is absolutely convergent, and consequently

[I − F L]^k → [I − F (F^† − L)]^{−1}(I − F F^†)z_0,

as k → ∞. Finally, we show that (I−F F^†)z_0 = z_d

(I − F F^†)z_0 = (I − F F^†)(F u_0 − y_d) = (F − F F^†F )u_0 + [F F^† − I]y_d = [F F^† − I]y_d = z_d.

This completes the proof. □ The following straightforward norm estimation of the limiting error can be immediately obtained.

Corollary 1 The upper bound on the norm of limiting error in the case of over-determined system is given by ||z_∞|| ≤ 1 1 − ||F ||||F^† − L|| ||z_d||. There are several useful conclusions that we can draw from the results of Theorem 1.

First, the expression (9) for the limiting error suggests that the learning operator L should be chosen as close to the pseudoinverse F^† of the system operator as possible. The later guarantees that we find a good approximation of the solution to the minimization problem min ||y_d − F u||.

Second, the convergence of (3) takes place if condition (8) is satisfied. This condition can be easily satisfied in the case when the operators L and F^† act on the same subspaces. However, it is not the case in the presence of singular perturbations [3, 4, 25]. The updating ILC procedures discussed below could be a solution to this problem.

Finally, one can see that, unless one knows exactly the system operator F , it is not possible to achieve the minimum of ||y_d−F u|| using the learning procedure (3) with any choice of L. Therefore, the ILC procedures with updating learning operator [6, 7, 17] can be very useful for overdetermined systems. Namely, the updating methods [6, 7, 17] construct the sequence of learning operators {L_k} which converge to F^†, thus one may expect that the updating learning procedure will provide an exact solution to the optimization problem min_u ||y_d − F u||.

As was mentioned at the beginning of the section, for systems described by a one-to-one operator the learning procedure (3) converges (under certain conditions on L) to a solution of the operator equation (2). The next theorem demonstrates that the application of the learning procedure (3) to under-determined systems produces similar results.

Theorem 2 Let the controlled system be underdetermined, that is R(F ) = Y . And let the following condition be satisfied ||F^† − L|| < 1 ||F || . Then the learning procedure (3) converges to a solution of (2) and the next norm estimation holds ||z_{k+1}|| ≤ ||F ||||F^† − L||||z_k|| k = 0, 1, .... (10) Proof: Recall that F F^† is an orthogonal projection onto R(F ), the range of the system operator. Since the system is over-determined, R(F ) = Y and hence F F^† = I. Thus, we can write I − F L = F F^† − F L = F [F^† − L]. The latter immediately implies (10). Next the norm inequality (10) ensures convergence if ||F^† − L|| < 1/||F ||. □ Note that the convergence condition in Theorem 2 is the same as the condition (8) in Theorem 1. This shows that in both cases of overdetermined and under-determined systems, one should try to choose the learning operator as close to the pseudoinverse F^† as possible.

3 Regularization methods and extension to nonlinear models

As was pointed out in the previous section, if the system operator is not invertible, we should take a good approximation of the pseudoinverse operator of the system as the learning operator. Namely, let F̃ be some approximation (or known part) of the controlled system. Then, in theory we must take L = F̃^†. However, in practice the computation of F̃^† is quite demanding and often numerically unstable [9]. Especially, this is the case for singularly perturbed systems [3, 4, 25]. To overcome this problem, we suggest to use Tikhonov regularization [8, 28]. Namely, it is known that the pseudoinverse operator can be expressed as the following limit [8, 9, 28]

F^† = lim_{α→0}(F^∗F + α^2I)^{−1}F^∗,

where F^∗ is the adjoint operator to F . Thus, in practice one has to solve the next system for Δ_{k+1}u = u_{k+1} − u_k

(F̃^∗F̃ + α^2I)Δ_{k+1}u = −F̃^∗z_k, (11)

where the parameter α is chosen in such a way that the matrix F̃^∗F̃ + α^2I is well-conditioned. A regularization for ILC similar to (11) was first proposed in the paper of Pervozvansky [23]. Note that (11) is the stationary point equation for the minimization problem [8, 28] min Δ_{k+1}u

{||z_k + F̃ Δ_{k+1}u||^2 + α^2||Δ_{k+1}u||^2}. (12)

The latter formulation allows us to generalize the method for the case of nonlinear systems. That is, the control for the next iteration is calculated by u_{k+1} = u_k + Δ_{k+1}u, where Δ_{k+1}u is a solution of the following optimization problem min Δ_{k+1}u

{||z_k + DF̃ (u_k)Δ_{k+1}u||^2 + α^2||Δ_{k+1}u||^2}.

where DF̃ (u_k) is a Freche derivative at u = u_k of the system operator F (u). Also one may construct a learning procedure which solves online the following nonlinear (and not quadratic) optimization problem min_u {||y_d − F (u)||^2 + α^2||u||^2} instead of the operator equation (2). The convergence of these regularization learning procedures for nonlinear systems will be investigated in future publications.

4 Application of the regularization techniques to discrete time systems

This section applies some of the concepts developed above to the standard ILC problem that is neither over-determined nor underdetermined, but instead has a one-to-one mapping between input histories and output histories. Systems governed by linear discrete time models are considered. Many of the same issues arise in this problem as in the previous problems because of the ill conditioning of the matrix describing the relationship between the input and output time histories. The emphasis of the developments is on the ability to handle the ill conditioning problem, but toward the end of the section comments are made about how to creat robustness of the learning to errors in our model of the system F .

Ill conditioning of inverse control in discrete time systems: When a system governed by a linear differential equation is fed by a zero order hold as in typical digital control, it is possible to describe without approximation, the input-output relationship by a difference equation. When the pole excess of the continuous time transfer function is greater than one, this discretization process will generically introduce enough zeros in the z-transfer function that it will have a pole excess of 1. Asymptotically as the sample time gets large, when one new zero is introduced it will appear at -1, when two zeros are introduced one will be inside the unit circle and the other will be outside, when three zeros are introduced one will be inside, one outside and the third at -1, etc. [2]. This means that in the majority of practical applications, there are zeros in the discrete time model that are outside the unit circle. If one wants to invert the system to determine the control needed to produce a chosen output, one substitutes the desired solution into the output terms of the difference equation, and then must solve for the input that can made the sum of the input terms match the sum of output terms. But with a zero outside the unit circle, this is the solution of an unstable difference equation, which usually precludes the use of inverse control. In a matrix formulation, the same effect is manifested as ill conditioning of a matrix inverse computation. The linear operator F in this discrete time problem is a matrix of Markov parameters giving the output history of the system as the product of F times the input history (plus an initial condition term that is the same every repetition). It is normally full rank - all that is required is to have the first Markov parameter be non zero (or in the multi-input, multi-output case full rank). Then all singular values of F are non zero. However, every unstable zero of the system z-transfer function is associated with a small singular value that makes the matrix ill conditioned. For typical trajectory lengths with typical sample rates, the matrix F is large and sufficiently ill conditioned that computation of inverse control become impossible. The following paragraphs discuss possible approaches to this problem.

An approximate inverse control: Suppose that we can find the singular value decomposition of F , F = UΣV^∗ = [U_1 U_2]diag(Σ_1, Σ_2)[V_1 V_2]^∗ , where diag represents the square block diagonal matrix with the diagonal blocks as indicated. The Σ_1, Σ_2 are diagonal matrices of singular values, with Σ_2 containing the small singular values that cause the ill conditioning. An approximation to F is given by F = [U_1 U_2]diag(Σ_1, 0)[V_1 V_2]^∗ = U_1Σ_1V^∗_1 , obtained by setting Σ_2 to zero. Setting it to zero eliminates the ill conditioning, creating instead a singular matrix. Suppose we pick the learning gain matrix L to be the Moore-Penrose pseudo inverse of F , i.e. L = V_1Σ^{−1}_1 U^∗_1 ([21] uses this approach to create local learning strategies). Then using equation (3) and Δ_{k+1}y = F Δ_{k+1}u produces equation (4) which can be written

[U_1 U_2]^∗z_{k+1} = diag(0, I)[U_1 U_2]^∗z_k, (13)

where y_k, u_k, z_k are column matrices of the output, input, and error histories. This equation shows that provided the model is perfect, the iterations converge in one repetition, making the error zero in the space spanned by the orthonormal columns of U_1 and leaving the error in the space spanned by U_2 unaltered. The steady state error is z_∞ = U_2U^∗_2 z_0. Because the learning control gain matrix L is singular, this falls into the category of an over-determined system. To make Theorem 1 apply to this problem, replace the F̃ by F̃ in equations (7), (8) and (9). This approach is a reasonable way to eliminate the ill conditioning problem, and produce a substantial decrease in tracking error. However, it would be good if we could create a method that can also eliminate the error in the space spanned by U_2, as in the following paragraphs.

ILC based on a modified inverse: Now let us investigate what happens if we handle the ill conditioning by simply increasing the small singular values by an amount that makes the matrix nicely invertible. Create a modified F as F = Udiag(Σ_1, Σ_2 + diag(α_i))V^∗ which adds an α_i to each σ_i on the diagonal of Σ_2, picking the α_i such that the matrix is no longer ill conditioned. Then choose the learning matrix as L = F^{−1}. Paralleling the developments of the previous paragraph produces

U^∗z_{k+1} = diag(0, Σ_2(Σ_2 + diag(α_i))^{−1})U^∗z_k (14) Again the components of the error in the space spanned by U_1 are eliminated in the first repetition. The amplitude of the error for the i-th column of U, a column appearing in U_2, is multiplied by α_i/(σ_i + α_i) every repetition. Hence, provided the model is correct, the learning control law converges to zero tracking error when the α_i are chosen to satisfy | | | | α_i σ_i + α_i | | | | < 1. (15)

This is satisfied by all positive α_i. Note what has been accomplished here. The learning law immediately eliminates the error in that part of the space for which we can obtain an inverse. Then the iterations of the learning control process converge to the inverse of the rest of the matrix, eventually eliminating all error. Equation (2) is finally solved, in spite of the fact that the matrix F is too ill conditioned to invert.

Regularization and an enhanced regularization: The learning law (11) based on regularization is closely related to the law of the previous paragraph. Substitute F for F̃ presuming we have an accurate model, and use a single α rather than a different one for each singular value. Then the learning law (11) gives an L in the form L = V (Σ^2 + α^2I)^{−1}ΣU^∗ and the error as a function of repetitions satisfies

U^∗z_{k+1} = [I − Σ(Σ^2 + α^2I)^{−1}Σ]U^∗z_k = diag ( α^2 σ^2_i + α^2 ) U^∗z_k (16)

This converges to zero tracking error provided |α^2/(σ^2_i + α^2)| < 1 for all i. We can create a more sophisticated regularization law by using a different weight α_i for each singular value of F . In place of (11) use

(F^∗F + V diag(α^2_i )V^∗)Δ_{k+1}u = −F^∗z_k (17)

which produces learning law L = V [Σ^2 + diag(α^2_i )]^{−1}ΣU^∗. Then the error as a function of repetitions satisfies

U^∗z_{k+1} = diag(α^2_i /(σ^2_i + α^2_i ))U^∗z_k (18)

The extra freedom of having many α_i to choose is helpful. The first singular values are normally well determined and there is little need for the regularization with regard to this part of the system. Use of a nonzero α_i for these singular values unnecessarily slows down the convergence of this part of the error. For later singular values, the regularization becomes important and nonzero values can easily be very helpful for convergence.

Relation to the contraction mapping ILC law: Reference [14] suggests the use of a learning law L = sF^∗. This law can be interpreted as performing at each repetition a step along the steepest descent direction for minimizing the sum of the squares of the errors for all time steps after the current one. If F is known exactly, this produces monotonic decay of the tracking error. Note that as the scalar α becomes large, and makes Σ become negligible in comparison, the Tikhonov based learning law above equation (16) approaches this contraction mapping law with the learning gain s = α^{−2}. Hence, the contraction mapping law is a special case of the Tikhanov regularization and hence a special case of quadratic cost ILC as discussed below.

Relationship to and enhancements of quadratic cost based ILC: Note that the z_k + F Δ_{k+1}u in equation (12) is equal to z_{k+1}, so that (12) can be rewritten as min Δ_{k+1}u

{||z_{k+1}||^2 + α^2||Δ_{k+1}u||^2} (19)

This is the ILC quadratic cost usually introduced to control the learning transients, but with the usual state and control weighting matrices, Q and R, chosen as the identity and α^2 times the identity [13]. We conclude that the Tikhonov regularization for this problem produced a special case of the quadratic cost ILC control problem. By penalizing the difference of controls in the last two repetitions, this optimization criterion keeps the changes in control from one repetition or cycle to the next from being too large and producing poor learning transients. This quadratic cost (19) is distinct from a quadratic cost ILC problem which aims to learn the quadratic cost control action [10, 17]. This latter problem addresses the issue of desired trajectories that are not feasible due to actuator saturation constraints. By contrast, the non feasibility addressed by the over-determined problem in the previous sections can be classified as a geometric non feasibility.

Now consider the more sophisticated regularization of equation (17). This is associated with a quadratic cost of the form min Δ_{k+1}u

{z^∗_{k+1}z_{k+1} + Δ_{k+1}u^∗[V diag(α^2_i )V^T ]Δ_{k+1}u}

(20) The weighting matrix Q is still the identity, although using such quadratic cost thinking we can modify it to emphasize parts of the trajectory where good tracking early in the learning process is important. This time the control weighting matrix has a very specialized structure making use of the knowledge of the system. One of the weakest aspects of LQ theory is that one has little guidance as to how to pick the Q and R matrices, other than trial and error. Hence, this more sophisticated Tikhonov regularization has given guidance to LQ to address this problem, which can be a significant contribution to the use of quadratic cost ILC.

Relation to frequency response, frequency weighted cost functionals, singular perturbations, and learning robustness: Reference [15] discusses the relationship between the singular values of F and the magnitude of the frequency response of the system at discrete frequencies. As the trajectory becomes long the singular values converge to the magnitude response. Stated another way, (20) is a finite time, time domain version of a frequency weighted cost functional, with the α^2_i being weights for different frequencies. There is a natural connection between quadratic cost in the time domain and the frequency domain using Parseval’s theorem.

An important issue in designing ILC laws is producing robustness to singular perturbations [3, 4]. Unlike normal feedback control, parasitic poles at high frequencies, far above the bandwidth of the controller can easily destabilize a learning control system. In [3, 4, 16, 18, 25] stability and good transient robustness is obtained for such unmodeled high frequency dynamics by cutting off the learning above the frequency for which one no longer has confidence in the model (this cutoff can also be tuned based on observing the frequency content of the response of the learning process).

In the quadratic cost Tikhonov regularization of (20) this kind of robustness can be accomplished as a limiting case by letting the α_i weights associated with singular values above the cutoff frequency tend to infinity. Then no control action is taken in this part of the space. To get to the limit in this process, one can transform the control variables to new coordinates ū = V^∗u, then delete those control variables associated with singular values that relate to frequencies above the cutoff, and then formulate the quadratic cost for the remaining control coordinates. Truncation of singular values is a finite time version of the cliff filtering in [26]. (For related developments for continuous time systems see also [3, 4, 25].) This limiting case produces an over-determined problem.

In terms of the new control variables we can create a new rectangular F matrix, and then the learning law, for example the one above equation (18), becomes L = V [Σ^T Σ + diag(α^2_i )]^{−1}Σ^∗U^∗. This L generates the changes in the control action ū from that of the previous repetition, making use of the singular value decomposition of this new rectangular F . A procedure of this kind is also appropriate when the dimension of an F for which one can numerically obtain a singular value decomposition is less than the full dimension of the problem.

As a regularization procedure, the Tikhonov regularization aims to produce robustness. Tikhonov regularization naturally produces robustness to errors in the knowledge of the frequency magnitude response of the system, i.e. the singular values, and addresses the issues of ill conditioning. But no statements are made here relative to producing robustness to errors in one’s knowledge of the singular vectors in U and V . These vectors contain the phase information, and stability of the ILC iterations is sensitive to phase errors. As the trajectory gets long compared to the time constants of the system, the column vectors in U and V start to look rather like sine and cosine waves, or two sines with different phases. The V^∗z_k finds the projection of the error onto these sinusoids. Then the sinular values puts in the amplitude change, and multiplying by the columns of U puts in the output sinusoid with the appropriate phase change included for the associated discrete frequency. It is important to have robustness to errors in the phase information in the model F .

Hence, it is recommended here that the enhanced regularization or LQ ILC law be used, equations (17) and (20), and that it be combined with a singular value cutoff as described above. This approach to learning control benefits from use of a system model, it involves regularization that solves the ill conditioned model inversion problem by iterations, the regularization produces robustness to singular value or magnitude frequency response errors of the model, and then the truncation produces robustness to errors in phase information at high frequency.

References

[1] S. Arimoto, S. Kawamura, and F. Miyazaki, “Bettering operation of robots by learning”, Journal of Robotic Systems, v.1, pp.123-140, 1984.

[2] K. Astrom, P. Hagander, and J. Strenby, “Zeros of sampled systems”, IEEE CDC’80 Proceedings, pp.1077-1081.

[3] K.E. Avrachenkov and A.A. Pervozvansky, “Regularization and robustness of learningbased control algorithms”, Journal of Computer and Systems Science, v.37, no.2, pp.338-340, 1998.

[4] K.E. Avrachenkov and A.A. Pervozvansky, “Iterative learning control for singularly perturbed systems”, Proceedings of ILC workshop, at IEEE CDC’98.

[5] K.E. Avrachenkov, “Iterative learning control based on quasi-Newton methods”, IEEE CDC’98 Proceedings.

[6] K.E. Avrachenkov, H.S.M. Beigi and R.W.

Longman, “Updating procedures for iterative learning control in Hilbert space”, IEEE CDC’99 Proceedings, pp. 276-280.

[7] H.S.M. Beigi, “New adaptive and learningadaptive control techniques based on an extension of the generalized secant method”, J. of Intelligent Automation and Soft Comp., v.3, no.2, pp.171-184, 1997.

[8] D.V. Beklemishev, Additional chapters of linear algebra, Nauka, Moscow, 1983.

[9] S.L. Campbell and C.D. Meyer, Generalizes inverses of linear transformation, Pitman, London, 1979.

[10] R. W. Longman and C.-K. Chang, “Learning control for minimizing a quadratic cost during repetitions of a task”, AIAA/AAS Astrodynamics Conference, A Collection of Technical Papers, Part 2, Portland, Oregon, August 1990, pp. 530-536.

[11] J.E. Dennis, Jr., and R.B. Schnabel, Numerical methods for unconstrained optimization and nonlinear equations, Prentice-Hall, Englewood Cliffs, New Jersey, 1983.

[12] J. Ding and L.J. Huang, “Perturbation of generalized inverses of linear operators in Hilbert spaces”, J. Math. Anal. Appl., v.198, no.2, pp.506-515, 1996.

[13] J. A. Frueh and M. Q. Phan, “Linear quadratic optimal learning control (LQL)”, Int. J. Contr., Special Issue on Iterative Learning Control, in press.

[14] H. S. Jang and R. W. Longman, “A new learning control law with monotonic decay of the tracking error norm”, Proceedings of the Thirty-Second Annual Allerton Conference on Communication, Control, and Computing, Monticello, Illinois, Sept. 1994, pp. 314-323.

[15] H. S. Jang and R. W. Longman, “Design of digital learning controllers using a partial isometry”, Advances in the Astronautical Sciences, v.93, pp. 137-152, 1996.

[16] R.W. Longman, “Design methodologies in learning and repetitive control”, Proceedings of the 2nd Asian Control Conference, Seoul, Korea, July 1997.

[17] R.W. Longman, Homayoon S.M. Beigi, and C. James Li, “Learning control by numerical optimization methods”, Proceedings of Modeling and Simulation, Instrument Soc. of America, v.20, Part 5, pp. 1877-1882, 1989.

[18] R. W. Longman, “Iterative learning control and repetitive control for engineering practice”, Int. J. Contr., Special Issue on Iterative Learning Control, in press.

[19] K.L. Moore, Iterative learning control for deterministic systems, London, U.K.: Springer- Verlag, Advances in Industrial Control, 1993.

[20] K.L. Moore, “Iterative learning control – an expository overview”, Technical Report 97/98 002, September 1997, (to appear in Applied and Computational Controls, Signal Processing, and Circuits).

[21] S.J. Oh, R.W. Longman, and M.Q. Phan, “Use of decoupling basis functions in learning control for local learning and improved transients”, Advances in Astronautical Sciences, v.95, pp.651-670, 1997.

[22] D.H. Owens, N. Amann, and E. Rogers, “Iterative learning control – an overview of recent algorithms”, Applied Mathematics and Computer Science, v.5, no.3, pp.425-438, 1995.

[23] A.A. Pervozvansky, “Learning control and its applications. Part 1. Elements of general theory”, Avtomatika i telemekhanika, no. 11, 1995. Engl. transl. in Automation and Remote Control.

[24] A.A. Pervozvansky, “Learning control and its applications. Part 2. Frobenious systems and learning control for robot-manipulators”, Avtomatika i telemekhanika, no. 12, 1995. Engl. transl. in Automation and Remote Control.

[25] A.A. Pervozvansky and K.E. Avrachenkov, “Learning control algorithms: convergence and robustness”, Proceedings of the 1997 Australian Control Conference, pp. 366-371.

[26] A. M. Plotnik and R. W. Longman, “Subtleties in the use of zero-phase low-pass filtering and cliff filtering in learning control”, Advances in the Astronautical Sciences, v.103, pp.673-692, 1999.

[27] E. Rogers and D.H. Owens, Stability analysis for linear repetitive processes, Springer- Verlag, Berlin, 1992.

[28] A.N. Tikhonov and V.Ya. Arsenin, Solution methods for ill-posed problems, Nauka, Moscow, 1974.