Hardy approximation to L^p functions on subsets of the circle with 1 ≤ p < ∞.

Laurent Baratchart and Juliette Leblond

Abstract

We consider approximation of L^p functions by Hardy functions on subsets of the circle, for 1 ≤ p < ∞. After some preliminaries on the possibility of such an approximation which are connected to recovery problems of the Carleman type, we prove existence and uniqueness of the solution to a generalized extremal problem involving norm constraints on the complementary subset.

AMS classification: 30D55, 30E10, 93B30, 93C80.

Key words and phrases: L^p analytic approximation, Recovery of H^p functions, Extremal problems in Hardy spaces.

1 Introduction

We investigate hereafter a generalization to arbitrary subsets of the unit circle TT of classical extremal problems in Hardy spaces H^p of the disk for 1 ≤ p < ∞. More precisely, if K is a subset of TT and if TT \ K denotes its complement, the question we address can be stated as follows:

For 1 ≤ p < ∞, let us be given f ∈ L^p(K), h ∈ L^p(TT \ K), and M > 0. We seek g ∈ H^p whose distance to h in L^p(TT \ K) does not exceed M and which is as close as possible to f in the L^p(K) metric under this constraint.

This article is a sequel to [8], which deals with the corresponding problem for p = ∞ and gives on the way some properties of traces of H^∞ functions on subsets of TT. The present paper, however, is self–contained.

When K = TT, then h and M play no role and we recognize a standard (dual) extremal problem (see e.g. [11, chap.8], [12, chap.IV], [14, chap.VII]). We shall refer to the above generalization as a bounded extremal problem (in short: BEP). If K is not of full measure, then traces of Hardy functions are dense in L^p(K) (see e.g. [8, prop.1]). This makes it clear why the constraint ‖g − h‖_Lp_{(TT\K)} ≤ M is needed for BEP to have a solution. Yet it is natural to ask how this density property can be made effective, in other words how does one construct an H^p approximant to a function in L^p(K) ?

When f is the trace on K of a Hardy function, we face a recovery problem that was originally approached by Carleman and then by Goluzin, Krylov, later by Lavrentyev, and more recently by Patil (see [1] and the bibliography therein, see also [16]). We will show in section 3 that certain recovery procedures of the Carleman type can be construed into approximation schemes to f ∈ L^p(K), and that the boundedness of such schemes provides criteria to decide whether f is the trace of some H^p function or not, a so–called Loewner type question that was taken up in [21], [16], [17], [18], [15], [19], [1], [3], for instance.

We then turn to BEP and establish existence and uniqueness of a solution in section 4. Subsequently, in section 5, we solve BEP when p = 2 – the only case in which we were able to do so beyond p = ∞ which is handled in [8]. For p = 2, the problem was treated in [15] when f = 0 while h = 0 is solved in [2]; it may come as a surprise that extremal functions in the latter case are provided by the family of approximants that we shall derive from Aizenberg’s account of Patil’s recovery scheme [1].

The interested reader will find in [2] and [8] a description of the links between bounded extremal problems and identification of linear time–invariant dynamical control systems. An analoguous question was also studied in [5] for a Hardy–Sobolev class in H^2.

We shall be working entirely on the disk, but it is clear how to derive half–plane versions of our results, either by direct inspection or using conformal mapping (see e.g. [13, chap.8]).

2 Notation and statement of the problem

For F ⊂ E, we write E \ F for the set–theoretic complement of F in E. Call TT the unit circle and ID the unit disk. We let μ be the Lebesgue measure on TT and, for 1 ≤ p ≤ ∞, we designate by H^p the Hardy space with exponent p of the unit disk. For E ⊂ TT, we denote by L^p(E) the familiar Lebesgue space and by ‖.‖_Lp_{(E)} the corresponding norm. The symbol < , >_L2_{(E)} indicates the scalar product in L^2(E). Further, C(E) is the space of continuous complex–valued functions and M_E is the space of complex Borel measures on E. If f is a function defined on some set containing E, the symbol f_{|E} indicates the restriction of f to E, and we write without ambiguity ‖f‖_Lp_{(E)} for the norm of this restriction. Accordingly, we set H^p_{|E} to mean the space of traces on E of H^p functions. Whenever f is defined on E and h is defined on TT \ E, the notation f ∨ h is used for the concatenated function which is defined on all of TT.

Let K ⊂ TT and 1 ≤ p < ∞. For f ∈ L^p(K), h ∈ L^p(TT \ K), and M a positive real number, we define a subset B^p_{M,h} of H^p by: B^p_{M,h} := {g ∈ H^p , ‖h − g‖_Lp_{(TT\K)} ≤ M} . With these notations, the bounded extremal problem we consider can be stated as :

BEP For K of positive Lebesgue measure and f, h, M as above, find g_0 ∈ B^p_{M,h} such that

‖f − g_0‖_Lp_{(K)} = min_{g∈} B^p_{M,h} ‖f − g‖_Lp_{(K)} . (1)

When μ(TT \ K) = 0, we face a classical (dual) extremal problem for which a solution does exist and is unique for 1 ≤ p < ∞. In this paper, we shall carry these existence and uniqueness properties over to BEP.

Standard proofs when K = TT rely on duality in Hardy spaces, interpreting the infimum in (1) as an operator norm (see e.g. [11], [12], [14]). Although such an interpretation is not available here, it can be supplemented by uniform convexity properties if 1 < p < ∞ and, if p = 1, by combining differentiation with more refined results on Douglas algebras due to Axler.

When μ(K) > 0, it follows from the density of H^p_{|TT\K} in L^p(TT \ K) already mentioned that B^p_{M,h} ≠ ∅. On the contrary, B^p_{M,h} may well be empty if μ(K) = 0, a case that was formally ruled out in BEP.

3 H^p approximants in L^p(K)

Let us first recall a simple result which is proved for example in [8, prop.1].

Proposition 1 Let K be a subset of TT such that μ(TT \ K) > 0, and let 1 ≤ p < ∞. Then H^p_{|K} is dense in L^p(K).

Remark 1 If in addition μ(K) > 0, then H^p_{|K} ≠ L^p(K). Indeed, it is easy to construct a non–zero f ∈ C(K) that vanishes on a set of positive measure, see e.g. [8, rmk.1].

When p > 1, a constructive proof of proposition 1 can also be obtained in connexion with Carleman type integral formulae whose aim is to reconstruct analytic functions from their boundary values on a subset of TT [1]. This theory requires auxiliary functions as follows: Definition A function φ ∈ H^∞ is said to be a quenching function if and only if |φ| > 1 in ID and |φ| = 1 a.e. on TT \ K.

To every function f ∈ H^p and every quenching function φ, one can then associate the family:

f_m(z) = 1 2 i π ∫ K ( φ(ξ) φ(z) )_m f(ξ) dξ ξ − z , ∀z ∈ ID , m ≥ 0. (2) If 1 < p < ∞, let P_Hp : L^p(TT) → H^p denote the natural projection. For such p’s, (2) may be rewritten as: f_m = 1 φ^m P_Hp (φ^m f ∨ 0) . (3)

We then have the following result.

Theorem 1 ([1, thms1.1,1.11]) Let K be a subset of TT such that μ(K) > 0. For f ∈ H^p and φ a quenching function, define a sequence (f_m)_{m≥0} of H^p functions by (2). It holds that: (i) for 1 < p < ∞, f_m converges to f in H^p as m goes to infinity, (ii) for p = 1, f_m(z) tends to f(z) uniformly over compact subsets of ID.

Theorem 1 remains valid for more general Hardy spaces. Point (ii) holds in H^1(D) for any simply connected D ⊂ C with rectifiable boundary [1, thm.1.1]; this result is due to Goluzin and Krylov. Point (i) generalizes a recovery result of Patil [16, thm.1] and is stated in [1, thm.1.11] for any simply connected D whose boundary δ D is regular enough to ensure that the projection L^p(δ D) → H^p(D) is continuous.

Now, we observe that formula (2) makes perfectly good sense for any f in L^p(K) – the values of f outside K being irrelevant – and we shall elaborate on theorem 1 to obtain an approximation procedure for p > 1.

Proposition 2 Let K ⊂ TT be such that μ(K) > 0 and μ(TT \ K) > 0. For 1 < p < ∞, let f ∈ L^p(K) and φ a quenching function of constant modulus a.e. on K. If (f_m)_{m≥0} is the sequence of H^p functions defined by (2), then f_{m|K} converges to f in L^p(K) as m goes to infinity.

Proof: denote by ϱ the constant value of |φ| a.e. on K. Using (3), we obtain:

‖f_m‖_Lp_{(K)} = 1 ϱ^m ‖P_Hp (φ^m f ∨ 0)‖_Lp_{(K)} ≤ 1 ϱ^m ‖P_Hp (φ^m f ∨ 0)‖_Lp_{(TT)}

≤ C_p ϱ^m ‖φ^m f ∨ 0‖_Lp_{(TT)} = C_p ‖f‖_Lp_{(K)} , (4)

where the constant C_p is given by the M. Riesz theorem (see e.g. [13, chap. 9]). The family of operators f → f_m is thus uniformly bounded on L^p(K) and converges pointwise to the identity on H^p_{|K} by (i) of theorem 1. Since H^p_{|K} is dense in L^p(K), the conclusion follows.

Since it is outer, the quenching function with constant modulus ϱ on K is uniquely determined up to a multiplicative constant of modulus 1 by:

φ(z) = exp { log ϱ 2 π ∫ K e^{it} + z e^{it} − z dt } , z ∈ ID . (5)

Point (i) of theorem 1 was originally stated by Patil [16, thm.1] for this particular quenching function. The corresponding sequence (f_m) will turn out to have the remarkable property of being extremal for BEP when p = 2 and h = 0.

We show now that the approximants provided by propositions 1 and 2 are bound to have wild behaviour outside K. Recall that H^p is reflexive for 1 < p < ∞ whence closed balls are weakly compact. Moreover, closed balls are also weak–* compact in H^1 when imbedded in the space M_{TT} of complex measures, as this is essentially the content of the F. and M. Riesz theorem (see e.g.[14, VII.A]).

Proposition 3 Let K ⊂ TT be such that μ(K) > 0 and let f ∈ L^p(K), with 1 ≤ p < ∞. Suppose (g_n) is a sequence of H^p functions such that g_{n|K} converges to f in L^p(K). If f is not the trace of an H^p function, then lim_{n→∞} ‖g_n‖_Lp_{(TT\K)} = ∞.

Remark 2 Proposition 3 remains true for p = ∞ and proof is the same [8, prop.2].

Proof: suppose the conclusion does not hold. Extracting a subsequence if necessary, we may assume that (‖g_n‖_Lp_{(TT\K)}) is bounded, hence that (g_n) is bounded in H^p. Then there exists a subsequence (g_{nk} ) converging weakly (weakly–* if p = 1) toward some g ∈ H^p. Consider first the case where p ≠ 1. Then it is clear that (g_{nk |K} ) converges weakly to g_{|K} in L^p(K), and since it also converges strongly to f by hypothesis, we get f = g a.e. on K. Suppose now that p = 1. The weak–* convergence of (g_{nk} ) means that: lim_{k→∞} ∫ TT g_{nk} w dμ = ∫ TT gw dμ for all w ∈ C(TT). (6)

Upon multiplying f, g, and g_{nk} by e^{iθ}, we may as well assume that g(0) = g_{nk} (0) = 0. Then, g and g_{nk} are orthogonal to H^∞ because of the Cauchy formula. Therefore, (6) remains valid for w ∈ H^∞ + C(TT). Since every measurable subset of TT is almost everywhere the zero set of some function in H^∞ + C(TT) [4], there exists w_0 ∈ H^∞ + C(TT) with the property that w_0(e^{iθ}) = 0 a.e. on TT \ K and w_0(e^{iθ}) ≠ 0 a.e. on K. As H^∞ + C(TT) is an algebra [12, IX,thm 2.2] and since the support of w_0w lies in K, we obtain ∫ TT gw_0w dμ = lim_{k→∞} ∫ TT g_{nk} w_0w dμ = lim_{k→∞} ∫ K g_{nk} w_0w dμ = ∫ K fw_0w dμ (7) whenever w ∈ H^∞ + C(TT). In particular: ∫ TT (g − f ∨ 0) w_0 w dμ = 0 for all w ∈ C(TT) ,

implying that (g − f ∨ 0) w_0 = 0 a.e. on TT. Hence f = g_{|K} , for w_0 ≠ 0 a.e. on K.

Proposition 3 contains a clue to characterize traces on K of H^p functions:

construct for each f ∈ L^p(K) a family (g_ρ) of H^p functions such that (i) g_{ρ |K} converges to f in L^p(K) when ρ tends to some value ρ_0, (ii) g_ρ converges in H^p as ρ → ρ_0 whenever f ∈ H^p_{|K} ; then, f ∈ H^p_{|K} if and only if ‖g_ρ‖_Lp_{(TT\K)} remains bounded.

This principle can be illustrated at several places in the literature. It is implicit in [16, thm.2] where the boundedness of f_m defined by (2) and (5) is a necessary and sufficient condition for f to belong to H^p_{|K} ; that (i) is satisfied in this case is just proposition 2. Another example when p = 2 lies with the work in [18] where a process based on Mellin transforms initiated in [21] is generalized into a recovery procedure of Hardy functions on the half–plane from their values on a Borel subset of the real line; this procedure may again be construed into an approximation scheme satisfying (i), (ii) [7, prop.2].

Yet another instance of this kind of characterization is [15, thm.4.1]; the problem considered by these authors on the half–plane translates to the disk into BEP with p = 2 and f = 0. The cited theorem – to be found also in [1, thm.27.23] – is equivalent to asserting that h ∈ H^2_{|TT\K} if and only if the solution to BEP remains bounded as M goes to zero; dually, [17, thm.1] amounts to the fact that f ∈ H^2_{|K} if and only if the solution to BEP remains bounded as M goes to infinity.

4 Bounded extremal problems

Let us denote by C^p_{M,h} the trace of B^p_{M,h} on K: C^p_{M,h} := {g_{|K} , g ∈ B^p_{M,h} }. Theorem 2 Assume that both K and TT \ K are of positive measure. There exists a unique solution g_0 to BEP; we have that:

‖h − g_0‖_Lp_{(TT\K)} = M (8)

whenever f /∈ C^p_{M,h} .

The proof of theorem 2 will occupy the remainder of this section. We will have to distinguish between the cases 1 < p < ∞ and p = 1, the latter being more difficult.

4.1 Some preliminary results

Denote by q the conjugate exponent of p and let H^q_0 := e^{iθ}H^q be the subspace of H^q consisting of functions vanishing at the origin. The following closedness property will be used to establish theorem 2 for p > 1.

Theorem 3 For K an arbitrary subset of TT and 1 < p < ∞, C^p_{M,h} is closed in L^p(K). Specifically, we have: C^p_{M,h} = ⋂ v ∈ H^q_0 ‖v‖_Lq_{(TT\K)≤1} {w ∈ L^p(K) ; | | | | ∫ K wv dμ + ∫ TT\K hv dμ | | | | ≤ M} . (9)

Remark 3 Equation (9) remains true for p = ∞ and proof is the same [8, thm.3].

Proof: if μ(K) = 0, then C^p_{M,h} = L^p(K) = 0 and the conclusion trivially holds. Assume that μ(K) > 0. Since q < ∞, it follows from proposition 1 that H^q_{|TT\K} is dense in L^q(TT \ K) and it is easily seen that the same is true of H^q_{0 |TT\K} .

Now, take w ∈ C^p_{M,h} and write w = g_{|K} with g ∈ B^p_{M,h} . By duality and using the Cauchy formula: M ≥ ‖h − g‖_Lp_{(TT\K)} = sup v ∈ H^q_0 ‖v‖_Lq_{(TT\K)≤1}

| | | | ∫ TT\K (h − g)v dμ | | | | = sup v ∈ H^q_0 ‖v‖_Lq_{(TT\K)≤1}

| | | | ∫ TT (w ∨ h)v dμ | | | | .

Conversely, let w ∈ L^p(K) be such that: sup v ∈ H^q_0 ‖v‖_Lq_{(TT\K)≤1}

| | | | ∫ TT (w ∨ h)v dμ | | | | ≤ M .

Then the map L_w : H^q_{0 |TT\K} → C defined by

L_w(v_{|TT\K} ) := ∫ TT (w ∨ h) v dμ (10) extends to a continuous linear form on L^q(TT \ K) whose norm is at most M. Thus, there exists w^′ ∈ L^p(TT \ K) such that ‖w^′‖_Lp_{(TT\K)} ≤ M and

L_w(v_{|TT\K} ) = ∫ TT\K w^′v dμ for v ∈ H^q_0 . (11)

Substracting (11) from (10), we see that the function w ∨ (h − w^′) belongs to H^p hence to B^p_{M,h} . Consequently, w is in C^p_{M,h} and we obtain (9). To handle the case p = 1 in theorem 2, we shall need two lemmas.

Lemma 1 Let (g_n) be a sequence of functions converging weakly–* to g in H^1. For E a compact subset of TT and f ∈ L^1(E), we have that

‖f − g‖_L1_{(E)} ≤ lim inf_n ‖f − g_n‖_L1_{(E)}. (12)

Proof: upon multiplying all functions by e^{iθ}, we may assume that g_n(0) = g(0) = 0. As in the proof of proposition 3, weak–* convergence sharpens to lim_{n→∞} ∫ TT g_nw dμ = ∫ TT gw dμ for all w ∈ H^∞ + C(TT). (13)

Let Λ(E) denote the closed unit ball of C(E) endowed with the sup norm. By the Tietze– Urysohn theorem, and since E is closed, we have Λ(E) = Λ(TT)_{|E} . Defining

~Λ(E) := {v ∈ L^∞(TT) ; v_{|E} ∈ Λ(E) and v_{|TT\E} = 0},

this can be rephrased as ~Λ(E) = χ_E Λ(TT). (14)

Also, since any function in L^∞(TT) is the quotient of some member of H^∞ + C(TT) by a Blaschke product [4], we can write

χ_E = b̄w_E, w_E ∈ H^∞ + C(TT), b a Blaschke product. (15)

Now by duality

‖f − g‖_L1_{(E)} = ‖b(f − g)‖_L1_{(E)} = sup v∈ ~_{Λ(E)} | | | | ∫ TT b(f − g)v dμ | | | | = sup_{w∈Λ(TT)} | | | | ∫ TT (f − g)w_Ew dμ | | | | , where the last equality uses (14) and (15). Using that H^∞ + C(TT) is an algebra, we see from (13) that the argument of the last supremum is just lim_{n→∞} | | | | ∫ TT (f − g_n)w_Ew dμ | | | | . (16)

To establish (12), it remains to prove that (16) is majorized by lim inf ‖f − g_n‖_L1_{(E)}, but this follows at once from the inequality | | | ∫ TT (f − g_n)w_Ew dμ | | | ≤ ‖f − g_n‖_L1_{(E)} .

Lemma 2 For any subset E of TT, the map:

N_E : L^1(E) → IR v → ‖v‖_L1_{(E)} is Gâteaux–differentiable at every v ∈ L^1(E) such that v ≠ 0 a.e. on E; the derivative in the direction u ∈ L^1(E) is then:

DN_E(v).[u] = Re ∫ E v |v| u dμ . (17)

Proof: since v is a.e. nonzero on E, it has a unique norming functional which is given by (17). The result now follows from [10, 3,I,2,rmk.6].

4.2 Proof of theorem 2: existence

The set C^p_{M,h} ⊂ L^p(K) is clearly convex. When 1 < p < ∞, it is closed by theorem 3. This is enough to obtain at the same time existence and uniqueness of g_0 from the fact that there is a best approximation projection on any closed convex subset of a uniformly convex Banach space (see e.g. [10, 3,II,1,prop. 5 and 8]).

When p = 1, denote by β_1 the infimum in the right hand–side of (1) and let (g_n) be a minimizing sequence in B^1_{M,h}. Then ‖g_n‖_L1_{(TT)} is bounded and we may extract a subsequence (g_{nk} ) converging weakly–* in M_{TT} to g ∈ H^1. There is a slight difficulty here, due to the fact that K is not necessarily locally compact so that duality between C(K) and M_K may fail. However, there exists a sequence (K_m) of compact subsets of K such that μ(K \ K_m) → 0 (see e.g. [20, thm.2.18]). Since, by definition:

lim_{n→∞} ‖f − g_n‖_L1_{(K)} = β_1 , (18)

then a fortiori lim inf_n ‖f − g_n‖_L1_{(Km)} ≤ β_1 for each m , and by lemma 1 ‖f − g‖_L1_{(Km)} ≤ β_1 for each m .

By monotone convergence, it follows now that

‖f − g‖_L1_{(K)} ≤ β_1 . (19)

Because ‖h − g_n‖_L1_{(TT\K)} ≤ M, a similar argument when changing K into TT \ K and f into h shows that ‖h − g‖_L1_{(TT\K)} ≤ M, in other words g ∈ B^1_{M,h}. Thus (19) is an equality and we can take g_0 = g. This proves the existence part of theorem 2.

4.3 Proof of theorem 2: saturation of the constraint

Assume that ‖h − g_0‖_Lp_{(TT\K)} < M and define the map

ψ_p : L^p(K) −→ IR ξ −→ ‖f − ξ‖_Lp_{(K)} , for 1 ≤ p < ∞. There is a neighborhood of g_0 in H^p which is contained in B^p_{M,h} . Denoting by R_K : H^p → L^p(K) the natural restriction, this means that the map ψ_p ∘ R_K attains a local minimum at g_0 hence a global minimum, for this map is convex. Thanks to proposition 1, we know that f belongs to the closure of H^p_{|K} in L^p(K) so this global minimum can only be zero. This entails f = g_{0|K} hence f ∈ C^p_{M,h} . Thus, (8) holds under the stated assumption.

4.4 Proof of theorem 2: uniqueness

The case p > 1 was settled in section 4.2 so we need only consider p = 1. Let g_0 be a solution to BEP. Our first task will be to derive a critical point equation for g_0 in this case, under the extra–assumption that

(f ∨ h) − g_0 ≠ 0 a.e. on TT. (20)

We may thus define a subspace of H^1 by putting

T = {u ∈ H^1; Re ∫ TT\K h − g_0 |h − g_0| u dμ = 0} . Next, since H^1_{|TT\K} is dense in L^1(TT \ K) by proposition 1, we can find v ∈ H^1 such that

c_v := Re ∫ TT\K h − g_0 |h − g_0| (v − g_0) dμ > 0 , (21)

for if v_{|TT\K} tends to h in L^1(TT \ K) then (21) tends to ‖h − g_0‖_L1_{(TT\K)}. Fix such a v, choose u ∈ T and some t > 0, and consider the map

G : IR → IR

ε → ‖h − g_0 + ε (u + t(g_0 − v))‖_L1_{(TT\K)}.

It follows from (20) and lemma 2 that G is differentiable at ε = 0: G(ε) = G(0) + ε DN_{TT\K} (h − g_0).[u + t(g_0 − v)] + ε η(ε) , (22) where η depends on u, t, and v but in any case satisfies lim_{ε→0} η(ε) = 0. Since f ∉ C^1_{M,h} by (20), we have G(0) = M by section 4.3; using (17), we can rewrite (22) as G(ε) = M + ε Re ∫ TT\K h − g_0 |h − g_0| (u + t(g_0 − v)) dμ + ε η(ε) . Because u ∈ T , this reduces to G(ε) = M − ε t c_v + ε η(ε) , and since u , v ∈ H^1 it follows from the definition of G that: g_0 − ε (u + t(g_0 − v)) ∈ B^1_{M,h} as soon as η(ε) < t c_v. Hence, for ε small enough: ψ_1(g_{0|K} ) ≤ ψ_1 ( g_{0|K} − ε (u + t(g_0 − v))_{|K} ) . If we now consider the map P : IR → IR ε → ‖f − g_0 + ε (u + t(g_0 − v))‖_L1_{(K)}, this means that P (ε) attains a local minimum on IR^+ at ε = 0 and since it is differentiable at this point, thanks again to lemma 2 and (20), we obtain: dP dε (0) = DN_K (f − g_0).[u + t(g_0 − v)] = Re ∫ K f − g_0 |f − g_0| (u + t(g_0 − v)) dμ ≥ 0. Letting t go to zero, we get Re ∫ K f − g_0 |f − g_0| u dμ ≥ 0, whence Re ∫ K f − g_0 |f − g_0| u dμ = 0 ∀ u ∈ T (23) for T is a linear space. This is the critical point equation we were looking for. Next, thanks to hypothesis (20) again, we may define two linear forms on L^1(TT) by the formulas: ϕ_h(ξ) := ∫ TT\K h − g_0 |h − g_0| ξ dμ and ϕ_f (ξ) := ∫ K f − g_0 |f − g_0| ξ dμ . (24) We have Re ϕ_h(T ) = 0 by the definition of T and also Re ϕ_f (T ) = 0 by (23). Choose w ∈ H^1 such that w /∈ T . This is possible for otherwise Re ϕ_h would vanish on H^1 and, since ϕ_h(ξ) depends on ξ_{|TT\K} only, it would vanish identically by the density of H^1_{|TT\K} in L^1(TT\K). Since a linear form is completely determined by its real part, ϕ_h itself would vanish identically in L^1(TT \ K) and this cannot happen. Set m :=

Re ϕ_f (w) Re ϕ_h(w)

, (25) and consider the composite linear form on L^1(TT): L_{f,h} := ϕ_f − m ϕ_h. (26) By restriction, L_{f,h} induces a continuous linear form on H^1 whose real part vanishes on T and at w. Because any function φ ∈ H^1 can be written as φ = ϕ_h(φ) ϕ_h(w) w + u where u belongs to T , we conclude that Re L_{h,f} vanishes on H^1, hence L_{h,f} itself vanishes on H^1. By duality, there exists a function ρ ∈ H^∞_0 such that L_{h,f} (ξ) = ∫ TT ρ ξ dμ , ∀ξ ∈ L^1(TT) . (27) Note that ρ ≠ 0 for L_{h,f} is not the zero form: L_{h,f} ((f − g_{0|K} ) ∨ 0) = ‖f − g_0‖_L1_{(K)} > 0 .

If χ_K and χ_{TT\K} denote the characteristic functions of K and TT \ K respectively, L_{h,f} can be rewritten using (24) and (26) as: L_{h,f} (ξ) = ∫ TT (χ_K − m χ_{TT\K} ) f ∨ h − g_0 |f ∨ h − g_0| ξ dμ , so that necessarily (χ_K − m χ_{TT\K} ) f ∨ h − g_0 |f ∨ h − g_0| = ρ ∈ H^∞_0 , a.e. on TT . (28) Here, it is essential to recognize that T , ϕ_h, ϕ_f , and thus also m, depend only on the function f ∨ h − g_0/|f ∨ h − g_0|. We are now in position to establish uniqueness when p = 1. If f ∈ C^1_{M,h} , it is obvious. Otherwise, let g_0 and g^′_0 be two solution to BEP, where we no longer assume (20) to hold. Let Z_0, Z^′_0 ⊂ TT be the zero sets of f ∨ h − g_0 and f ∨ h − g^′_0 respectively. Since C^1_{M,h} and ψ_1 are convex, l g_0 + (1 − l) g^′_0 is again a solution of BEP for each l ∈ [0, 1]: ∫ K |l (f − g_0) + (1 − l) (f − g^′_0)| dμ = ∫ K (l |f − g_0| + (1 − l) |f − g^′_0|) dμ = β_1 , and also: ∫ TT\K |l (h − g_0) + (1 − l) (h − g^′_0)| dμ = ∫ TT\K (l |h − g_0| + (1 − l) |h − g^′_0|) dμ = M since the constraint gets saturated by section 4.3. In each of the above equations, the integrands must clearly be equal a.e. and this means that the arguments of f ∨ h − g_0 and f ∨ h − g^′_0 agree whenever both are defined: f ∨ h − g_0 |f ∨ h − g_0| = f ∨ h − g^′_0 |f ∨ h − g^′_0| a.e. on TT \ (Z_0 ∪ Z^′_0) . (29)

Assume first that μ(Z_0) = μ(Z^′_0) = 0. Then (20) is satisfied both for g_0 and g^′_0. By (29) and a previous remark, equation (28) holds for g_0 and g^′_0 with the same m and thus the same function ρ:

(χ_K − m χ_{TT\K} ) f ∨ h − g_0 |f ∨ h − g_0| = (χ_K − m χ_{TT\K} ) f ∨ h − g^′_0 |f ∨ h − g^′_0| = ρ ∈ H^∞_0 , a.e. on TT.

Upon multiplying by f ∨ h − g_0 and f ∨ h − g^′_0 respectively, we get ρ (f ∨ h − g_0) = (χ_K − m χ_{TT\K} ) |f ∨ h − g_0| , ρ (f ∨ h − g^′_0) = (χ_K − m χ_{TT\K} ) |f ∨ h − g^′_0| , so that ρ (g_0 − g^′_0) ∈ H^1 takes real values a.e. on TT hence is constant. Since ρ(0) = 0, this constant has to be zero, and g_0 = g^′_0 because ρ ≠ 0.

Assume now that μ(Z_0) > 0.

If μ(Z_0 ∩ Z^′_0) > 0 then g_0 and g^′_0 are both equal to f ∨ h a.e. over some set of positive measure, so they are equal.

Next, consider the case where μ(Z_0 ∩ Z^′_0) = 0. For each l ∈ (0, 1),

g_l = l g_0 + (1 − l) g^′_0

is also a solution of to BEP. Let Z_l be the zero set of f ∨ h − g_l and assume that μ(Z_l) > 0. If μ(Z_l ∩ Z_0) > 0, we get g_0 = g_l by the previous argument whence g_0 = g^′_0 also. We proceed similarly if μ(Z_l ∩ Z^′_0) > 0. Finally, assume that μ(Z_l ∩ Z_0) = 0 and μ(Z_l ∩ Z^′_0) = 0 for each l ∈ (0, 1). Then f ∨ h − g_0 and f ∨ h − g^′_0 have the same argument a.e. on Z_l by (29). By definition however,

f ∨ h − g_l = l (f ∨ h − g_0) + (1 − l) (f ∨ h − g^′_0) = 0 a.e. on Z_l ,

implying f ∨ h − g^′_0 f ∨ h − g_0 = − l 1 − l < 0 , a.e. on Z_l ,

which contradicts the equality of the arguments.

Hence, either g_0 = g^′_0 or else our initial assumption that μ(Z_l) > 0 is false. But if we suppose that μ(Z_l) = 0 for each l we get g_l = g_l′ for any l, l^′ ∈ (0, 1) by the first case of the proof. Choosing l ≠ l^′ and solving for g_0 and g^′_0 again leads to g_0 = g^′_0.

5 Solution to BEP for p = 2

When p = 2, BEP was solved when f = 0 in [15] and when h = 0 in [2]. In this section, we use the results of the last reference to derive a solution in the general case. Let Φ : H^2 → H^2 g → P_H2 (χ_{TT\K} g) be the Toeplitz operator with symbol χ_{TT\K} . If h = 0 and f ∉ C^2_{M,0}, it is shown in [2] that the solution to BEP is given by the implicit equation: g_0 = (1 + λ Φ)^{−1} P_H2 (f ∨ 0) , (30) where λ ∈ (−1, +∞) is the unique real number such that ‖g_0‖_L2_{(TT\K)} = M. The parameter λ is a Lagrange multiplier expressing the dependence between the derivative of the criterium ‖f − g‖_L2_{(K)} and the normal to the manifold B^2_{M,h} at g_0. Note that the spectrum of Φ is [0, 1] [19, chap.3,p.63] so that (1 + λ Φ) is indeed invertible.

Theorem 4 For p = 2 and f ∉ C^2_{M,h}, the solution to BEP is given by the implicit equation: g_0 = (1 + λ Φ)^{−1} P_H2 (f ∨ (λ + 1) h) , (31) where λ ∈ (−1, +∞) is the unique real number such that ‖g_0 − h‖_L2_{(TT\K)} = M. Proof: assume first that h ∈ H^2_{|TT\K} so that h = k_{|TT\K} for k ∈ H^2, and let κ = f −k_{|K} ∈ L^2(K). Consider the following instance of BEP: min g∈B^2_{M,0} ‖κ − g‖_L2_{(K)} . (32)

Since κ /∈ C^2_{M,0}, the solution g_κ to (32) is given according to (30) by g_κ = (1 + λ Φ)^{−1} P_H2 (κ ∨ 0) , (33) for λ such that ‖g_κ‖_L2_{(TT\K)} = M. Set g_0 = g_κ + k ∈ H^2; since g_κ is a solution to problem (32), the function g_0 is a solution to BEP:

‖f − g_0‖_L2_{(K)} = min_{g∈B2M,h} ‖f − g‖_L2_{(K)} . (34)

Using (33) in the definition of g_0 yields (31) when h ∈ H^2_{|TT\K} .

Next, consider any h ∈ L^2(TT\K). Since H^2_{|TT\K} is dense in L^2(TT\K), there exists a sequence (h_n) in H^2_{|TT\K} which converges to h in L^2(TT \ K). To each h_n is associated a BEP with a unique solution g_n: ‖f − g_n‖_L2_{(K)} = min_{g∈B2M,h} n ‖f − g‖_L2_{(K)} , and by what we just said:

(1 + λ Φ) g_n = P_H2 (f ∨ (λ + 1) h_n) . (35)

The sequence (g_n) is bounded in H^2; thus, extracting a subsequence if necessary, (g_n) converges weakly in L^2(TT) to some γ ∈ H^2. As Φ is self–adjoint, we get that, for every ξ ∈ H^2,

((1 + λ Φ) g_n, ξ)_L2_{(TT)} = (g_n, (1 + λ Φ) ξ)_L2_{(TT)}

converges to (γ, (1 + λ Φ) ξ)_L2_{(TT)} = ((1 + λ Φ) γ, ξ)_L2_{(TT)} .

The same argument applies to the right hand side of (35) and we obtain in the limit:

(1 + λ Φ) γ = P_H2 (f ∨ (λ + 1) h) .

Since closed balls are weakly compact in L^2(TT\K), we have that γ ∈ B^2_{M,h}. By the definition of g_0, this implies:

‖f − g_0‖_L2_{(K)} ≤ ‖f − γ‖_L2_{(K)} . (36) If equality holds in (36), we are done by the uniqueness asserted in theorem 2. Assume on the contrary that:

‖f − g_0‖_L2_{(K)} < ‖f − γ‖_L2_{(K)} .

Since ‖h − g_0‖_L2_{(TT\K)} = M, we can construct g^′_0 ∈ H^2 such that ‖h − g^′_0‖_L2_{(TT\K)} < M and ‖f − g^′_0‖_L2_{(K)} < ‖f − γ‖_L2_{(K)} − η, for some η > 0 (choose v ∈ H^2 of unit norm such that < h − g_0, v >_L2_{(TT\K)} > 0 and ε > 0 so small that g^′_0 = g_0 + ε v does the job). Then, for n large enough, ‖h_n − g^′_0‖_L2_{(TT\K)} < M and ‖f − g_n‖_L2_{(K)} ≥ ‖f − γ‖_L2_{(K)} − η since lim_{n→∞}‖f − g_n‖_L2_{(K)} ≥ ‖f − γ‖_L2_{(K)}. To recap, g^′_0 ∈ B^2_{M,hn} and still ‖f − g^′_0‖_L2_{(K)} < ‖f − g_n‖_L2_{(K)}: a contradiction.

Corollary 1 For p = 2 and f ∉ C^2_{M,h}, the solution to BEP is given by the implicit formula

g_0(z) = 1 2 i π ∫ TT ( φ(ξ) φ(z) )_α (f ∨ h)(ξ) dξ ξ − z , ∀z ∈ ID , (37)

where φ is a quenching function of modulus ϱ on K defined by (5) and α = − log(λ + 1) 2 log ϱ , λ ∈ (−1, ∞) being the unique real number such that ‖g_0‖_L2_{(TT\K)} = M.

Remark 4 It is clear from the corollary that the functions defined by (2) are extremal for BEP when h = 0. This is all the more remarkable that this family was introduced in [16] without reference to optimization.

Proof: equation (37) is equivalent to

φ^α g_0 = P_H2 (φ^α (f ∨ h)) .

Let H̄^∞ denote the Hardy space of the complement of the disk; multiplying by φ̄^α ∈ H̄^∞ and projecting again onto H^2 gives us: P_H2 (|φ|^{2α} g_0) = P_H2 ( |φ|^{2α}(f ∨ h) ) . As ϱ^{2α} = 1 λ + 1 and since |φ|^{2α} = ϱ^{2α} χ_K + χ_{TT\K} , we obtain P_H2 (χ_K g_0 + (λ + 1) χ_{TT\K} g_0) = P_H2 (f ∨ (λ + 1) h) which is nothing but theorem 4.

When computing g_0, the implicit character in M of equation (31) may be circumvented by dichotomy using the following result.

Proposition 4 If f /∈ H^2_{|K} , then M is a decreasing function of λ ∈ (−1, ∞) onto (0, ∞) whose derivative does not vanish.

Proof: by (31), the mapping λ → g_0(λ) is smooth (−1, ∞) → H^2: dg_0 dλ = −(1 + λ Φ)^{−2} Φ P_H2 (f ∨ (λ + 1) h) + (1 + λ Φ)^{−1} P_H2 (0 ∨ h)

= −(1 + λ Φ)^{−1} (Φ g_0 − P_H2 (0 ∨ h)) .

Since M = ‖g_0 − h‖_L2_{(TT\K)} by theorem 4, we compute: dM^2 dλ = −2 Re < (1 + λ Φ)^{−1} (Φ g_0 − P_H2 (0 ∨ h)) , g_0 − h >_L2_{(TT\K)}

= −2 Re < (1 + λ Φ)^{−1} (Φ g_0 − P_H2 (0 ∨ h)) , Φ g_0 − P_H2 (0 ∨ h) >_L2_{(TT)} . (38) Because < (1 + λ Φ) γ, γ >_L2_{(TT)} ≥ min(1, 1 + λ) ‖γ‖^2_L2_{(TT)} ∀γ ∈ H^2 , we see that (38) is negative unless Φ g_0 = P_H2 (0 ∨ h), in other words unless P_H2 ( 0 ∨ (g_{0|TT\K} − h) ) = 0 .

This is possible only if g_{0|TT\K} = h, contradicting the hypothesis f /∈ H^2_{|K} in view of theorem 4.

6 Concluding remarks

The present work teams up with [8] to establish existence and uniqueness properties of solutions to bounded extremal problems on the disk and to carry out their computation when p = 2, and also when p = ∞ provided f ∨ h ∈ H^∞ + C(TT). The situation is remarkably similar to that of classical (dual) extremal problems, both regarding existence and uniqueness results as well as constructive aspects. In fact, BEP reduces to an implicit classical extremal problem which is solved by projecting onto H^2 when p = 2 and by finding a maximizing vector of some Hankel operator when p = ∞. For other values of p, a constructive solution to extremal problems is known in special cases only [11].

Related to BEP is the following completion problem. For 1 ≤ p ≤ ∞, let us be given f ∈ L^p(K) and C > 0. We seek h ∈ L^p(TT \ K) whose norm does not exceed C and such that f ∨ h is as close as possible to H^p under this constraint.

This has been solved in [9] for p = 2 and can be shown to reduce to BEP for p = ∞ [6].

Let us finally mention a question which arises naturally in this context, namely what is the rate of approximation to f ∈ L^p(K) by g ∈ C^p_{M,h} as a function of M? The answer, which is likely to depend on the smoothness of f, would be particularly interesting from an algorithmic point of view.

References

[1] L. Aizenberg. Carleman’s formulas in complex analysis. Kluwer Academic Publishers, 1993.

[2] D. Alpay, L. Baratchart, and J. Leblond. Some extremal problems linked with identification from partial frequency data. In J.L. Lions R.F. Curtain, A. Bensoussan, editor, 10th conference on analysis and optimization of systems, Sophia–Antipolis 1992, volume 185 of Lect. Notes in Control and Information Sc., pages 563–573. Springer-Verlag, 1993.

[3] D. Alpay and J. Leblond. Traces of Hardy functions and reproducing kernel Hilbert spaces. Archiv der Math., 64:490–499, 1995. Short version in proc. MTNS 1993, II, Akademie Verlag, Mathematical Research, vol. 79, 607–608, U. Helmke, R. Mennicken, J. Saurer, eds.

[4] S. Axler. Factorization of L^∞ functions. Ann. of Math., 106, 1977.

[5] L. Baratchart and J. Leblond. Identification harmonique et trace des classes de hardy sur un arc de cercle. In Actes du Colloque en l’honneur du 60^e anniversaire du professeur Jean Céa, Sophia–Antipolis, avril 1992, pages 17–29. Cépaduès–Editions, 1993.

[6] L. Baratchart, J. Leblond, and J.R. Partington. Problems of Adamjan–Arov–Krein type on subsets of the circle. In preparation.

[7] L. Baratchart, J. Leblond, and J.R. Partington. Hardy approximation to L^p functions on subsets of the circle, 1994. INRIA research report no. 2377.

[8] L. Baratchart, J. Leblond, and J.R. Partington. Hardy approximation to L^∞ functions on subsets of the circle. Constructive Approximation, 12(3):423–436, 1996.

[9] L. Baratchart, J. Leblond, and N. Torkhani. Best bounded H^2 extension of partial frequency data. In A. Isidori, S. Bittanti, E. Mosca, A. De Luca, M.D. Di Benedetto, and G. Oriolo, editors, Proc. of the 3d European Control Conference, volume 2, pages 1330–1335, Roma, september 1995.

[10] B. Beauzamy. Introduction to Banach spaces and their geometry. Mathematics studies.

North–Holland, 1985.

[11] P.L. Duren. Theory of H^p spaces. Academic Press, 1970. [12] J.B. Garnett. Bounded analytic functions. Academic Press, 1981. [13] K. Hoffman. Banach spaces of analytic functions. Dover, 1988. [14] P. Koosis. Introduction to H_p spaces. Cambridge University Press, 1980. [15] M.G. Krein and P.Y. Nudel’man. Approximation of L^2(ω_1, ω_2) functions by minimum– energy transfer functions of linear systems. Problemy Peredachi Informatsii, 11(2):37– 60, 1975. English translation.

[16] D.J. Patil. Representation of H^p functions. Bull. Amer. Math. Soc., 78(4), 1972. [17] M. Rosenblum and J. Rovnyak. Restrictions of analytic functions I. Proc. Amer. Math.

Soc., 48:113–119, 1975.

[18] M. Rosenblum and J. Rovnyak. Restrictions of analytic functions II. Proc. Amer. Math.

Soc., 51(2):335–343, 1975.

[19] M. Rosenblum and J. Rovnyak. Hardy classes and operator theory. Oxford University Press, 1985.

[20] W. Rudin. Real and complex analysis. Mc Graw Hill, 1982.

[21] C. Van Winter. Fredholm equations on a Hilbert space of analytic functions. Trans.

Amer. Math. Soc., 162:103–1390, 1971. Laurent Baratchart, Juliette Leblond, INRIA, BP 93, 06902 Sophia–Antipolis Cedex, FRANCE. {baratcha}{leblond}@sophia.inria.fr