A constrained approximation problem arising in parameter identification

Birgit Jacob^∗, Juliette Leblond^†, Jean-Paul Marmorat^‡, and Jonathan R. Partington^∗

Abstract

We pose and solve an extremal problem in the Hardy class H^2 of the disc, involving the best approximation of a function on a subarc of the circle by an H^2 function, subject to a constraint on its imaginary part on the complementary arc. A constructive algorithm is presented for the computation of such a best approximant, and the method is illustrated by a numerical example. The whole problem is motivated by boundary parameter identification problems arising in non-destructive control.

Keywords: Constrained approximation, extremal problem, parameter identification, inverse problem, Laplace’s equation.

AMS Subject Classifications: 41A29, 46E20, 35R30, 30E10.

1 Introduction

The approximation of complex-valued functions by holomorphic functions, subject to appropriate constraints, is a technique that has many applications in Systems Theory, Signal Processing and the theory of Inverse Problems (geometrical issues or parameter identification) for Partial Differential Equations. We refer the reader to [10] for a recent survey of this general area, whereas in this article we focus on two closely-related approximation problems of this type together with their applications.

The first such problem concerns the identification of linear systems from measurements of their transfer functions. This general area is treated in the books

∗School of Mathematics, University of Leeds, Leeds LS2 9JT, U.K., birgit@amsta.leeds.ac.uk, J.R.Partington@leeds.ac.uk †INRIA, BP 93, 06902 Sophia–Antipolis Cedex, FRANCE, leblond@sophia.inria.fr ‡CMA-EMP, INRIA, BP 93, 06902 Sophia–Antipolis Cedex, FRANCE, Jean-Paul.Marmorat@sophia.inria.fr

[11, 16], as well as the survey [15], but we are concerned here with the case when the data is band-limited. More precisely, the input u and output y of our linear system are related by an unknown transfer function G which is holomorphic and bounded on the right half-plane and such that Y (s) = G(s) U(s) , where Y and U are the Laplace transforms of y and u respectively. By means of a conformal transformation, we may work on the unit disc D rather than the half-plane, and suppose that by physical measurements it is possible to obtain corrupted values of G on some subset I of the unit circle. This can be achieved by harmonic identification, the set I corresponding to the bandwidth of the system. We are thus provided with a function f defined on I which is close to G in an appropriate norm. The strategy behind band-limited identification [1, 5, 6, 13] is to approximate f on I by a holomorphic function g defined on D in order to obtain a model for G. The problem as stated is not, in general, well-posed, and it is necessary to impose some constraint on the norm of g on the subset J of the circle complementary to I in order to resolve it in a satisfactory manner and to get a stable model.

Similar considerations apply in the analysis of inverse problems arising in many applications of non-destructive control such as tomography and medical imaging, fault detection and localisation [4, 9]. Here we seek to identify an unknown holomorphic function G, of which the imaginary part should be a prescribed harmonic function ϕ representing, for example, the current (or heat) flux at the boundary of a simply-connected domain with Hölder-smooth boundary (again, a conformal transformation allows us to transfer the problem to D ). Hence, both Re G and Im G satisfy Laplace’s equation together with boundary conditions that are fully-determined on a given subset I but not on its complement J. Thus, identifying G (and hence ϕ) requires us to approximate the given function f defined on I by a holomorphic function g, subject to a constraint that acts on Im g on J.

It is on this second extremal problem that we focus in this paper, and we make this mathematically precise by working in the Hardy space H^2 of the disc. It turns out that, in this setting, the two approximation problems outlined above, namely the first with a constraint on the norm and the second which involves a constraint on the imaginary part, are closely related, and a knowledge of the solution to the first gives information towards the solution of the second in a most transparent way.

We state the second problem in a well-posed form and show that it has a unique solution, which we characterize in terms of linear operators. By wellestablished approximation procedures, this solution is made constructive, and expressed purely in terms of Linear Algebra. Finally, we include a numerical example to illustrate the techniques involved.

1.1 Notation

We take I to be a compact subset of the unit circle T ⊂ C such that I and J = T \ I have positive Lebesgue measure.

By H^2 we denote the Hardy space on the unit disc D , and by H^2 the set of functions f for f ∈ H^2, where f(z) = f(z). The orthogonal complement of H^2 in L^2(T) is written as H^2_0; it coincides with the subset of H^2 consisting of functions that vanish at infinity.

We write P for the orthogonal projection P : L^2(T) → H^2 and χ_I for the characteristic function of I.

The usual inner product in L^2(T) is denoted by ⟨f, g⟩ for f, g ∈ L^2(T), and we shall write ⟨f, g⟩_I to mean ⟨fχ_I , gχ_I ⟩. The associated norms on L^2(T) and L^2(I) are written as ‖ ‖ and ‖ ‖_I , respectively, while ‖ ‖^2_J = ‖ ‖^2 − ‖ ‖^2_I on L^2(J).

Whenever f_1 is defined on I and f_2 on J, we write f_1 ∨ f_2 for the function equal to f_1 on I and f_2 on J.

1.2 Statement of the problem

The following problem, which has applications in frequency domain system identification, was solved in [1].

Problem 1 Given f ∈ L^2(I), ψ ∈ L^2(J) and M > 0, find g_1 ∈ H^2 such that ‖g_1 − ψ‖_J ≤ M and ‖g_1 − f‖_I = min{‖g − f‖_I | g ∈ H^2 satisfying ‖g − ψ‖_J ≤ M}. Here we address a more difficult version of the problem, which has further applications.

Problem 2 Given f ∈ L^2(I), ϕ ∈ L^2(J) and M ≥ 0, find g_2 ∈ H^2 such that ‖ Im g_2 − ϕ‖_J ≤ M and

‖g_2 − f‖_I = min{‖g − f‖_I | g ∈ H^2 satisfying ‖ Im g − ϕ‖_J ≤ M}. (1)

As outlined above, boundary parameter identification problems for the 2D Laplace equation may be efficiently formulated as Problem 2 rather than Problem 1, since the constraint can be used to impose the condition that the imaginary part of g should be close to some known function ϕ on J which may be available through boundary measurements, see [4, 9].

Note that in Problem 2 we can retain the case M = 0, which is not of interest in Problem 1 because J is a set of uniqueness for H^2.

2 Existence and uniqueness

To relate the real and imaginary parts of an analytic function, we shall make use of the Hilbert transform, of which the basic properties can be found in [2, pp. 104–106]. Let u be a real function in L^2(T); then the Hilbert transform of u is the unique real function v in L^2(T) with vanishing Fourier coefficient v̂(0) = 0 such that u + iv has a holomorphic extension to the disc. It is known that the Hilbert transform is a contraction in the L^2 norm. The following lemma will be of use to us several times.

Lemma 3 Let I and J be fixed subsets of T, as above. Then there is an absolute constant C > 0 such that, for all h ∈ H^2, ‖h‖ ≤ C max {‖h‖_I , ‖ Im h‖_J } . Proof. Without loss of generality, max {‖h‖_I , ‖ Im h‖_J } = 1. Hence ‖ Im h‖ ≤ √ 2. Since Im h − i Re h is holomorphic in D , we see that Re h is the Hilbert transform of − Im h plus an unknown real additive constant α, say. As the Hilbert transform is a contraction on H^2, we have ‖ Re h − α‖ ≤ √ 2. But then ‖h − α‖_I ≤ 2 √ 2 and ‖h‖_I ≤ 1, so ‖α‖_I ≤ 1 + 2 √ 2. This gives a bound on α, and thus on ‖ Re h‖, independently of h, as required.

Proposition 4 Problem 2 admits a unique solution g_2 ∈ H^2 if and only if ‖ Im ϕ‖_J ≤ M. Moreover, g_2 saturates the constraint:

‖ Im g_2 − ϕ‖_J = M ,

unless f is already the trace on I of an H^2 function such that ‖ Im f −ϕ‖_J < M.

Proof. From ‖ Im g − ϕ‖_J ≤ M ⇐⇒ ‖ Im g − Re ϕ‖_J ≤ √ M^2 − ‖ Im ϕ‖^2_J , (2)

it follows that, if ‖ Im ϕ‖_J > M, then Problem 2 has no solution. Assume now that ‖ Im ϕ‖_J ≤ M. In view of the above inequality, this is equivalent to a version of Problem 2 with the hypothesis that ϕ is real-valued. We need first to check that Problem 2 is well-posed. Let F be any function in H^2 such that Im F = 0 ∨ ϕ on T. Clearly the set of functions meeting the constraint is non-null, and we may in addition restrict to the subset S of those functions which approximate at least as well as F , i.e., S = {g ∈ H^2 : ‖g − f‖_I ≤ ‖F − f‖_I , ‖ Im g − ϕ‖_J ≤ M}. (3) The set S is clearly closed and convex. It is also bounded in H^2, since if g ∈ S, we can bound ‖g‖_I and ‖ Im g‖_J , and then use Lemma 3.

The existence of an optimum is now ensured by the best approximation projection from the (uniformly convex) Hilbert space L^2(I) onto the closed convex set S_{|I} , see [7, 3.II.1], or alternatively by a weak compactness argument. Likewise, the uniqueness follows from the strict convexity of the norm. Thus, for ‖ Im ϕ‖_J ≤ M, Problem 2 has a unique solution, which we denote by g_2. We also see that g_2 saturates the constraint, i.e., ‖ Im g_2 − ϕ‖_J = M, unless f is the trace of g_2. For otherwise, we would see that g_2 + h also satisfied the constraint for sufficiently small h ∈ H^2; then we could choose h such that ‖(g_2 + h) − f‖_I < ‖g_2 − f‖_I , which would contradict the optimality of g_2.

Observe finally that, if ‖ Im ϕ‖_J = M, then ‖ Im g − ϕ‖_J ≤ M precisely when Im g = Re ϕ on J. There are many such functions, given by the set

G = {g ∈ H^2 , Im g = χ_I r_I + χ_J Re ϕ = r_I ∨ Re ϕ , r_I ∈ L^2(I) real-valued} = {g(z) = i 2π ∫_{2π} 0 e^{iθ} + z e^{iθ} − z (r_I ∨ Re ϕ)(e^{iθ})dθ , r_I ∈ L^2(I) real-valued} ,

up to some real-valued additive constant.

Thus, we assume from now on that ‖ Im ϕ‖_J ≤ M which, in view of equation (2), reduces to the hypothesis that ϕ is real-valued.

3 Construction of the solution

In order to find a formula for the solution of Problem 2, we first characterize it in terms of a solution to Problem 1 at least when M > 0. Up to now, only suboptimal solutions to Problem 2 were available by solving versions of Problem 1 associated with exponential transformations of the data (see [4]).

Proposition 5 If M > 0, then the unique solution g_2 to Problem 2 coincides with that of Problem 1 associated with both: (i) f, ψ = i ϕ + χ_J Re g_2, and M, and: (ii) f, ψ = 2 i ϕ + χ_J g_2, and 2 M.

Proof. We establish point (i). The unique solution g_2 ∈ H^2 to Problem 2 satisfies ‖ Im g_2 − ϕ‖_J = M and (1). Using

i(Im g_2 − ϕ) = g_2 − Re g_2 − iϕ

we get that ‖ Im g_2 − ϕ‖_J ≤ M is equivalent to ‖g_2 − ψ‖_J ≤ M. In [3] it is shown that Problem 1 associated to f, ψ, and M has a unique solution, which we denote by g_1. Because g_2 belongs to the set of solutions to Problem 1, it holds that:

‖g_1 − f‖_I ≤ ‖g_2 − f‖_I . (4)

Moreover,

M^2 ≥ ‖g_1 − ψ‖^2_J = ‖ Re g_1 − Re g_2‖^2_J + ‖ Im g_1 − ϕ‖^2_J ,

whence ‖ Im g_1 − ϕ‖_J ≤ M , which implies that g_1 belongs to the set of solutions to Problem 2. In view of (4), since the solution g_2 to Problem 2 is unique, it necessarily holds that g_1 = g_2. This establishes (i). The same arguments lead to point (ii), after writing 2 i(Im g_2 − ϕ) = g_2 − g_2 − 2 i ϕ.

Making use of some results from [3] about Problem 1, Proposition 5 also provides alternative proofs for some properties of the solution to Problem 2, like the saturation of the constraint. These results allow to obtain a formula for g_2. We shall see in the next section that this gives a constructive scheme for solving Problem 2 via Problem 1, for which a resolution algorithm is already available and implemented.

Let T_λ : H^2 → H^2 denote the real-linear operator given by

T_λg = P (gχ_I ) + iλP (Im gχ_J ). (5)

Theorem 6 The operator T_λ : H^2 → H^2 is invertible for every λ > 0, and hence the equation T_λg = h has a unique solution for every h ∈ H^2.

Proof. For any g ∈ H^2, we have Re⟨T_λg, g⟩ = Re⟨gχ_I , g⟩ + Re iλ⟨Im gχ_J , g⟩ = ‖g‖^2_I + λ‖ Im g‖^2_J .

By virtue of Lemma 3, there is a constant α > 0, depending on λ but not on g, such that Re⟨T_λg, g⟩ ≥ α‖g‖^2 for all g ∈ H^2. That is, T_λ is a monotone operator [8]. The rest follows from standard properties of monotone operators. Since Re⟨T_λg, g⟩ ≥ α‖g‖^2, we conclude that ‖T_λg‖ ≥ α‖g‖, so T_λ has closed range and zero kernel; the range is also dense, because there is no nonzero function g orthogonal to it, since ⟨T_λg, g⟩ ≠ 0. Hence T_λ is invertible.

Let T : H^2 → H^2 be the Toeplitz operator defined by T g = P χ_J g . Then the characterization result [3, thm 4] ensures that, if f is not already the trace on I of an H^2 function g with ‖g − ψ‖_J ≤ M, the unique solution g_1 to Problem 1 is given by the implicit equation g_1 = g_1(ℓ) = (1 + ℓ T )^{−1} P (f ∨ (ℓ + 1) ψ) , (6) for the unique ℓ > −1 such that ‖g_1 − ψ‖_J = M. See also [14] for some extensions of this result. Note that, since T has spectrum [0, 1], the operator 1 + ℓ T is indeed invertible for ℓ > −1. Moreover, if f is the trace on I of an H^2 function g with ‖g − ψ‖_J ≤ M, then of course g_1 = g = g_1(−1). Theorem 7 Let M > 0 and suppose that f ∈ L^2(I) is not already the trace of an H^2 function g with ‖ Im g − ϕ‖_J ≤ M. Then the unique solution g_2 to Problem 2 is given by T_λ g_2 = P (f ∨ i λ ϕ) , (7) for the unique λ > 0 such that ‖ Im g_2 − ϕ‖_J = M. Moreover, if f is the trace on I of an H^2 function g with ‖ Im g − ϕ‖_J ≤ M, then g_2 = g (and T_0 g_2 = P f). The correspondence between λ and M determines a mapping which is a continuous bijection onto its range.

Proof. It follows from Proposition 5 and (6) that the solution g_2 to Problem 2 satisfies the implicit equation:

(1 + ℓ T ) g_2 = P (χ_I f) + (ℓ + 1) P (χ_J [Re g_2 + i ϕ]) . (8) for some ℓ > −1 such that ‖ Im g_2 − ϕ‖_J = M. Hence, recalling the definition of T , P (f ∨ i (ℓ + 1) ϕ) = (1 + ℓ T ) g_2 − (ℓ + 1) P (χ_J Re g_2) = P (χ_I g_2) + i (ℓ + 1) P (χ_J Im g_2) , whence, by definition of T_λ, P (f ∨ i (ℓ + 1) ϕ) = T_{ℓ+1} g_2 .

Putting λ = ℓ + 1, this establishes the formula (7).

Next, the mapping from λ to M is injective, since g_2 is unique, by Proposition 4, and if we have both T_λ g_2 = P (f ∨ i λ ϕ) and T_μ g_2 = P (f ∨ i μ ϕ) , for some μ ≠ λ, then by subtraction we have i(λ − μ)P (Im g_2χ_J ) = i(λ − μ)P (ϕχ_J ) , from which (Im g_2 − ϕ)χ_J is a function in H^2_0 vanishing on I, and hence identically zero. This is a contradiction, whence μ = λ.

Finally, the mapping from λ to M is clearly continuous on (0, ∞), and monotonic decreasing, and hence so is its inverse.

The case M = 0 of Problem 2 is somewhat exceptional, and not used in practical examples, since measured data will always be corrupted by noise. However, as the following result shows, it can be handled by a limiting argument.

Proposition 8 Let g^0_2 = g_2(f, ϕ, 0) ∈ H^2 denote the solution to Problem 2 with ϕ real and M = 0, and for n = 1, 2, . . ., let g^{(n)}_2 = g_2(f, ϕ, 1/n) ∈ H^2 denote the solution for M = 1/n. Then ‖g^{(n)}_2 − g^0_2 ‖ → 0 as n → ∞.

Proof. Clearly ‖g^{(n)}_2 − f‖_I ≤ ‖g^0_2 − f‖_I , since g^0_2 satisfies the constraints of Problem 2 for M = 1/n. Moreover, ‖ Im g^{(n)}_2 − ϕ‖_J ≤ 1/n. This establishes that the sequence (g^{(n)}_2 ) is bounded in H^2, by Lemma 3. It therefore has a subsequence tending to a weak limit point g^′, which can only be g^0_2 , because ‖g^′ −f‖_I ≤ ‖g^0_2 −f‖_I and Im g^′ = Im g^0_2 = ϕ on J. Since the weak limit point is unique, and the space H^2 is separable (and hence bounded sets are metrizable in its weak topology [8, III.25]), the whole sequence (g^{(n)}_2 ) converges weakly to g^0_2 .

The next observation is that g^{(n)}_2 −f → g^0_2 −f weakly in L^2(I) and ‖g^{(n)}_2 −f‖_I ≤ ‖g^0_2 −f‖_I , which implies norm convergence on I (see, for example, [16, pp. 152– 153]).

We thus have ‖g^{(n)}_2 − g_0‖_I → 0 and, because Im g^0_2 = ϕ on J, ‖ Im g^{(n)}_2 − Im g^0_2 ‖_J → 0. Finally, by Lemma 3, we can conclude that ‖g^{(n)}_2 − g^0_2 ‖ → 0, as asserted.

4 Constructive resolution schemes

A fairly standard algorithm for inverting an arbitrary monotone operator T can be given as follows:

Proposition 9 Suppose that T : H → H is a bounded real-linear map on a real inner-product space such that for some α > 0 we have ⟨T g, g⟩ ≥ α‖g‖^2 for all g ∈ H. Let γ = α/‖T ‖^2. Then the mapping S : H → H defined by Sg = g + γ(h − T g) is a strict contraction mapping, and hence the solution to T g = h can be found by iterating S.

Proof. For g, g^′ ∈ H, we have Sg − Sg^′ = g − g^′ − γ(T g − T g^′), and so ‖Sg − Sg^′‖^2 = ‖g − g^′‖^2 − 2γ⟨g − g^′, T g − T g^′⟩ + γ^2‖T (g − g^′)‖^2 ≤ ‖g − g^′‖^2(1 − 2αγ + γ^2‖T ‖^2) = K^2‖g − g^′‖^2 where K^2 = 1 − α^2/‖T ‖^2.

We can apply the above proposition to T = T_λ, H = H^2, where we use the real inner product (g, g^′) → Re⟨g, g^′⟩. Using Theorem 6 and Equation (7), this provides an algorithm for solving Problem 2.

For the practical implementation of the procedure, it is necessary to be able to calculate the effect of the real-linear operator T_λ defined by (5). Observe first that:

T_λg = P (gχ_I) + λ 2 P (χ_J [g − ḡ]) = g + ( λ 2 − 1 ) P (gχ_J ) − λ 2 P (χ_Jḡ) . Introduce the Hankel operator H : H̄^2 → H^2 defined by H g = P χ_J g . If we put ρ =^λ_2 − 1 > −1, we get T_λg = (I + ρ T )g − (ρ + 1) H ḡ , which expresses T_λ in terms of Toeplitz and Hankel operators. Hence, equation (7) can be rephrased as (I + ρ T ) g_2 − (ρ + 1) H ḡ_2 = P (f ∨ 2 i (ρ + 1) ϕ) , (9) for some ρ > −1, compare with (6).

Whenever I = {e^{iθ} : −a ≤ θ ≤ a , 0 < a < π}, direct computations on the Fourier basis of H^2 show that: T = (T_{k,p})_{k,p≥0} , T_{k,p} = − sin(p − k) a π (p − k) if p ≠ k , T_{k,k} = 1 − a π , and H = (H_{k,p})_{k,p≥0} , H_{k,p} = sin(p + k) a π (p + k) for p, k > 0 , H_{0,0} = 1 − a π . Theorems 6 and 7 together with (9) can be re-expressed as the following result. For ρ > −1, let Γ_ρ : H^2 → H^2 denote the linear operator given by Γ_ρ g = (I + ρ T ) g − (ρ + 1) H ḡ , for g ∈ H^2.

Corollary 10 Let M > 0 and suppose that f is not already the trace of an H^2 function g with ‖ Im g − ϕ‖_J ≤ M. Then the unique solution g_2 to Problem 2 is given by g_2 = Γ^{−1}_ρ P (f ∨ 2 i (ρ + 1) ϕ) , (10)

for the unique ρ > −1 such that ‖ Im g_2 − ϕ‖_J = M. The correspondence between ρ and M determines a mapping which is continuous, monotonic decreasing, and bijective onto its range.

5 Algorithm and numerical experiments

One of the difficulties in formula (10) comes from the fact that H acts on the sequence (ḡ_p)_{p≥0} of complex conjugates of the Fourier coefficients of the solution. This can be handled by splitting the real-linear complex operator Γ_ρ into two real (linear) operators Γ_R and Γ_I :

Γ_ρ g = Γ_R Re g + i Γ_I Im g ,

where those are defined (as operators on real-valued harmonic L^2(T) functions) by: Γ_R = I + ρ T − (ρ + 1) H , Γ_I = I + ρ T + (ρ + 1) H . (11)

Putting F_ρ = P (f ∨ 2 i (ρ + 1) ϕ) ,

formula (10) becomes

g_2 = Γ^{−1}_R Re F_ρ + i Γ^{−1}_I Im F_ρ . (12)

This suggests the following algorithm to solve for Problem 2, whose numerical implementation is feasible to programme. Let N ∈ N and choose some initial value ρ_0 > −1; put ρ = ρ_0.

1. Compute N-dimensional approximations of the above Toeplitz and Hankel operators on the Fourier basis: T_N = (T_{k,p})_{0≤k,p≤N−1} , H_N = (T_{k,p})_{0≤k,p≤N−1} . 2. Build the associated N × N matrices Γ_{R,N} and Γ_{I,N} , using (11), and compute the first N Fourier coefficients F_p, 0 ≤ p ≤ N − 1, of F_ρ.

3. Compute g_ρ = Γ^{−1}_{R,N} Re F_p + i Γ^{−1}_{I,N} Im F_p and get ‖ Im g_ρ − ϕ‖_J .

4. If ‖ Im g_ρ − ϕ‖_J approximately achieves the specified M bound, then g_2 ≈ g_ρ and we are done; if not, modify the current value of ρ accordingly to Corollary 10 (dichotomic search) and go back to step 2.

The following simulations of the above algorithm have been performed under matlab 6 with N = 512 and data built from the purely illustrative analytic function: f(z) = z 1 − .8 z + z 1 + .7 z on the arc I corresponding to [−π/3, π/3], with ϕ = Im f on J. Satisfactory reconstruction of f and its real part is obtained for M = 2 × 10^{−3} and ρ = −1 + 4 × 10^{−4}, the associated value of the criterion on I being 8 × 10^{−3}. See figures (a) and (b).

(a) Real and Imaginary parts

(b) Nyquist plot

The same experiment has been performed with an additive random noise on the data (of standard deviation equal to .05 ||f||, which provides a signal / noise ratio equal to 26 dB). We still observe satisfactory results: ρ = −.997, M = .5, the error on I being equal to .306. See figures (c) and (d).

6 Conclusion

We have presented a solution to an extremal problem of importance in parameter identification, and we have shown how this can be made constructive, illustrating our method with a numerical example.

We also suggest another very natural algorithm, whose interest relies on the fact that a resolution algorithm for Problem 1 is already available (by iterative inversions of the Toeplitz operator). However, it is not known whether this algorithm actually converges.

(c) Real and Imaginary parts (d) Nyquist plot

Let f ∈ L^2(I), ϕ ∈ L^2(J), M > 0, and assume that f is not already the trace of an H^2 function g with ‖ Im g − ϕ‖_J ≤ M. Let g_2 be the associated solution to Problem 2. For n ≥ 0, g_{1,n} = g_1(f, ψ_n, M) stands for the solution to Problem 1 with data f ∈ L^2(I), M > 0, and ψ_n ∈ L^2(J) defined by:

ψ_n = { i ϕ for n = 0 , i ϕ + χ_J Re g_{1,n−1} for n > 0 .

Then we conjecture that

lim_{n→∞} ‖g_{1,n} − g_2‖ = 0 .

Further work in this direction is likely to include the use of the L^∞ norm, where at present there seem to be severe technical difficulties to overcome. For instance, the Hilbert transform is not bounded in the L^∞ norm, and thus it is not immediately clear that the analogous problem is well-posed. Problem 1 for the L^∞ norm was solved in [5], and it may again be possible to use this fact in the Solution of Problem 2.

It would also be of interest to study such problems in multiply-connected domains (such as a disc with finitely many holes), and we refer again to [10] for more background and references on this topic.

References

[1] D. Alpay, L. Baratchart, and J. Leblond. Some extremal problems linked with identification from partial frequency data. In J.L. Lions, R.F. Curtain, A. Bensoussan, editors, 10th conference on analysis and optimization of systems, Sophia–Antipolis 1992, Lect. Notes in Control and Information Sci. (185), 563–573, Springer-Verlag, 1993.

[2] M. Andersson. Topics in Complex Analysis. Springer-Verlag, 1997.

[3] L. Baratchart and J. Leblond. Hardy approximation to L^p functions on subsets of the circle with 1 ≤ p < ∞. Constructive Approximation, 14:41–56, 1998.

[4] L. Baratchart, J. Leblond, F. Mandréa and E.B. Saff. How can meromorphic approximation help to solve some 2D inverse problems for the Laplacian? Inverse Problems, 15:79–90, 1999.

[5] L. Baratchart, J. Leblond, and J.R. Partington. Hardy approximation to L^∞ functions on subsets of the circle. Constructive Approximation, 12(3):423–436, 1996.

[6] L. Baratchart, J. Leblond, J.R. Partington and N. Torkhani. Robust identification from band-limited data. IEEE Trans. Automat. Control, 42:1318–1325, 1997.

[7] B. Beauzamy. Introduction to Banach spaces and their geometry. Mathematics studies. North–Holland, 1985.

[8] H. Brézis. Analyse fonctionnelle. Masson, 1983.

[9] S. Chaabane, M. Jaoua, and J. Leblond. Parameter identification for Laplace equation and approximation in Hardy classes. In preparation, 2001.

[10] I. Chalendar, J. Leblond and J.R. Partington. Approximation problems in some holomorphic spaces, with applications. Submitted, 2000.

[11] J. Chen and G. Gu. Control-oriented system identification: an H_∞ approach. John Wiley, 2000.

[12] P.L. Duren. Theory of H^p spaces. Academic Press, New York, 1970.

[13] J.W. Helton and O. Merino. Conditions for optimality over H^∞. SIAM J. Control and Optimization, 31:1379–1415, 1993.

[14] J. Leblond and J.R. Partington. Constrained approximation and interpolation in Hilbert function spaces. J. Math. Anal. Appl., 234:500–513, 1999.

[15] P.M. Mäkilä, J.R. Partington and T.K. Gustafsson. Worst-case controlrelevant identification. Automatica, 31:1799–1819, 1995.

[16] J.R. Partington. Interpolation, Identification and Sampling. London Mathematical Society Monographs, No. 17, Oxford University Press, 1997.