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Abstract. Techniques of constrained approximation are used to recover solutions to elliptic
partial differential equations from incomplete and corrupted boundary data. The approach
involves the use of generalized Hardy spaces of functions whose real and imaginary parts are
related by formulae similar to the Cauchy—Riemann equations. A prime motivation for this is
the modelling of plasma confinement in a tokamak reactor. Constructive and numerical aspects
are also discussed.

1 Introduction

1.1 Problems, motivation

Let © be a bounded open domain in R? with C! boundary and
o € Whe(Q) such that 0<c<o<(C ae. in Q, (1)
for two constants 0 < ¢ < C' < +o00. The elliptic equation we look at is
div(eVu) =0 in €. (2)

The divergence and gradient operators are understood in the sense of weak derivatives
(with respect to real variables x, y in R?). We are interested in the following inverse prob-
lem of Cauchy type: assume that v and c0,u (where d,,u denotes the normal derivative
of u on 0N) are given on an open subset I C 9f). From these data, we want to recover u
on the complementary subset J = 92\ I, also assumed to be of non-empty interior. This
problem is ill-posed in the sense of Hadamard, for instance in Sobolev spaces W'=1/72(J)
[17], 1 < p < 400, but also in LP(I), where it still makes sense [9]. There, the associated
(direct) Dirichlet or Neumann problems on 0f2 have a unique (up to normalisation) so-
lution, which depends continuously (Lebesgue, Sobolev, or Hardy norms) on the data, a
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stability property. Further, well-posedness of the inverse problem is ensured if a constraint
is added on J and the extrapolation issue expressed as a best L” approximation problem
on [ (in the class of bounded extremal problems (BEP), which will be explained later).
When o is constant, this problem amounts to recovering or approximating the values
of a holomorphic function in a domain of analyticity from part of its boundary values.
This problem was extensively studied in Hardy spaces on simply and doubly connected
domains (see [3, 7, 8, 19]).

In the present paper, we are interested in Hardy classes of the conjugate Beltrami equation,
which is

df =vdf ae in Q, (CB)

where
v e Wh(Q) is real valued, and ||V||LOO(Q) <k<l, (k)

for some k € (0,1). There, 0 and 0 respectively denote the derivation operators with
respect to complex variables z = z + iy and Z in C ~ R? (recall that 90 = 00 = A =
div(V)).

The equation (CB) is related to (2), in fact to a system of second order elliptic equations
in divergence form, in the following way [9, Sec. 3.1] which generalizes the well-known
link between holomorphic (analytic) and harmonic functions.

Let p € (1,4+00) and f € W'P(Q) be a solution of (CB). If f = u + iv where u and v are
real-valued, then u,v € WHP(Q), u satisfies equation (2) and (its o-harmonic conjugate
function) v satisfies

div (le) =0in Q, (3)
o

where 0 = (1 —v)/(1+v). It follows from (k) that there exist ¢,C' > 0 such that (1)
holds.

Conversely, let 0 € WH>(Q) satisfying (1) and u € W1?(Q) be a real valued solution of
(2), [17]. Then, if Q is simply connected, there exists a real-valued function v € W?(Q),
unique up to an additive constant, such that f = u +iv € W'P(Q) satisfies (CB), with
v=(1—-0)/(1+0). Indeed, with this definition of v, (CB) is equivalent to the system
of generalized Cauchy-Riemann equations:

Opv = —00yu,
{ Oyv = 00,u, (4)
where 0, and 90, stand for the partial derivatives with respect to x and y, respectively.
System (4) admits a solution because 0,(—c0,u) = 0,(00,u) by (2), and Q is simply
connected. Assumption (1) implies that v satisfies (k) for some k € (0, 1).
Even more general classes of “analytic” functions were studied in [13, 33|, that are strongly
related to quasi-conformal maps [2]. The above link between (2) and (CB) is the basis of
the approaches of [4, 5, 24] and of the work [9] where fundamental properties of associated
generalized Hardy classes of solutions (in the disc) are established, and Dirichlet-type
issues considered. Here we shall complete some of these results, set up and solve best
constrained approximation (“bounded extremal”) problems in these classes, constructively
in the Hilbertian framework of L?.
An important practical motivation for such issues comes from plasma confinement in
tokamaks, for thermonuclear controlled fusion, when trying to recover the boundary of



the plasma, or for numerical simulations. Indeed, in such a toroidal domain, a classical
symmetry assumption (with respect to the (0,y) axis, see Fig. 1 in Section 4) is to
the effect that the magnetic quantities involved in Maxwell equations do not depend
on the corresponding “poloidal” plane section. This allows to formulate the issue in 2
dimensions rather than in 3. There, the vacuum is an annular domain Q (with 0 ¢ Q) lying
between the plasma and the chamber where, from the so-called Grad—Shafranov equation,
the magnetic flux is a solution to the conductivity equation (2) with the conductivity
o(z,y) = o.(z,y) = 1/x (see Fig. 1).

However, in the present work, we stick to the situation of (Dini) smooth simply connected
domains; the more involved one of annular domains will be analysed in a forthcoming
study. Up to conformal mappings, this allows us to handle the issue in the open unit disc
(see [9, Sec. 6]), where we consider Hardy classes.

The overview is as follows.

- Notation and definitions: Section 2.

- Properties of generalized Hardy classes, bounded extremal problems (BEP): Section 3.
- Complete families of solutions : Section 4.

- Constructive aspects: Section 5.

- Concluding remarks: Section 6.

2 Notation and definitions

We first present the notation that is used in the next section and later on.

2.1 General settings

Throughout the paper, D refers to the open unit disc and T to the unit circle of the
complex plane C, both centered at 0.

Let O be a bounded open set in R?, d = 1 or 2 with a Lipschitz-continuous boundary.
The generic point in O is denoted by x in dimension d = 1 and by x = (x,y) in the
dimension d = 2. For each p, 1 < p < +o0, we introduce the space

1 1/p
LP(O) = {¢ : O — C measurable; ||¢||zr0) = (@/ |g0(x)|pdx) < +oo}.
@

Note that we include a normalization factor, so that the norm is taken as an LP mean
value. Now, let D(O) designate the space of complex-valued C'* functions with compact
support in O. Its dual D’(Q) is the usual space of distributions on O. If k denotes a d-
tuple (ky, ..., kq) of nonnegative integers, we use the notation 8%y for the partial derivative
(in the distribution sense) of a function ¢ of total order |k| = ky + ... + k4 and partial
order k; with respect to the i-th variable.

So, for each nonnegative integer m and each p with 1 < p < 400, we consider the space
W™P(Q) of functions such that all their partial derivatives of total order < m belong to
LP(O), i.e.,

Wm(0) = {p € DIO); llgllwmsoy = (3 106l o) 7 < +o0} .

[k|<m



Next, the Sobolev spaces of non-integer order can be defined by an intrinsic norm [1].
Indeed, any positive real number s which is not an integer can be written [s] + «, where
[s] denotes its integral part while its fractional part « satisfies 0 < o < 1. Then, for any
p with 1 < p < +o0, the space W*?(Q) is the space of distributions ¢ in D’(O) such that

1/p

lelhw-sior = (el + 3 [ '8k PN x| <+
Pllwsr@) = Pl iste = |X—x’|°‘p+d X dxX 00.

Observe that such Sobolev spaces may also be defined in several other ways, for instance
by interpolation methods [1, Ch. VII].

The subscript R (for instance in L% or in W*) indicates real-valued function spaces.
We let L : LP(T) — C be the (bounded) mean value operator on T (recall that p > 1):

_1 2 0 »
Lo=g | ods,  ¥oeInT).

2.2 Generalized Hardy classes

If 1 <p < 400 and v € Wp'™(D) satisfies (), we define the “generalized” Hardy space
HE(D) = HP to consist of those Lebesgue measurable functions f on D such that

1 2 - 1/p
ess sup [ /], = ess sup (27r / £ (re™)| dH) < o0

0<r<
(which therefore belong to LP(ID)) and satisfying (CB) in the sense of distributions on D,
see [9]. Equipped with the norm

11z == ess sap [ fll o, »
0<r<1

H? is a Banach space. When v = 0, Hj = H? = H?(D) is the classical Hardy space of
holomorphic functions on the unit disc (see 20, 21]).

By analogy with classical Hardy spaces on C\D, let H, HY = H? (D) be the space of functions
f such that
ess 5up || fl 1z, < 2.
r>

and satisfying (CB) in C\ D. For each function f € LP(D), set
. 1 —
flz)=f (%) , z€ C\D.

A direct computation shows that

feH! < feH, (5)

for the dilation 7 € Wg>(C\ D) (since v is real-valued, 7(z) = v(1/%)).

We introduce H?* c H? (resp. H?® C H?), the (closed) subset of functions f € H? (resp.
HY) subject to the normalization condition L(Im(tr f)) = 0. Let H2™ be the subspace
of functions f € W such that

/0 e f(e)d0 = 0 = Litx f) (6)
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Finally, let 2 C C be a simply connected bounded Dini-smooth domain (its boundary
being a Jordan curve with nonsingular Dini-smooth parametrization). Let v satisfying (k)
on Q. We introduce the Hardy classes H2(2) as the space of functions f on  such that
foy e H 501!) (D), for some conformal transformation ¢ from D onto 2. A straightforward
computation [2, Ch. 1] shows that this class does not depend on the particular choice of
¢ and consists of distributional solutions to (CB).

3 Properties of Hardy classes, approximation issues

Let 1 < p < oo and assume that v satisfies (k). We first state and discuss some funda-
mental properties from [4, 5, 9].

3.1 Background

e Classes H?:

Basic properties of the above classes H? were established in the preliminary work [9], of
which we give a brief account below. These H? spaces mainly share properties of the
classical Hardy spaces H?. From [9, Prop. 4.3.1, 4.3.2] we have:

Proposition 1

- Any function f in HY has a non-tangential limit almost everywhere on T, which we call
the trace of f and denote by tr f; moreover, tr f € LP(T) and its LP(T) norm is equivalent
to the HY norm of f.

- The space tr HP is closed in LP(T).

- If f € H? and f # 0, then its zeros are isolated in D and log|tr f| € LY(T) (in
particular, tr f does not vanish on a subset of T having positive Lebesgue measure).

- Fach f € H? satisfies the mazimum principle (in modulus).

- Let f € HP. IfRe(tr f) =0 a.e. onT, then f =0.

Concerning the Dirichlet problem, we have [9, Thm 4.4.2.1]:

Theorem 1 For all ¢ € LE(T), there exists a unique f € HPY such that, a.e. on T,
Re(tr f) = ¢. Moreover, there exists ¢,, > 0 such that: ||f| grmy < o 1€/ 1oer)-

This result allows us to define a generalized conjugation operator H, from L%(T) into
itself. Indeed, to each ¢ € LL(T), associate the unique function f € HP? such that
Retr f = ¢, and set H,¢ = Imtr f € LP(T). Note that H, was introduced on W1/2%(T)
in [5] as the v-Hilbert transform. When v = 0, we observe that Hy ¢ is just the harmonic
conjugate of ¢ normalized to have zero mean on T.

Finally, the following density property of traces hold from [9, Thm 4.5.2.1]:

Theorem 2 Let I C T be a measurable subset such that T \ I has positive Lebesgue
measure. The restrictions to I of traces of HP-functions are dense in LP(I).

e Conjugation operator H,:

It follows from Theorem 1 that [9, Cor. 4.4.2.1]:



Corollary 1 The operator H, is bounded on L5 (T).

Further, the following properties hold [4, 5]:

(¢) On LE(T), H_.y o Hyu = H,oH_,u = —u+ Lu: (H,+ L)™' = —H_, + L. This
follows immediately from the fact that iH2 = H”, (f is a solution to (CB) < g =i f is
a solution to dg = —v dg).

(it) It is easily checked that, by definition: H, o L = L o H,, = 0 on LE(T).

(i73) So far, H,(u) was defined only for real-valued functions. It is however natural to set
asin [4, 5]: H,(iu) =iH_,(u), thereby extending H, to complex-valued functions, as an
R-linear bounded operator on LP(T).

e Projection operator P,:
(i) On L*(T) let:
1 1
B f== (I+zH )f+§L(f).

This defines a generalized Riesz prOJection operator P, from LP(T) onto tr H?, [5, 9]. In
particular P, is a bounded operator on L?(T). Equivalently, for f = u+ v, u,v € L3(T),

U 1 u—H_,v 1/ Lu
r(0)=2 ()45 (i)
(1) Observe that P,o L = Lo P, = L.
(i11) Let uy,up € LE(T).

. . . _1 U1+U2+LU1—U2)
P,(uy +iH,us +1ic) = P, (Hu2—i—c> 2( H, (11 + ) + 2¢
Remark 1 Observe that on the subspace L*°(T) C L?*(T) of functions with vanishing
mean value L, the above formulas are to the effect that we have H;' = —H_,, while:
1 . U 1/ u—H_,v
Pl,f—E(]—szV)trf or P, ( ; ) =3 ( Hou -+ ) ,
and

. _ Uy 1 Uy + Uz
P,(uy + iHyuz) = P, < Hous ) =3 ( H, (1 + u2) ) )

3.2 Further properties of Hardy classes

By definition of the Hilbert transform H,, we have the following M. Riesz-like result,
which is also a generalization of [25, Lem. 3|:

Corollary 2 Let f =u+iv e LP(T) (u, v e Ly(T)).
(1) f € tr H?Y & v = H,u. Further, there exists an absolute constant ¢ = c,, > 0 such
that:

Vi=u+ivew P ||fllpm < c llullpo) -

(17) fetr HY < v="Hyu+ Lv. If I C T is a connected subset of T such that both I and
J =T\ I have positive Lebesgue measure, there exists an absolute constant ¢ = ¢, 1 > 0
such that:

Vf=utivetHY, ||fllm < cUlull g + [10llm) -



Proof. (i) Use Theorem 1 and Corollary 1.
(it) Let f = u+iv € tr H2. Apply point (i) to f —iLv € tr H?°. We then have
v = H,u + «, for some constant aw = Lv, and there exists C' = C,,, > 0 such that

v — OéHLp(T) <C HUHLP(T) :

Then
1f =il oy < 2C [ull ory »
whence
||04||Lp(1) <20 ||uHLP(']I‘) + ||fHLp(I) :
This gives the required bound on . O

As another consequence of Theorem 1, we get:
Corollary 3 LP(T) = tr H? & tr HY™, and the decomposition is topological.

Proof. In view of (5), Proposition 1 also holds for H? functions (while f € H?® <= f e
HP? as well). In particular, tr H? + tr H2 ¢ L?(T). Note also that Re(tr f) = Re(tr f),
Im(tr f) = —Im(tr ) a.e. on T.

Conversely, it follows first from Theorem 1 that L2 (T) C Re(tr H2)+Re(tr H2®). Indeed,
assume that ¢ € LE(T). In view of Theorem 1, there exists f € H2? such that, a.e. on T:
Re(tr f) = /2. Hence, f € H?" and a.e. on T, Re(tr f) = /2, while Retr(f + f) = ¢,
and Imtr(f + f) = 0.

Next, consider ® = ¢ 4 iyp € LP(T), with ¢, ¢ € L&(T). Let f and f as above, and
g € H”? such that Re(trg) = ¢/2 a.e. on T; thus Re tr(g + §) = ¢, and Imtr(g + §) =
0. Then, one can check that ig € HP and ig € H_g, while Imi tr(¢g + §) = ¥ and
Rei tr(g + g) = 0 a.e. on T. Finally, a.e. on T,

O =tr(f+f)+itr(g+g) =te(f+ig)+crg+te(f+ig) —cpg € trHY + tr HYY

with
2T

S
Crg = % i Re tr f(e") df + %/0 Re trg(e®) df .

To check that this decomposition is direct, let f € H? and g € H,’;’OO such that tr f =trg
a.e. on T. Hence f+ ¢ € H? and Imtr(f + g) = 0. Theorem 1 implies that f + g is
identically equal in D to a real-valued constant: f + ¢ =2Retr f =2Retrg =c . From
the normalization assumption (6), we necessarily have that Retr f = Retrg = 0 a.e. on
T, hence also Imtr f = Imtrg =0 a.e. on T. m

Remark 2 Let Q) C C be a simply connected bounded Dini-smooth domain and v sat-
isfying (k) on . The present results still hold in the Hardy class HE(X)). Note that
voty € Whe(D) with |[v o Y| =m < k < 1, and that any conformal transformation 1
from D onto Q extends continuously from D onto Q together with its derivative, in such
a way that the latter is never zero [32, Thm 3.5].



3.3 Bounded extremal problems (BEP) in the disc

Let I C T be a connected subset of T such that both I and J = T \ I have positive
Lebesgue measure. For M >0, ¢ € L (J), define

Cp = Cyl0, M) = {g € tr HI; |IReg = ll,p) < M| € LP(1).

Theorem 3 Fiz M >0, ¢ € LL(J). For every function F € LP(I), there exists a unique
function g, € C, such that

| £ — g*”LP(I) = gélclg |1 F— 9||Lp(1) : (BEP)

Moreover, if F' ¢ C,, then ||Re g, — ¢||Lp(J) =M.

Proof. We argue as in [7, 19]. Since C, is clearly convex, to prove the existence and the
uniqueness of g,, it is enough to check that C, is closed in LP([), since this Banach space
is uniformly convex.
Let @y, € Cp, @i, — @1 in LP(I) as k — oo. Put ¢ = uy + vy, € tr HP. By assumption,
(ug) is bounded in LP(T) and (vy) in LP(I). Hence, we get from Corollary 2, (i7), that
(¢r) is bounded in LP(T) (hence (vg) is bounded in LP(J)) and thus, up to extracting a
subsequence, weakly converges to ¢ € LP(T); necessarily 9|, = ¢r.
Finally, ¢, € tr H?, which is closed thus weakly closed in LP(T) (Mazur’s theorem, [22]);
this implies that ¢ € tr H?. Because Re ) = u; satisfies the constraint on J, so does
Re ), whence ¢ € C,.
Let us now prove that, if F' ¢ C,, then [[Re g, — @[/, ;) = M. Assume for a contradiction
that [[Reg. — ¢l »;y < M. By Theorem 2, since ||[F' — g.| zor) > 0, there is a function
h € tr H? such that

1F = 9o = hllony < I1F = gullzory

and by the triangle inequality we have
1 = g = Al oy < I1F = gell o)

for all 0 < A < 1. Now for A > 0 sufficiently small we have || Re(g. + Ah) — || o) < M,
contradicting the optimality of g,. O

Remark 3 Theorem 3 still holds if the constraint on J is replaced by (g — ¢|| b5y < M,
for ¢ € LP(J), as in [7, 8], or more generally by a combination:

a|Reg = ol oy + B Img = dill sy < M,
for ¢, ¢ € LE(J), and o, > 0 with a + 3 > 0, as in [27].

We now pay particular attention to the Hilbertian case p = 2. Note that tr H2 is a closed
subspace of L%(T) (see Prop. 1, Cor. 3), and that a (best approximation) Riesz projection
operator P, : L*(T) — tr H? has been introduced in Section 3.1 that generalizes the usual
one. Using this we can formulate a solution to the extremal problem posed in Theorem
3 (more complicated expressions can be derived in the case p # 2, using the methods of
[7, 11, 19]).



Proposition 2 For p = 2, and if F' ¢ Cy, the solution g = g. to the extremal problem
(BEP) subject to |Reg — ¢l 2y < M, ¢ € L(J), M >0, is given by

Pox1g+vPoxsReg = PxiF +vPxs9, (7)
for the unique v > 0 such that |[Re g — ¢|| 2 ;) = M.

Proof. The method of proof is variational, as in [3, 27], and indeed more general abstract
results can be found in [18, 28]. We therefore give only a brief sketch of the argument.
Let ¢ € tr Hfh lie in the real tangent space to Cy at g, that is,

Re(g — ¢, 7»U>L2(J) =0.

Then optimality implies that

Re(g — F,¢) 2y = 0.

Thus P,x1(g — F) = vP,xs(¢ — Reg) for some v € R. Finally, a first-order perturbation
argument shows that v > 0. i

A discussion of the relations between the (Lagrange-type) parameter v, the constraint
M, and the error e, = [|[F' — g.|[ 12,y in the “classical” case v = 0 can be found in [3],
with further precise information obtained by spectral methods in [6]. All we require in
the present situation is the easy observation that e, is a strictly decreasing function of
M, and as M — oo we have e, — 0.

4 Families of solutions and density results

Let o(z,y) = o.(z,y) = 1/ be the particular conductivity involved in plasma equations,
and the associated dilation coefficient v = v, = (1 — 0,)/(1 + 0.):
24+ z—2
vi(2,2) = ——— .
2+zZ+2

We consider now equations (2) and (3) in the disc Q = Dy:
Do = {(z,y) € R? : (z — 20)* +y* < R}, where 0 < R < ||,

with Ty its boundary (a circle). Let R be a rectangle containing Dy: R = [a, b] X [—¢, ],
b>a >0 and ¢ > 0, with (Lipschitz-continuous) boundary OR. Its edges are denoted by
L, ={a} x [—c, ¢, Ty ={b} x [—¢,¢], .= [a,b] x {c} and T'_, = [a,b] x {—c}.



; x
- a w |
Ty

Fig.1 Geometrical setting in a poloidal section

Note that both ¢ = o, and v = v, are smooth on R and that Dy is defined in order to
have compact closure in R.

4.1 Particular solutions of Bessel-exponential type

We write u(z,y) = A(x)B(y) for a solution to (2) with separated variables and v(x,y) =
C(z)D(y) for its o-harmonic conjugate function, a solution to (3) in R. In view of the
Cauchy-Riemann equations (4), we have

Uy = T, or A'B =zCD’

and
Uy = —TVy or AB = —xC'D.

The 2nd order equation for v gives

O// 1 O/ D//

- 4 =

c zC D

since it is independent of both  and y and hence constant. This gives

C"D+CD" = —lC’D, or = -\ eR, say,
x

1
D(y) = exp(£Ay), and C"+=C'"+XC =0.
T

(1) Assume XA # 0, A € R.

There is a fundamental solution in terms of Bessel functions, namely,
C(z) = Jo(A\x) or C(z) = Yo(Az).

Our main references for the theory of Bessel functions are [34, Ch. III] and [35, Ch.
XVII]. Also, we may take B = D and then (since J, = —J; and Y] = Y;) we have,
correspondingly, A(x) = —zC'(z)/\, i.e.,

Ax) = zJi(\x) or Ax) = —zYi(Ax).
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In fact, we shall be able to construct a complete family of solutions without using the
functions Y, (see Section 4.2).

(17) Now we assume that A # 0, A = ip € iR.
Modified Bessel functions (Bessel functions of imaginary argument), namely

C(z) = In(ox) or C(z) = Ko(oz),
satisfy the equation
C + xz C

cos(o(y + yo)), say. Taking B(y) = sin(o(y + vo)) again, and
= — K [34], we have the corresponding solutions:

in conjunction with D(y) =
noting that Ij = I; and K|

A(x) = —zli(px) or  A(z) =xzK(ox).

(77i) Finally we look at the case A = 0.
The dependence in x and y of each function allows us to write
A D A D

I d — = —_
xC B pat xC'’ B’ a

and we have the following identities:

D' =XD=pB =D
)

Y

so that A2 = 2. Then A =0 implies that either p = 0 and pu # 0, or p = oo.
I
If p =0 and p # 0, we have

D(y) =d, B(y) = %y—l—b, Ax)=a and C(z)= —% In(z) +c.

In the other case, u = oo,

B(y) = b, D(y) = pby +d, C(z) = ¢ and A(x):%xQ—l—a,

Thus, for every N € N*  and for all sequences of real-valued coefficients (\,), (ttn), (an),
(Bn)s (Yn), (0n), n = 1,--- N, and every ag,by,co € R, the following is a legitimate
solution u to (2):

N
u(z,y) = > wli(Ax)[one™? + e Y]
n=1
N
+ Z [y Ly (pn) + 6, Ky (pn)] sin(pan (y + €)) + aoz® + boy + ¢ (8)
n=1

= UA(l’,y) + U’ll(x7y) + U()(l',y), say.

11



The analogous expression for H, u involves Bessel functions of order zero, as above,
whence if u is given by (8), then H,,u = v — L v with the solution v to (3) and (4) given
by:

N
’U(l‘7 y) = Z JO()‘nI)[anekny - ﬁne_Any]
n:lN
+ Z[_’Ynf()(ﬂ’nx) + 6TLKO(:LLTL‘T)] COS(Mn(y + C)) - bO Inx + 2a0y (9)
n=1

= U)\([E,y) + UM([E,y) + U()(l’,y) .

It is convenient to choose A, to be the positive roots of Jy(\,b) = 0, in view of the fact
that with this choice the functions (v/zJo(A,z)),>1 are a complete orthogonal system in
L?((0,b); x dr). However, many other choices are possible.

An appropriate choice of ju, is 57, so that the expression u,(z,y) in (8) vanishes on the
lines y = =+c.

We then write B for the space of solutions u given by (8) with such (A\,), (un), n =

1,---, N, and free parameters (), (6,), (7a), (0n), @o,bo, co € R. Meanwhile, we intro-
duce F as the corresponding (through (4)) space of solutions v given by (9).
Then, given L? data on the boundary of the rectangle R = [a,b] x [—c,c], we may

approximate it arbitrarily closely on the lines y = £c¢ by taking a finite sum and choosing
(cv,) and (f3,,) suitably. Then we may choose the coefficients (,) and (§,) to obtain
approximation on the lines x = a, x = b.

Remark 4 Note that the Wronskian I1K; — I K| does not vanish, which implies that
I, /K, is monotonic, and so the vectors (I1(pna), Ki(pna)) and (I (p,b), Ki(u,b)) in R?
are linearly independent.

4.2 Density properties of B in R
Proposition 3 The family B is WY?(R) dense in

S = {u € We*(R); div (%Vu) = 0} .
The proof relies on the following result that we first establish:
Lemma 1 By is W2 dense in Wy (OR).
Proof of Lemma 1. Recall that Bjsr is a set of solutions of the conductivity equation
div <£Vu) =0, (10)

obtained by separating the variables on the rectangle R = [a,b] X [—c,c], restricted to
IR, in Wi (OR).

The proof proceeds in three stages:
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- we consider first the horizontal sides I'. and I'_. (Step 1), where Bessel functions of
order 0 induce a complete famliy,

- then the vertical sides I', and T', (Step 2), with the usual Fourier basis,

- then we prove density for the complete boundary OR of the rectangle R (Step 3).

Step 1: density of Br, in Wg?(a,b).

Let f € Wg(OR) so that f(.,c) € Wa”(a,b) denotes its restriction to T'e. Write (Ay)ns1
for the strictly increasing sequence of roots [34, Ch. XV] of the equation Jo(A\,b) = 0
which are all positive. Now we define a function ¢ on R by ¢(x,y) = ﬁ&vf(x,c) Yy

Its restriction to I, still belongs to L3 (a,b) and, by [14, Thm. 2], {z'/2Jy(\,z)} forms a
complete system in LZ(a,b). It follows that for every e > 0, there exist a sufficiently large

integer N and scalars (@, c)n=1,..n such that
€ 2
< - 11
“b—-a \/;’ (11)

L2(a,b)
Then classical properties of the integral and the Cauchy—Schwarz inequality lead to

/b (atf(t,c) — Zan,ctJO(Ant)) dt| < e

n=1

.....

||¢(757 C) - Z an,c\/zjo()\nt)

1
Vb—1x

: x € (a,b). (12)

d
Using the identity J,(z) = :L'_”_ld (x¥ 1T, 1(z)) from [34, p. 66] and calculating the
x
integral in (12) allow us to write
(fc(x,c)—f(x,c)) < 2e b—a’ (13>
where &, € B denotes the function defined on R by
N An(y+e) _ g=An(y+c) Kv. —
(e e e Ne— [ (b, ¢c)
; An zh(X ene — e=2nc (y+<) 2¢ o (14)
and
Al
Ky.= ;’C bJ1(AnD).
n=1 n

Integrating (13) between a and b we have that || f(x, ¢) —&:(2, ¢)|| 12(ap) < €. In conjunction
with (11), this implies the density of Bir,in Wg?(a, b).

A similar calculation can be made on the side I'_, and we denote by &_. the corre-
sponding function. Since &. vanishes on I'_. and £_. vanishes on I'., we conclude that if

f € We(OR), then (&, + &_.) approximates f on T, UT_, in W%2(a, b) norm.

The same principle will be used for the vertical sides I', and I'y: construct an approxima-
tion on both, such that its contribution to the other side is arbitrarily small (or zero) in
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W12 norm.
Step 2: density of Bjp, in Wﬂi’Q(—c, c).

Let f € Wa?(OR) so that f(b,.) € Wa*(—c,c) denotes its restriction to T',. Hence
0, f(b,y) can be expanded as a Fourier series using the family {1 Cos( 5 (y + ))} ,
neN*

which is complete in L%(—c,c). Hence, for every ¢ > 0, there exist an integer N and
scalars (anp)n=1,..n such that

-----

O.f (b, t —<a0b+2anbcos< t+c)>)

Let us denote by Fy (b, .) the above partial sum of order N of the Fourier series expansion
of f'(b,.). Asin Step 1, we have that

(15)

A
Sl

L2(—c,c)

= [ @ -mo al<vie yeco. (16)

Writing p,, = ;L—W, (16) can be calculated to give
c

‘f(b, y) — f(b,—c) - (ao,b (y+o)+> B sin(pa(y + C))> 2(y + c)e.
That is,
(f(b,y) = &(b,y))* < 2(y + )¢, (17)

where &, € B denotes the function defined on R by

N
51)(177 y) = Z x /Yn bjl //Jn + 5n,bK1(unx)] Sln(un(y + C))

n=

.’L’ CL2 f(b7 C) B f(b> _C)
+ mf(b» —c)+(y+¢) 5e ; (18)
and
Vo = _amb Kl (:una)
" bprn K1 (pnb) I (pina) — Ki(pna)ly(pnb) 7
6nb . a’mb ‘[1 (M?’La)

by Ky (pnb) L1 (pna) — Ky (pna) L (pnb) -

By Remark 4, the expression of &, is valid insofar as K (11,0) 1 (pna) — K1 (pna) I (1,b) # 0.
Finally, integrating (17) between —c and ¢, we have || f(b,y) — & (b, y)||12(—e) < ceV2. In
conjunction with (15), this implies the density of Bjr, in Wg?(—c, )

As in the previous section, a similar result holds on the side I', with a corresponding
function &,. The functions &, and &, are constructed so that if f is arbitrarily small on
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I'. and I'_. then &, is arbitrarily small on I', and so does & on I',. We conclude that if
fe Wﬂé’Z(@R) and is small enough, then (&, + &) is an approximation to f on I', UT, in
Wh2(—c, c) norm.

Step 3: density of Bjgr in W2(9IR).

Let f € Wg?(OR). From Step 1, there exist & and £_. belonging to B such that on
I.UT_., we have (f —&. —&_.) arbitrarily small in W1?(a, b) norm. We let H denote the
function defined on OR such that H = (f — & — € .). Since H still belongs to Wy (IR),
there exist, from Step 2, &, € B and &, € B which approximate H in W?(—c, ¢) norm on
the sides T', and T, respectively. Writing I = {a,b, ¢, —c}, we now show that

IH = (& + &) llfr2om) Z IH = (&a + &)1z,

el

can be made arbitrarily small, in other words (£, + . + & + &) € B gives a good
approximation to the function f in W?(9R) norm. For convenience, we only give the
details for I'_,.

Let

= [IH = (& + &)llwree ) = [H(z, —c) — &z, —¢) — &(, =) [wr2(a) -
Here, &, is given by formula (18) with H in place of f, and £, similarly. We thus obtain

22 _ b2 2 _ g2

A, = |H(x,—c) - P H(a, —c) — 7_a H(b, —)[lwr2(ap) -

Now, we remark that:

.TQ o b2 b2
I a2 — b2H<a7 _C)HW“"(a:b) < [H(a, >H| 2 HWIOO (a,b)

2b
s|mmﬂwé+ﬁ;;)

and in the same way:

x? —a?

—_ 2b
Hw_ﬁma%mmmmgmmﬂm0+ﬁ__)

— a2

Using the triangle inequality, it follows that:
2b
A*C < HH(Q?, _C)HWLZ(a,b) +2(1+ m X max(|H(a, _C>|> |H(b7 _C>|)

From (14), we have that &.(., —c¢) = 0, hence H(.,—c) = f(.,—c) — £_.(., —¢). Since &_,
is an approximation to f on I'_. in W12(a,b) norm from (13) in Step 1, thus also at
the corner points (a, —c) and (b, —c), all the terms in the last inequality can be made
arbitrarily small, thus also A_, = || f — ({& + &—c + &a + &) [lwr2@_y)-

Similarly, || f — (Ect+E-ct &6 lwzom) = [H—(Et&)llw2(or) can be made arbitrarily
small. This ends the proof of Lemma 1. 0
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Proof of Proposition 3. Recall first that R is a simply-connected plane domain with
Lipschitz boundary [23, p. 6]. Let u € Sg. Since tru € Wé/z’Q((‘?R) [23, Thm 1.5.1.3],
there exist (¢n)nen € Wﬂig((‘?R) such that

| tru — ¢n||wl/2’2(a7z) — 0,

and by Lemma 1, we also have that for each n € N there exists b € B such that
|pn — b|(g7)€||wl,2(873) can be made arbitrarily small. Since Wp*(9R) C W£/2’2(8R) (see
[29]), and the injection is bounded (indeed, even compact) by [12, Thm 2.2] (see also |1,
Par. 1.24]), we have the existence of a constant ¢ > 0 such that

6 — gl /2(0m) < cllén — bkl 2om) — 0.

and, by the triangle inequality,
It — by lwiszaory < lltru — dullwi/zeer) + 16n — biskllwi/ze@r) — 0.

Finally, by [12, Thm 4.4], the map from Wé/Q’Q(ﬁR) to Wy(R) which to tru associates
u € Sg (unique solution to (10) associated to the given boundary values) is continuous,
so that, for some ¢ > 0,

lu = 6™ [r2gr) < ¢l tru — b llwa/zzgom) — 0,

and thus B is dense in Si. o

4.3 Density properties of B in D

We show below that L2(Ty) functions may be approximated by functions belonging to By,
that are solutions to (2). For the particular dilation coefficient v, this is a constructive
view of the fact that L&(To) = Retr H2 (Dy) (see Theorem 1) and will be used in order
to solve bounded extremal problems.

Recall that H2 (Dy) is defined accordingly to Section 2 and Remark 2, using for instance
¥(z) = Rz + xo as a conformal map from D onto D).

Proposition 4 The restriction By, to Tq of B is L* dense in Lg(To) = Retr H7 (D).
Proof. Let ¢ € L%(T,) and £ > 0. There exists ¢ € Wlé/Q’Q(TU) such that

W - ¢HL2(T0) <e.

However, Dirichlet-type results from [17] are to the effect that there exists a unique
solution u € Wya(IDg) of (2) such that tru = ¢ on Ty. Then, because of the W?(R)
density of B in S, see Proposition 3, an approximation result of Browder [16, Thm 5]
asserts that restrictions to Dy of functions in B still form a dense subset of W1?(Dy), the
involved operator and domain being sufficiently smooth. This ensures that there exists
b € B such that

[u = bllwr2pg) <€,

whence also ||¢ — b|| 2, < ce, for some ¢ > 0, from [15, Ch. 9] (we are taking the
restrictions of b to the disc or the circle as appropriate). Finally, we get that

[ = bll2my) < (T+c)e.
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This implies that By, is dense in L%(Ty). Further, the result that
Lg(To) = Retr Hy, (Dy) (19)

follows from Theorem 1. O

Remark 5 Results of Lax [26] and Malgrange [30], assert similar Runge-like density
properties, namely that real solutions of the partial differential equation on a disc can
be approximated locally uniformly by solutions that extend to a large simply-connected
domain.

We then obtain:

Corollary 4 (i) B ={b+iH, b+ic, be B, ce R} is L*(Ty) dense in tr H2 (Dy).
(it) B+ iH, B+ iR = {by +iH, by +ic, by, by € B, c € R} is dense in L*(T).

Proof. (i) Let f € H? (D) and € > 0. So u = Re(tr f) € Lg(Ty), and Proposition 4
ensures that there exists b € B such that

||u — bHL2(T0) < €.
Now, as H,, is continuous from L3 (Ty) to LZ(Ty) (from Corollary 1), we have

Hy. (w) = Ho. (O)]] 22(m0) = [[Hon (0 = B) [ L2(m) < &

Finally, using Corollary 2, we get that H,, (u) = v+ ¢ = Im(tr f) + ¢, for some ¢ € R and
point (z) follows (tr H2 (Do) = L& (To) + iH,. (LE(To)) + iR).

Point (iz) may be obtained from the decomposition L?(Ty) = L2(Ty) + iL%(Ty), using
that H,, B + R is dense in L%(Ty), from point (). O

Remark 6 From point (i) of the above corollary, for K C Ty, such that Ty \ K has
positive Lebesgue measure, we get that By is L*(K) dense in [tr H2 (Dy)]|,, whence in

L*(K), in view of Theorem 2.

Ik

5 Constructive aspects

In order to compute solutions to (BEP) in Dy using Proposition 2 (see also Remark 2),
we first need to find approximations in B and H,, B to given data (u,v) on the circle Ty
with centre (xg,0) and radius R, contained in the rectangle R. From now on, we denote
by e > 0 the minimal distance between Ty and R (see Fig.1).

In this section, we take advantage of the properties established for B in Section 4. Indeed,
recall that given b € B, with a set of coefficients on the family of Bessel-exponential
functions (8) that generate B, then H,, b has the same coefficients on the family (9) of
Bessel-exponentials that generate H,, B and F.
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5.1 Approximation algorithms

In order to determine numerically P, for given boundary data u and v in L%(Ty), it is
sufficient to compute an L2-approximation of H,, u and H_, v, according to the formulas
in Section 3.1. To proceed, recall first that 5 is the space of solutions to (2) with separated
variables and o = o,, while F is the corresponding space of solutions to (3), (4), see the
expressions (8), (9).

That tr F is dense in L(Ty) follows from Corollary 4. The issue now consists in writing
the expansions of v on B and of v on F and then in computing both H, u and H_, v by
the following rule (see (8), (9)):

H,.B=F — L(F) and  H_, F=-B-L(-B).

Here the averaging operator L is considered on Ty:

1 2
Vf e Li(Ty), Lf:% f(zo+ Rcosf, Rsin6) db.
0

We remark that there is no connection between the coefficients resulting from the decom-
position of u in B and those of v in F except when u + v € tr HZ (D). Of course, only a
finite number N of functions in B and F will be used for computations. More particularly,
the same number n of elementary functions of each kind is involved, whence N = 4n + 3
for B, from (8), while N = 4n + 2 for F, using (9).

Let (by)p=1,..n be the functions of one of these finite systems, whose union is complete in
L2(Ty) (by Proposition 4). In B, choose for instance, for p =1, - - n:

{ b4p—3(x7 y) = IJI(/\Px)eApy7 b4p—2(x7 y) =z (/\Px)ei/\p%
byp—1(z,y) = xLi(ppx) sin(pp(y + ), bap(z, y) = K1 (k) sin(p,(y + ©)),

and by_o(x,y) = 22, bn-1(z,y) =y, by(x,y) = 1.

.....

is obtained by solving in (k,,),, the normal equations:

N N
<Z k’mbm — w, bp)LQ(']To) = O, or Z km<bm, bp)Lz(T()) = <¢, bp>L2(']I'0)7 n = 1, ey N.
m=1 m=1

Note that functions in the family B (or F) are mutually non-orthogonal on Ty. As
always in this case, the stiffness matrix ({bm, bp)r2(r,)), m,p = 1,..., N, appearing in the
resolution of the normal equations is ill-conditioned. A first approach to decreasing the
conditioning number and thereby to improve the accuracy of the approximation is to
average the basis functions after subtracting their mean value. Hence, we consider the
families:

L[ b-L() } ~_{ f=L() }
B= beB d F= feF
{||b—L(b)||L2(1ro) i G

and approximations are made for u — Lu and v — Lv. Then a representation of the
algorithm is:
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u € L%(To)

RS L%(To)
’ U=u— Lu ’ V=v—Lv ‘
U:Z?ilail;ia 61 GB V:Zfilﬁfza fz Eﬁ
Hy*ﬁ = Zfil aiHV*[;i = Hy*a H_y*‘N/ = Zz]\il ﬂiH_V*fi = H_V*f)

where @, 0, U, V, H,.@, H_, 0 represent the approximations of order N in B and F of the
corresponding functions. As a consequence, the algorithm leads us to define the operator
P, which is a L?(T,) approximation of P,.. For given data u and v, the error between
P, (u,v) and P, (u,v) only stems from those between H,, @& and H,, u on the one hand,
and between H_,, v and H_,, v on the other hand.

5.2 Numerical computations

In this section, we present several numerical results obtained with the software Matlab
(R2008b). These are still preliminar and mainly illustrate the approximation of functions
in tr H2 (Dy) by functions in the families B, F and of the projection operator P, . Further
numerical work is to be done, in particular towards the resolution of the extremal problem
(BEP). All the simulations are computed with the specific choice of parameters (xg, R, e) =
(5,2, 1) and with a discretization of Ty by 62 points (p = 1,--- ,62). Moreover, we specify
that the integrations are performed with the quad method which is a recursive adaptive
Simpson quadrature method (see [31]).

The first simulations consist in approximating a function v € L3(T,), or more exactly
u — Lu, with N = 4n + 2 functions of the family B. In the first case (Fig. 2, 3)
u is defined on Ty by (x,y) — u(z,y) = zy and in the second case (Fig. 4, 5) by
(x,y) — u(z,y) = rln(x +y). Recall that on Ty, x = xy + Rcos# and y = Rsin6.
In both situations, we show the behaviour with respect to n € {1,---,6} of the error
between U = u — Lu and its approximant U: > (U~ U)?/ >, U? (Fig. 3, 5).
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In both cases (Fig. 2, 4), the fact that n = 3 implies that the approximation is composed
of N = 4n 4 2 = 14 different elementary functions of the system B. The graphs of the
associated errors (Fig. 3, 5) show that the approximation keeps a high accuracy as the
approximation order N increases. We just mention that it is of the same quality when
computed with the system F.

From these approximations of functions belonging to L2(Ty), we now compute the opera-
tor P,, in order to verify that it matches the projection from L?(Ty) onto tr H2 (Dp). Let
f be the function defined on Ty as

[z, y) = ulz,y) +iv(e,y) =22 +i(2y + 7).

It is an easy computation to see that f € tr H2 (Dg). Then P, (f) = f. Related compu-
tations are plotted in Fig. 6, 7:
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The error between U and U is approximately equal to 1~0*15, and between V' and V, to
1077, A single elementary function is needed (n = 1) in B and F (u and v already belong
to B and F, respectively). Then the relation P, (f) ~ f = P, (f) is verified.

We now test the accuracy of P, on functions which still belong to trH2 (Dy) but no
longer to the families B and F. Indeed, it is possible to find homogeneous polynomials u
and v satisfying (4). With deg u = k and deg v = k — 1 (for £ > 2) the unique solution
is to take a constant multiple of the pair:

s (R=D(=3) oy (k=2 =k =Dk =5) o,

up(z,y) = 2y - 24 Ty 2446 vy

2 ., k-2 (k—2)(k=3)(k—4) , 5

where each sum has finitely-many non-zero terms. We denote by G the corresponding
family of polynomials fy x—1 = uy +ivk_1. The first test (Fig. 8-11) is computed with the
function f3 9 defined on Ty by:

2

. . xXr
faz: (@y) = usla,y) +ivae,y) = oy + i = 2.
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The error between U and U is approximately equal to 1072, and between V and V, to
1073 when n = 3. On this example (Fig. 9, 11), it can be noticed that the operator P,
is well approximated with a small number of functions in the families B and F.

Moreover this remark still holds when the degree of the polynomials u and v increases.
The following simulation (Fig. 12-15) is obtained with the function f54 € G defined on
Ty by:

3

Foa: (@,y) = us(2,y) + wva(z,y) = 2%y — “aty +i(

4 3
4 2

O 4
16x).

3 29
59@ Y-+
This time the error between U and U is approximately equal to 1072, and between V and
V, to 103 when n = 5. Even if the error increases compared with the last simulation, the
operator P, remains well approximated as can be observed in Fig. 13, 15. It appears that,
as the degree k of the polynomials u; and v, increases, a higher number N of functions
in the families B and F is needed in order to get a good approximation. More detailed
error estimates would be the subject of a future investigation, also for more general data.
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6 Conclusion

Although preliminary numerical results are encouraging, a deep study of the constructive
aspects of the presented approximation issues is still to be undertaken. The use of alter-
native basis functions may be considered (for example, the family G of polynomials that
satisfy the Cauchy—Riemann equations, although it is not clear whether it is dense).
Concerning the link with plasma modelling in tokamaks, Hardy spaces H? of annular
domains are already under study. As in the classical case, they can be expressed as
direct sums of Hardy classes of related discs. It would also be of interest to solve such
approximation problems in the L norm (in this case the classical version of the problem
was analysed in [8]); finally, one may also hope to consider “mixed” L*-L> problems as
in [10].
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