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Abstract We study the composition operators f — f o ¢ on generalized analytic
function spaces named generalized Hardy spaces, on bounded domains of C, for
holomorphic functions ¢ with uniformly bounded derivative. In particular, we provide
necessary and/or sufficient conditions on ¢, depending on the geometry of the domains,
ensuring that these operators are bounded, invertible, or isometric.
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1 Introduction

The present work aims at generalizing properties of composition operators on Hardy
spaces of domains of the complex plane to the framework of generalized Hardy spaces.
Generalized analytic functions, among which pseudo-holomorphic functions, were
considered a long time ago, see [9,34]. More recently, they were studied in [22], in
particular because of their links with classical partial differential equations (PDEs)
in mathematical physics, like the conductivity or Schrodinger equations, see [2], [3,
Lem. 2.1]. By generalized analytic functions, we mean solutions (as distributions) to
the following d-type equations (real linear conjugate Beltrami and Schrodinger type
elliptic PDEs):

df =vaf or dw = aw,

without loss of generality [9]. For specific classes of dilation coefficients v, «, these
two PDEs are equivalent to each other, as follows from a trick going back to Bers and
Nirenberg, see (13) below.

They are also related to the complex linear Beltrami equation and to quasi-conformal
applications [1]. Properties of associated (normed) Hardy classes H! and G4 have
been established in [6,7,14] for | < p < oo. These classes seem to have been
introduced in [26] for simply connected domains. They share many properties of
the classical Hardy spaces of analytic (holomorphic) functions (for « = 0 = v). The
proofs of these properties rely on the factorization result from [9], which was extended
in [5-7] to G& functions, through classical Hardy spaces H”. Note that important
applications of these classes come from Dirichlet—-Neumann boundary value problems
and Cauchy type transmission issues for the elliptic conductivity PDE V - (o Vu) = 0
with conductivity o = (1 —v) (1 + v)_1 in domains of R2 ~ C, see [2,7]. Indeed,
on simply-connected domains, solutions u coincide with real-parts of solutions f to
3 f = vaf. In particular, this links Calderén’s inverse conductivity problem to similar
issues for the real linear conjugate Beltrami equation, as in [3]. Further, these new
Hardy classes furnish a suitable framework in order to state and solve families of best
constrained approximation issues (bounded extremal problems) from partial boundary
values, see [ 14, 17], that are given by Dirichlet—-Neumann boundary conditions, through
generalized harmonic conjugation or Hilbert transform.
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In the Hilbertian setting p = 2, constructive aspects are available for particular
conductivity coefficients v, for which bases of H, ‘,2 may be explicitly constructed, in the
disk or the annulus, see [16,17]. In the annular setting, and in toroidal coordinates, this
allows to tackle a free boundary problem related to plasma confinement in tokamaks.
Concerning realistic geometries, properties of composition operators on generalized
Hardy classes may provide a selection of conformal maps from the disk or circular
domains.

The present work is a study of some properties of composition operators on these
Hardy classes. Let @ C C be a domain. Hardy spaces H/ (2) of solutions to the
conjugate Beltrami equation 8 f = vaf a.e. on  are first considered when € is the
unit disc D or the annulus A = {z € C : r¢p < |z| < 1}. A way to define those spaces in
general bounded Dini-smooth domains is to use their conformal invariance property,
see [6]. More precisely, if €21 and €2, are two bounded Dini-smooth domains and ¢ a
conformal map from €21 onto 27, then f isin HP (), withv € WI}&’OO(QQ) ifand only
if fogisin HVO¢(Ql) andvo¢ € Wlé’oo(ﬁl) In terms of operator, if ¢ : Q2 — Qa8
an analytlc conformal map, the composition operator C¢ : f +—— fo¢ maps H, P (Q2)
onto H ¢(Q]) Similar results hold in G4 Hardy spaces of solutions to dw = 0.

Suppose now that the composition map ¢ : i — € is a function in
W1o(Q1, Q) and analytic in 1, what can we say about Cy(f) = f o ¢ when
f € HY () in terms of operator properties? This operator has been widely studied
in the case of analytic Hardy spaces (i.e. v = 0) when Q2] = Q, = D giving character-
izations of composition operators that are invertible in [27], isometric in [18], similar
to isometries in [8], and compact in [31,33], for example. Fewer results are known
concerning composition operators on H? spaces of an annulus. However, one can find
in [11] a sufficient condition on ¢ for the boundedness of Cy and a characterization
of Hilbert—Schmidt composition operators.

In more general (non smooth) simply connected domains, boundedness and com-
pactness properties of composition operators on Hardy spaces are established in
[19,33]. Note that, in this context, several definitions of Hardy spaces can be con-
sidered [13, Ch.10].

The study of composition operators has been generalized to many other spaces of
analytic functions, such as Dirichlet or Bergman spaces, see [24,32] and the references
therein.

In this paper, we study some properties, namely boundedness, invertibility, isometry,
for the composition operator defined on the generalized Hardy space H/ () and
GP(Q) where Q is a bounded Dini-smooth domain (most of the time, 2 will be the unit
disc D or the annulus A). Compactness issues will be dealt with in a subsequent paper.

In Sect. 2, we provide some notations. Definitions of generalized Hardy classes
for bounded Dini-smooth domains, together with some of their properties are given
in Sect. 3. Section 4 is devoted to boundedness results for composition operators
on generalized Hardy classes H! and GY for 1 < p < oo. Section 5 is related
to their invertibility, while isometric composition operators are studied in Sect. 6 on
generalized Hardy classes of the disk and the annulus. There, Theorems 1 and 3 appear
to be new in H”(A) as well. A conclusion is written in Sect. 7 in which we discuss
the extension of some results to generalized Hardy spaces over arbitrary domains.
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2 Definitions and Notations

In this paper, we will denote by €2 a connected open subset of the complex plane C (also
called a domain of C), by 92 its boundary, by ID the unit disc and by T = 9D the unit
circle. For 0 < rg < 1, let A be the annulus {z € C : rg < |z] < 1} = DN (C\roD),
the boundary of which is dA = T U T,,, where T, is the circle of radius ro. More
generally, we will consider a circular domain G defined as follows

N-1

G =D\ | (@ +rD). (1
j=0

where N > 2,a; € D,0 <r; < 1,0 < j <N — L. Its boundary is

N-1
IG=TU | J(@+T,)
j=0

where the circles a; + "]Trj for 0 < j < N — 1 have a negative orientation whereas T
has the positive orientation. Note that for N = 2 and ag = 0, G is the annulus A.

A domain € of C is Dini-smooth if and only if its boundary <2 is a finite union
of Jordan curves with non-singular Dini-smooth parametrization. We recall that a
function f is said to be Dini-smooth if its derivative is Dini-continuous, i.e. its modulus
of continuity w  is such that

&
1t
/ wft( )dt < 00, forsomee > 0.
0

Recall that, if  is a bounded Dini-smooth domain, there exists a circular domain G
and a conformal map ¢ between G and €2 which extends continuously to a homeo-
morphism between G and ©, while the derivatives of ¢ also extend continuously to G
[6, Lem. A.1]. If E, F are two Banach spaces, L(E, F) denotes the space of bounded
linear maps from E to F,and T € L(E, F) is an isometry if and only if, forall x € E,
ITxllF = llxlg-

If A(f) and B(f) are quantities depending on a function f ranging in a set E, we
will write A(f) < B(f) when there is a positive constant C such that A(f) < CB(f)
forall f € E. We will say that A(f) ~ B(f) if there is C > 0 such that C'B(f) <
A(f) <CB(f)forall f € E.

The Lebesgue measure (on the complex plane or in the 1-dimensional case) will
be denoted by m. For 1 < p < oo, L?(£2) designates the classical Lebesgue space of
functions defined on Q2 with respect to m, equipped with the classical norm.

We denote by D(2) the space of smooth functions with compact support in 2. Let
D’ () be its dual space which is the space of distributions on 2.

For 1 < p < oo, we recall that the Sobolev space W7 (Q) is the space of all
complex valued functions f € LP(2) with distributional derivatives in L”(€2). The
space WP (Q) is equipped with the norm



Composition Operators on Generalized Hardy Spaces 1737

I lwipey = I lr) + 18f lLr@) + 19 flr ),

where the operators d and 9 are defined, in the sense of distributions: for all ¢ € D(Q),
(0f, &) = /f3¢ (0f.¢)= /f3¢

with 8 = $(dx —idy) and d = % (3 +idy).
Note that, when Q2is C! (in particular, when €2 is Dini-smooth), W1 (Q) coincides
with the space of Lipschitz functions on 2 [15, Thm 4, Sec 5.8]. We will write L?zz ()

and Wslz’zp (R2) to specify that the functions have values in 2, C C.

3 Generalized Hardy Spaces
3.1 Hardy Spaces

For a detailed study of classical Hardy spaces H” (€2) of analytic functions in Q2 C C,
we refer to [13,20], and to [29] for annular domains. Let us briefly recall here some
basic facts needed in the sequel, see [23] for more details.

For 1 < p < oo, any function f € H” (D) has a non-tangential limit a.e. on T
which we call the trace of f and is denoted by tr f. For all f € H” (D), we have that
tr f € HP(T) where H?(T) is the strict subspace of L?(T):

N 1 [ .
HP(T) = [h € LP(T), h(n) = 2—/ h(eMe ™ ™dt =0, n < O] )
T Jo

More precisely, H” (D) is isomorphic to H”(T) and || fllgrm@) = ltr fllzr(m)s
which allows us to identify the two spaces H? (D) and H” (T).

The space HP(A) can be identified to H?(dA) via the isomorphic isomorphism
f e HP(A) — tr f € HP(0A) and thus || fllgr@a) = ltr fllLra). Likewise,
following [29], the space H”(A) of the annulus A = ]D)\roﬁ can be identified to
HP(dA) via the isomorphic isomorphism f € HP(A) — tr f € HP(3A):

HP(3A) = {h € LPA), by (n) = ry I 1 (n), n € Z} .

From the fact that | f|? is a subharmonic function when f is analytic on any domain
Q C C, classes of analytic functions have been introduced using harmonic majorants
(see [28]) extending the definition of Hardy spaces to general domains in C. More
precisely, for 1 < p < oo and zg € 2, HP(L2) is defined as the space of analytic
functions f on 2 such that there exists a harmonic function u : 2 — [0, c0) such
that for z € Q

|f@IF = u(2).
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The space is equipped with the norm
inf [u(zg)l/p, | £1? < u for u harmonic function in Q} .

Remark 1 1. It follows from the Harnack inequality [4, 3.6,Ch.3], that different
choices of z give rise to equivalent norms in H? (2).

2. If Q = Dor A, the two definitions of Hardy spaces coincide and the two previously
defined norms on H?(£2) are equivalent.

3.2 Definitions of Generalized Hardy Spaces

Letl < p<ooandv € WHIQ’OO(D) such that ||v]| ey < « with k € (0, 1). The

generalized Hardy space of the unit disc H (D) was first defined in [26] and then in
[7] as the collection of all measurable functions f : D —> C suchthatd f = v df in
the sense of distributions in D and

1/p

1 2 )
1A ey = (ess sup0<,<lg/0 |f(re”)|”dt) < 0. )

The definition was extended, in [14], to the annulus A: for v € Wﬂé’r(A), r e (2,00),

HY(A) is the space of functions f : A — C such that 3 f = vdf in the sense of
distribution in A and satisfying

1 2 ) 1/p
1l = (ess S / | f(ren)|pd,) . o
T Jo
Now, let 2 C C be a Dini-smooth domain and v such that
ve Wﬁ'm(ﬁ)» Iviize(@) < &, withk € (0, 1). )

The definition of H () was further extended to this case in [6], where the norm is
defined by

gl gp ) = sup lIgllLr@a,)s (5)
neN

where (A,), is a fixed sequence of domains such that A,, C Q and dA,, is a finite
union of rectifiable Jordan curves of uniformly bounded length, such that each compact
subset of 2 is eventually contained in A, for n large enough. We refer to [6] for the
existence of such sequence.

In parallel with Hardy spaces H. () (with Q equal to D, A or more generally to
a Dini-smooth domain), Hardy spaces GP(Q) were defined in [6,7,14,26] for a €
L%°() as the collection of measurable functions w : € — C such that Jw = o W in
D' () and
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1 2 ) 1/p
”w”Gé’(Q) = (CSS Supp<r<1§/ |w(relt)|Pdt) < 00, (6)
0

with p = 0if Q = D and p = rg if @ = A. More generally, if 2 is a Dini-smooth
domain, the essential supremum is taken over all the L? (9 A;,;) norm of w for n € N.

Remark 2 The generalized Hardy spaces H (Q) and G (S2) are real Banach spaces
(note that when v = 0 or & = 0 respectively, they are complex Banach spaces).

Recall that if 2 is a bounded Dini-smooth domain, a function g lying in generalized
Hardy spaces H! () or G () has a non-tangential limit a.e. on 3 which is called
the trace of g is denoted by tr g € L?(9€2) and

gl gr ) ~ ltrglizr e, (N

(see [6,7,14]). We will denote by tr (H (2)) the space of traces of H (2)-functions;
itis a strict subspace of L7 (9€2). Note also that g — ||tr g||zr(sq) is anorm on HP (Q),
equivalent to the one given by (5). However, contrary to the case of Hardy spaces of
analytic functions of the disk, ||-|| HP (D) and || tr -|| .»(T) are not equal in general (see

().

Finally, functions in H; (2) and G () are continuous in Q:

Lemma 1 Ler 2 C C be a bounded Dini-smooth domain, v € WHIR’OO(SZ) meeting (4)
and a € L*®(K2). Then, all functions in GE(Q) and HY () are continuous in Q.

Proof Indeed, let w € G4(RQ). By [6, Prop. 3.2], w = ¢'F with s € C(Q) (since
s € Wh(Q) for some r > 2) and F € HP(Q). Thus, w is continuous in €. If
f e HY(Q) and w = T~ (g), then w € GE(LQ) is continuous in  and since v is
continuous and (4) holds, f € C(S). O

As in the analytic case [13, Ch.10], generalized Hardy classes EJ () (respectively
FZ(2)) can be defined as the space of measurable functions f (respectively w) on
solving

Af =vaf inD(Q), 8)
respectively
dw=aw inD'(Q), ©)
and for which there exists a harmonic function u : 2 — [0, +00) such that
|f @7 <u(z) (10)

(respectively (10) holds for w) for almost every z € 2. Fix a point zg € 2. The space
is equipped with the norm

£l gp = inf {ul/p(z()), 12 Q — [0, +o00) harmonic in € such that (10) holds} .
(11)
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Observe that in the above definitions, different values of z( give rise to equivalent
norms as in Remark 1. We first check:
Proposition 1 1. The map f +— ||f||E(,’(sz) is a norm on E¥ (Q).
2. The analogous conclusion holds for F ().
Proof It is plain to see that [|-|| zp g, is positively homogeneous of degree 1 and
subadditive. Assume now that || f| EP Q) = 0. That f = 0 follows at once from the
fact that, if (u;) j>1 is a sequence of nonnegative harmonic functions on €2 such that
uj(zo) = 0, j — oo, forzg € 2 from definition of EF (), then uj(z) - 0,j — oo,
for all z € Q2. To check this fact, define

A:={z€§2; uj(z)—>0}.

The Harnack inequality [4, 3.6,Ch.3] shows at once that A is open in Q. If B = Q\A,
then the Harnack inequality also shows that B is open. Because zo € A # ) and Q is
connected, then A = 2, which proves point 1 and, similarly, point 2. O

Remark 3 As [6, Thm 3.5, (ii)] shows, when €2 is a Dini-smooth domain, v meets (4)
and o € L®(Q), H (Q) = EF(Q) and GL(Q) = FY(Q), with equivalent norms. In
this case, if  is Dini-smooth, then, for w € G% (2) we have that

”w”Gg(Q) ~ inf Ml/p(Z()),

where u and the infimum are taken as in the definition of F (§2). The same stands for
f € H ().

Let v satisfying assumption (4) and ¢ € L°°(£2) associated with v in the sense that

=y (12)
T =2
Now, let us recall the link between H and G functions [6,7].
Proposition 2 A function f : Q@ — C belongs to H (Q) if and only if
f—vf
w=J(f) = F—= (13)
V1 =2

belongs to GP(Q). One has ”f”Hf(Q) ~ ||w||Gg(Q).

Proof That f solves (8) if and only if w solves (9) was checked in [6,7]. That | f|? has
a harmonic majorant if and only if the same holds for |w|” and || f|| EP @) ™ lw]| Q)
are straightforward consequences of (13) and assumption (4). O

Proposition 2 immediately yields:

Lemma 2 Let v, v satlsfymg (4) and o, a associated with v (resp. V) as in Eq. (12).
Then, T € E(HP(Q) H~ () if and only lfT e L(GE(), GP(SZ)) where JT =
TJ. and J is the R- lmear isomorphism from H; (D) onto G(’;(Q) defined by (13)
with v replaced by v.
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4 Boundedness of Composition Operators on Generalized Hardy Spaces

Let 1, 25 be two bounded Dini-smooth domains in C, v defined on 2, satisfying
assumption (4), and ¢ satisfying:

¢ Q1 — 2 analytic with ¢ € W™ (21). (14)

We consider the composition operator Cy defined on H? () by Cy(f)=foo.
Observe first that v o ¢ € Wﬂé‘oo(Ql) since v and ¢ are Lipschitz functions in 2,
and ) respectively and [|v o @[l Lo (q,) < K; hence v o ¢ satisfies (4) on €2;.

Proposition 3 The composition operator Cy : HP () — H‘f’o¢(§21) is continuous.

Proof Let f € H? (). Observe that f o ¢ is a Lebesgue measurable function on
Q1 and, since d¢p = 0 in 2,

3(f o) =10f)0pld(@) = (vod)df opla(g)
=Wo@)df o) = (vod)d(f o),
(equalities are considered in the sense of distributions). Now, if u is any harmonic

majorant of | |7 in 5, then u o ¢ is a harmonic majorant of | f o ¢|” in €1, which
proves that Cy (f) € Hfo (821). Moreover, by the Harnack inequality applied in €22,

1oz, @) = u@@DV? < Cuizp)'?,

for zo € 5 as in definition of EF, and where the constant C depends on 23, zp and
¢ (zo) but not on u, so that, taking the infimum over all harmonic functions u > | f|?
in 5, one concludes

[Co () ||vao¢(§2|) S I lap ) -

]

Remark 4 In the case where Q@ = Q2 = D, if HY (D) and vaoaﬁ (D) are equipped
with the norms given by (11), the following upper bound for the operator norm of Cy
holds:

14160\ "/?
C —_— .
| 4’”5(1—|¢(O>|)

Indeed, if u is as before, one obtains
L[ 11— 190
21 Jo  leit —¢(0)]?

2
< 1+|¢(0)|i/ w(eydt = 1+|¢(0)Iu
1 —1¢0)] 27 Jo 1 — 1 0)]

u o ¢(0) u(ede

0).
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In the doubly-connected case, assume that 2 = A. Let zo € A and ¥ be an analytic
function from D onto A such that ¥/ (0) = zo. Arguing as in [11], we obtain an
“explicit” upper bound for || Cy || . Indeed, let # be as before. Using the harmonicity of
u oy in D, for all s such that ¥ (s) = ¢(zp), one has, for all ¥ € (|s], 1),

2 it
u($(z0)) = u(¥(s) = 2i Re (”it “) woy(reyds
T re’ —s§
< +—" wO) = e,
r—1s| —Is]
Letting r tend to 1, we obtain
1
u( (o) < I o),

m .
sepL@Go) 1 — Is]

o . : . 1+1s1\ "7
which, with definition of EY (), yields [|Cy | < ( in ) .
sey g0 1 — Is]

In the sequel, when necessary, we will consider the composition operator defined on
GY spaces instead of H! spaces. The next lemma shows that a composition operator
defined on H,} spaces is R-isomorphic to a composition operator on G spaces.

Lemma 3 Let v (resp. ¢) satisfying (4) (resp. (14)). The composition operator Cy
mapping Hp(Qz) to H~ (1) with v = v o ¢ is then equivalent to the composition
operator C¢ mapping Ga (27) to Gp(Ql) where « is associated with vV through (12).
Moreover,

@ = (a0¢)dg. 15)

In other words, for 7, J defined as in Lemma 2, we have the following commutative
diagram:

HY (@) " HI(@)
7| 7|
GL(@) — ' GL@)
Proof The inverse of J is given by (see [7]):

w+vw

V1 =12

T iweGEl(Q) — f = € H (). (16)

Note that

-0V —d(vop)  —[(dv)oplog
-2 1-120¢g  1-12o¢

= (¢ 0 ¢)99,

o=
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and 7 is also an R-linear isomorphism from HZ (1) onto GZ($2). Now, for any
fe H? (), we have that

~ fop—(vog)fod f=vf ~
C = =0 =C .
T(Cy(f)) oo [ l_vz} ¢ = Ce(T(f))

5 Invertibility of the Composition Operator on H} ()

In this section, we characterize invertible composition operators between H; spaces.

We will need an observation on the extension of a function v meeting condition (4).
Before stating it, let us recall that, if €2; and €2, are open subsets of C, the notation
Q) CC 2, means that © is a compact included in €2;.

Lemma 4 Let Q) CC Q) C C be bounded domains and v be a Lipschitz function

on 21 meeting condition (4). There exists a Lipschitz function v on C such that:

1. V(z) = v(z) forall z € 1,
2. the support of V is a compact included in 2,

Proof Extend first v to a compactly supported Lipschitz function on C, denoted by
v1. There exists an open set 23 such that 2 CC Q3 CC Q2 and vy [, < 1.
Let x € D(C) be suchthat 0 < x(z) < 1forallz € C, x(z) = 1 forall z € 21 and
x(z) = 0 for all z ¢ Q3. The function v := yx v satisfies all the requirements. O

Let 1 < p < +00,  C C be a bounded Dini-smooth domain and v meet (4).
For z € Q, let £!, F be the real-valued evaluation maps at z defined on H} (Q) and
GH(Q) by

E'(f):=Re f(z) and F'(f):=Im f(z) forall f € H'(Q), f € GL(Q).

Proposition 4 For z € Q, the evaluation maps E! and F are continuous on HY(Q)
and GE ().

Proof Let f € HI(Q) and z € Q. By definition of the norm in HY (), there exists
a harmonic function « in € such that | f|” < u in Q with u!/?(z9) < I £l gp(q) fora
fixed zo € Q2. The Harnack inequality then yields

1f @ <u'P(2) Su''P(z0) S f Nl pr e

and thus we have

Re f(2)] f, ”f”[-]‘f’(Q) and [Im f(z)| f, ”f”H‘f’(Q) ,

which ends the proof. O
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For the characterization of invertible composition operators on H; spaces, we will
need the fact that HY () separates points in 2, when  is a Dini-smooth domain:

Lemma 5 Assume that Q C C is a bounded Dini-smooth domain. Let 7| # 75 € Q.
Then, there exists f € HY (Q) such that f(z1) # f(z2).

Proof There exists F € HP(L2) such that F(z;) = 0 and F(z2) # 0 (take, for
instance, F(z) = z — zl). By Theorem 4, there exists s € W17 (Q), for some r €
(2, 400) such that w = ¢'F € GL(). One has w(z;) = 0 and w(z2) = 0. If
=7 w = 3ﬂ f € HY(Q) by Proposition 2, f(z1) = 0 and f(z2) # 0,
since ||V < 1. O

We will also use in the sequel a regularity result for a solution of a Dirichlet problem
for Eq. (8), where the boundary data is C' and only prescribed on one curve of 9<2 :

Lemma 6 Let Q C C be a bounded n-connected Dini-smooth domain. Write Q2 =
U;?:OFJ-, where the T are pairwise disjoint Jordan curves. Fix j € {0, ..., n}. Let v
meet (4) and € CHIQ(F/-). There exists f € H! () such that Re tr f = Y on r;
and ”f”HU”(Q) < IIwIILp(I-j). Moreover, f € C(2).

Proof Step 1: Let us first assume that Q@ = ID. Since ¥ € Wl_l/ ©49(T) for some

q > max (2, p), the result [7, Thm 4.1.1] shows that there exists f e wha(D) solving
df =vof inD withRetr f = Y on T. By [7, Prop. 43.3], f € H! (D) c HY (D),
and since ¢ > 2, f is continuous on D.

Step 2: Assume that Q = (C\roﬁ for some rg € (0, 1). Let Y € Cﬂé(roT). For all
2 € T, define §/(2) = v (?0) and, for all z € D, define ¥(z) 1= v (?0) Step 1
yields a function f S H~‘" (D), continuous on I, such that Re tr f = J on T. Define

now f(z) = f( ) for all z € Q. Then, f € HY(RQ), f is continuous on & and
Retr f =y onrpT.

Step 3: Assume now that @ = G is a circular domain, as in (1). Extend v to a
function v € WHIR’OO((C) satisfying the properties of Lemma 4. If ¢ € CIIR (T), step
1 provides a function f € ng (D), continuous on D, and such that Re tr f =1 on
T. The restriction of f to G belongs to HP (G) and satisfies all the requirements. If
Ve Cﬁ (aj +r;T), argue similarly using Step 2 instead of Step 1.

Step 4: Finally, in the general case where 2 is a Dini-smooth n-connected domain, €2
is conformally equivalent to a circular domain G, via a conformal map which is C!
up to the boundary of €2, and we conclude the proof using Step 3. O

Let ©1, 27 be domains in C and ¢ : Q1 — €2, be analytic with ¢ € ngz’zoo(Ql).
The adjoint of the operator Cy will play an important role in the following arguments.
Note first that, by Proposition 3, Cq’; is a bounded linear operator from (Hlfi " (1)) to

(HF (2)). Moreover:

Lemma 7 Forall 7 € Q, C¢(5”°¢) - and C¢(}‘”°¢) _

¢( ) ¢(z)
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Proof Let f € HY(S2). Then

(CHEY?), ) = (E1°0, Cy(f)) = (L%, f o d) = Re f(§(2)) = (E} s S),
and the argument is analogous for 77’ O

Theorem 1 Assume that Ql, Q> are bounded Dini-smooth domains. Then, the com-
position operator Cy : HY(Q)) — H o¢(91) is invertible if, and only if, ¢ is a
bijection from Q21 onto ;.

Proof Some ideas of this proof are inspired by [10, Thm 2.1]. If ¢ is invertible, then
Cyp-1 = (Cp)~ L.

Assume conversely that Cy is invertible. Since Cy is one-to-one with closed range,
forall L € (Hp¢(91)) one has

*
H C¢LH(HJ’(Q "~ L TG {17

Let z1, 70 € 21 be such that ¢ (z1) = ¢ (z2). Then, by Lemma 7,

o¢p _ o¢p
Co ") =&y = gy = CH(EL).

Since Cy 5 is invertible, it follows that &£, vog =&, vog . Similarly, .7-" o9 ]-"ZVZ (p, so that
71 =22 by Lemma 5, and ¢ is unlvalent
Now, suppose that ¢ is not surjective. We claim that

AP (L21) N €2 # . (18)

Indeed, since ¢ is analytic and not constant in €21, it is an open mapping, so that
Qo =@ (R21)U (RN (21)) U (22\¢(£21)), the union being disjoint. Assume now
by contradiction that (18) is false. Then €2 is the union of the two disjoints open sets
in Q2, ¢ (21) and Q22\¢@(£21). One clearly has ¢ (21) # <. The connectedness of €2
therefore yields that 2,\¢ (21) = <. In other words,

Q2 C p(Q)). 19)

But since ¢ is assumed not to be surjective, there exists a € Q\¢(£21), and (19)
shows thata € QN d¢(£21), which gives a contradiction, since we assumed that (18)
was false. Finally, (18) is proved.

Leta € 0¢(21) N Q3 and (z,),eN be a sequence of €1 such that

¢ (zn) njo)oa.

Up to a subsequence, there exists z € Q such that z, —> z. Note that 7 € 3Ry,
n—oo
otherwise ¢ (z) = a which is impossible (indeed, since a € ¢ (21) and ¢(21) is
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open, thus a ¢ ¢(21)). Write Q2] = U’j’.:OF j» where the I'; are pairwise disjoint
Jordan curves, so that z € '), for some m € {0, ..., n}.
Now, we claim that

[Giaad (HY @) 752 TO0
Indeed, by the very definition of the norm in (H]i o (1),

I Nz @y = sup  [Reg(@n)l. (20)
geH,,,(Q1)

ltrgll <1

Forany k € N, thereis f; € Hfo¢(91)suchthat|fk(zn)| ,H—O)Okand”fk'|Hfo¢(Ql) <1.

Indeed, let ¥ € Cﬁ(rm) be such that |y (z)| = 2k and ||[Ykllrer,) < %, where
C is the implicit constant ﬂ Lemma 6. It follows from Lemma 6 that there is f; €
H£¢(Ql), continuous on 21, such that Re tr(fx) = v, on I'), and ||fk||Hp¢(Q|) < 1.

Observe that, since f; is continuous in Q1, [Re fi(z,)| = |¥x(z)|. As a consequence,
there is N € N such that

Re fi(zn)| = k
for all n > Ni. Therefore, by (20),

||5zvf¢||(Hu‘;¢(Q|>)’ >k, n> Ng.

Thus, ||5;nO¢II(HU’;¢(SZl))’ — 00 asn — 00, as claimed.
Moreover, by Lemma 1, for all g € HP (), &Y (g) — &) (g) which proves
¢ (zn) n—oo ¢
that

sup [E5 ., (@) < oo.
neN

It follows from the Banach—Steinhaus theorem that the ||5(‘; @) Il (HP (2y)) AT uni-
formly bounded. Thus, we have that

% [ oVOP ) H(c;v
1€ e Dmpny _ 170 @y

vog - vog
12 Nz @y 1€ laar @y "%
which contradicts (17). We conclude that ¢ is surjective. m]

Remark 5 1. To our knowledge, the conclusion of Theorem 1 is new, even for Hardy
spaces of analytic functions when €21 or €2, are multi-connected.
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2. The proof of Theorem 1 does not use the explicit description of the dual of HY (£25)
and H]i ¢(521). Such a description exists when €27 and €2, are simply connected
(see [7, Thm 4.6.1]).

3. The proof of Theorem 1 shows, in particular, that if Cy is one-to-one, then 5o is ¢.

It follows easily from Theorem 1 and Lemma 3 that:

Corollary 1 Let 1, Q3 be bounded Dini-smooth domains and ¢ € Wslz’zoo(Q 1) be
analytic in Q1. Let o € L°°(S2). Then Cy : Gh(Qy) — Gg(Ql) is an isomorphism
if and only if ¢ is a bijection from 21 onto Q).

The characterizations given in Theorem 1 and Corollary 1 are the same as in the
analytic case when Q = DD (see [30]).

6 Isometries and Composition Operators on Generalized Hardy Spaces

Throughout this section, £ will denote the unit disc D or the annulus A and GE(Q)is
equipped with the norm [see (7)]:

”w”Gg(Q) = ||tr w”LP(BQ)

The arguments below rely on the following observation:

Lemma 8 Let Q be the unit disc D or the annulus A, ¢ : Q2 — Q be a function in
W;?’OO(Q) analytic in Q and o € L™ (S2). Assume that Cy is an isometry from GL(Q)
10 GE(Q). Then ¢ (39 C IQ.

Proof Assume by contradiction that the conclusion does not hold, so that there exists
By C 92 with m(Bg) > 0 such that ¢ (Bgy) C 2.

For Q = A, either By is entirely contained in T or in roT or there exists a Borel set
B C By of positive Lebesgue measure such that B C T. For the last case, we still write
By instead of B and we can assume without loss of generality that By C T. Indeed, if
By C roT, it is enough to use the composition with the inversion Inv : z %0 since
it is easy to check that the composition operator Cry,y is a unitary operator (invertible
and isometric) on G& (Q) using [6, Prop. 3.2].

The following argument is reminiscent of [8]. Let ¢ := ¢ and ¢, +1 := ¢ o ¢, for
all integer n > 1. Note that ¢ (Bg) C €2 for all k > 1. For all integer n > 1, define

B, :={z € 0Q; ¢,(z) € By}.

Observe that the B, are pairwise disjoint. Indeed, if z € B, N By, # @ withn > m,
then

¢n(z) € By and ¢, (2) € By,
so that

Pn—m(Pm(2)) = Ppn(2) € Bo N n—m(Bo) C Bo N2 =0,

which is impossible.
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Fix a function F € H?(Q2) such that

=1 on By
[tr F|
<1/2 on dR\By.

We claim that such a function exists.
Indeed, if €2 is the unit disc D, the outer function F defined as follows

2w i6
e’ +z ;
F(z) = exp (E/o : log |g(e’9)|d9) , zeD,

et(-?_z

1)

(22)

with g € L?(T) such that |g] = 1 on Bp and |g| = % on 92\ By satisfies the required

conditions.

If @ = A, we consider the function f € HP(D) defined as in Eq. (22) and
g : A — Cis the restriction of f to A. Observe that g is in H” (A) for each p, since
lgl” = |f|? < u, where u is a harmonic function in D. Set M = maxr, |g|. Now let

21(z) = 7"g(2), then for z € T we have

for z € By

~ n — = 1
lgn ()| =12"g)| = 1g@)| = [% forz € T\By

For z € T,,, we get

18n ()| = [2"g ()| = Irg| - 18| = rgM.

Now, ro < 1 so pick N large enough to ensure that r(l)v M < 1/2,and F = gy has the

requested properties. .
Now, for all integer j > 1, F/ € HP(2) and

P
lim HF/H — m(By).
400 HP(Q)

Moreover, by the maximum principle, since F' is not constant in €2,

|[F(z)| <1 forall z € Q.

(23)

By [5, Thm 1] and Theorem 4, forall j > 1, there exists a functions; € C () (indeed,

sj € Wb () for some r > 2) with Re sj = 0 on 0€2 such that

wj=eF e GHQ) and |5 < 4lallo) -
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Thus, since Re ps; = 0 on 9€2,

||w/||gg(9)Z/m|trwj|p:/m|e1”f||trF|jP

. NP
:/ e FY7 = | /|
Q2

Let&p :=a = (o 0 $)d¢ and &, 11 := (&, 0 $)d¢, n € N. Since Cy is an isometry
from GE(Q) to Gg(Q), for all integers n, j > 1,

oy~ B0 24)

[€orwilge @ = lwilgpe)- (25)
But
(C¢)nWj =w; o P,. (26)
For all z € By, ¢,(2) € By so that, forall j,n > 1,
|trwj o ¢ (2)| = ltr F(@n(2)I/ = 1. 27)
For all z € 3Q\B,,, ¢n(z) € Q\ By, so that
lwj o ¢n(2)| < eMMl>@ | F (g, (2)))/ (28)
if ¢pn(z) € Q and
|trw; o ¢ ()| < el¥li>@ v F (g () (29)

if ¢, (z) € 02\ By. Gathering (21), (23), (25), (26), (27), (28) and (29), one obtains,
by the dominated convergence theorem,

lim |o, ”gm) = m(B,). (30)

Jj—>+oo

Comparing (24) and (30) yields m(B,) = m(Bg) for all integer n > 1. Since
m(Bgp) > 0 and the B, are pairwise disjoint, we reach a contradiction. Finally,
¢(02) C 9L2. O

6.1 Simply Connected Domains

We can now state:

Theorem 2 Let ¢ : D — D satisfying (14), let « € L*°(D) and the associated &
given by (15). Then the following assertions are equivalent:
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1. Cy is an isometry from GED) 1o Gg (D),
2. Cy is an isometry from HP (D) to H? (D),
3. $(0) =0and ¢(T) C T.

Proof The equivalence between 2 and 3 is contained in [18, Thm 1]. We now prove
that 1 and 2 are equivalent. Assume first that Cy is an isometry from GlD)to Gg (D).
Let F € HP(D). By [5, Thm 1], there exists s € C (D) such that Re s = 0 on T and
w = e'F € GL (D). Then, since ¢(T) C T by Lemma 8, one obtains

||C¢FHH/’(]D)) = Hc¢w”G§(D) = lwlgpmy = 1F e @) -

Assume now that Cy is an isometry on H” (D). Then 3 holds, so that ¢ (T) C T. Let
w € GE(D). Pickup s € C(D) and F € HP(D) such that w = ¢* F, with Re s = 0
on T. Since |¢*| = 1 on T and ¢(T) C T,

lwodllgrmy = [P F 0 @l grpy = IF o $llar@y = 1Fllarm = lwllgym) -
O

Remark 6 The conclusion of Theorem 2 shows that Cy is an isometry on H? (D) if
and only if it is an isometry from G5 (D) to Gg (D) for all functions @ € L°°(ID) and
associated & given by (15).

Corollary 2 Let ¢ : D — D be a function satisfying (14), « € L*°(D) and the
associated & given by (15). Then Cy is an isometry from GL (D) onto Gg (D) if and
only if there exists . € C with |A| = 1 such that ¢ (z) = Az for all 7 € D.

Proof Assume that Cy is an isometry from GY onto Gg . Then Cy is an isomorphism
from G£ onto Gg , and Theorem 1 shows that ¢ is bijective from D to ID. Moreover,
Theorem 2 yields ¢(0) = 0 and ¢ (T) C T. These conditions on ¢ imply that there
exists A € C with |A] = 1 such that ¢ (z) = Az. The converse is obvious. O

Remark 7 Note that the domain under consideration in Theorem 2 is the unit disk .
One may wonder how to extend the conclusion of Theorem 2 to the case of simply-
connected Dini-smooth domains. A natural way to try to do this is to use conformal
maps. If ¢ is an analytic bijection from ID to D, it is a simple observation ([13, Ch. 10],

[33, Prop. 1.2]) that f > (f o ¢) (qb’)%, which is a weighted composition operator, is
an isometry from H? (D) onto itself. This observation extends to the case where ¢ is
an analytic bijection from ID to any simply connected domain 2 C C. But even in the
Dini-smooth case and for Hardy spaces of analytic functions, this does not seem to
provide a necessary and sufficient condition on ¢ which ensures that the unweighted
composition operator f — f o ¢ is an isometry on H” ($2).

Note that the weighted composition operator f — (fo®)(¢’ )% plays an important
role in the study of composition operators on Hardy spaces of analytic functions on
arbitrary simply connected domains of C [19,33], starting from the corresponding
study on D.
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Let us now turn to the isometry property for the composition operator on H (ID).
Proposition 5 Let ¢ : D — D be a function in W' (D) analytic in D. If Cy is an
isometry from HY (D) to H‘f’o¢ (D), then ¢(T) C T and ¢ (0) = 0.

Proof Assume that Cy is an isometry from H; (D) to H po¢ (D). We first claim that

v
there exists C > 0 such that, for all w € G& (D) and all integer n > 1,

C7 't wlzrery < lltr (wo dn)llprery < Clltr wlizrery (31)
where, as in the proof of Lemma 8, ¢1 := [ and ¢, 41 := ¢ o ¢, for all integern > 1.
Indeed, let w € GE(D) and set f := % Then, since ||v|| o) < 1, one has, for
almost every z € T,

ltr w(z)] ~ [tr f(2)]. (32)

As a consequence,
e wllzpery ~ litr fllzeer) (33)

and, foralln > 1,
lltr (w o @n)liLr Ty ~ litr (f o d)llprcTy . (34)

where the implicit constant in (34) does not depend on n. Since Cy is an isometry on
HP (D), it follows that, foralln > 1,

e (f o p)lliprery = lItr fllLoery (35)
and (33), (34) and (35) yield (31).
Let us now establish that ¢ (T) C T. Argue by contradiction and let B,, (for all

n > 0) as in the proof of Lemma 8. Consider a function F € H? (D) and define the
functions s; and w; as in the proof of Lemma 8. By (31), for all integers n, j > 1,

ltrwj o @ullLpry ~ ltrwill Lo - (36)
But, as already seen,
||tr wj o, ||Z,,(T) — m(By),
so that, by (36), m(B,)) = m(By) for all integer n > 1. Since m(By) > 0 and the B,
are pairwise disjoint, we reach a contradiction. Finally, ¢ (T) C T.

Let us now prove that ¢(0) = 0. Recall now that, since Cy is an isometry, for all
functions f, g € H' (D), see [25, Lem. 1.1]:

/(trfo¢>) |trgo¢|”—2trgo¢=/trf|trg|f’—2@. 37
T T
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Applying (37) with g = 1, one obtains, for all f € H/ (D),

/(trfo¢) =/tr f. (38)
T T

Letu € LR(T) and f € Hy' (D) such that Re tr f = u. Taking the real part in the

both sides of (38) yields
/u o = / u. (39)
T T

Since this is true for all u € Lﬁ(T), one obtains that (38) holds for all f € HP (D)
(write tr f = u+iv and apply (39) with u and v), and this yields ¢ (0) = 0 (f(z) =z
in (38)). O

As a corollary of Proposition 5, we characterize isometries from H. (D) onto

H, ,(D):

Corollary 3 Let ¢ : D — D be a function in W1-*°(D) analytic in D. Then Cy isan
isometry from H} (D) onto Hpo¢(]D)) if and only if there exists A € C with |A| = 1

v

such that ¢ (z) = Az for all z € D.

Proof Proposition 5 shows that ¢ (T) C T and ¢ (0) = 0, Theorem 1 ensures that ¢
is a bijection from D onto ID, and the conclusion readily follows. O

Note that we do not know how to characterize those composition operators which
are isometries from HY (D) to Hf ¢(ID>).

O

6.2 Doubly-Connected Domains

In the annular case, we obtain a complete description of the composition operators
which are isometries on generalized Hardy spaces on A. Before stating this result, we
check:

Lemma9 Let ¢ : A — A be analytic with ¢ € W™ (A).

1. If Cy is an isometry from GE(A) into Gg(A), then ¢ (0A) C dA.
2. If Cy is an isometry from HY (A) into H‘f (A), then ¢ (0A) C JA.

Proof Item 1 is already stated in Lemma 8. For item 2, notice that, if Cy is an isometry
from HY (A) into HY (A), then there exists C > 0 such that, for all w € G§(A),

e wllrr@aay < lltr (wodn)llprpay < Clltt wlizr@oa) - (40)
Arguing as in the proof of Proposition 5, one concludes that ¢ (dA) C dA. O

We can now state and prove our description of the composition operators which are
isometries on generalized Hardy spaces on A:
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Theorem 3 Let ¢ : A — A be analytic with ¢ € W&’OO(A), a € L®°(A) and v
meeting (4). The following conditions are equivalent:

Cy is an isometry from H? (A) into HP (A),

Cy is an isometry from GL(A) into Gg (A),

Cy is an isometry from HY (A) into Hff (A),

either there exists & € C of unit modulus such that ¢ (z) = Az for all z € A, or
there exists u € C of unit modulus such that ¢ (z) = u%)for all 7 € A.

Eal e e

Note that, even for Hardy spaces of analytic functions on A, the characterization
of isometries on H” given in Theorem 3, items 1 and 4, is new.
The proof of Theorem 3 uses:

Proposition 6 Let ¢ : A — A be a non-constant continuous function holomorphic
in A. Assume that ¢ (0A) C 0A. Then:

1. either there exists . € C with |\| = 1 such that ¢ (z) = Az for all zZ€ A,
2. or there exists A € C with |A| = 1 such that ¢ (z) = )L%Ofor all 7 € A.

Proof Observe first that ¢ (rgT) C roT or ¢ (roT) C T. Indeed, ¢ (roT) = (¢ (roT) N
roT) U (¢ (r9T) N'T). Since roT is connected and ¢ is continuous on roT, ¢ (roT) is
also connected and the conclusion readily follows, since ¢ (roT) NroT and ¢ (rpT) N'T
are disjoint closed subsets of ¢ (rpT). Replacing ¢ by ;—f’, we may and do assume that
¢(roT) C roT.

Arguing similarly, one obtains that ¢(T) C T or ¢(T) C roT. If ¢(T) C roT,
one has |¢| = rgp on dA, and the maximum principle, applied to ¢ and }b, entails
|¢| = ro in A. Therefore, by the strong maximum principle, ¢ is constant in A, which
is impossible by the assumptions on ¢. Thus, ¢ (T) C T.

Now, if h(z) := ¢§_z) for all z € A, the function 4 is continuous in A, holomorphic
in A and satisfies |4(z)| = 1 forall z € dA. As before, the maximum principle applied
with & and % ensures that /4 is constant in A, which ends the proof. O

Let us now turn to the proof of Theorem 3.

Proof Assume that 1 holds. Since ¢(dA) C 9A (by Lemma 9) and ¢ is one-to-one
(by item 3 in Remark 5), Proposition 6 shows that 4 also holds. Conversely, it is clear
that 4 implies 1, 2 and 3.

Assume now that 2 holds. An analogous argument ensures that 4 holds, so that 1 is
satisfied. Similarly, if 3 holds, then 4 and therefore 1 are satisfied. O

7 Conclusion
7.1 Some Results on Arbitrary Domains
We discuss below how to extend the definition of generalized Hardy spaces over

arbitrary domains and which results on composition operators on such spaces remain
true.
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Let 2 C C be a connected open subset of the complex plane. There are two natural
ways to define generalized Hardy spaces on 2: the first one by means of harmonic
majorants and the second one by introducing Smirnov type generalized Hardy spaces.
The introduction of Smirnov classes for pseudo-analytic functions immediately leads
to many questions on the property of functions of such spaces (the existence of a trace
on the boundary, for example). Moreover, the boundedness of composition operators
on such spaces is not guaranteed (see [33] for the analytic case). We intend to deal
with composition operators on generalized Hardy spaces of Smirnov type on arbitrary
domains in a future work. Note that when 2 is a Dini-smooth domain, as already
pointed out in Remark 3, all these spaces coincide.

However, one can easily extend some properties of the composition operator defined
on the first type of generalized Hardy spaces on an arbitrary connected domain €2. Let
Ve Wﬂ‘g‘x’(sz) meeting condition (4). As in Sect. 3.2, we define E} (Q2) and Fl (Q)
by (8), (9), (10) and their associated norm by (11) and

||w||F(5(Q) ;= inf {ul/p(z()), u : Q2 — [0, +00) harmonic in €2 such that (10) holds} .

Remark 8 The arguments of the proof of Proposition 1 still show that ||.|| gr g, and
.1l 7 () are norms on EF(Q) and F} () respectively.

As in the analytic case [13], one can give a characterization of EP(Q) and FI ()
in the finitely-connected case. Recall [21, Chapter 5, Paragraph 6, Theorem 2] that a
bounded, finitely-connected domain €2, such that d€2 is the union of a finite number
of disjoint Jordan loops, is conformally equivalent to a circular domain.

Lemma 10 Assume that Q C C is a bounded, finitely-connected domain, such that
0K is the union of a finite number of disjoint Jordan loops. Let G be a circular domain
and ¢ : D — Q be a holomorphic bijection. Let v € W°(Q) meet (4), a € L®(2)
and @ = (o o $)d¢. Then:

. feE)(Qifandonlyif fo¢ € H ,(G),

2. we FJ(Q) ifand only if w o ¢ € GE(G).

Proof Indeed, if f € EP(Q), then f o ¢ solves (8) in G with v o ¢ instead of v (see
the proof of Proposition 3 above). Moreover, if u is a harmonic function in 2 such
that | f|” < u, then u o ¢ is a harmonic function in G and | f o ¢|? < u o ¢, so that
fope Hfo " (G). The converse, as well as the case of F/, are analogous. O

It is obvious that the composition operator Cy : EP () — E fo ¢(S21)
(respectively FY(Q2) — FZ (1)) is bounded when ¢ : Q; — € is analytic,
¢ € WSIZ’IOO(QQ) and 1, 2 are connected open subsets of C.

Necessary and sufficient conditions for the invertibility of the composition operator
on EJ(Q) and FY () when Q is a simply connected domain can be obtained. In this
case, Theorem 1 and Corollary 1 are expressed as follows.

Corollary 4 Let 1, Q2 C C. Assume that, fori = 1,2, Q; is a bounded, finitely-
connected domain, such that 02 is the union of a finite number of disjoint Jordan
loops. Let ¢ € Wé’zoo(Ql) be analytic in Q.
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1. Let « € L*°(23). Then Cy : FP () — Féj(Ql) is an isomorphism if and only
if ¢ is a bijection from Q1 onto 2.

2. Let v € WH(Q,) meet (4). Then the composition operator Cy : EP () —
Efo¢ (21) is invertible if, and only if, ¢ is a bijection from 21 onto ;.

Proof Let Y1 : G — 1 and vy : G — 2 be analytic bijections where G
and G, are appropriate circular domains. Assume that Cy : FP () — F [f (1) is
an isomorphism. Then Cylogop Ggowl G)) — Ggom (G») is an isomorphism.

Corollary 2 entails that v, o ¢ o Y is a bijection from G onto G;, which shows
that ¢ is a bijection from €21 onto €2;. The proof of 2 is similar. O

The extension of our results on isometries (Sect. 6) to more general domains is
more delicate (recall that, for instance, the results in Sect. 6 are limited to the case
where Q = D or 2 = A).

7.2 Related Issues

We extended to the case of generalized Hardy spaces some well-known properties of
composition operators on classical Hardy spaces of analytic functions H? for 1 <
p < oo. Some questions are still open. As mentioned before, it would be interesting
to give a complete characterization of isometries among those composition operators
on HY (D) spaces.

We intend to tackle compactness issues in a forthcoming work. In particular, we
proved that the compactness of Cy on generalized Hardy spaces is equivalent to the
same property on H?”, in smooth simply-connected domains [12, Thm3.12], [31]. The
case of multiply-connected situations deserves further investigation. Finally, Sect. 7.1
points out many questions related to the definition of generalized Hardy spaces over
general domains, the introduction of Smirnov classes for pseudo-analytic functions
and the extension of some results on composition operators for arbitrary domains on
which we will focus in a future work.
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Appendix: Factorization Results

We extend below [5, Thm 1] to the case of n-connected Dini smooth domains. Theo-
rem 4 may be seen as a converse to the factorization result [6, Prop. 3.2], see [23] for
more details. It is a straightforward generalization of a factorization result on general-
ized Hardy spaces on simply connected domains; however, the authors could not locate
such a factorization for multiply connected Dini-smooth domains in the literature. For
that reason, we give a short proof of this extension.

Theorem 4 Let @ C C be a n-connected Dini smooth domain. Let F € HP(Q),
a € L®(RQ). There exists a function s € whr(Q) forall r € (2,400) such that
trRes =00ndQ, w=e"Fand |sllyirq S llollpo) -
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The proof is inspired by the one of [5, Thm 1]. By conformal invariance, it is enough
to deal with the case where 2 = G is a circular domain. We first assume that a €
W'2(G)NL®(G). Forall g € W (G), let G(¢) € W,z (G) be the unique solution
of

A(G(¢)) = Im (a(ae—2f¢)) .

We claim:

Lemma 11 The operator G is bounded from WHIQ’Z(G) from Wﬂé’z(G) and compact
from Wy>(G) to Wy (G).

Proof Let ¢ € Wy*(G). As in [5], d(ce™¢) € L*(G) and |[8(ae™2%) ], @ S
l@llwi2)- Itis therefore enough to show that the operator 7', which, to any function

/S L%R(G), associates the solution & € W(},’HQR(G) of Ay = h is continuous from

L%(G) to W22(G), which is nothing but the standard w22 regularity estimate for
second order elliptic equations (see [15, Sec. 6.3,Thm 4] and note that G is Cz).
This shows that G is bounded from Wﬂé’z(G) from Wﬂé’z(G), and its compactness on

Wﬂlg’z(G) follows then from the Rellich—Kondrachov theorem. O

Proof of Theorem 4 As in the proof of [5, Thm 1], Lemma 11 entails that G has a fixed
point in Wﬁ’z(ﬂ), which yields the conclusion of Theorem 4 when o € wh2©@)n
L*°(R2), and a limiting procedure ends the proof. O
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