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Problem statement

= Properties of parallel robots

Several inverse and direct kinematic
solutions

= (lassical definitions
Assembly mode
Working mode

Tools for trajectory planning

Singularity free domains= aspect

Uniqueness domains

= Key issues

The boundaries of the domains
(singularities, characteristic
surfaces, joint limits)

The internal definition.
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Cuspidal mechanism?

= For a serial mechanism:

Non singular changing trajectory
between two inverse kinematic
solutions

= For a parallel mechanism:

Non singular changing trajectory
between two direct kinematic
solutions
= The notion of aspect does not
permit do define the uniqueness
domain of the inverse and
direct kinematics

= One common property:
Cusp point in the workspace or

the joint space
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Outline

= Robotic definitions

= The aspects and uniqueness domains

= The cusp in the design parameter space

= The non singular assembly modes trajectories

= (Conclusions

6/10/2011 D. Chablat - SiRoPa



Robotic definitions (1/5)

= Kinematic model
F(g,X)=0 At+Bg=0

= Mapping between workspace and joint space

= Singular configurations

Parallel singularities from A
Serial singularities from B

Constraint singularities from joint limits

Computation

Determinant of the Jacobian matrix
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Robotic definitions (2/5)

= Aspect for robot with one inverse kinematics solutions [ Wenger

ICAR 1997]
Maximal singularity free region in W/
A cW
A 1s connected
A < {vX\det(A) =0}

Example: 3RPR
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Robotic definitions (3/5)

= Working mode [Chablat, ICRA 1998]

A set of robot configurations for which the sign of B; does not change and
does not vanish

We define Mf, 0;(X)=ad and g;"(q)={X\(X,q) e Mf,}
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Robotic definitions (4/5)

= Generalized aspect [Chablat, ICRA 1998]

Maximal singularity free region in Wx Q

A; cWxQ

A; 1s connected
A, = {(X.q) e Mf\det (A) = 0}

Projection onto workspace 7y and joint space 7,

Surface de singularités.””

= (Characteristic surface

Se (WA, ) =07 (0, (WA, )) nWA,

Surfaces
caractéristiques
S
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Robotic definitions (5/5)

= Basic components WA, =(u,(WAb, ) U S, (WA, )
= Basicregions QA =(uU,QAb, )uUg (SC (WA, ))

= Uniqueness domains  Wu, = (ukeK,WAbijk U S, (WAbijk))

1
A4, Characteristic surfaces

Joint space Workspace
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Case study: kinematic definition

=  Actuators

P, Gy, O
= End-effector
X, Y, o

= Passive joints

P2 P3
= Parameters | . 0
P, + cos(a,)— X =
b= 18,8, s |
, sin(er,) —y=0
a= [[B;B]| 2 | LB
L,=|/A,B (x —a cos())’+ (y — a sin(@))*-p; =0
= |IA,B,]] I , g
L= ||A;B;]] 3I 00.5(053) - bC(.)S(¢) . x_(())
= Note: ps+ |y sin(a;) — b sin(g) —y=

We can make slices if we sety, «, =arcsin(y/l,) or «a, =7z —arcsin(y/l,)
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Singularities

= Serial singularities
S p Ll cos(a,)sin(a,) =0

= Parallel singularities
S, 1 yacos(@) — xasin(g@) —bsin(g)X + absin(g) cos(¢) =0

= Projections
7, (S8)): pr +(42cos(a, )’ —52—12cos(e,)*) p! +(468cos(a;)” +960—1584 cos(ar,)” — 558 cos(a;)’

cos(a,)’ —18cos(a;)* +657cos(a,)*) o +(-2988cos(a;)* —5760cos(a,)” +4536cos(ar, )’
+2430cos(a,)* cos(a,)” — 7168 +18432 cos(a, )’ —15840cos(a, )* +324cos(a;,)® +13320cos(a, )’
cos(a,)’ —7290cos(a;)’ cos(a, ) ) p’ +(9cos(a, )t —18cos(a;)’ cos(a, )’ — 24 cos(a, )’ +9cos(a,)’
+12cos(e,)* +16)(36cos(ax, )’ —32-9cos(a,)*)* =0

y-3=0,y+3=0,

70(S8) 14 (2(cos() — 3 + X)) /(cos(#) +1) =,
(2(cos(@)+3+X))/(cos(p)+1)=0
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= Slices of the Worldgspace and joint space
34

Generalized aspects

2 1
11
¢
0
1
2

-3 1,

X P,

I I I
W [\ —_— je=) —_ [N} (o8}
o L L L L L .

= W-aspect and CAD with 411 célls for [X, Y, 4] ancll 320 E0r4[¢f, X, Y]

6/10/2011

X, in]Root 4+ x,1);Ro0t (28X +22X* +8X* +17+ x4,1)[

Yo in

?, in}

Root

Root(y+3, 1);
{9y +6Y2X+ X2y? +72+198X +189%° +

4+ 2TanHaprhi2 + X+ XTanHalfphi®,1)

D. Chablat - SiRoPa
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= Equation:

Maple

= Analysis of the workspace A°

_Ad)

Characteristic surface

Sc: 4y* +36sin(@)y’ +(32x> +35cos(g)” +108
+184xcos(@))y’ —6sin(d)(cos(¢)” —18 +14x cos(d)
+40X7)Y + (cos(@) + 4X +3)(cos(¢h) + 4X —3)
(cos(g)—2X)* =0

K

6/10/2011
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Uniqueness domains

= Characterization of the uniqueness domains
34 0 340 340

> >
> T T T T T Pr

B 420 2 4

= Path planning between two assembly mode
34 ¢ 34
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Problem for the approach

= Computation of the projection of parallel singularities into the joint
space

= Computation of the characteristic surfaces

= Computation of the CAD to obtain the basic regions an basic
components

= Connectivity analysis only for 2D spaces (actually)

6/10/2011 D. Chablat - SiRoPa
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Case study: kinematic definition

=  Actuators

P> 0, 0; @'83

= End-effector

X, Y, o L
= Passive joints )

b
P2, P3 p3 a )
= Parameters X?%f? ) 3
T l <V
b= ||BzB1||

Ly
a= ||B;B, || P1

L,=[|A,B,|| D\ ) C}_EQQ
L= [1A;Bs]] Al 52 Az
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Definition of the cusp points

= Definition based on the study of the Jacobian matrix
P 1s a list of polynomials,

X a list of variables,

» J (P, X) be the union of P ={p1, ..., p,, } and of all the k x K minors of the
Jacobian matrix of the p, with respect to the X;.

= For the analysis of the RPR-2PRR manipulator, we introduce:

Yi=[e.y,c.02.p5] W:=[b.Lr.L3.p1.62.65]  S:={fi..... 55}
= The parallel singularities

{ve Rll.p(v) =0.g9(v) > 0,Vp € J5(S._}’),‘v’q = {D-L-Q-Lﬁepl_}

= The cusp points
S ={veRY p(v)=0.9(v) >0,Vp cJs(J5(S.Y).Y).Vg € {b.Lr,L3.p1}}

6/10/2011 D. Chablat - SiRoPa 19



Joint space and cusp points

cusp = [x2 +3* —S1*, x— 82 —2cos(02) +2cos(6),y—2sin(02) +2sin(d), x — 2 cos(03) + cos(0), y
— 53— 2sin(03) +sin(6), 4 cos() y — 2 sin(9) x, 16 xcos()” + 8 cos(d) ysin(d) + 8 xysin(6)
+45° cos(®), -8sin(d) xcos(d) — 4ysin{¢)2 — 8y sin(0) —4yxcos(0), 8 ces{{p)z +2 sin(t:b]l2

+4ysin(6) + Z,rcos{q:)]
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Classification on the design
parameter space

= Parameters

L,=L;
plz[pmim pmax] ? 93

a=1

= No joint limits L

A \%A’% """ %

6/10/2011 D. Chablat - SiRoPa 21



Classification on the design
parameter space

= Cusp definition with the design parameters

cusp_bis =[x~ +y — S1%, x — 52— L2 cos(a2 ) + b cos(), y — L2 sin(a2 ) + b sin($),

X —L2cos(a3)+cos(p),y—S3—L2sin(a3)+sind),2bcos(dp)y—2sin(¢p)X,
4 b2 cos((j))2 X+4bcos(p)ysin(¢p)+4xbsindp)y+4 X2 cos(¢),

~4sin(¢) X bcos(p)— 4y sin(p)” —4bsin($)y> —4yXcos(9),
202 cos(§) + 2 sin(d)> + 2 b sin(d) Y+ 2 X cos(d)]

= Study of this equation

In the projection space

4 sin(¢) X bcos(p)— 4y si(§) — 4 bsin(p)y> —4yx cos(d),
2 b2 cos(d))2 +2 sir((I))2 +2bsin(dp)y+2Xcos(dp)
With the complete system

6/10/2011 D. Chablat - SiRoPa
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Classification on the design
parameter space

344 cells
58 cells with 16 cusp points

Notes:

e cells with 16 cusps point
are well defined

* In the other cells, we do not
known 1f an assembly mode
exists

Maple
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Classificatio

n on the design

parameter space

by = 0,5y =Rooti85% - 115% + 657 - 1,2) Ly, is)= Rooi(l[b:+1i}3£.g-.‘l|[§3 +3541) (82 =3 41)is-1)2 (54100 L4
by =Root{45= +5% —35% —1,2). 5, =Root(s5 +35% +35¥ +57 -1,2) 3et+1) a1 (a4 1A L3 - (- 1% (54118 2]
.l-§:Rmn-"bﬂa-‘"1:-1:3—1.:';.5-.;;:1_:'...-'35-?:1 g =V Ly, ei= 1-5% Ly, i) =1V T=5 Ly (8} = i1 =87 )b Ly (5} = oo

5o =Root(25% +5° — 357 =12}, bg =Root(s® -5 =357 =357 ~1,2) Ly isi = 87V 1-57 Ly (5) = 1/VET —1, Ly (51 =5 VBT — 1

byy =Rooti—45% + 85 4357 - 1,2) Ly, i5)= n::a-:*-111.-‘b.L3mn'hr=a3-1

b3 =Rootis® —65% 41157 —8 21,513 =eo

Py, 8.1y} =Root—p$s 4357 (367 4113 ) pf -3 |:-?L§¢-:+."-L§+L§+L§a‘-:z§§+:_‘I|p3+|“LEa-:+1—z.E‘|".:}

p1, 8.1 -—qupl +(-35% 432367 - 323 Yo7 + (212350 + 3136 — 62357 +355 — 21235 + 313 ) of + (L3567 -5 —LQ}J.:;.

pi,rb LH—: pillblﬂl—l 1]

151 5,1 iy Loy Loy 1y DML, Loy LW ry £1, [H00E2y Lo, 001, 1, [ 1Hg Zoc Loy 0y, 10

|52 53] ':]LII LL:_;. ”Pll Ply [ F]Lzé L:: I-]F"'I.I Py [:'-':]L:: sz I-l“ll pl:[:'- FF’E; _;I ]Ff'l}.i}h [ ']L.._; 25 : | pl] I':'I_;['
|23 24] (2 Lag Loy, o1, 0 0L L, Lot Py, (LML, Lo, Loy 1, D1, L2, LRy g oy [0 T2, L2 [0y, oy 1)
I2425] (2 Lag L1, P1, I UE26 L2, [ 014 P15 [Z'-iiIL:;L:4I-F*1J P1, [ 112y L24 | P14y P1y 11112y Lo Ity P14 1)
b bgl 22, L2, Loy, o1, 1022, L2 IF"T._., P1, [hiag L2, Loy, oy, D1 Lo, Loy 01, T ']L_} -sl Jo1, 01,00
o5 27| 2y Ly, Loy P14 10 *]LH TP, P15 [ '11'—*_; _,_gl Iy, P1s P N A I e N N TP
|27 g ':lLli ng [-Il:"l: Pl [ ']ng Ljil] I -I'JLI, 14 [-'-'-IL:“] LZ-'; I-IJ:"L; P, l-'-‘-]L.'Ir L:E I -|f"14 £, [-'-'-]L."'E Lli B il!"l_|, 3:'15“
|og 2 i, I-zfﬂ,Llj-"l;J-‘““L R B T T T L T B e L S B A L
59210l iy Lag LIe1, 01y [ 20, Lag | Jet, £y, 11 'IL:g .1.;.I o1, Pal 01112, L2g [1P1, P15 M Ee2g Log [T, P15 1)
]PIDQIII ']L:I_ L:':‘ I,ljﬂ'l: }111 [I P]L:_Ir L:g [L‘rl: pll [l i]L:g hll'l I l_|. 14 [I 1]L11|:I L-\EI Ipi..l. _',111 [I I].E.-l.E -5 I h 1+p1}[|
J211 2121 '.]L" L"n ”*‘"1« Py [ F]L" L"g[ L"I# 14 [+ ']L:g EI L‘l_; 911 [' 'F‘Ja 210 l-lpi,;f:'ll [-'-I‘Eﬂm LISI F'I_‘ Ply [
l2122131 K2, Ing[ler, o1, T r]I-:.i> Lyl 1014& 1, [W0Eag Zo  Ten, on, TR, Laglley oy [0
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Notes

= We can study when we fix L,

ST

= We can study when L,# L,
688 cells
130 with 16 cusps

6/10/2011 D. Chablat - SiRoPa
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Problems for this mechanism

= Study of the mechanism properties for more than 3 parameters
= One joint value 1s added to the design parameters
= Difficult to achieve for mechanisms without any simplification

* The number of cells depends on the parameterization of the
mechanism

6/10/2011 D. Chablat - SiRoPa
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Aspects

= For a parallel robot: how many aspects?
3-RPR:
2 aspects in general case
* 4 aspects for similar base and mobile platform
RPR-2PRR:
* 2 aspects
3-PPPS:

* 2 aspects

= How many postures in the same aspect?
Evaluate the maximum number of assembly modes

Distribute the assembly modes in each aspect.

6/10/2011 D. Chablat - SiRoPa
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Case study: kinematic definition

Actuators Parallel 3PPPS
Xis X35 Y15 ¥25 295 23 &
End-effector
CX, CY, CZ, 6, o, w (T&T)

CX! Cy, CZ; q]_1 q25 q31 q4

Fé
= Passive joints A3 |
X5, Y3, Z, B3<7 - _
B2

= Parameters
Ax=0, Ay=0, Az=0,
Bx=-1, By=0, Bz=1, F5 41 r3
Cx=0, Cy=-1, Cz= 1. ]

F4

= Application: haptic interface

6/10/2011 D. Chablat - SiRoPa



Main properties

= 6 degrees of freedom
= But

The singular configurations does not depend on the position.

The joint space can be studied only in a three dimension space by a simple
variable changing.

X, =X, =X, /2,%, = X+ X,/2
V=Y, =Y, /2, y,= Y, +Y,/2
2,=L4,—-L,/2, 2,= L,+L,/2

6/10/2011 D. Chablat - SiRoPa
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Parallel Singularities

= After simplification and factorization

4sin(% 8) cos(% BJE {—ﬁ sin(3 ¢ — o) sin(% 9)

3

+ cos(0) cos(% e)]

6/10/2011 D. Chablat - SiRoPa 31



Number of assembly modes?

= With T&T parameters

= Projection of the constraints equations
8 direct kinematic solutions for cx, cy, cz

16 direct kinematics solutions for 6, o, v

Keep only 6>0 T
= Slice of the joint space
Maple

22 04

_E—I

g T g J g T
-2 -1 1] 1
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Cusp points?

= Dependson X, Y, Z,

[2422° YP =704 + 24 222 Y1 + 24 22 X3 — 144 222 VP XF + 24 VI X3 + 24 227 X3 + 24 ¥R X3 — 215 22 — 82 227 v/P
—215¥1* — 82222 X3 — 82 YIP X3 — 215 X3* + 584 222 + 584 YI* + 584 X3°, 8 22° — 32 + 8 YI° — 24 22* ¥I* X3
+8X3% —3722' 410222 ¥IP — 3771 + 10 Z2° X3 + 10 YI* X3* — 37 X3" + 40 Z2° + 40 Y1* + 40 X3, -151136
+25512 Z2° X3 + 576 Z2° YI° — 4440 22° YI* X3 4 97496 YI° — 9792 Z2° YI" X3 + 22464 Z2° ¥I° X3 + 28296 X3°
+ 576 X3° — 12984 Y1° + 576 YI° — 135706 Z2* X3° — 23578 Z2* Y1I* + 9768 Z2* ¥1* — 4608 Z2* X3* + 232664 X3°
— 11699 Y1 — 104794 ¥I° X3* — 42611 22" + 133592 Z2° — 123827 X3' — 3456 ¥1* x3' — 3456 Y17 X3° + 38064 ¥I' X3
+12528 Y17 X3* + 1152 ¥1° X3% — 4032 227 X3° + 41280 Z2* X3, 138768 — 119722 72* X3* — 3072 22" x3° — 2688 72° X3°
— 26278 Z2° YI* X3° — 87480 Y1* — 5760 Z2° Y1* X3* + 14592 Z2° y1* X3° + 18096 Z2° v1* X3° — 24360 22° ¥1° X3'

— 109115 X3° + 17712 X3° + 384 X3'° + 15648 ¥1° — 1152 ¥1° + 236984 72* X3* + 33264 Z2* YI* — 13152 22° ¥
+32232 22" x3' — 326456 X3° + 3096 YI* + 183992 ¥1° X3 + 36888 Z2* — 125880 Z2° + 272864 X3* + 29832 ¥I* X3
+ 12744 ¥1* X3° — 51227 ¥1* X3* — 87178 Y12 X3 + 576 YIS X3 + 576 ¥1° X3* — 2496 ¥1* X3° — 2112 ¥/* X3°

— 8976 ¥1° X3* + 21720 Z22* x3° — 70619 22* X3*]
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Cusp points?

= From the intersection of the surfaces

6/10/2011 D. Chablat - SiRoPa
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= Select a joint value [

5

6/10/2011

Define the trajectory (1/4)

9 1
20777 40°

-

N .
-, o ., A
+ r
F L
- . o -

D. Chablat - SiRoPa

YI=0,X3=—,722=—X1=0,Y2=0, ZSZO]

N
.
*\-
i
o
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Define the trajectory (2/4)

= Compute the direct kinematic solutions

Evaluate the determinant of the Jacobian matrix

= Define a path connected 4 assembly modes in the same aspect

Evaluate the determinant of the Jacobian matrix along the path

20 40 a0 20 100 130 140 140 13D
e e S e I

1.4
124

1.0+

: -0 84 \
02~ -
06

. 121
04 14

1 164
02 _

20 40 60 &0 100 120 140 160 180
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Define the trajectory (3/4)

= Path in the workspace

Maple

6/10/2011 D. Chablat - SiRoPa
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Define the trajectory (4/4)

= Path 1n the joint space

6/10/2011

Maple g IPPES
II?‘CVN' ‘

Fo F4

13 42
-"-—-.X
B2 B3
Al

F5 73

D. Chablat - SiRoPa
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Problems for this mechanism

Definition of the characteristic surface
Computation of the basic regions and basic components
Too many cells to depicts

No tools to make connectivity analysis for 3D cells

6/10/2011 D. Chablat - SiRoPa
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Conclusions

= A set of problem was solved by using algebraic tools

= Numerical approaches (discretization, ...) were replaced by using
implicit definition of the curves/surfaces

= Main tools used:
Grobner based elimination to eliminate variables
Cylindrical algebraic decomposition to represent surfaces and volumes

RootFinding to solve parametric systems of polynomial equations and
inequalities

6/10/2011 D. Chablat - SiRoPa 40



Future works

= Integrate tools to mix numerical approaches with algebraic one.
= Couple the cell decomposition with interval analysis based method

* Implement new approaches for mechanism with several inverse
kinematic solution

= Main limitations:
Grobner base elimination
Representation of the cells in2D/3D

6/10/2011 D. Chablat - SiRoPa
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