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1 Introduction each extremityA,; ,B; . Linear actuators enable to change the leg

. I . . lengths which in turn enable to control the position and orientation
Off-line verification of a trajectory of a parallel robot is VerY ot the platform

important in practical applications, for example when using such awe define a reference fran@ (x.y,2) which is attached to the
machine for manufacturing operations. Indeed it is necessarydo o and a mobile frame (%Y, Zr) which is attached to the
y rsYro

check_if the trajectory isr_al_id i.e_. th_at it verifies a set O.f priter@a, platform. We may represent a pose of the platform by the coordi-
that will be called thevalidity criteria. Examples of validity cri- natesxc,Yc ,Zc of the originC of the mobile frame in the refer-

teria are: ence frame and its orientation by using the classical Euler angles
« the whole trajectory must lie inside the reachable workspadé % ¢ which enable to define a rotation matRXor transforming
of the robot the coordinates of a vector expressed in the mobile frame into its

)poordinates in the reference frame. The coordinates of the attach-
ment pointsA; are supposed to be known in the reference frame,
ile the coordinates of thB; points are known in the mobile
me.

« the minimum of the dexterity of the robot on the trajector
should not be lower than a fixed threshold.

 the absolute value of the articular forces should not exceec}"’g
fixed threshold ra

There are numerous possible validity criteria while various types
of trajectories may have to be checked, from straight lines a Traiect d Validity Criteri
arcs of circles to quite complex trajectories such as shown in Fig. rajectory and validity tritera
1. We will assume that the trajectories are 6-dimensional i.e. bothWe will assume that a trajectory of the platform is specified by
the location and orientation of the end-effector are timedefining the parameters of the pose of the platform as analytical
dependent. functions of the timel, assumed to lie in the rang8,1], i.e. that
Surprisingly few papers in the literature are devoted to th&e have
problem of trajectory verification and motion planning for parallel _ _ _
robots. Singularity-free path planning has been addressgdh Xc=Dx(T) Ye=Dy(T) 2c=Dx(T) @
while path planning was addressed from a control view point in Y=Dy(T) 9=DyT) $=D4T) 2)
[3]. An algorithm for checking the validity of a trajectory com-
posed of straight line segments has been proposgd4] iand this 2.1 Workspace Constraints. A first validity criterion can
paper is an extension of this algorithm. be defined immediately: in practice the leg lengths must lie within
An alternative approach is esignthe robot in such way that Some ranges that will be taken as identical_for all legs and _wiII be
it verifies some validity criteria by design. For example it is posdenoted pmin.omax] @nd therefore a valid trajectory must verify at
sible to determine the robot geometry so that its workspace #§ast this constraint. o
cludes a specified workspa¢g,6,7,8,9 and then to check that For a Gough platform the lengthof a leg is simply the norm
this workspace is singularity-fr§é0,11,12,13 But this approach of the vectorAB which may be written as
is qujte cpmplex and for the time being it can be used for few p?=||AB|]> AB=AO+0OC+CB ©)
validity criteria.
The purpose of this paper is to present an algorithm that enabke®y a given robot the first element of the right-hand ternABfis
one to check almost any type of trajectory and set of validitgnown. The last elemenCB is equal toRCB, whereR is the
criteria, even very complex ones, taking into account the fact thgtation matrix, a function ofy, 6, ¢, and CB, is the known
the trajectory followed by the robot may be slightly different fronfoordinates vector dB in the mobile frame.
the specified one due to control errors. ~ Using Egs.(1), (2) we may transform Eq(3) into a time func-
For the sake of simplicity we will present our algorithm for thetion. Verifying thatp lies in the rang¢ pin .pmaxl for any Tin the
classical Gough-type parallel manipulafd#] illustrated in Fig. range[0,1]is not a simple problem. For example, due to the non-
2, although our algorithm may be used for almost any type §pearity, the end-points of the trajectofiye. the pose af=0 and
parallel machine. In this robot a base and a platform are conneced 1) may lie inside the workspace although one or more points

through 6 extensible legs which have a ball-and-socket joint &t the trajectory may be outside this workspace.
Mechanical limits on the passive joint located/At, B; may

Contributed by the Mechanisms Committee for publication in theRNAL OF also lead to an infeasible trajectory. For example a link connected

MECHANICAL DESIGN. Manuscript received January 2000. Associate Editor: G. do a ball-and-sockgt joint is usually copstrained to lie within a
Chirikjian. cone whose apex is the center of the joint: hence the angle be-
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ity of the robot which is defined by ~|=0. Singularities have to

be avoided as motion around a singularity will be inaccurate and
as very large forces in the legs occur for a pose of the platform in
their vicinity.

To avoid singularities on the trajectory we will thus impose a
minimal thresholde on the dexterity indexD, i.e. D>e. We will
assume that we are able to calculate an analytical for@® ahd
using Eq.(2) we may transfornD into a time-dependent function
D(T): a valid trajectory will observe the conditioR(T)> e for
all Tin [0,1].

Fig. 1 An example of complex trajectory 4  The Motion Verifier

Our purpose is to design an algorithm which enables verifica-
) o o tion if a given trajectory is fully inside the workspace and if the
tween the link and the cone axiie main directionof the joind  gexterity criterion at any point on the trajectory is not lower than

dﬁfinefd by the unit ‘;}eCtm'i must be lower than a given value 5 fiyed thresholde. Additionally we will assume that another set
Therefore we must have of nvalidity criteriag;(T) has been defined. Therefore a trajectory

AB;.n will be valid if:

————>C0Sa )

|ABI Prin<pi(T)<pmax fOr i=1,...,6 (6)
Using Egs.(1), (2) we may transform this inequality into a time- (T)>0 for i=1 n 7
dependent inequalit§(T) such that for a valid trajectory the con- G(T) o 0
dition G(T)>0 must be verified for all in [0,1]. Another inter- D(T)>e (8)

esting validity criterion is to check that there is no interferenc%r all Tin [0,1]
between the legs. If the legs are cylinders it was showd jihat T
leg interference is avoided if a set of time-dependent inequalities

i 4.1 Calculation of the Analytical Form of the Constraints.
are verified.

Our algorithm will make extensive use of the analytical form of
. . the constraints that will be obtained through symbolic computa-
3 Dexterity Constraint tion. We will first consider that the description of the geometry of
It is well known that the accuracfX on the positioning of the the robot, i.e. the location of th&;, B; points, and the minimum
platform is linearly related to the accuracy on the length measu@?d maximum leg lengths, are available in a file, calledrtiot

mentsAp by: file. Then, we will use MAPLE to get the analytical form of the
. constraints and validity criteriéin the following sections we will
Ap=J""AX (4)  assume that the reader is familiar with MAPLE he user will
AX=JAp ) define its trajectory in drajectory fileusing MAPLE syntax and

some notation conventions. For example the pose parameiers
wherelJ is the jacobian matrix of the robot. If we assume that the., z. will be represented by the MAPLE symbols X, y, z, while
accuracy is identical for all the leg sensors, the leg length mete orientation angleg, 6, ¢ are represented by the symbols p, t,
surement errors lie inside a hyper-cube. The corresponding errardHence, for example, the following MAPLE file:
for the generalized coordinates is a hyper-polyhedra that is op=23* sin(2Pix T): y:=3* cos(PixT): z:=56: p:=0:
tained by mapping the length errors hyper-cube through(&q. t.-5xpi/180: h=0:
To determine the amplification factor between both errors it {§j| describe that the trajectory is an horizontal circle centered at
necessary to quantify the shape of the hyper-polyhedra through@nt (0,0,56 with radius 3 while the orientation angles are equal
dexterity indexwhich may be, for example, theanipulability g ;—0, =5 and$=0 degree.
index /|3~ 1| [15] or the inverse of the condition numbeiof J~* Another example is the gear trajectory shown in Fig. 1 for
which is defined as the ratio between the smallest singular vay@ich the trajectory file is:
and the largest one. Both dexterity indices will be O atragular-
p:=0:t:=0:h:=0:2:=56:x:=(3+0.5* sin(40<Pi*T))* sin(2PixT):
y:=(3+0.5 sin(40<Pi* T))* cos(2PixT):

As soon as the robot file has been specified our program will read
the coordinates of the&\;, B; points and create a temporary
MAPLE file data that describes the coordinates. The user may also
include additional validity criteria by writing in a file, called the
validity criteria file, some MAPLE procedures that allow to cal-
culate the analytical form of the validity criteri@ . As soon as

the data file, the trajectory file trajectory and the validity criteria
file have been defined the program will run the following specific
MAPLE program:

read“data” ):

read“trajectory” ):

#compute rhoi as a time function
#compute Gi as a time function
#compute D as a time function

The purpose of this program is to obtain the analytical form of the
validity criteria. These analytical expressions will be written in
Fig. 2 The classical Gough-type parallel robot specific files for later use. For example if the trajectory is the
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horizontal circular trajectory presented above and the robot has3 computeB(G)(S;):
the geometry defined in the Appendix the analytical form of the (@ if B(G)<0 then return INFEASIBLE TRAJECTORY

squared length of the first leg is: (JOINT LIMIT)

(b) If B(G)<O0, then bisectS; and add the resulting
3311+ 784 sin(Pi/36)— 126 cos(Pi/36)+ (42 cos(Pi/36) ranges at the end &f. Theni=i+1,n=n+2 and go
—54)* cos(2Pi*T) + 36~ sin(2Pi*T) to step 1

4 ComputeB(D)(S;)
(@ if B(D)(S)<e, then return INFEASIBLE TRAJEC-
TORY (DEXTERITY)
(b) if B(D)(S))<e andB(D)(S))> e, then bisects; and

4.2 Interval Analysis. Our algorithm will require the com-
putation of lower and upper bounds of all the quantities defined in
the previous section for a given range farFor example, being
given a range oif we must be able to compute two reald with T .
a<b such thaa<D(T)=<b for any value ofT in its range. Note add the resulting ranges at the end &f Then
that it will not be necessary to get sharp bounds on the quantities_ . . _1—i+1,n=n+2and go to step 1

A convenient method for completing this task is to use a math-° 1 =i+1 and go to step 1
ematical tool callednterval analysig15]. Basically interval arith- - consider what will happen with the rangg. At step 2 we will
metics is similar to real arithmetics except that the numbers Wgmpute the interval evaluation of the 6 leg lengths. At st 2
are dealing with are intervals. Consequently all the basic operatqfg have found that one of the leg lengths is always lower than
must be re-defined. For example the addition operatef bn , . or greater thamp,, i.€. the trajectory is outside the work-
two intervalsX; =[xy,X;], X;=[X2,X,] is defined as the interval gpace. At step (®) we have found that the interval evaluation of

— — one of the leg lengths is including the ranggin ,pmaxl- But this
Xy +Xo= [é+ @Xﬁxz] does not mean that the leg lengths are outside their allowed ranges

. . . . . as interval evaluation may lead to an over-estimation of the
A nice property of interval arithmetic is that interval operator may

! ; . unds. Thus we will bisect the rangg=[0,1] and start again
be defined for almost any mathematical function. Furthermore, ff, 4 rangeS,=[0,0.5] andS;=[0.5,1]. Now assume that the
we apply interval analysis on a function it enables us to compujg 2 . 3 e

. rrent ranges; has successfully completed the te&)22(b) i.e.
guaranteed lower and upper bounds for the fundibat is called 0"\ engths are all valid. At step 3 we compute the interval
an mtt_arval evaluatlonof the funct_lor), which takes Into account g4 ation ofG. If the upper bound of this evaluation is negative,
rounding errors in the computation. Interval analysis may ther 1en G will be always negative for an¥ in S;: the trajectory is
fore be used to determine bounds on the quantities defined in feasible(step 3a). If the upper boundl is positive and the
previous section. To calculate the interval evaluation we will u N : .
the parser of the ALIAS librarythat takes as input a file with anﬁgwer bound negative, then we cannot ensure that the trajectory is

. - ; valid, so we bisectS, and start agair{step 3b)). If the current
analytical description of a function and the ranges for each V"’.‘FEngeSi has successfully completed te¢aand 3b) we are sure

. . ; . tHht the trajectory is valid from the view point of the joint limits.
ggégieglctlon.hThle |nte[)val %valfuerl]t_lon of a ?uanlt@v_wll be Thus we compute an interval evaluation of the dexterity inflex

i (Q), the lower oun. of this |nterya eya uatidi(Q) (step 4. If the upper bound of this evaluation is lower thgrihen
and its upper bounB(Q). We will also use disection procesen  the dexterity for anyT in S; will always be lower thare i.e. the
a rangeT=[Ty,T,]: the result of the bisection process appliedrajectory is not valid(step 4a)). If the upper bound is greater
on this range is the 2 new rangdsly,(T1+T2)/2],[(T1 thane and the lower bound lower than then we cannot ensure
+T,)/12,T,]. that the dexterity constraint is satisfied, so we bisect the box and
start agair(step 4b)). If the current time rangé; has successfully
. completed the test at step 4, then the part of the trajectory corre-
4.3 The Algorithm sponding taS; is valid and we proceed with the next range in the

4.3.1 Principle. We may now describe the principle of ourlist S (s_tep 5. The algorithm will stop if a part of the trajectory is
algorithm on an example where we have constraints on the [Bgt valid (steps 2a), 3(a), 4@) or when all the ranges is have
lengths, a threshold on the value of the determinant of the invefd@en processed successfully, which imply that the trajectory is
jacobean matrix and a validity criteri@ on the passive joints of valid (step 1.

the robot. ; ;
. . . . L 4.3.2 Improvement of the AlgorithmAlthough this algo-
The basic idea of the algorithm is to consider a time intervalp,, basicglly looks like the glassical “bra?]ch-and-bgund"
and to determine if the trajectory is vglld for this .|nter.val. If Wemethod its effective complexity may be poor for complex trajec-
are not able to assert the validity we will use the bisection procegsias Hence for a practical implementation some methods may
to split the interval into two smaller ones that will be processegl,q io be used to improve the computation time. Although math-

later on. As the time interval will be considered in sequence it [§yatical details are outside the scope of this paper we will men-
necessary to be a}ble to store _the_ |ntervals_ In a&s@ssomated tion some possible ways to improve the efficiency of the algo-
with this list is an index which indicates which time interva; , rithm.

among then elements ofS, will be processed. The list will be A first method is to use theonotonicityof the constraints and

initialized with the range5, =[0,1] (hencen=1) and the index ¢ e yalidity criteria. As we have used MAPLE to compute the
will be set to 1. The algorithm proceeds along the following stepgp 5y tical form of these functions we may also calculate the de-

1 if i>n return VALID TRAJECTORY rivative D', p{, G' of the equation®, p;, G with respect toT.
2 computeB(p;(S5))j=1,....6: These derivatives may be evaluated using interval analysis and if
(@ if j exists such that3(p;)>pmax OF B(p;)<pmin, @ derivative has a constant sign, then we will get sharp bounds on

then return INFEASIBLE TRAJECTORY(LEG the functions. For example i’ >0 for a given time interval, then
LENGTHS) D is monotically increasing an® will be obtained for the lower
(b) if j exists such thaB3(p;)<pmin OF B(p;)>pmax, POUNd Of the time interval. .
then bisectS, and add the resulting ranges at the Note also that the derivative may be used to perform an interval
end of S. Theni=i+1, n=n+2 and go to step 1 evaluation of the constraints of the validity criteria using a first
order Taylor expansion which, in some cases, may lead to sharper

TALIAS is a C++ package developed in the COPRIN project which enable t(t))ounds than the natural interval evaluation described in section

analyze and solve system of equations, based on the interval arithmetics pacl_ég% [16]. In th_e same manner the deriva_ltives may be used to
BIAS/Profil implement an interval Newton method which, under some condi-
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tions on the interval evaluation of the derivatives, enable one to 14
determine if there exists a zero of a functiBi(T) within some
range forT. This method may be used for example to test if there
is value forT such that on a given trajectory one of the leg lengths 10
is equal topmin OF Pmax-

In the same manner the conceptaoihsistencynay be used to

12

check a validity criterig17]. Consistency is a family of methods 6
but we will illustrate one of these methods, thB-2onsistencyon
a simple example: assume that a leg length may be writtgn as 4

=2T—T2+sin(T)/3 and that we want to check if may be larger
than 1 wher is in the rangd40, 0.5]. The interval evaluation gf
for this interval is[—0.25, 1.159 and hencep may indeed be -0
larger than 1. Now we aim to determinepiinay be equal to 1 for 0 2 4 6 8 10 12 14
a value ofT within the range i.e. to locate a value forsuch that Fig. 3 A clotoid
2T—T2+sin(T)/3=1. Using a new variabl& this equation may '
also be written as the system of 2 equatiohg=(1+T?
—sin(T)/3)/2, T,=T. The interval evaluation of the right side of
the first equation allows us to find the boud@s42, 0.62% for T,
and using the second equation we conclude thatsfequal to 1,
then T must lie within the range[0,0.5]N[0.42,0.62%
=[0.42,0.9. The interval evaluation op for this new range is ._ 1, «i NN T ey ey A
[0.726, 0.983 which does not include 1 and hence there is nﬁ;ié t?lan(gPl T)iy:=x2r coS(2PrT): 2:=x3: pi=xd:
value of T in [0, 0.5 such thatp=1. Consequently is either ' '

always larger or always smaller than 1: as Tor0 we havep . )
=0 we deduce that is always smaller than 1 for this time range. "€ value of the parameters x1, x2, x3, x4, x5, x6 will be defined

Among the various types of method that may be used to chelkan independent file, called tr_mrameter file Then we will run
if a validity criteria is violated let us finally mention the KrawczykOur program once: the analytical forms necessary for our algo-

test[18] and Kantorovitch theorerf.9] that enable one to deter- 1thm Will include these parameters. After this first run we will
mine if a system of equations may have a zero when the ulH_dIC&'Fe to the program that it may re-use the analytical forms
knowns lie within some given ranges established at the first run. We have then only to change the values

in the parameter file in order to test any horizontal elliptic or
4.4 Examples and Computation Time. In this section we circular trajectory at any orientation. Thus after an initial compu-
consider the robot geometry described in the Appendix. In a firfgttion, the computation time for checking the previous circular
example we want to check a circular trajectory @in the plane trajectory lie between 10 to 200 ms on a SUN workstation.
z=56, the center of the circle beir(@, 0) and its radius 3, while Note that it is possible to indicate in the parameter file succes-
the orientation of the platform is fixed withy=¢=0 and 6 sive values for the parameters. Assume, for example that we want
=5°. On a SUN Ultral workstation the computation time is 4.5@ check a horizontal square with cornerg-atl, —1, 56 and(1,
s: 4.47 s is devoted to the MAPLE calculation and 0.03 s to tHg 56). The trajectory file may be defined as:
trajectory verification itself.
Assume now that the platform cent€rhas still to describe a p:=0:t:=0:h:=0:x:=x1+ T* (x2—x1):y:=y1+T* (y2—y1):
circular trajectory of cente®(0,0,56) but with the normal of the z:=56:
platform in the planéQC, z) while maintainiig a 5 degree angle
with the axis z(this corresponds to a conic motion for the tool which describe a segment trajectory starting at x1, y1 and going to
Such trajectory may be defined by: X2, y2. Then we give in the parameter file the four sets of possible
p:=2* Pi* T: t:=5%Pi/180: h=0: x:=3* sin(2Pi*T): values for these parameters:
y:=—3*% cos(2PixT): z:=56:
After pre-processing the MAPLE file, the algorithm detects in 281 —1x2 -1yl -1y21
ms that a singularity occurs on the trajectory at sdhiethe time x1 —1x2 1yl 1y21
range[0.25, 0.375. With some minor changes in the algorithm wex1 1 x2 -1yl 1y2 1
are then able to detect that a singularity occufTat0.250796. x1 —1x2 -1yl 1y2-1
Clearly in that case choosing to maintain #engle to 0 is a bad
choice. If we change the trajectory file to impoge- — ¢ (this is  and the program will examine in sequence the four segment tra-
done by writing h=—p: in the trajectory filg the algorithm now jectories in a computation time of 120 ms.
find that the trajectory is valid. Such a method is quite useful to check trajectories which have
Very complex trajectories can easily be checked: consider faot an analytical form. Consider for example the clotoid equation:
example the gear trajectory shown in Fig. 1. The corresponding
trajectory file is:

p:=0:t:=0:h:=0: z:=56: x:=(3+ 0.5* sin(40- Pi* T))

* Sin(2Pix T): . . . .

o . : ST for tin [0, 3] (Fig. 3). The clotoid has been approximated by 250
y:=(3+0.5 Sin(40-Pr T))* cos(PT): segments and it takes about 2.9 s to determine that part of the
and the computation time for verifying that this trajectory is validegment fron{14.5582, 7.119to [14.5743, 7.21is outside the
is 8.24 s. workspace.

5 Parametric Trajectories and Uncertainties 5.2 Surface Verification. Up to now we have considered
only 1D trajectory but we may easily extend our algorithm to deal

5.1 Parametric Trajectories. In the previous examples we with surface verification. A surface is a 2D variety: for example if
have seen that most of the computation time of the algorithm tise platform has to perform a motion such ti@tie on sphere
devoted to the MAPLE computation. But we have a way to deentered at xa, ya, za and radius r while its normal is along the
crease this part of the computation time: we will define in theormal of the sphere & the trajectory file may be written as:

MAPLE trajectory file aparametrictrajectory. For example the
circular trajectory may be defined as:

t t
x:f 15cosa?®)da yzf 15sina®)da
0 0
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x:=xa—r* sin(p)* sin(t):y:=ya+r+ cos(p) sin(t): Ay || A2 | A3 | Ag | As | As
z:=za—r* cos(t):h=—p:

x| -9 9 12 |3 -3 -12
Note that the value of h is arbitrary. Therefore using this model for
a sphere we have to deal with two parametgr® while in the

X X ; y1|9 9 -3 |-13/-13]-3
previous sections the only parameter wiasBasically the same
“branch and bound algorithm” may be used but its efficiency will

be drastically modified by the choice of the heuristics that enable B, || B2 | Bs | By | Bs | Bg
one to improve the interval evaluation of the constraints and va-
lidity criteria and determine which variable should be bisected. x | -3 3 7 4 4 -7

As an example we have checked a surface which is a part of a
sphere centered &0, 0, 59 with radius 2, for the rangg0, 27|

for ¢ and[—0.4, 0.4 for 6. The motion verifier finds in 130 ms y|7 7 -1 -6 -6 -1
that the trajectory fogin [0,0.0982 and#in[—0.4,—0.3879 is
not valid. Fig. 4 Coordinates of the A, B points

5.3 Uncertainties in the Trajectories. Up to now we have
assumed that the robot will follow exactly the specified trajectory.
But in practice control and model errors may cause the real trarchitecture-dependent. This later part can easily be changed to
jectory to be a little bit different from the specified one. To dealleal with any mechanical architecture different from the Gough
with this uncertainty we may assume that each pose parametgiatform, without modifying the analysis part.
has an error which may be described by a range.,e,]. This
range is described in anterval file as follows: 8 Conclusion

We have described here a very efficient and user-friendly
method for trajectory verification of the motion of parallel struc-
ture machines. It enables us to check, for almost any type of
. . . ) trajectories, if the trajectory is fully inside the workspace, is
We may then introduce these ranges in the trajectory file. Fgjgyarity-free and exhibits a good dexterity index, while it can

x1 —0.01 0.01
x2 —0.002 0.002

example the circular trajectory file may be written as: also deal with any other validity criterion as soon as an analytical

form is known for the criterion. Although it has been described for
x:=3*% sin(2Pi*T)+x1: y:=3* cos(2Pi*T)+ x1: the Gough platform it can be easily adapted to any other mechani-
2:=56+ X1: p:=x2: t:=5* Pi/180+ x2: h:=x2: cal architecture.

Prospective work is now to study the problem of the motion

Due to errors in control the trajectory followed by the center dplanning of parallel robots i.e. to propose an algorithm which will
the platform will lie inside a torus and the algorithm checks thdtrst check if a trajectory is valid, and if not, to propose an alter-
any trajectory within this torus is valid. In that case the comput&@tive valid trajectory

tion time of the analytical expressions of the constraints and va-

lidity criteria is slightly largeriabout 1 mn 40 sbut the algorithm 9  Appendix

determines that the trajectory is still valid. In the examples we have considered the robot having planar

base and platfornthencez,=zz=0), described by the coordi-
- ] N nates of theA, B points shown in in Fig. 4:
6 Specific Motion Verifier
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