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ABSTRACT

All the variables of the biological modes are pogitive. We examine the congraints that one has
to put on the modd to verify such a property. For alinear (differentid) modd, it implies that
the equilibrium is stable. For the n-dimensiona Lotka-Volterra models, the pogitive orthant is
invariant, but we impose stronger congraints to prevent the solutions to go upon or below
some given thresholds, that define the space scde of the mode. Then we show that, under
reasonable hypothess, thisimplies the globa convergence towards the equilibrium.

Keywords. pogtivity, Lotka-Volterramodels, globa convergence.

1. Introduction

For nearly dl the mathematica (dynamica) modds of biologicd phenomena, the
variables are pogtive, because they are numbers of species, concentrations of products,...
With respect to this congtraint, two attitudes are possible:

- the mathematical modd is whatever, and we decide that only the podtive portions of the
trgectories are meaningful.

- the mathematicd modd is built in such a way that the varidbles day podtive if the initid
conditions are positive.



Wewill sudy here the mathematicad implications of the second choice, that seems to be more
reasonable; but we don' t want to enter here into epistemologica discussons. We will show
that this hypothes's of pogtivity has often some important implications on the behaviour and
the gtability of the solutions of the system.

We will redtrict ourselves to ordinary differentid equations. For further references on the
mathematica behaviour of biologicad modds, see (2), (3) and (4).

2. Thelinear case

This case is not very interesting (there is often non-linearities in the biologicd modes), but
enables usto highlight the main idess.
Themodd is.

X'=AX+Db

where x and b are two n-dimensiona vectors and A is an by n matrix. In the following, the
inequaity x >0 (x=0) meanstha % >0 (x; = 0) for eachi.

The positivity hypothess is that, if a solution of this equation sarts from x(0) = O, it stays non-
negative for dl time t. That means that the vector field dong the faces ¥ = 0 of the postive

orthant isinward. We must have:

Xi=0 => x'j=0 fordl =0

This condition gives us that b = 0 if we take x=0. Then the condition is

é_ AjjX +bj =0 foralx=0
i 7]

and thisimpliesthat Ajj = O for al i ?]. Indeed, let us suppose that some Ajj is negative, then
itis possble to take alarge X to obtain a contradiction.

Therefore we obtain that the matrix A has to be off-diagond nonnegative. This class of
meatrices has been extensvely studied (1).

Until now, we made no assumptions about the existence of an equilibrium. Let us suppose that
A ishijective the equilibrium will be uniqueif it exigs.



Now, if we suppose that the equation

Ax=-Db
admits a pogitive solution x*, we have that the image of a positive vector by an off diagond
nonnegeative matrix is a negative vector, and a theorem (see (1) ) implies that A is stable ( its
elgenvaues have anegative red part).
We can date the following proposition:

Proposition 1. Under the postivity hypothess, the existence of a postive equilibrium implies
the convergence of dl the solutions towards this equilibrium for the linear systems.

2. Lotka-Volterra modes

One of the mogt famous modd in biology is the predator prey mode of Lotka -Volterra,
written: (x isthe prey and y the predator)

X' = ax-bxy
y' = cxy -dy

the solutions are afamily of closed curvesin the postive quadrant of the phase space.
In the following, we consder the generdized Lotka-Volterra modds in n dimensions, written
(see (2)):
n
Xi=x (a Ajx +bj) i=1.n
=1

The variables x; are the number or concentrations of individuas, the by is the growth rate of the
speciesi alone, and the terms Ajj represent the interaction of the species j on the growth of the
speciesi; the sign of Ajj depends on the interaction (predation , mutualism, competition, ...

These systems are interesting to study from a mathematica point of view (2); they can
have a very complex behaviour in dimenson greater than two : limit cycles, chaos, strange
attractors, ...

Concerning the positivity, the things seem to be smple: the faces = 0 are invariant,
because if % = O, then x'j = 0. Therefore (by a theorem of uniqueness of the solution of a
differentid equation) the interior of the pogtive orthant is dso invariant. A solution that Sarts
postive will stay pogtive. The dructure of the Lotka-Volterra modes implies that the
hypothesis of pogtivity is verified.



But it is dways possble for a trgectory to go very dose to the faces. What is then the
biologica meaning of the mode for a variable near zero ? At asmdl scde, the population is
rather discrete, and the moddling by a differentid equation is doubtful. Moreover, a good
modd is often vaid only a a given space scde, and has to be changed for smdl scaes of the
variables.

It is certain that this problem is a difficult one, and has no smple answer. To daify the
Stuation, we are going to assume a "grong positivity” hypothedis, i.e. we suppose that there is
agiven threshold , S, under which it is forbidden to fdl. Of coursg, it is a strong hypothes's,
that means that we impose, a priori, to each variable to stay away from zero. To smplify, we
take the same threshold for al the varigbles.

A possble mathematicd trandation is the following (to smplify, we impose drict
inequdities): on the hyperplane X = S, the field must be inward (X'; > 0) if the other x are
above the threshold, that gives the equation:

S (Aj S+éAinj +hj)>0 for dlx=S Q)
j?i

that implies, by the same reasoning as in the linear case, Ajj = 0. The matrix A has to be cff-
diagond nonnegative. This property means that the Lotka-Volterra system is cooperative (
see (5) for asurvey of cooperative systems) and that the flow respects the partid ordering of
R" Such systems have very strong properties. under technical additional hypotheses (the
matrix A has to be irreducible, i.e. its directed graph has to be strongly connected), then
amog al bounded trgjectory converge towards the set of equilibria. We will cdl this kind of
behaviour "regular: in particular, there is no stable limit cycle or recurrent solution or cheos ...,
but the solution can be unbounded.

Proposition 2. The hypothes's of strong postivity for the Lotka-Volterra system implies a
regular behaviour of the solutions.

Let us now examine the equilibria We make the usud assumption that the matrix A is
bijective; the postive equilibrium will be unique if it exids, because it verifies

Ax*+b=0
Let ussuppose that x* > S1 ( 1isthevector (1,1,..,1) ), i.e. that the equilibrium is above the
threshold.
It is easy then to use the geometrical properties of cooperative systems to build a n-
dimensond rectangle around the equilibrium; this rectangle will be invariant and contracting



towards the equilibrium. The lower left corner ( the smdlest point of the rectangle for the

partid ordering) isthe point (SS....,S); by hypothesis, the vector field is postive at this point

(A (S1-x*)>0). Thelargest point can be taken as large as we want: take the point y such

thaty - x* =u(x* - S1), whereuisred postive then thefidd a thispoint is
Aly-x*)=uAX*-S1)<0

Therefore, by awdl-known theorem (5), we obtain the globd stability of the equilibrium in the

regionx = S.

Proposition 3. Under the strong positivity hypothess, the existence of a postive equilibrium
above the threshold implies the globa convergence of dl the solutions towards this equilibrium
for the Lotka-Volterra systems.

Let us remark that the result "A off diagond pogtive' means tha, from a biologicd point of
view, dl the interactions between species are mutudidtic.

3. A weaker poditivity hypothesis

We will try now to wesken alittle bit this strong postivity hypothess it is easy to see that the

results Aj; = 0 comes from equation (1) because the region X = S is unbounded. We make a
wesker hypothesis by imposing that the solutions stay above a threshold m and below a
threshold M; we choose Hill the same threshold for dl the variadles. We cdl this hypothesis

the wesk poditivity hypothess.

The mathematical trandation is that the vector field on the n-dimensond rectangle of lower

corner (mm,...,m) and of upper corner (M,M,..,M) is (grictly) inward. Let us remark thet it

implies thet there exids a podtive equilibrium, by a Smple argument of postively invariant

domains. We suppose that A is dill bijective, so this equilibrium is unique.

Let uswrite that the minimum of X' is positive on the face X = m, the other x being inside the

rectangle. To amplify, we suppose that the equilibrium is the vector

(1,1,...,1) = 1 (this hypothess is conggtent with the choice of the same threshold for the

variables, moreover, in a LotkaVolterra system, the equilibrium can dways be scded to 1 by
achange of variables y; = x; / x*; ). We have therefore:

o ., o
a Aij (m-1) +a Aij (M-1) +Aji(m1) =0
i7i 7

where AT ismax (A,0) and A~ ismin (A0).



If we write now that the maximum of X is negative on the face =M, the other x being in the
rectangle, we obtain that:

o o
a Ay (M-1) ra Ay (M-1) + Aji(M-1) =0
i7i 7

Then we can obtain a necessary condition by subtracting these two equations; if we denote by
B the matrix such that

Bii =Aiji fori=1..n andBj =|Ajj| forij=1,..,n i7

(B is the matrix obtained by taking the absolute vaues of the off-diagona dements of the
matrix A), then

B(M-m)1=0
or, because M>m

B1=0
that impliesthat Aji = 0 and that the absolute values of the off-diagond € ements of A are "not
too strong” releively to the negetive diagond.

But we are able to characterise more precisay these rectangles; let us denote by C the matrix
such that

Cij =Ajj ifAj =0 and Oif not, for i,j=1,...n, i ?jand Cjj =0
(C isanegative matrix built with the negetive off-diagond part of A) then it is easy to see that
the two above inequdities can be rewritten

(m-1)Bl1+ (M+m-2) C1=0
(M-1) B1L+ (M+m-2) C1=0

but we know that BL = u < 0 ( we suppose to amplify that the inequdity is drict), and,

because C is negative, C1 = v = 0. Moreover, let r = -—— > 0 because of the hypotheses.

Then alittle bit of calculus on these inequdities gives

(utv) =rv



u+v)r=v

We try to maximize the dimenson of the rectangle, that means tha we maximize r. The
solution have to verify:

r:(1+i)foreachisuchthatvi<0
V-
[

and the best choicefor ris:

r=Minj (1+ j) foreachi suchthat v <0
Vi
What are the implications of this ? If v=0, then the system is cooperative, and the choice of the
gze of the rectangle is free (as we have dready seen). If v20, then there are some negative
eements in the matrix A, and the size of the rectangle is bounded; that is, for some choice of

the minimum m, the maximum M cannot be grester than some number (related tor).

Proposition 4. To verify the wesk pogtivity hypothess, it is necessary that the two corners of
the rectangle are related by the above inequality.

What happens now in this rectangle ? In fact, it is invariant (by hypothesis) and moreover
contracting towards the equilibrium 1. To see that, let us consider the function:
V(x)=Max [x-1]
and let us prove thet this positive function decreases dong the trgectories. If k is the subscript
suchtha, at timet, | Xk - 1| isthemaximum and X > 1, then the sign of the time derivaive
X'k isthe same that the Sgn of the expresson
n

a Aj (§-1)

=1
and we can majorizethe (X -1) by (X -1) and minorize the (x -1) by (1-X,). We obtain that
the above expression is smdler that B (X-1) 1 which is negative because BL is. Thus X'k
decreases. If X < 1, we show smilarly that X'y increases. Let us remark that it would be dso
true for any rectangle around the equilibrium.
Because V(X) is zero only if x=1, the family of rectangles decrease until the equilibrium. Thus
we have shown that the region insde the rectangle is asymptoticdly stable. In fact, V isa
Lyapunov function. We can state:



Proposition 5. The wesk pogtivity hypothess (thresholds from above and from below)
implies that the system is asymptoticaly stable in the whole region defined by the thresholds.

The proofs aove show in fact thet if one "centered rectangle’ (a rectangle around 1 with the
lower and the upper corners on the straight line | 1) is drictly invariant, then BL < 0, and
therefore any centered rectangle will contract towards the equilibrium; the equilibrium is gable
in the whole orthant. By contraposition, we obtain the

Proposition 6. If the equilibrium of the system is not globaly asymptoticaly stable in the
postive orthant, then there exigts trgectories that leave any centered rectangle .

This weak pogtivity hypothesis seems to be biologicadly more reasonable. We can deduce
from the above propostions some biological interpretations.

Biological interpretation 1.

To verify the weak postivity hypothess, the sdf-interactions have to be negative, and the
interactions between the species have to be "smdl" with respect to the sdf interactions. The
individud rates of growth have to be postive.

One can compare these reaults to the well-known facts in dimension 2 (cf. (4, pp. 78-85)) :
for a competitive LotkaVolterra system, there is no extinction only if the interactions are smdl
with respect to the individud growths. For a mutudigtic Lotka-Volterra modd, there is no
exploson only if the same property is verified.

Biological inter pretation 2.

It is not possble to choose the minimum and maximum thresholds independently; the mode
has to be defined for a given space scde, and the equilibrium is asymptoticdly sable in this
region.

Maybe the more interesting is the contraposition of the result of convergence; let us suppose
that the biologig is able to know that the equilibrium is not globaly sable, because he
observes aperiodic trgectory for example.

Biological interpretation 3.
If the equilibrium is not globally stable, then there exidts trgectories where some variables
become very smdl or very large (smdler or larger than any given threshold).




That means that it is not possble to find a space scale including al the trgectories, some of
these trgjectories are "dangerous’ and could lead to an extinction or an explosion; moreover, it
is not clear that the given mode is aile to moddize these trgectories : very often, the
biologica modd must be changed if the speciesisin very smdl quantity ; there are additiond
phenomena like refuge, stochasticity, ... These trgectories have to be carefully inspected from
abiologica point of view.
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