J. C. BERMOND and D. SOTTEAU, PARIS

CYCLE AND CIRCUIT DESIGNS 0DD CASE

1, Introduction.

In what follows, B, k, A will be positive integers with » = k and
G will always denote a graph with k vertices. Definitions no®
given here cap be found in Bergs's book /1/.

Let us denots by

Azﬂ: the complete multigraph with n veritices and apy %wo distinct
vertices joined by exactly A edges.

lK;: the complete symmetric directed multigraph with n vertices
and any swo distinct vertices x and ¥y joined by A ares (x,y) and
A arcs (¥,%).

AK : the complete multlpartite graph with vertvex set
BysBosoes By

T =UZ, 1£ i< h, where the X, are disjoint sets with {1t =n,
and where two vertices, which belong %o different sets Xi and Xg
are joimed by A edges.

A

K!‘
By sBsyesesly
: the slementary circui% of length k.

: the complete directed multipsrtite graph.

Ok
E;s the elemenbary directed circuit of length k.

We shall say that a graph (respectively directed graph} H can be
decomposed into subgraphs isomorphnic to G, where G is a given graeph
(respectively directed graph) if we can psrtition the edges {resp.
arcs) of H into subgraphs isomorphic to G.

1.1. An (n,k,R) G-design is an edge disjoin$ decomposition of kKﬁ
into subgraphs isomorphic to G. The G~Qesigms have been introduced
by Hell et Rosa /12/. In the particular case where G ist the com-
plete graph K, an (n, ki) K ~design is nothing else than an

(o,k,2) B.I.B.D. (balanced iocomplete block design: see Hall /9/3.

1,2. A similar definition holds for directea graphs. If G is a
directed graph, with k vertices, ao (n,k,A) G-design is & partition
of the arcs of lK; into subgraphs isomorphic %o G.
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1.3. For results concerning the e xistence of G-designs, the
resder can see, for sxample, the survey we have done 1n /&/.

Here we are interested im the particular cass where G ls equal %o
s - .

Cy or Cy. An (n,k,A) Cp-design is also called = BoLoDs (m,ke4}

(valanced circuit design /13/).

4.4, Proposition. Necessary conditions for the sxisteuce of 2p
(n,k,4) C, ~design are

An{o=-1) 2 0 (mod 2k}
(=1} = 0 (mod 2}.

1.5. Proposition. 4 necesssry gondition for the existencs of an
=
{n,k,4) Oy ~design is

An{n-1) 20 (mod k).

1.6, In this paper we will restrict curselves to the case k odd.
The case k even will be considered in /7/.

For k odd, it bas besen proved that the nscessary conditions of the
proposition 1.4 are sufficient for

k = 3 (cese of Steiner Triple System) ses Hapani /10/.
k = 5 by Huang and Rosa /13/.
¥k odd, n = 2gk + 1 or n = 2gk + kK, A= 1 by Rose /16/.

-
The necessary condition 1.5 of the existence of a G ~-design is
sufficient for k = 3, A= 1 except n = 6 in 2/ and alsc by Bruck
/8/ Mendelsohn /14/.

4 short proof can be found in /3 or 4/.

k=5, A= in /3/ and /17/ end alsc by Merriel /15/.

k = p®, p an odd prime and A =1 in /17/ and also for k = 7 by
Merriel /15/. -

It bhas also been shown that an (n,k,1) C, —design exists if n is a
power of a prime and n(n-1) = 0 (mod k) by Hartnelli and Milgram
/11/ and if n = 0 or 1 (mod k), k edd in /17/.

Finally we note that the asymptotic results obtainsed by Wilson
/19/ prove that the conditions 1.4 and 1.5 sre sufficient, for a
given k, for n large snough.

Here we shall prove the following

"
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1.7. Theorem. The necessary conditions of proposibtions 1.4 and 1.5
are sufficiens for k¥ = 3, 5, 7 except forn =6, k = 3, L= 1.

2. General Lemmss.

The 3 following lemmss are simple consseguences of ths defipitions.

2.1, Lemma. If there exists an (m,k,3;) G-design and an (o.k,4y)
G-design, then there exists an {n,k,piﬁ + q32) G-desizn (p and g
are positive integers).

2.2. Lemma. Let H be the dirsected graph obtained from & by

pea-4

asgociating to sach edge of B %wo opposite arcs. If H can be decom=

. e
pesed inbo C, then 5" csn be decomposed inkg O .

Hemark. The contrary is false: for sxample we shall wee that thers
heed 3
exisss & (4,3,1) ﬁﬁuéesign, but by 1.4 there exists no (4,3,1) Oy~
'
design.

- o
2.3, Lemme, If there exists an (n,k,4) Ckmdesigu, then Lthers sxlsts
an (n,k,24) C,~design.

Hemark, The contrary is falss: there exists a (6,3,2) ﬁwdesagg
(see Hansni /10/) but there exists no (6,3,1) C.-design /2/.

3

2.4, Lemma, If thers exists an (ny,k,2) G-desigpn for 1€ 146 b
4 3

snd if Z,Xnags“ a, (or yeeesnd if G is 8 directed graph) can

be decomposed 1nto subgragng isams§ph1c 3o G,then there exists &

(Ln;,k,4) Gedesign.
i P 115

2.5. lemma. Lf there exists sn (o;+7,k,A) G-design for 1+« i <« h

apd if Zan,ccg,n {or Lan’..‘*nh if G is g directea graph) can

be decomposed into subgraphs isomorphic to G then there exists a
((Slni) + 1,k,4) G-design,

Procfs., We shall give the proof of lemma 2.5 in the undirected
case. (The proof of lemma 2.4 and of the directed case ars simie-
lar). Let the vertices of AK be: X,V X 0 .., VX Udest

(;;ni}ﬂ b

with]Xii =ng, for 14 1 ¢k,

The graph AK,

(20,)+1 is the edgs disjoint union of:
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- the h complete multigraphs, constructed oo the sats Xiu { oo
which are isomorpbic %o R.Kn I &nd vhus can be decomposed (by
i

hypothesis) into subgraphs iscmorpbic o G.

- the complete multipartive mulbtigraph with vartex sets Léxi which

ig isomorphic to AR decopposable intc subgrsphs Lsomorl-

Bageeosly
phic to G by bypothesis.

2.6, Remsrk, The interest of lemmas 2.4 and 2.5 is that it gives
s method of composition which epnables us bo comstruct G-~designs
by knowing the existence of smaller ones. {In the case (G = KL9
these lemmes are used with different notations by Hananl /10/ and
Wilson /19/: indeed & dscomposition of AKnA,‘,; "
valent to the existence of group divisibls desiga

into Kk is sgul~

We shall epply this method with tripsrtite graphs (b =3, The
following lemms will emable us to construct decompositions of tri-
partite multigraphs from decomposificn of smaller ones.

2.7. Lemma., If Ka B, and Ka o,

o 21
isomerphic to G, t58n also an,qb,pc%(gon}c‘ with p and q positive
intepers, O 5 p £

ot £88 be decomposed ipto subgravhs

Proof,. Let the vertices of K be LYYV Z with

qa,qb,pe+{g~plc’

q g
Yo g, lgl=e (leteq) Y= Yy, 1Y) =b (1514 a)
i=1 i=1
q
and Z = | J 25, 11 = ¢, 1 &1 £pand iZi; = ¢t for p+l £ 1 £ q.

. e Aaas 2
Then an qb,pe+(g-ple’ is the sdgse disjoint uniom of the g~ tri-
partite grapbs congbtructed respectively on Xi, Y‘*a’ Z. with
1¢1 2q, 1% J %q and where the indices of Y are to be tsken
modulo q. These g° graphs are isomorphic %o Ka b or to X v

+ 050 8:b,¢
mnich cap be decomposed into subgraphs iscmorphic %o G.

4t similar lemma holds in the directed case.

2.8. lemma. If ; b.c and K; bt S8 be descomposed inte subgraphs
R sV e [ A ]
igomorphic to G then also K;a?qbgpc+(q-p)c‘ (psq positive intecers

£p<aql)

The two following lemmas csn be somebimes useful.
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2.9, Lemms, Let b = 1 or 3 (mod., 6); Af K, (xzesp. E . ,.J
i i
1< 1< b oapd ¥ s, 121 <3 <k s b, can be decompessd into
ot et ni Eni’gk floshetodupt W#nﬁ—mhm
1753 ‘

subgraphs isomorphic to G them also K (zssp. Eo4q) fozn = Z Dy
i=1

Sketch of proof: These lemmss result from %the sxistsuce of
(6t + 1,3,1) or (6t + 3,3,1) Steiner Triple Systems (see /17/ for
more dastails).

e I s
3. Existence of CBg CE? G?9 GB’ GS’ C?uﬁasignsa
In this paragraph, k will always dsnote an odd integser 2 3. We shall
prove the theorems 1.7 (k¥ = 3, 5, 7}t we give first the ideas of
tos praf snd gensral propositions which are valld for all {odd)
k2 5.
%e apply them only %o the particulsr values of k : 5,7 but the
methods csn be applied to give other results for grsatver values
of k.

3.1. The prcofs of theorem 1.7 for k = 5 or 7 are by inductlion end
all of the same kind:

o

Step 1. First we prove the existence of decomposition of some Kn
3 . N : ; N . N N
or Kn’ for the first values of n in order bto starit the induction.

Step 2. We prove the existence of decomposition of some Ka b OF
§ g e
K, . . which will be needed in the verification.
gy

Step 3. Then we use lemma 2.4 or lemma 2.5 with %tripartite graphs
{(h = 3) or lemma 2.9. We indicste in sach case, in & table, which
lemma we use and which values of ny oceur in the lemms. The veri-
fication that the hypothesis of these lemmas are satisfied fol-
lows

- for the Kn or KZ from step 1 or induction hypothesis.
i i

#*
- for the X or K from lemma 2.7 (or 2.8):
31,n2,n3 nq,nagnB
we indicate in the seme table the values of the parameters a, b,
cy, ¢'y, p and q used. The Ka b.c and K used in these lemmas
L

can be dascomposed by step 2.

a,b,ct

For step 1 the followipg proposition is useful
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3.2. Froposition. L@t k be 2p odd integer 2 3, then thsre szists

a) a(k,k,1) G, ~design

b) a(&,k,ﬂ)ﬁz ~desizn

o) alk+1,k,1) agwgggggg

a) a(2k,k,1) G ~design for k 2 5.

Froof. &) is well known {(ses Berge /1/).
b) is @ consequence of a) snd lemma Z.2.
c} nas been proved in /5/: Let z J{#%sbe ths set of vertices of

{we recall thet Z is the addltxve group of residues modulo ki

x+‘
4 decomposition of X§+1 Lnto ck is given by the following k
directed circuits, for 0 € i £ k-1

(00, 000y ol #iy KeTutdl,oen, §+i,k~2~§+i,,“,u} witn O < o & {k/4l-1,
and [k/4] €8 = (k~3)/2, snd the circult (s..,%,o +{k+1)/2,...) with
0 £ %< (k=13/2.
d) There does not exist g (643510 Gn-uasxgn (see f2/). For k 2 5,
there exists & (2k,k,1) Ck iesign (/4/): let ék 4U 4,, wikh

{wgg cee sy { be the set of vertices of K5,. s the complete
graph oo &, is ;somcrphlc to K. €+t and thus is decomposable into
2 , it suffices to prove that the arcs of K et which do mot join
two points of A, can be partitioned into ﬁi that is givsen by the
following 3(k-1) dirscted circuiss for 0 £ i £ k-23

(ovo,i,‘”,},ka.aé-i,,_.w.ez,-?i?k—zwwii sosy {k=F/2+1,9° 0 with

1€ 4 £ (&-5)/2

{i,ass,{3+i,°?+1,a.a}} and (i,.sw‘km1-ﬁ¢i,cﬁ?§(k+q}/2,g;.ei}

with
120 = (k=1)/20

For step 2 the following propositions are useful:

3.3. Proposition. Let k be an odd isteger > 3, then

8) KK K,k 28 ke be decomposed imto Oy
b) Ky K, k,2k £88 be decomposed into Ck, for k 2 5.

P

c) K, ,2k, 2k 288 can be decomposed into Cos for k = 5.

qk qk,qk S22 can be decomposed into Cys for ¥ =2 5, q integer.
A proof of this proposition can be found in /17/.
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3,4, Proposition. For all integers n,p, w2z p 2 1, {Zp+1jxﬂ’§,g

can be decomposed into CZp@ﬁ'

Procf., Let XMYUZ be the set of vertices of (2p+1) B o, with
F Y

; . 2
X o= {x} s Y=y D= {zgd ; the 3o
D=i <n=l Ui en=i 0¢i en~l
ecircuits of length 2p+1 of the dscomposition are given by bhe
following circuits §C. gr ., v LY, for © £4 £ net and
< l:d Lad

O < 3 s n=1:

1d?

I - f ) y N e
vih} T Leseg Xi'ﬁ‘"{j :’3*&56*93 ai&.&! xl}
6} = ( 4 P ] oo« £ Tyem
"i?:) = Lesewg yi,r{, Z.j-la&’”“"? xi+3’ yl"' 0 ¢ « < p 4
F - . .
v 3 (oons Zi"'d{j 131&3{‘,-4«, “}71.*39 zij

14
3.5, Theorem. There exisgs an (n,5,4 C

An{n=1)

{t

o] {mod 10
A{pn=1) = O (mod 2)

There exists an (n,5,A) 5; design if and only if

5.

[o3)

An{n-1) = O (mo

Proof, By lemma 2.1 it suffices to verify the theorem for tne mi-
pimum values of A, that is to prove the existence

- of Ciwdeaigms in the following cases:

a. A=1, n=1,5 {(mod 10
[ A=2, n =0, 6 {mod 10)
Ce Az5, n=3, 7 ¢ {mod 10)
d. A=1, n =2, 4, 8 {(mod 10}

- of Eg-desigas in the following cases:

1]

e. 1, n 9, 1 (med %)

a
f. A=3, nz2, 3 4 (mod 5).

i

1

g

i
\J

In order to minimize the verificstions we shall use lemmas 2.2 sopd
2.3 and thus give a8 proof of the different cases a, b, ¢, d, &, ¥
in & convenient order.

N
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8. #xistence of an (m, 5, 1) Cg~design for o €1 or 5 {mod 103,
%e use the method sxposed in 3.7.

teép 1, KS’ Eqns Kgﬁs Kaﬁg XQB can be dscomposad into u~e For Kg
see 3.2 3). For the others it can be done by direct canstruczieﬁ
(see Rosa /15/). For example for K ,: if 244 is the sst of vertices
of 331 a decomposition is given by the circulits: {1,4+2,1+10,0+6,1),
U i <10,
£tep 2. Xg o 5» K10, 10,100 ¥10,10,200 B15,15,150 ¥15,15,5°

v,xv
K,5 ,25 casn be deeom;assa 13%0 C,a

Ul

A1)

3

- K5’§P5, ﬁ?@,ﬂo,ﬂﬁ’ K157@5?15: ase propositiocn 3.3 &), d).
- : £ X 1 s f i £
K?O,?Q,E@‘ Let ¥vWYVZ be the sat of vertices of ?0 G20 with

L=4x3 5 ¥ =4yl s L=l u{oﬁi% .
0<«i 9 0 ¢1 49 O 231289 2

4 decomposition inte 65 is given by the 100 following clircuits:

Xs oz D .
Gsage Tj 2nerep Tga0 T10 Tagdy ca, 025 £9

(X5 Zos qocs Xa a2, Vo, %x.) .
3 Faiwtegr FgerTaesr Tieder 00 L5 4 02y 29

Lo

Iet ¥V YVZ be the set of verticss of K1 wikh

3:15:5

X45,15,5°

X:{Xi‘y 13"“{:}72’(} 9237{001% «
0 £31 €14 0 £1 £ 14 0 £1 24

4 decomposition into C5 is given by the 75 following circuits:

- T x . oo, o
(23975433410 X1410 T143543° 3 Xi>o 58,0432 a8
=3 VA4V - Az
15 15,25 Let X Z be the sst of vertices of K15’ﬂ;§2> with
% =1x,} Y =4y,Y Z =4z U fao
oes e’ ioeiens’ Yocicu 1%0‘1‘9
A decomposition into 65 is given by the followlng circuits:
ixi'yiﬂ’Xi-r’%’yi«&}*Zi*zi)o 2 '(xi*zuz*"iaL’s'“1*4'3’14-69‘10 cicm

(X373 4491 25422497 4 3900 X1 KX5925455%5490

15 114,05 45
Zi“?'yi"s_’xi)o 21 €4
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oL D) 7 i o
(X312, 454109 % 1437 4600 3437517 0y o e’ VEiaZieqar¥isve 9

¥ %) .
A PR

Ssep 3,
n Iemms n,=0 53 gsb=ec ¢f g g=p
30841 27 2.5 10% 408 5 - 2% Q
30411 £21 2.5 10{5~1)+10 10(%~1)+20 10 20 % 4
JOE+15 €20 2.4 10%+5 10%8+5 = 2%+ o
WE+21 22 2.5 ?O(ta&)éﬁﬁﬁ(%a&)#&@ 0 20 t 2
G0%+25 £ 21 2.4 3@(2»1%4§30(%»3)+2§ 15 5 2%+ 2
Q0E+55 § 20 2.4 30t+18 305+25 15 25 2%+ 1
5 28+3 5

goE+85 ¥ 21 2.4 30{t=-1 0% 30{t-1)+25 15
The remaining casse 4 iz solved for ¥ 2 1 by lemms 2.9 with
be

= 30
h = 6%+, oy = 5 for 1 £

45
iz
-

6. Exissence of an (p,5,1) C. =desiga for n = 0,1 {med 5).

By lemma 2.2 and case a we know the existence of (ng§,1§3; ~designs

for n = 1,5 (mod 10). It remains %0 prove it for n = 0,6 {(med 10).
= . * * * N -3

Step 1. KE’ Kég K,m5 1%1, 326 can be decomposed into 35.

- K;, K:1: case & + lemma 2.2
- K;} K;b: see proposition 3.2.¢s

- ngs K§6 is the edge disjoint union of w#hree complets graphsua
isomorphic %o Kg, K;Q, K;Q which can be decompoaed*intc 05
snd of 8 complete sripartite éfaph isomorphic to K5,1Q,?O
which can be decomposed into 05 by proposition 3.3.¢.

*® * . . - R
Step 2. K595’5, K§95ﬁ10 can be decomposed into GB (propesiticn
3.3.a, lsmma 2.2 and proposition 3s3eb)s
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Step 3.

o lemma D=0, 23 asbsg ¢! g Ge=p
30% %21 2.4 10t 10¢ 5 - 2% o
3046 ¢t =z 1 2.5  10{E=1)+10 10(s=-13+1% 5 10 2% 1
308410 ¢ 2 1 Za4 10{E=134+10  10(6=1)+20 5 10 2% 4
0t+16 ¢t 2 O 2.5 10545 10645 5 = 2%+ Q
30420 £ 2 0 2.4 10%+5 10t+10 5 10 26+1 1
30426 t 2 1 2.5 10{t=1)+15 30{t=1)+25 5 10 26+ 2

b. Existence of en {n,5,2) Giudesign for u = 0,5 {(mod 10}
It results from case & by use of lemma 2.3.

¢, Bxistence of (n,5,5) andasign for n = 3,7,9 {mod 10}.

Step 1, EKE; 5Krye 5K9, 5K11 can be decomposed into €5:
i
- 5&5, 5K113 case & + lsmma 2.7%.
- SK?: Let 2? be the set of vertices of 5K,; & decomposition imso
C§ is given by the following 21 circuits:
(i,i*?,i+2,i#3;i¢4,i},(igi*1,i*4,1+6,i+7,i},{igiéﬁ?i#é,l#2,i+§,i},
021 %6,
- 529: Let ZS be the set of vertices of 559. 4 decomposition into
C5 is given by the following 36 circuits:
(i,i+79i+2,i+3,i§4,i)g(i,i+2,i¢4,i+6,i+8,i},{i,i+3,i+6,i+1,&%4,1)5

(1,3i+7,142,i+48,4i+5,1), 0 ¢ i < B,
Step 2, 5K2'2’2e 5K2?2’4 cap be decomposed into 35

- 5K2 2§2: ses proposition 3.4.
¥

- 5&2 5.4° Let XvY¥u?Z be the set of vertices of K. with
$ ¥

2e24

E={x Y=y Z =4z
i ! Yoeien' 17

041 ¢1 Ociz=3

then a decomposition of 5K2 5 4 into 05 is given by the following
Al A
20 circuits:

(ydyzisyj+1izi+1»xjiyj>! (Zisxjyzi+13x3+q:y3gzijaf'i £3, De3zed
(yevzgty19‘q9307y0>(31szatyoezq9xqﬁyﬁ>(13sxofzgvxq930553)
(stxﬂrzcsxo»y1»23)-
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Step 3,

+

n lemma B,=n, B aszb=¢c  ¢f g g=p
8545 t 2 2 2.5 2(t-2)+ 2(t-2)+8 2 4 % 2
65+7 t 21 2.5 2(t=1)+4 2(t-1)44 2 - t+1 0
66+9 t =1 2.5 20814 2(E=1)+6 2 C

=y
£, Bxistence of an {n,5,5) Cﬁndesiga forn =2, 3, 4 (mod 5).

il
By lemms 2.2 and case ¢, we know the sxistencs of (m,5,5) Gﬁudesigns
for o= 3,7,9 (mod 10). It remains to prove it for n =2, &, 8 {mod
Q{))t

- * = & S &
E?eg 1. 5K6’ 5K8, EEﬁaﬁ 5&129 53149 53?6 can be dscomposed into
CE:
*® ¥ L4
- 5Kgs SE4ps 5K4gt case 8 + lemma 2.7, )
- 5§gs Let Z,V1*°be the set of vertices of 5X89 A decomposition
inte C5 iz given by ths following 56 directed circuists:
(1,847,443, 146,3+2,13(1,1+1,143,146,1+5,13(1,3+1,1+4,1+2,1+3,1)
(1,144, 141,1+5,2%1)  (1,141,1+43,146,27,1) (1,142,146,1+4,%9,1)
(1,345,4+3,1+22°,1) (i,i+6§i+5,i+%f”,iz/ 0 < i« 6,
- BK:Z: Let Zﬁqxi%°%be the set of vertices of SK:é, 4 decompesition
is given by the following 11 x 12 directed circults:
0«1 £10
(1,447,342, 443, 0+8, 00 (1,442,544 ,146,148,1)(1,1+3,4+6,1+9,1+1,1)
(L 044,148,147, 145, 1) (1,1+5,1+10,144,1+9,1)(1,3+46,1+1,147,142,1)
(1,147,143,i+10,446,1) (1,1i+8,145,1+2,°,4)(1,149,1+7,i45,95,1)
(1,i+8,1+5,1+3,°2,4)(1,1410,149,1+8,°51)(1,31+10,1+3,1+4,°%1),

- SKzg: let 213 W {eetbe the set of vertices of SK:Q. 4 decomposi-
tions 1s given by the following 14 x 13 directed circuits:
0<£ic¢ 2

(1,847,342,3143,144 1) (4,442,048,446,1+8,1)(1,1+3,146,i+9,i+12,1)
(1,4+4,3+8,1+12,1+3,4) (1,145,1+10,3142,1+7,1)(1,1i+6,i+12,1+5,i+11,1)
(1,847,141 ,348,142,1)(4,1+8,i+3,1+11,1+6,1)(1,1+9,1+5,i+3,1+1,1)
(1,1+10,4+7,i+4 22,13 (1,1+711,149,1+7,294)(1,1+12,1+11,1+10,991)
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(1,1+12,1+5,1+7,7%,1) (1,148,1+12,1+2,%417.

* = ; g .

Step Zs 5&2’232, 532,2,@ a?a be dscomposed into Cg (see step 2 of
case ¢ + Lemma Z.2).
Step 3.
n Lemms fn, =0, Tg a=b=c c¢f g gep
o el

6546 T 2 2 2.4 2(t-2)+6 2(t=2)+6 2 L | O
6t+8 t 2 2 2.4 2({t=23+6 2(E=2)+B 2 & £+ 1
BE+10 % 2 2 2.4 2{5=2346 2({¢~2)+10 2 4 £+1 b4

3. Existence of an (n,5,10)C ~design for n =2, 4, 8 (mod 10},
It results from cass £ by uge of lemma 2.3

3.6. Theorem. There exists an (0,7, A)C,~design if and gniy if
Anlo=1) = © (mod 14)

A{n=1) = 0 (med 2).

There exists &n (us?,A}3}~desi%z if snd oniy if

an{n=1) = O (mod 7).

By lemma 2.4, it suffices to prove the theorem in the following
cases:

- for C?mdesigns:

a. A=1, =n=1,7 (mod 14)
b, =2, n=0,38 (mod 14}
c. A=z 7, n =3 5, 9 1, 13 {mod 14}
4, A= 14, B =2, 4, 6, 10, 12 ({(mod EW

>
- for C?udesigns:

6. A=1, 1n= 0,1 (mod 7)
£, A=7, m T2, 3 4, 5, 8 (mod 7).

it

%o shall use lemmas 2.2 snd 2.3 and give & proof of sll these cases
in a convenient order.

e. Existence of an (n,7,1)C,-design for n =1, 7 (mod 14).
7

we still use tns method exposed in 3.1:
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Step 1. K?, 8159 329, K?q cen be decomposed into On.

- K?s see proposition 3.Z.8.

- Kﬁﬁziet Z@% be the set of vertices of qu, & decomposition into
C? is given by the 15 following circults:

(1,5841,1+3,148,i+14,147,4+4,1), © 2 1 = 14,

- K ,nt Let Z2 be the set of vertices of KBQ‘ A dscompositlon isto

29 9
° 07 is given by the 58 following circulis:
{i,ié?%,i+2?,i+1sﬁi+27,i*&;i+3;i),{i,iéz.i+6,i+ﬂ1,i+§;i+12,i+20;i},
0 & is 28

- K74: Let ?.‘i?,g be the set of vertices of qua A decomposition linto
C? is given by the following 5 ¥ 71 circults:
(1,i+4,i49,1415,1+47,1+7,1450,1), (1,447,1i+15,1+24,1+517,346,1+452,1)

(1,1410,1421,1+33,1457,149,1+58,4), (1,i+14,1+29,1+45,1462,1+9,1+51,1),
(1,1+41,143,1+6,1+39,1+45,i+41,1), 0 & 1 < 70.

Step £. K?,?§7’ K14’1g?14, Kﬁ%,?#,eﬁ' 175?921 can be decompossed
into GCy:

- K?,?,?g KQQ?q49ﬁ4 (see proposition 3.3. a, d.).

- 314,14,28‘ Let ZVYVZ be the set of vertices of K14,1Q,28 with

X :%xd

‘Qéi(_ﬂ,yz{yig 7 =joe

D€L €13 TP oey 5-13;

then & decomposition into C? is given by the following 10 x 14
circuitss

0¢cic13, 0 =xwe?

142 71£13

(X4 0750 019%40 914019241207 1 4xa1? Rr200 T4 )0

"

(x9+1l’y6+i90‘0'314»1'yiyoé'}+ai’yi+?’xi+9) 01213 &
(x8+i'32+i’°'3’xi’¢”?+£igx?#i’33+i*¥8+i)90 €1 £13; &4 =1 if 744413,

- K7&?’21: Iet XvYvZ be the set of vertices of K7’?’2q with
Xf{xi‘f oY={yil§ 9Z={ﬁa{§ °
0cis 6 0£1i46 0 21£20

Then & decomposition into 07 is given by the following 7 x 7
circuits ‘

23



- R = 3
(X4 274 40 P20 %1419 %% 71 T 4141774149 %1 702 1 26, 02 2 £6°

Step 3.

sl Lemme n,=0, 33 azb=C et g g=p
B2t+1 b 2 1 2.5 A (E-1)+% (=144 7 =3 o

426415 £ 2 1 2.5 E(t=1)+18 4(t=1)+28 4 28 % 1

42427 t 2 O 2.4 dE+7 14547 9 - 281 0

425429 b n 2 2.5 (523428 14(t-2)456 28 ¢ 2

42t+35 © 2 0 2.4 14t 144+21 7 21 & 4

mhe remaining csse n = 42%+7 is solved for & =

h = 6%+1, oy = 7 for 1 £ 1 £ be

1 by lemma 2.9 with

-
e. Existence of an {n,7,1)C,=design for n = 0,71 {mod 7).

By lemme 2.2 and case &, we KOow the existence for n = 1, 7 (mod
14), It remains to prove it for n = 0, & (mod T4

ES * = = & . -
Step 1, K?, KS’ qu, KﬂS’ h36 can be decomposed into C?:
- K;,K:5: case a + lemms Z2.2.
- Kgﬁ K?a: proposition 3.2.¢.

- K;& is the edge disjoint union of bthree completa directed graphs
, . :
isomorphic %o Kg, K@a, K;; and of a tripartites directsd
2

-3
graph isomorphic to X ; which can be decomposed intc €

R U T 7
by propesition 3.3.¢C.

w = 2 e -» 2
Step 2. Ko o n; Eo - ., can be decomposed into C,: see proposition
'A‘“"""“"" XX ?g!v“* i [
3.3.8 + lemma 2.2 and proposition 3.3.D.

wn
ctr
n

v
o

n Lemma 1, =0, a a=b=c ¢' ¢ q-p
42% t 21 2.4 4(t=1)+14 18 {E-1)+14 7 - 2t G
42648 t > 1 2.5  a{t=1)+14  H{5=1)+21 7 m 2t 4
426418 £ 2 1 2.4 4{E=1)+14  14(8=13+28 7 4 2t 2
428422 £ 2 0 2.5 14t+7 e 7 - 2t+1 O
426428 t 2 0 2.4 44147 145+14 7 14 2841 1
42¢436 t 2 1 2.5 4a{t-1)+21 14 {t-1)+35 7 4 241 2

b. Existonce of an (n,7,2) 07—design for m = O, 8 (mod 14},
It's & consequence of case e by use of lemma 2.3.
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c. Bxistence of &n {n,?;?)c7cdasign for o E 3,5,9,11,13 (mod 4.

Step 1. ?37; 73'-?’? ?K"m? ?K’fB' ?ngf)i 7-‘»(@71 ?K;;ms ?Kzf{n 7329; ?K39
csn be decomposed into 67:
- ?‘K?, 7K,35, ?KQ.’%’ ?K‘:{} case & + lemma 2.7,
- ?Kﬁg is the edpe disjoint union of three complete graphs isomer—
phic to ?K7 and of a triparbtite graph lsomorphic %o ?37 9.7 abich
LA

can be decompesed 1lnto C7 by proposition 3.4.
- 7&2? is the edge disjoint union of thras compiete graphs lsomor-
phic o ?Kg and of a8 triparbite complete graph isomorphic to
7K9 9,9 which cen be decomposed into C? by proposition 3.4,

F758

-~ 7E.. is the edge disjoint union of thres complete graphs isomor—
e

phic to 7K,, and of a tripartite complete graph isomorphbic %o

7K13y17,33 which can be decomposed into C? by proposition 3.4.

- 7K9: Let 29 be the set of vertices of ?Kga 4 decompositicn is

ziven by the following 4 x 9 circuits of length 73

(1,i47,1+2,1+3,1+4,145,146,1), (3,142,144 ,1+6,1+8,1+1,1+5,1)

(1,143,1+6,1+7,1+4,1+7,142,1), (i,i+4,148,145,147,147,142,1),
0£izg8,

- 7qq Ist Zﬁﬁ be the sst of vertices of ?Kﬂq. A decomposition is

-

given by the following 5 x 11 circuits of length 7, {C i% for
";ﬁ{béi.{}éiﬁ‘m: fs
GF’i = oeepoefi, ooy Dgg o ¢ 6

- ?Kiqs Let 213 be the set of vertices of ?K,z . A decomposition
is given by the following & x 13 circuits {C i& for 1 é{% < G,
021 12, f

Cy s = (...,&F‘ﬂs cees 30 £ sg B
g

- 7Kﬁ?: Let 21? be the set of vertices of 7K17. A dscomposition is
given by the following 8 x 17 circults of length 7, {CJ i %for
1€f £ 6end 01 £ 16, ’

c(&'i = GoosstPriy e D2 g
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Step 2. JK S a0 ?XQ 4,2 can be decompesed into Cne

£

- 7E4,#,§: see proposition 3.4.

- 7KQ?Q,2: Let XYYV Z be the set of verticaes of ?Kg,q’g with
X = {x,} Y =43 P 2= ey .
O£igl 0 eile] =021 41

& dscomposition of ?KQ 4.z into C? is given by ths following ¢ir-
LA
cults:

(Zisxi$zi+1 2 Xy a0y +3tx1 1»3’31»51;‘

(Zliylsz4*ﬁsyl‘,mfxl*:asgi,,g:xisz o) 0O 21 £73

QZ'; 9 X4 875599%5 49 931+ﬁ9x1*2371s“1/

{zi,xl*q,zl*1,x $23T44q9%3275,30%5 )] taken btwice U £4 £ 3.
(zisyiﬂ $2541 931+2wxi+3331+3v35_,ﬂ92i}

Ste e

n Lemma n,=n, n3 azb=c c¢c? g q=p
12t +1 t 22 2,5 4(t=2)+8 4(t-2)+8 4 - -4 ]
12643 t 24 2.5 4{t=4)+10 &4{t=-4)+10 & 2 k41 5
12645 t 23 2.5 4(t=3)+16 4(t=3)+8 4 2 k+1 4
12t+7 tz2 2.5 4{1=2)412 4{t=2)+6 4 2 f <! 3
12545 t 22 2.5 4{t=2)}412 4(t~2)+8 4 2 kel 2
128+11 ¢ 2 1 2.5 4(t=1)48 4(t-1)6 4 2 k+1 1

=
f. Existence of an {n,7,79)G7mdesign for n® 2, 3, 4, 5, & (wod 7).
By lemma 2.2 and case ¢, we know the existence for nz 3, 5, 9, 11,
13 (mod 14). It remains to prove it for n g 2, 4, 6, 10, 12 {(med
14,

qteg Te 7K8' 73109 ?quv 7K"W,Y ?qui 7K183 732@9 ?Kzgs 7K~69 7K28’
7K309 7K38 can be decomposeds

- 7K8’ 7Kq“. ?KEZ’ ?Kng' case & + lemma 2.7,

- ?K33 is thse edge disjoint union of three complete directed graph
isomorphic to ”K 10 and of a tripartite complete dirscted graph
isomorphic to 7K10 10,10 which can be decomposed by proposition
Jetts
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& #
- ?KQG; Let Z§ U4{o®ibe the set of vertices of 7E;p. Then a decoR—
position is given by the following 9 x 10 dirsctsd circulbs:
{e**saﬁ'?’*iw”ﬂ"’?i}@ié{éE* De1€8, {3: 2y 50 7
i
(“a,x,;%@-ig.a., i}oe‘,%, el €8, F’: 1, B, .
(1,8+3,146,148,142,1+5,%,1), (1,446,313, 1+4,142,1+8,2%,1)
(4,147,145,1+2,148,1+3,09,1), (L,1+8,1+42,1+7,1+43,1+5,%41), D£1£8.
N &
- ?K:za Let Z,,V4o%ve the set of vertices of 7K;,. A decomposi~
tion of 7§§2 into 3; is given by the followlng 12 x 11 directed
circulits: V
(eeusstPrivenesidngueg fOT 041£10, p= 1,2, 3,4,10
Covepafbtd,ones®idy gy g sfor 041270, p= 5,6,7:8,9-
{i,10+i,8+i,5+i,1+i,?+i,@%i),(ig2+1,5+ieﬁo+196+i,3+i;*,i}, 0£1 210,
#
- 7K§é: Let Zq5\i€C‘§be the set of vertices of 7K,c. 4 decomposi-

ion is given by the following 16 x 15 directed circuits: for
0D &£i%14

(”.,ué@d-i,”a,i)ggiﬁg fsr{}: T 2, %, 7, 8 11, 13, 14,
(1,143,3+8,1+14,1+9,1+6,091) %aken 5 timss,
(3,i41,143,447,1+14,1+13,1+6,149,1), (1,145,1410,1+4,1+14,1+8,%, 1),
(i;i+10,i+4,i+2,i+41,i+6,‘21)a

* #

- 7R,g Let 247\I€°°§be the set of vertices of 7E,g. 4 decomposi-
tion is given by the following 18 x 17 dirscted circuits: for
0£1i1 &6

(oves®tPtiyenasidgeyeg 0T os(sg"r%;(..s,@«»i,n,,w,n%*éﬁ for
12&(5 = 16
(1,i+1,i*?,i+1#,i+9,i+5,ogi},(i;i+16,i+ﬂ#,i+11,i+7,i+2g#gi}.

- #
- 7K§O: Let 219\!{°°}be the set of vertices of 7K,q. 4 decompseition
is given by the following 20 x 19 directed circuits: for O £ 1 £ 18,

(eovptPriyece, ) eaeg For 16P €13, GoostPriyeee®ilp ey o 5 for
14 &> £ 18,
(1,145,1411,143,1+15,1+14,22,1) , {1,1+4,1410,4+47,4+5,1+4 59,1},
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#

- TE,g: Let Zzﬁkﬁiﬁ'ibs the set of vertices of 7X;ée 4 decomposi-

ticn is given by the foliowing 26 x 2L dirscted circuits: for
€ i 4 24

{“"‘ﬁ*i“”’i}ﬁi&ﬁe\’ for ’Z&(Ag 24, {35 5, 10, 15, 20, 21
(1,3+5,1+15, 114,044 ,1+24 99,1 ) : taken 7 times.
- ”KBE Let ervviﬂﬂibe the set of vertices of ?K » A decomposi-

tion of ?qu is given by the following 38 x 37 d;rectea circuits:
for 0& i £ 36

Covostfrriyena,d)y .y p tor TEPEI, Cunpetfriy e i) g g o TOT
R4PE 3B,

(1,3+36,1+34,1+31,1427 1+22,2%,1)

(1,146,3+18,1+436,1+23,1+16,%% 1i).

% e . -

Etep 2, ?KQ 4out 7K4 5 p cen be decomposed inte 07: ses step 2 of
i Ty Ty ¢

case ¢ + lemms 2.2,

Step 3.

n Lenma Lo=0, By a=b=c ¢' g g=p
12t t e 2 2.4 L{b-2)+8 4{t=2)+8 £ - 4 O

42842 t 24 2ol 4{t=t3+20 4{t~4)+10 4 2 g+ 5

12t +4 t 23 2.4 4(t-3)+16 4(t=3}3+8 4 2 K+ 4

12¢+6 t 23 2.4 4(t=33+16 4(t-3)+10 4 2 k+1 3

12¢+8 v 22 24 4(5~2)+12 4(t=2)+8 4 2 '+ 2

126+10 t 2 2 2.8 4{5=-2)+12 4(t-2)+10 4 2 k+1 i

Case k = 3.

It is well known that an (n,3,A)C ~dasign (or {8,3,A)B.I.B.D.)
exists if and only if An(n-1) = o (mod &) sud A{n-1) £ 0 (mod 2)
(=ee /10/).

It has been proved in /2, 3, 8, 14/ that:

3.7 Theorem. An (n,3, 1)C~-d351*q exists 1if and only if n £ 6, and
nz 0 or 1 (mod 3.

For A 2 2 we have the theorsm:

28



3.8. Thecrem. For A 2 2, 810 €ﬁ;3,2332mdasign exists if and oniy if
Aol{n-1}Y m 0 {mod 3).

Proof, By theorsm 3.7 and lemme 2.1 it suffices to verify the theo-
rem fordA= 3, n® 2 {mod 3) snd for A= 2, 3 8nd n = 6. Lemms 5.3
of /10/ implies that for n 2 3 the edges of Ku
ivto KB’ Ey» KS, Ko end Kgo Thus 1t suffices Lo prove itbe exisisnce
of 8 decomposition for JE; o = 5, 6, 8 and 23::{, For o = 5, it fol-
lows from the existencs of an (%,3,1)0,~design.

For n = 6 let the vertices be Z. Wi{esy: s decomposition of EKZ is
given by: (or,1,i+1); (e, i+1,1); (L,i+2,1+4); (i+4,i
0 £1i¢ 4 and for BKg by (ee,i,i+1)twice snd once (i,1i+2,1+4),

(v i+2,1), (342,i+1,1) witk 0 £ 1 % 4. For n = 8 let the vertices
bel Z7v&w}than a decomposition is given bys 3 timss the circuits
(1,1i+1,1+3) twice (i,1+3,i+1) and once {ee,1,1+3); (o511

(@2,i+1,1) where O £ i £ &,

can be partitioned

ne
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