BALANCED CYCLE AND CIRCUIT DESIGNS: EVEN CASES

J. €. Bermond*, C. Huang®* and D. Sotteau®

1. Introduction.

A k-cycle (or k-circuit) is a set of k distinct elements,

C = (cl, ¢ sees Ek}’ such that the two elements Cys Cyuq s

2!
i=1, 2, ¢o.; k and k+l =1 are linked by an edge {or by an arc

from ¢y to ) while any other two elements of C are unlinked.

Ci41
For undefined terms see [1].

A balanced cycle design, BCD (v,k,A) (or a balanced circuit

design, BCD* (wv,k,A) ) is an arrangement of v elements into b
k~cycles (or k-circuits) such that each element occurs in the same
number, say r, of k-cycles {or k-circuits) and any two distinct
elements x and y are linked in exactly } k-cycles (or linked by
an arc from x to y in A k-circuits and by an arc from y to X

in A ke-circuits as well) [71.

A BCD (v,k,A) (o; a BCD*(v,k,\)) is also called a
{v,k,A) Ck‘-design {or a {(v,k,A) 3gc«design} 741, and is essentially

an edge- (or arc~) disjoint decomposition of the complete {or complete
directed) multigraph with multiplicity A, AKV {or AKV*) into sub-
graphs isomorphic to a cycle Ck {or a circuit 3%) of length k.

it is easy to show that the number of k-cycles in a

a Av(v-1
BCD (v,k,A) is b = ~3§§——l

BCD%(v,k,x} is b = 5x£§:;i . We have (see {41},

and the number of k~circuits in a

PROPOSITION 1.1. The necessary conditions for the existence of a
BCD (v,k,A) are v 2= k, av{v-l) £ 0 (mod 2k} and A(v=1) = 0 (mod 2}.
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PROPOSITION 1.2, The necessary conditions for the existence of a
BCD*(v,k,A) are v = k& and Av{v-1} = 0 (mod k).

In this paper we assume that k dsg even. The case where k
is odd is consideved in [5]. Partial results concerning the case k

eveu have been obtained (see the survey in [41). We are interested in
proving: ,

CONJE E I 1
JECTURE I. Let k be even. The necessary conditions of Propo-
gitions 1.1 and 1.2 are sufficient except for
(1) v=k=4, 2 odd, in Proposition 1.2
and 44y v

oS

#
=
it

6, A =1, in Proposition 1.7,

In fact, we have only been able to reduce the problem to the
verification of a finite number of cases (for a given k). We prove

al 51
so the existence of such designs for some modulo classes and small
values of k.,

2. General Comstructions.

We list several lemmas which are useful in the construction

of BCDY |

BCD's and BCD*'s., Their proofs are either obvious, or given else~
where and hence are omitted here,

LEMMA 2.1, If
a BCD A4¢W“ywv and a BCD A<vwvymv exist, then there

exists a BCD mcgwuwww+.m»mvw where p and q are non-negative
integers,
L A i
et W4Mw<m denote the complete bipartite graph with

<mwm‘ i
ex set X, v X, with WNHM =v,s i=1, 2 NH n NM =@ and any

vertex in Nw is joined by A edges to every vertex of xm.
LEMMA 2.2, If &
VisVy
and if there exist i
s a BCD A<Muwvwv for 1 = 1, 2, then there exists z
BCD mﬁw.rd KyAd.

can be decomposed into cycles of length k

Nw
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LEMMA 2.3, If wﬂ< v, o be decomposed into cycles of lemgth k
1sV2

and if there exists a BCD A<ﬁ¢.wwwuyvu i =1, 2, then there exists a

BCD (vy +v,+1,k, A).

gimilar results hold for BCD*'s
by complete directed bipartite graph

by replacing k-cycles by

k-circuits and y%dw.dm '

AR . Relations between BCD's
QP»C.N

following lemmas.

and BCD*'s are given in the

TEMMA 2.4, If there exists a BCD (v,k,1), then there exists a

BCD® (v, k,A).
The converse of the statement is not necessarily

Remark.
exists ([3]1) but a BCD(8,8,1)

true, for example, a BCD*(8,8,1)
does not (the necessary conditions are not satisfied).

LEMMA 2.5, If there exists a BCD*(v,k,)), then there exists a

BCD(v,k,2X) .

Remark. The converse is again not true, for example, a

BCD(4,4,2) exists but a BCD*(4,4,1) does not (see [3D).

In order to apply Lemmas 2.2 and 2.3 we need the following

resulte which have been obtained im [11].

LEMMA 2.6. Wq v is decomposable into cycles of length 2n if
12v2

and only if vy and Vo are even, V;,V, zn and ViV, = 0 (mod 2n).

LEMMA 2.7. N*< v is decomposable into circuits of length 2n
12v2

if and only if VisVy > n and ViV, 2 0 (mod mn). /

All these lemmas enable us to construct BCD's and BCD*'s

from smaller omes; to solve the existence problem for small values of

v, we use a direct construction which is analagous to R. C. Bose's

method of symmetrically repeated differences.
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In this paper, the elements of a BCD (v,k,A) , D, are
represented by residue classes modulo n, where n=v or v - 1.
In the latter case, the extra element is represented by . The set
of the n elements is denoted by Nﬁ.

Let A be ap automorphism of D. Two cycles OH and ou
are said to be in the same orbit if >wﬁnwv = Ou for some p 2 1.
An orblt can be represented by any one of its cycles, which will be
called a base cycle and the oxder of the base cycle is the cardinality

of the orbit it belongs to. Hence & nawwmﬂnwoz of base cycles, one

from each orbit, determines the whole design when automorphism A is
applied, A BCD is said to be cyclic 1f A consists of a single
cycle of lemgth v, without loss of generality, let A = (0 1 2 eoo{w-1)),

Remark. We can define base circuits similarly,

To comstruct base cycles or base circuits, we need families

of differences. We will first consider the directed case. If ¢

i and
nu are linked in a circuit € by an arc from e to nu. then
mﬁu = au -y is called the difference between ey and ﬁu (it is
actually the arc from e, to n%v, if ﬁ..w = o  then mww = o and if

¢y =« then mww = ~», An element d of {1, 2, ..., n-1} U {4, —e}
is sald to occur p times as a difference in a base circuit C of
order m if pn/m elements m»; in C are of the value d. Notice
that mW%,m are taken modulo n and the element +® or -® cap

appear at most once as a difference m»u in a cirecuit.

The family of base circuits GM. i € I determine the whole

design if for each d im {1, 2, ..., u-1} or

{1, 2, ..., o-1} U {4o, -}, depending on whether n=v or n=v-1,
£ vM = X, where vM denotes the number of times the element 4

ieX

occurs in the circuit nw.

To construct a base circuit nﬁ. it is sufficient to find

either a family D = {dy, dgs veoy d, ), with
d, « {1, 2, ..., n~1} such that
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k B .
N v d, = 0 and I aw 4 0 for Lz2a<pBsk
i=1 i=a

(o, BY # (1, k)

m..nﬂ@ in this case, —nwumw base circuit can @NMFHv be cons truc W@&u for

example

+ ... T d
c = (0, &Hu QH¢.QN* cous QH;‘&N+,&w

w:u‘u 3

! ith
or a family D = wmwu awu wees m#;ww , wi

d; € {1, 2, ..., v-2} such that
8

(2) % nw # 0 for 1sac< g < k-2
i=a

+d

wd, Atk d ).
and in this case, C = (=, O, Qwu mw PORERR aH k=2

2

the method is similar; as the arc

not distinguishable,
mﬂos nw to ¢, and the arc from nu to ¢, are

: i fined to be
the difference between ¢, and nu is de

For the undirected case,

aHu = Bwﬁﬁ_nw,.nu_a ai ‘n».'nuﬁv .

d is sometimes called the edge length of the edge joining ¢,
i3

Ouo

and

ith
As we deal with collections of elements rather than wit

o retain the multiplicities, we will denote by
to those of am

sets and we want U

D. u D, the result of adjoining the elements of cw

1 denote
swﬁ: ﬁwan multiplicities retained. In particular, sD wil

a ﬁQHHmwﬂﬁM.DHw of elements O&m D Su,ﬂ.w..r EGHﬁ%'@HHGHﬂH.mm Umwuvnwm u«sﬂﬂﬁmmm& 8

2, eees t}o
fold., TFinally, we denote by I, the set {1, 2, s

AR}

3, The Construction of BCD*(v,k, A}, k even.

In this section, we give the constructions of balanced
nd
circuit designs, BCD*(v,k,A) for some modulo classes of v a

even K.
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We obtain from Proposition 1.2,

LEMMA 3.1. Necessary conditions for the existence of a BCD*(v,k,A)
* E 3
are v 2z k and that there exist positive integers x,v,z such that

®yzZ = k, Mmyw and v £ &y (mod yz) where 0 < & < z and if

L >0 Ly 2 1 {(mod z).

mnawm. If there exists a BCD#(v,k,A), then b = Av(v-1)/k must

be integral. Let x be the g.c.d, of X and k, and put A = A'x

k = k'sx. Then w(v-1)/k' 1is an integer. Let y be the g.c.d om, v
and k', put k = xyz, v = yzt + 2y with t 2 0, 05 8 < g, nwmw

zl(yzt + 2y - 1) 4f 1 > 0.

. We will give the proof of the following theorem later

THECREM 3.2, 1If there exists a BCD*(v_,k,A) for v_ =7 + pyz
T m seqren P ° . ’
£ = xys and X = x, where 0 < P = x~1, then there exists a
BCD#* _ =5

(v,k,A) for v =% + ay%Z, k = xyz and A £ 0 (mod x) for any
q 2z 0; k is even.

An important consequence of this theorem is that the
verifi i ject I (4 i
ication of Conjecture I (in directed case) 1z reduced to a finite

number of cases, namely,

wowcﬁﬁmwﬂg The necessary condition for the existence of a BCD*(v,k,A)
in Lemma 3.1 is alsc sufficient for k even if there exists a o
wnw*mﬁewwwyu for v, = (x+plyz + Ly, k = Xyz, A = x where

0<p<x, 0< <z and if £ >0, 2y 21 (mod z).

We have the following lemma [3].
LEMMA 3.3, There exists a BCD* (k+1,k,1) for any integer k.

LEMM, } i
A4 3.4, If there exists a BCD*(v,k,x), then there exists a
BCD* (v+k,k,x), where k ig even.

Proef. Applying Lemma 2.1 to the result of Lemma 3.3, a
" -
BCD*(k+1,k,x) exists. By hypothesis, a BCD*(v,k,x) exists Then

apply Lemma 2,
3 for the directed case with vy = v-l, v, = k, A = x;

since K* E i
K can be decomposed into circuits of length k (Lemma

C,H u.c.N
2.7), a BCD*(wik,k,x) exists,
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We can now return to Theorem 3.2,

Assume that a BCD*(V + pyz,xyz,:) exists for

Proof of Theorem 3.2,
.80 by Lemma

0 <p < x-i, then a BCD*(v + pyz + k, xyz, %) exists
s 2 0, then we can p.ove the exist-

= % + gk + pyz, by

x> x.

3.4, How put g = sx + p where

wce of a BCD*(v,xyz,x), where v =V + qyz

Phkate
induction on s . Lemma 2.1 is used to pxove cases where

d, k¥ is always even in this

Note. Unless otherw!

section, furthermore, we only construct designs with minimal A, in
view of Lemma 2.1.

THEOREM 3.5. There exists a BCD*(tyz+1,xyz,A) for any t 2 x and

A 20 {(mod x).
1f there exists a BCD*(tyz-+1l,xyz,x) the number of
k-circuits is b = vt, where v = tyz + 1; hence we will comstruct ¢

base circuits OMB i=1, 2, 0., t, cach of order v. In fact, we

will look for t« collections of k elements each,

D, = {d, , d, 5 cons QH T, =1, 2, ousp, L

such that the elements satisfy condition (1), that is

k
3 £d,, =0
) R

B8
(43 Z mwu #0 for 1so<Bsk, (a,8) # (1,k

i=a
and, in addition,

{5) U D, = xI
1gige © v-l

Consider the case when v is odd. Put
D' = {1, 2, vee, (w1372, 1, 2, ..u, (v=1372, «oune
1, 2, o.., (v=1)}/2} ,

that is, x copies of MA41HV\N in the given order. Now let mH

contain the first k/2 elements of D', mm contain the following k/2
elements and so on, SO mﬁ contains the last k/2 elements. Then

reorder each mM so that its elements are in a strictly increasing

order, that is,
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“kf2
a, <a, <,.,, <a
1 3 Iesa
For 1 s 3§ < ¢, put
B, = {a, , -a -
g uH» uma mwma mu&g ey Hmu , ta, s &4 R
: w2 zer T dejaen
vesy A, -a, , ja, } , where +
3gn uw uw\m N [} muw\w and hence upper signs
are used when k 2 2 (mod 4)
and ~-a, i
ur\N and hence lower signs are

SmmA¢SWms k 20 (mod 4).

i

" It is easy to see ti
> that the D,°’ aqtd .
(5) since j 8 satisfy condition (3) and

"y Eno-oaL .

To verify that the D,°
g 8 satisfy condition (4) we use the following

property: 1
’ . %w et wH < vw < he. < wm be s elements of Z . Then
ww 17 Py ww,;wm‘f ww_ ceney ww.xwm.TWw = eeas tb (4B ﬂ%m s is
0 ’1«@ s o mw
R s if s is even) are all different from zZero msm their
absolute value is strictly less than b

For the case where v ig even, let

D' = {1,2, X z
102y eeeyTynensdy2,unn, 2, =z

'3 SCERTE FTSTIETEIPRIVE S PR IS A 0.
that £
) is 3 copies of Hé\m following by W. copies of I in
the given order Then w L oo

2T, € constr
uct t sgets m% and t sets uu

exa i
ctly as in the odd case. Hence a BCD* (tyz+l,xyz,x)
the proof is complete. v .

exists and

Remark. 1) The design BCD* (tyz+l,xyz, 1), A
in the last proof is cyclic.,

2 0 (mod x), comstructed

2) W
s o } We constructed a design for any t = x although Theorem
.4 and it
s Corollary imply that it suffices to prove the exist
for t, where x < t < 2x-~1. e

THEQ 3.6,
REM 3.6 A BCD*(tyz,xyz,\) exists for all t > x and

A= 0 n v P
3 A E u
nm od x except that a BCD#* 4 4 A with A odd and a
BCD n@u@usm‘w do not exist.
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The existence of a BCD* (Lyz,%xyz,x) implies that we must

have b = x(tyz) (tyz - 1) /xyz = t{v~1) k-circuits, Hence we will

e eircuits, each of order ve-1.

Proof.

comstruct t bas Represent the

elements of the design by 2 4 V {=}.
= {d, ,4, se.0sd, },

Again, we will look for x sets D, ,
3 3y J2 Ig-2

for =1, 2, ceos By which satisfy .

B
ICAD] £d,, #0 for 1 2a<B8sk~-2

RES
i=a
d }, where

~ , D, = 1d, . vansy @
and for t~x sets Uu { uH“ uN« uw

4 =x+1, x+2, ... ¢ which satisfy (3), (4) and

(") v D, = xI .
1gi<e J v-2

When v 1is even, put
D' = AHwN».»ugA<;NVNN.w‘MQ.aswﬁdsNV\N.a,aﬁwawva..,a<swu\ww .
in the given order.

that is, x coples of HA<;NV\N

X
When v is odd, let D' consist of ¥ copies of I, 1y/9

fellowed by w. copies of Hh<esV\N<

Now let ww contain the first W:;H elements of D' and

wm contain the next .W‘H. elements of D' and so on, for
k
@mu wbv cees mx : then, let mx+H contain the mcwwoswnm 7 elements

of D' and so on, and finally mn contains the last 5 elements of

p'. From the sets muw x+1 £ j s t, we obtain the sets bu which

satisfy conditions (3) and (4) using the same method as in the proof
of Theorem 3.5.

Case 1: x even. In this case, we can partition the sets
p s
< i< <j=5.
1 < i <€x dinto consecutive pairs, wwusw U wwuu 123 5

m»n
in a union, then replace one of them by

If an element a occurs twice
and then reorder the elements in a strictly increasing order;

v-l-a,
that is, Awmusw ] mmuv = ﬁmupe wuwv cees muxtmw with
a, <a, < .00 < 8, . Then for 1 < j <X, put
kPR P Igen 2
D,. = s 9 9 eony
29-1 Amuw mum muw muwxMW

- 301 -



}

v ey

&,
!@Mﬁ,m

Again it 18 easy to see that the D.'s 15 3sx satisfy conditions

(4") and that Dy 123 <t, satisfy (5'),

Example. 4 BCD%(12,8,4) exists,

to= 5,

=)
]

(1,2,3,4,5,1,2,3,4,5,1,2,3,4,5,1,2,3,4, 5}

rxf
i

1 Mm\wawa Mum = mb.v:ﬂv.ou..ww f.w = \mewmb‘ww ».u& - .mmeu(an

m.m = .M.va«mwuu.w and m& = Mwwmbumw .

,.%H C&wﬂm = ﬁwomuw»%gww“:v» m.m.m. U mANv. - ﬁHaNauubumuwa ‘

Hence

- WHu?vaulbw,mviu:Ow» HuN = ﬁlHuNu!wsbvlwuHQw .

Fau Foo= {2,3,4,5,1,2}, U m»v_ = {1,2,3,4,5,9} ,

3
Hence Dy = {1,~2,3,-4,5,-9}, D, = 1-1,2,-3,4,-5,9} .

;PH.WO« UW = Mw.mi.mwbm!w»ibwwwi“ﬁnmw, and Umw = mNu!Ww\»u|m3|buw»§Muaw

Case 2: x odd.
{a) x=1, The existence of a BCD* (tyz,yz, 1)

from that of a BCD*(yz,yz,1)

for any A follows
by Theorem 3.2. The existence

of a BCD*(k,k,1} is equivalent to the existence of a decomposition
of Nm into hamiltonian circuits. It is known that the decompo~
sition is impossible for k=4 or 6 and it has been proved
recently [12] that a BCD*(k,k,1) exists for all k > 8, When
k=4, a BCD*(4,4,1) for A odd does not exist (see Lemma 4.,2),
However, a BCD*(8,4,1) exists £2n.
& BCD*(4t,4,2) exists for any t 2 2 and any A. When k=6,
a BCD*(6,6,1) does not exist ([31); but there exists a
BCD*(6,6,2), (i.e. x=2 in Case 1) and a BCD*(6,6,3)
thus, by Lemma 2.1, a BCD*(6,6,1)
Furthermore a BCD*(12,6,1)
3.2, a BCD*(6t,6,})

Hence, by Theorem 3.2,

(C2D;
exists for any A 2 2,

exists ([2]).
exists for any t > 2 apd any A,

Hence, by Theorem

b)Y x= 3. By Theorem 3.2, it suffices to show the existence of a
BCD*(tyz,xyz,x) for x < t < 2x~1, For t=x%x, this follows from
case (a). Thus we will suppese that x < t € 2x~1; hence v is
even,
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is even, we
As in the comstruction for the case where X

%
- sets 5, 8.
int 2ts F,'s and t-® 3
tion D' dnto x se i ° "
e Congider the first three, mw. ﬁm a
%

We now

¥
odd number of ¥, 's. )
.- ¥ we will construct Unwm% and 3

, Put F = @w u wN U me N

F
; 1 *
from F, such that each UH

of the construction remains the same.

satisfies the condition Abwv.
= 3(z- nd we
Now ﬂmﬂ = f = wnm 1) a :
sibilities:
have three possibilit . | |
y £ 2(v-2)/2, that is, F = 21{v-2)/2 which implies
" ) ) “ . i an integer
3 2tyz + 2. Now & = (3xyz - 2)/2yz being an lonteg
that XyzZ = A B

= 2% and
implies that yz =2 and © = (3x~1)/2., Hence k
v o= 3x~1, s
put D.F = {1, =2, 3, ~4, «ou> (2%~ 3), (2% =233, o o
: : S} U ((2x-2), ~(2x=1), ...y 3%
Dok o= {-1, 2, =3, &y o0, . .
: ~{2x -3} v {28~ 1)y =2%, oa0s

* = -1 ~Ky oses
- Cu o v» ‘ %, 1 =1, 2, 3, satisfies 4"y,
Tt is easy to check that vu s J s

i . Let
(®) . £ < v~2, that is, ¥ c NHAﬁLNV\N

Po= 1,250 — & 2 N %] where =P v-2 Nu
*. : w U H; ger g Wu - < < A. V\
' yhegoe s 2

an = * = {% t & {+1, %22, oo tp}
3 : 1, 2, v.0s % 7 } ou {#1,
d let G u D, {x1, 5
\, = + 5 + (et (v va.
M!.Hw !No a0 ag %ﬁowlN\u YAN .Mv»,a.w =
k~v~4
Note that 3(k-2) = v~ 2+ 2p dmplies that p =~ 3 B
o
= - - = - - < 7
Put q k~-p~3 and s 2k ~-p 5 3., Hence s P

= Yg-2) = k=2,
and p+ (q+1) = (p-8) + GG=1) = s+ (Ga-2)

If p and W. are both even, put

< .
<;Mpz?+€f
U*ﬁﬁurw tNuoauw ﬁ.@iu(vu iﬁvCﬁ.l.u AM.\T vu u N
1

> , ~Eagt2), ., (=D,
dN* = {=1, 2, +.o, (8~1), ~s} U ﬁﬁw;.@&awv 5

Y& vee, =(v=2)} .
and .Uw* = ,ﬁmw.*.u.v. !Am+NWs seey ﬁw U ,m3.|v AN+va N

1f p is odd and W. is even, put

3 s =GHOY,
D% = {1, <2, -eer ~(p=1)5 B} U {=(Ds GFD e oG

Veq+1), ~(G+q+2),
UM* = .ﬁmvlm.THVu ~(p=8+2) 5 ~0es -p} U ﬂAN.T& ) 5

cess =(v=2)}
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and D% = ﬁiHu 2
3

3 cees ~(p-8)} U (%, “ (31, ..., (ve2)),

If i v =
P 1is even and 3 ig odd, put
D% = {1, 2 - Y v
1 s ™2y wewy {p-1 - v
s Y, P} U ANW u {~¢ ~q-1}), ( )y coay
~(v~2)} ,
D% = fe

1, 2, ooy, ~(g~
2 e TlemDy shu -G, G+2),..., (v-q-2)}

m.ﬁ»nw Nu o= bl m+_ a8 - s e i
k { { vs T2y ceey ] + v
3 s P} { P AN Hv» esag { va B

” Lastly, i =
v, if p and % are both odd, put

o
*
#

1 {1, -2, ey iﬂﬁlHVa -( =
PLu =@, G+, oo, ~G+a)},
Do* = =1, 2, ..., - 2
2 » SHu{GGHadl), ~GHa+D), ..., (v-2))

and * =
nd D, {(etl), =(s+2), ..., -p} u 2, ~(L+1y v-2)}
2 s svoy (Ve R

(€) £ > v=-2, tha
B t is 31
w-2/22F 22 53y

Put B+ = .m.u,u san Ww .Qb.n csag &AW:IHVW

and Pe = ﬁl..Hw Mu 3@» N«« ceay ....wAuMH.Iva

where
v
s - 1 if 7 is even
-1 if .w is odd
Now ~a 2 veleg '
vel-a for 1 <a<wv-? implies that F+ apd

1 a6 e v are quiv
2 @ 2 Vw F) m VW equi NHQBH and

F~ apnd F-' = {g§ ¥ x
= P YA A
= AN+C¢ cess (v=2)} are equivalent.

Let p be such that
2p + ~2) =
P+ 2(v~-2) 3(k~2), and p = GGk - 2v -~ /21 Put
P+ = - .
{1, -2, ..., op} and P- = {-1, 2, 8p} wh
seey ™ ere

8 umw if p 1s odd
=l if p dis even

Also P+ is equivalent to P+' = {~8(v-1~p) (v-2
and P~ is equivalent to P~' = {8(v~-1-p) L M Mvw !
s seey (Ve .
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The construction of aw.».m ig similar to that in (b).

Here
G = cvw» e Fb U F-u P U F-' U PR P

Let #& be such that AWs,_rv+m+@ = k-2, hence & = (v—-k)/2

If p and Wm are both even, then s 1is odd, put

D# = Fru (=G, GFD, ooy ~GEO}U R,

Dy* = F- v :wff:? :Aw#_i.s. s &#mmvv u P,

and Dk = F+' U &w U L1, 2, eeas e?wéN:.

If p is odd and MM i{s even, then s is even, put
% = A v A V4 9e) !
ww oy { A~+C. AN+NV. aees A~+m Dl u ﬁml_,mm: u P4,
% = P v . oA - ot
UN m. U ﬁm.rmv, mm...mavuu. vees ﬁm...wm 1} u?P

and ww» as above.

If p 1is even and ,ww is odd, then s dis even, put

= Fu (G, ~GHD,..., Gre-D) v {~GH2s)} v B,

Dy
- Ty {=lL A v - "
vma F-u { ﬁm‘vmv“_ Aw+m+3« ceos AN+~m I uP
. ¥ : v
and bw* ="y *.,I,le U {1, 2, sees ..Qn..m.awvw .

Finally, let p and Wm be both odd, then s i1s odd, put

D * = Pty ZMM,TS, s&i‘s“ :: &wém: c?f.

= Py {—(T v, Y 1
Dy* = F- U { Am+m+$, A~+m+~f voos AN+.$: uP

and Uw* as in the last case.

It is a routine matter to check that uH* and UN
condition (4'). As for Uu» , we will show the circuit associated

‘with it. Let M. be even, then

Dt = (-3, GHD. -GED, GED, e s DF G

U =1, 2, -3, 4y eee ?-W‘L:.
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v v , ¥ 3v v o v,. w
Let Qw = “8‘ T a, MZTH« v-2, .M+N~ ey T ~1, T Mﬂ.?.wo i

Vi, ¥ v-k+4 k

.Nm!nTN» .N.I.Hw LY N r3 Nv »

The elements in nw are distinet, since the set consists of

5 eoey T2 and 5 Fr e T3 furthermore, the

0, .M.n M,TH_. vektd  vektH k

differences between two comsecutive elements of nw are exactly

@wr U {4, -=}, Hence cu is a base circult of order v-1,

Similarly, if 5 is odd, put
Jv~6  3v-2 -2 -6
,ﬁﬁw = Agw 0, .Wi» v-2, W&.u& wowy M [ iuw':‘ Gb [ NNII...
v vi2  v-10  v+6 k-4 vk
4 T ) °

If k=4 then xyz=4 which implies that x=1, a contra-
diction, hence k z 6

B

The proof of Theorem 3.6 is complete.

We have also the following theorems.

THEOREM 3.7. If xy £ 2, there exists a BCD*(v,xyz,2) for all v

and A satisfying the necessary conditions (ef Lemma 3.1).

Proof. If y=1,x=10r 2, then £ = 1 and the existence of
such design has been proved (Theorem 3.5). If x=1, v = 2, then
2 = (z+ 1)/2; by Theorem 3.2, it suffices to prove the existence of
a BCD*(3z+1,22,1) with =z odd, which has been done already

(Theorem 1.2.13 in [21). Hence the proof is complete.

THEOREM 3.8, If xz < 2, there exists a BCD*(v,xyz,\) for all v
and ) satisfying the necessary conditions (cf Lemma 3.1).

Proof ., If z=1, then % =0 and the existence of such designs

have been proved in Theorem 3.6. Similarly, Theorem 3.6 proves the
case z =2 and £ = 0. So we assume that gz = 2, x=1 and £ =1,
hence y d1s odd. The existence of such a design was conjectured in
£.2.16 of [2] and has been proved partially in [6]. By Theorem 3.2,

it suffices to show the existence of a BCD*(3y,2y,1): we will divide
the comstruction into two cases.

1) y= .ps”rw. hence v = 12m+3 and b = 3(ém+1). lLet

the elements be V = {«} u V; UV, where vy = {o,, 1 NH,.I.AvaHv
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and Y, = {0, 1,5 290
i da C
circuits ow. nn an 3 .
of the design under the automorphism A = ASVAOH 1
dulo 6m+ 1.
. The elements are taken mo
(6m) ) e

Let ﬁH = AOPu

VLY ) - ¢t three base
weas ﬁoévww. We will comstruc

such that they genevate all the b circuits

eoo Am.va‘VAON HN.:

4Gurtl) s
A@QVNu HH A@E‘vau weovy ANHVHv AbEvNu ( 1

fmy., (2m),) -
(4u-1) 5, (4rt2) 4 5 (hm=2) s woes (6m) 4 2

When m is even, put m=2n and

ceenlys (51150150503
c, = (=, ﬂmavH,Aawsvw,ﬁusspvwwﬁxuﬁ+wuwo A S A A
2

" , (5n+2) L (91) 55
(413 500+ (301D g5 (34D 5, (315 € 3) g (S¥2) 1 9002

, (7o41) )
mmiuquﬂmﬁiHuNu.. .uﬁqﬁvHuA.\S.TMvN (7= 1

w1)nsl,30,:040

g, = (= n\wﬁvw“mustquus+vauAwa§wvwa.e.‘a VN 2’72n
3 ? - g (Ta=1) 5,
(213 1y e er (354D, (oD (3003, B0, 727

~1).,(50),) -
nws+HvF.Awss~vNuﬁus+NvHv3,,.Amw 1y 2

zwmm m is odd, put m = 2n+ 1,

; ~1Y, 51,590,505

c, = (= Au§+mvw,Aima;EVH,Aws+HvH,...“Ashvw,wpaﬂ AR M M

2 7 _ ~3n-2) ,, (5t4) 45
Angw,pN.A:MvN,NNw.,.@Agwstpvw.Aua+HuN.h 2

, (Ta-1) )
(9th) , (5m#5) 15 (90F3) 55 o5 (T (70713

& w2Y sl (=1) s
- ¢, = (= Alwﬁlwvm,AwHi,HVNuAiuﬁiHvN»AwﬂvNe. ..uNNwA VN 2’ 2
} k), (-30-1) 5, GtD) 5

- eong (3
ON.OHwHHsASHVH»NH.A NvHu nA

st2) . 5 (50t3) ) .
Aua+wvwwAu5+wvwwaqa+mvw,ﬁwd4$vw....uﬁuv e 2

1 C and C are base ﬂw‘ﬁﬁﬁw.ﬂma
To Lﬁﬁ.wmm that C El 2 3 one can

as b-a

he pair of elements ﬁmwu Guw

+ every integer in

h of the

define the difference of t .
(mod ém+1); then it suffices to verify tha

ﬁH 2 o @Bw oCCurs muﬂmﬁﬁu.w once as the @HHWQHN&ON of eac
9 9 °s

following pairs of elements:

or
{ b.} and {a,s cmw. in the circuit Cy
{ag, ww? T»H“ vmf ays by 9

¢, or Cq.

2
= 3(6m+4).
(1) v = 4m+3, hence v = i2m+9 and b vuw m »
i = {0, ,1y 5000, (6mF3),)} @
= vV, and V, where <H 1t , .
e H 3) W We will coumstruct three base circuits C;»
v, = momuwm...,,ﬂmﬁ+ 5t
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[+ and [ such ﬂ?@ﬁ ﬂmmﬂ«ﬂ generate all the b cireud ts under
2 “w

&..ﬁ Asv AQ H e- QBL..N O Bm+3 The ele
1* Hw eum v VHVA ur LY
Nu Nv vﬁ VNV. 1 ments are

C, = (0, (4mt2
1 » ) W ¢ .
1 19 H»A E.?HvaNHwQ@Bng..e:mMB.TNvHuANE.THvHuANiHV
29

2ot
A Nva.o»vﬁkiHvNuHN»A&ngNwONv

When m is even, put m = 7n and let

Cy = (=0, ,1.,(~1
2 L e Hum vHaNHuA.‘.NVHva._.uAfﬁvu.eAﬂ._-HVH»G.NoAH.TNvHeﬂﬁIHv
(o3} ,... s 2’
1* . 3 AMiNvHa m.ﬂub.«“_,vwo miwd\imvm s AlmﬂiNvN . mlmﬁle
2°

(58305 0., (80-3) ,, (~6n-1) )

and

m..w = AKJG uAEM o
3 2 VN-HNaa NvmuwNu..e.uﬁwum!ﬁiﬁvwwﬁiﬁv.ﬁwm.iS.stNw

(=0t1), , (~n=3),, ..., (~
A@ 1 T VN‘ p.-ﬁ VﬂINvNuAMuﬁ*HVHuAWiNVFwﬁUiNVH»
ai‘u,ku AWS.vaHv seey Amiwvu‘w Amngﬁv R

When m is odd, let m = 2n+1, put

ﬁ. ﬁu@u uw 1 1 ® a0 13} bl O,
2 1 1 m “m.v 3 2 ] m Nvuu % A vuu A VMv 2
Anﬂ.Mvuu n-1 w3 LY unu._Wv IMNH..N- l@.ﬂ!u

ﬁ stﬁ vmu wﬂ Hcm anﬂ vNu

=50~ -
{~5n wvmm ( waemvwa maussmumw...uasmu!uvmv (~60-5)

and 2

€y = mﬁ»@ H -1 -
3 2 ( wNwHNuA NvNuNNna-..SN-AinyiHVMomiﬂvaA!ﬁleN
(kL) (=0=3) o oo (=T ’
1 vNe voy {=Tn wvwoﬁmni.bwu.uﬁwiwvu.. Auﬂ..TMVHv

AW%@VH@AMQ&I@VH& . pwﬁmﬂil.wvurwA@ULxmvu»v .

4, BCD*(v,k,A) for k even, 4 < k < 16

We will prove in ﬂm.»mm section that the necessary condi tion
* t 2

for the exi
o stence of a BCD*(v,k,A) where k  is even :
ely, Av(v~1) = 0 (mod k) with v = ttetont, e

z k, i
for Awﬂwn.h&u A odd and v=k=6§ A H» @ =teo MCMMMQHQH.»H» except
' =1,

already b Some of the design
¥ been proved to exist; for a list of these see [4] gne have

Hmﬁwcwmx b.H. »P swmnmmmwﬂﬂ Nnﬁ mﬁMMHGPmuﬂ. 005&&”%05 WON Hmum QNHMWmnwOm
of a BCD ﬁcwb»yv is

v

i

0 or 1 (mod 4)

and v > 4 for A2 1
2 or 3 (mod 4)

or v =4 for A even,

v

i
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The proof is straightforward: Theorem 3.6 implies the
existence of a BCD*(v,4,3) where v = O (mod 4), v > 4 and
x = A =1, where v =4 or Vv = 2 (mod 4) and x = A = 2; Theorem
3.5 implies the existence of a. BCD*(v,4,A) where v 2 1 (mod 4)
and x = A =1 and where Vv ¥ 3 (mod 4) and x =X = 2.

LEMMA 4.2, A BCD*(4,4,)) does not exist for A odd.

Proof. sssume that a BCD¥*(4,4,)) exists with A being odd.
Without loss of genevality, let the elements be 0,1,2,3 and the
are (0,1) occur in circuits Gy = (0,1,2,3) and QN = (0,1,3,2).
Let the multiplicity of nwe nN be w, and m, respectively, then
u;m*am = 3., Similarly, the arc (1,2) occurs in nw and
nw = (1,2,0,3) which has multiplicity s hence Bw;;Bu = A which
implies that swuHSua But the arc (2,0) occuxs only in a circuit
of type nN or aww hence EN+.aw = NBN = A, a contradiction; thus
a BCD*(4,4,3) cannot exist for A odd.

The proofs of the rest of the theorems are similar to that
of Theorem 4.1, by applying Theorems 3.5 and 3.6, Exceptions, how-

ever, will be stated.

THEOREM 4.3. A necessary and sufficient condition for the existence
of a BCD*(v,6,A) 1is

il

v =0or 1 (mod 3) and v > 6 for A 21

2 (mod 3) or v =6 for XE 0 (mod 3).

H

4

The only cases which we cammot prove by applying Theorems
3.5 and 3.6 are:

(1) v 3 (mod 6), A =1, But a BCD*(9,6,1) exists
(2] or [3]). We can apply Theorem 3.2 by letting v, = 9  to prove
the existence of a BCD* (6t + 3,6,1) for €= 1.

(2) v =4 (mod 6), X = 1. Now x=1, y=2 and 2z = 3
and the existence of BCD* (6t + 4,6,1) 18 proved in Theorem 3.7.

HH

THEOREM 4.4. A necessary and sufficient condition for the existence
of a BCD*(v,8,1) 18

v

1

0 or 1 (mod 8) for Az1
v =0orl (mod4) for X\ =2 (mod 4)
any vz 8 for AE 0 (mod 4).

v

L
1

The proof is obtained by using Theorems 3.5 and 3.6.
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THEOR EM 4.5 A acessary and suf fic ient conditi nu: Mﬁ.ﬂ ﬁ:@ mwunnwvmunmﬁ.h.‘m
oty n )4 ﬁ
. 7

of & BOD*(v,10,1) i
LRkt ] v 18
g =2 and % =1; and v = 14¢+8 in which case % = 1, v= 2,
.7 respectively show their

v EQorl .
(mod 5) for iz 1 , =7 and & = 4. Theorems 3.8 and 3

any vz 10 =
for A 20 (mod 5). existences.
The exceptions are
(1Y v=1
x=1l,y=35, z= 2, %=1 and Ot+5, A = 1, in which case THEOREM 4.8. A necessary and sufficient condition for the existence
A o= H» in which case x . yal NHUmuu.vq Theorem w.mm AMW v o= 10t+ 6 s of N. WOU*Q\ H@uv’v is .
3.7. *¥ =% 2=5 2=3 and apply Theorem v =0orl (md 16) for Az 1
THE! )
OREM 4.6. A necessary and sufficient condition f v = 0 or 1 {mod 8) for A =0 (mod 2)
of a BCD*(v,12,3) n for the existenc .
212, is e v £ 0 or 1 (mod &) for A = 0 (mod 4)
. = v 2 16 for A 20 (mod 8)
i vEO,1, 4dor 9 (mod 12) for Az 1 any
% v EOQ -
: or 1 (mod 4) for A £ 0 (mod 3) This theorem can be proved by either Theorem 3.5 or Theorem
vEQorl
o wmAaua 3) for A = 0 (mod 2) 3.6.
B for A = ;
0 (mod 6) 5. The Comstruction of BCD(v,k, A} k even.
The exceptional ca .
Bes are: v = 12t+4, A =x = 1 In this section we consider balanced cycle designs rather

than balanced circuit designs; however, as the constructions of these

Ve l2t+9, ho=x o= ]
x=1; ve=~06+3, A =x =
re similar, the proofs in this section are

Nm&.ﬁ.ﬂm dsﬁ@ﬁ,?bwv,nunnuN
£

we will prove the e
xistences wit i
h the aid two types of designs a

°
kl

of Theorem 3.2 wi -
th v, =16

21; 15, 21 and 16 ,
and hence wnuﬁﬁwmwwwwMMmﬁMMchmwwhAwaMmmHanmSQm of BCD*(16,12,1 shortened.
are given in [21. The existence of a ewn%w and hemce BCD*(21,12,2) , Lemma 2.5 states that the existence of a BCD*(v,k,A)
following base circuits: (15,12,2) is proved by the : implies the existence of a BCD(v,k,21); in particular, we have
MMMWMHMM,M,MMMMHWWMMW MM order 7, : PROPOSITION 5.1. A BCD(2tyz+1,xyz,x) exists for x even and
and ?_,PSLPEN,PEL}WS of MHMM M : t 2z x/2.
) ‘ Proof. fet x = 2x'. By Theorem 3.5, a BCD* (£ (2y) z+1l,x" (2y)z,x")

', hence a mnaﬁwnww4gw.mx,%muwx.v exists for

The existence of
BCD*
(22,12,2) 1is proved by the following exists for t 2z x',

base circuits: ‘
t2zx'

AQ»H;NOnN&H@sN»HMqu»HMuWuH@vav 3
mcswﬂuw)uHmvaeHmuwuHNub.uHmuMwav and

®

PROPOSITION 5.2. A BCD(2tyz,xyz,x) exists for x even and

(0,4,19,5,18,6,17,8,16,9,15,11), all of order 21 Bl
Acuwumcuwuw»mwm.w‘H&meuww»Hmvv L .
mcuwouwupmvH»“ww.wmuwmuu,mym e Proof. Let =x = 2x". Theorem 3.6 implies the existence of a
S5 both of onder 7 BCD*(£(2y) z,x " (2y)z,x') with t > «' or t==x'>1, hence a
ot 5 s | ,\ BCD(2tyz,xyz,x) exists with t > x/2 or t=x/2>1.
of a BCD*(v,14,X) is cient condition for the existence H Let x=2 and £=x' =1, hencs V= o 2
RO . : Mowﬁwwu.wwnumv exists with elements Z, ; U ﬁ%w and the 2yz-1
any v 2 14 for A =0 (m H -cycles generated by the following base cycle:
od 7) . (=, 0, 1, k=2, 2, k=3, ..., K/2-1, k/2).

0

- 310 -
- 311 -




Note. It has b
¢en proved that whem 3 <k < 8, th
= 9, the necessary cop-

di , v
tion for the @Mﬁmﬁmﬁnm of a NQUA k >v
g ¥g

for example [4], [8). is also sufficient (see,

together with Theorem 3.6
tion 5,2,

These result
ro .
provide an alternative proof to Proposi

W
€ now consider the case wher X 1g odd

PROPOST
TION 5.3, A wccANﬁ%m¢,Huxwu.nv

L = :
xyz even and (x+1)/2 < ¢ < . exists for x odd,

Proof, A
wnuANHWNA,anwu.xv must contain b =

k-cycles, hence we will construct t(2tyz+1)

Let D = {1,2 2tyz,1 M base cycles, each of order v
9064y 2,1, vee 2t °

e ¥ ﬂ § 2 g LY
= ty2z}, that is, (x-1)/2 copies of *H T2seeasls2,00.,2ty2,1,2,

of .
ann with the order preserved 2tyz followed by one copy

ﬂmmm 1. Let k = 0 mo: Nu - mmﬂ Hu-nm.nuwu the el ements of D 80 ﬂmum.ﬁ

mH contains the firse xyz elem

ents, S
and so o s the seco
n, and S, 2 nd  xyz elements

containg the last Xyz elements of

Reorder the el
ements of S, 8
increasing order, that ig 3 8° that they are ip a strictly
3

5, = {a
5 @Hg m.HJ s eess a8, ) with a, < 4

) N 5 . .
i Jy4
As k is even, we have mu - a i H
y = for 1 < <
e \ 21 21i-1 ! "
Consider wu = ﬁmu 5 "B, 4 ..., @
} VoA T S Ty e,
urxw,m.w»...» m.,w s @ }ofor 15 S o
. y =3 s t. Thes
/241 e t sets satigf
condition (1), since %
K
k/4
5 =
ﬁﬁwmu» wmwﬁiwv¢.&u + wmm (+1)
K/242 k442 mgw\w+g "o

We can u
se these t getg to construct

as k~circuits were constructed Ty e e sene mamer
Case 2, Let k = 2 (mod 4)

into ¢t The elements of
sets, mH . 8 D are partitioned

differ 23 tees mﬁu but each g
ent condition: g satisfies g slightly
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increasing ovder and 3

except for ome i, i’ # (k+2)/4 with a

The pair {a,

s, = {a 8. , eses @, } where a, 's are ina strictly

i PR PUER ¥ iy

- a, =1 for any i, 1 =1 % kf2

I Haaa
-a, = 2,

Iggr d2ita

1 is called a hook.

, 8
dpgrg done

we associate an ordered set Uu as follows:

To each sequence wu
s sevs

cnﬁm.:m ...m :w m. .;m
i 300 Ty 7 e’ ki ke Yesoe2

~ a, s 8, 9 w if 1 = i' < AF%NV\Dv and

-a
g1 Ik k/2

seey g - 3 oees3

-8 ’ -3 s &, 2
iy S’ ker k243

. ! &,
3 iy s 244

1} if (k+6)/4 <1 < /2.

a. s

g N -3
L NICRR A Y %)

It is easy mc verify that the cu.m satisfy condition (1) and the
cycles constructed from them are base cycles.

To obtain the sequences mu. partition the elements of D

inte t/2 collections ru of length 2k, if t is even and

(t~1)/2 collections ﬁu of length 2k and a collection L of

length k 1if t is odd; this is
contain the first 2k elements, ﬁw

done trivially, that is, let rw
the second 2k elements and so

on.
wowmmo: hu' we can construct two sets mnusH and mw‘..o

in the following manner: for each J, 1 = j = [e/2],

I cL, © NH<§H¢ that is, each element of "{1,2,...,v-1} occurs

-1 3
once or twice in ﬁus Put ﬁ“ = zu U NZM where zu contains a
sequence of elements which occurs once in ﬁu and Zu of those which

oceur twice in increasing order. We have ”xuﬁ =m and _ZM_ =1

with m and n both even, m + 2un = 2k, m + n = 2tyz. Hence
= J2x + 3 and k=2x,

m = 2{(2t~x)yz = 4. In the case where m =4, v =
uﬁqa»?<i»u+ww<abu+m,<ipu+ww with v-41 > k/2.

hence zu

We can always choose four consecutive elements from M.,
zu< = {q, q+l, q+2, q+3} where q 1is odd. Put M, = zu. RN OM
where Mmu_ = *ouw = (m-4)/2, P, and Q, containing pairs of

consecutive numbers.
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Now let mwu consist of the elements of N, u m

4 u {g,q+2}
and mmua that of ZM ] o v {q+l,qg+3}, in an Hdnﬁmwmuzm order.
Hence x ' provides a weow for mmu and a hook for mu;w We have
to oﬁoomm zm.u mu and ou 80 that the hooks do not occur in the
middle of the sequences m 23° mmusw" if m2 8, thig is always
possible; when m=4, this ig also possible since rhe elements of g
are all greater than /2. We can obtain umu and UN -1 from §
and awuzw respectively; the elements of D

condition (1), hence base cycles can be cons

23
23 and Uwuap satisfy

tructed.

If ¢ is even, the proof is complete;

now consider the case
where t is odd,

Here we are left with L, a2 collection of the last
ke elements of D, that is

e

L= Tty Y pe 24, Lo, ve1)

where p = (3t-x)yz + 1. As tyz = tyz+1 (mod v), the sequence mﬁ
associated with L  contains a hook {tyz-1, tyz+l} and hence the
rest follows impediately, except when tyz-2 = (x~-t)yz: that is,
However, in this case,

Awn X}yz = 2 which implies that 2t =

= 2%, vo= 2x43

the hook cccurs in the middle of 5,

x+1 and yz = 2, hence

and x+1 = x+2 (mod v) and furthermore

mw.amvpurmum»...‘xtwglk.x+$.zmx+mv‘x+@u,g..wx+w_
~{(2x+2) , -3, %42}

satisfies conditisen (1). Hence the proof is complete,

mxmsmwm, BCD(13,10,5). We have x = 5, vz =

yz = 2, t = 3, Hence
= {1,2 seeen12,1,2,..,,12,1, 2,...,6),
= {1, 25004,12,1, 2,0..,8}, L=

gw = {9,10,11,12} and N
9,11}, S,

{9,10,11,12,1,2,...,6} . We get

mwgm‘...emw and hence §

8, = {1,2,...,8,
{1,2,...,8,10,12} and 8, = 1{1,2,...,5,7,9,10,11,12} .
Put

1 ﬁww;M,wwip@mutmumuiowwwucvw

o
i

2 mwk:mwwwspnmntmwm.lHG;HMveww and
3 Mwu;wgpuem. m.xwogpwwrwmw:wuuw
Remark. In the case vhere ¢t = x =

fact, a BCD(v,k,1)} has been constr
2ky .

1, the result is known already, in

ucted for all k and v = 1 (mod

314

k3 P9 s v v
u&ﬁ% ._uamw.. 1f a BCD (v K% exists, then a BC y(w -+ %41 vz k. %

x odd.
exists as well for k = =yz even and

. 1 1 3 v
2 h v * A » %Y

P f Let = -] Pl am 4 ]

roo & A Y ana v X v hence BCD (v L EYVZL K

exists by hypothesis and wOUA<Nuwauxv

. hat v, must be even.
Also, x 1s odd implies tha t can be shown to be decomposable

exlsts by Proposition 5.3.

: xK
We can apply Lemma 2.3 if v1svy

i is the edge~-
xyz; but this true since Nﬁng<m

which can be

into cycles of length

to N
disjoint union of x+1 graphs isomorphic uux%&
2.6.
decomposed into k-cycles by Lemma

The MQHHOEHSW theorem can be UHOgmﬁww SH_ﬂww the aid of Lemma
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orem for
jew of Lemma 2.1, it suffices to prove the the
Also, in view
P N
be even and x be odd. 1If a BCD(¥+2pyz,
(x-1)/2, then there exists a

THEOREM 5.5. Let Xy2

xyz,x) exists for each p, 0O
1 =

BCD (¥ + 2qyz,xyz,A) for any 4

in

0 and A = 0 (mod x).
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Theorem 5.5. i
for Xyz even,
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THEORE! .6,

2.
x odd, A 0 (mod x) and €2 (x+1)/

< 16,
6. BCD(v,k,\) for k even, 4 <kl

onditions
ved in this section that the necessary ¢
It is pro

. ) 4 < k < 16,
e k is even and
(v,k,A) wher £ 0 (mod 2),

f a BCD
for the existence © e
&%yifévmogamg with v = k and
nan

wa—uw mOPHOEFﬂPW two ﬁwamnuﬁgm have been @chm&. NHHQW&Q hmma(o

for example, [81).

he exlistence
scient condition for t

ssary and sufficien

THEOREM 6.1. A mnece

of a BCD(v,4,})) is

= 1 (mod 8) for A = 1 or 3 (mod 4y
v o=
v=0orl (mod4) for A= 2 (mod &),

z 4 for A = 0 (mod 4) .
v =
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THEOREM 6.2. A necessary and sufficient condition for the existence
of a BCD(v,6,4) is

vElor 9 (mod 12) for A =1 or 5 (mod 6),
v 2 1 {mod 4} for A £ 3 {(mod &),

v 20 or 1 (med 3) for A £ 2 or 4 {(mod 6)
v = b for A 20 (mod 6) .

Lemma 2.5 states that the existence of a BCD*(v,k,}A)
implies the existence of a BCD(v,k,2)); but the existence of a
BCD*(v,k,A) for k even and 4 £ k £ 16 has been decided in
sectlon 4, therefore in the following five theorems, we need only
consider the cases where A, and hence v, is odd.
THEOREM 6.3. A necessary and sufficient condition for the existence
of a BCD(v,8,%) is

v £ 1 (mod 16) for X =1 (mod 2),
v £ 0 or 1l (mod 8) for A £ 2 oxr 6 (mod 8),
v £ 0 or 1 (mod &) for X £ 4 (mod 8),
vz 8 for A =0 (mod 8) .

The existence of a BCD(v,8,1) where v = 1 (mod 16) is
implied by Theorem 5.7, in fact, Theorem 5.7 implies that a BCD(v,k,1)
exists for k even and v = 1 (mod 2k).

THEOREM 6.4. A necessary and sufficient condition for the existence
of a BCD(v,10,A) is

v 21 or 5 (mod 20) for A =1, 3, 7 or 9 (mod 10),
v 20 or 1 {mod 5} for A =2, 4, 6 or 8 (mod 10),
v £ 1 (mod 4) for A =5 (mod 10) ,
vz 10 for A = 0 (mod 10) .

Theorem 5.7 also implies the existence of a BCD with
A=x =05, v =1 (mod 4). The case v = 5 (mod 20) follows from
Theorem 5.6 with x = 1, ¥ + 2pyz = 25 if a BCD(25,10,1) can be

constructed; but a BCD(25,10,1) exists with the following base
cycles

(0,1,5,6,10,11,15,16,20,21) , of order 5, and
(0,2,24,4,23,5,22,7,21,9) of order 25.

The rest of ﬂwm.uﬁoomm are similar.
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THEOREM 6.5. A necessary and sufficient condition for the existence

of a BCD(v,12,)) is

v 21 or 9 (mod 24} for A =1, 5, 7 or 11 {(mod 12),
vE0,1, 4 or 9 (mod 12) for A= 2, 8 or 10 (mod 12},

v = 1 (mod 8) for A 2 3 or 9 (mod 12),

v 2 0 or 1 (mod 3) for A E 4 (mod 12),

v 2 0 or 1 (mod 4) for A = 6 {mod 12),

v 2 12 for A = 0 (mod 12) .

A BCD(33,12,1) exists with a base eycle of order 11
Ao.Hum.wwwpwvwmuwu.wbgwm.mwwmmng and a base cycle of order 33,
(0,3,32,5,30,6,29,8,28,9,27,11) .

THEOREM 6.6. A necessary and sufficient condition for the existence
of a BCD(v,14,A) 1is

v =1 or 21 (mod 28) for A =1, 3, 5, 9, 11 or 13 (mod 14),
vz 0 or 1 (mod 7) for A E 2, 4, 6, 8, 10 or 12 (mod 14),
v =1 (mod &) for A =7 (mod 14),
vz 14 for A = 0 (mod 14) .

A BCD(21,14,1) exists as follows: 1et the elements be

{=} v, where V., u.ﬁOﬁg 1 ng www »WH and the three base

i

L= o

1

cycles, each of order 5 be

i

WH = AOHvONuOMuO&wHMuM§vNNwwwwWHuwbwn—NwwN.NHuowv ?
WN = ASu@H-HHuONvaun»NbuO&gunOWwbboHva»nMMV and
”Ww = ASqunNwobHuNHvbNuHNVWHnﬁbwNbv&—wwONuwwaObv .

Lastly, we have

THEQOREM 6.7. A necessary and sufficient condition for the existence
of a BCD(v,16,)A) is

v =1 (mod 32) for A = 1 (mod 2),

vz0orl (mod 16) for A =2, 6, 10, 12 or 14 (mod 16) ,
v = 0or 1 (mod 8) for A = 4 (mod 16) ,

v=0or 1 (mod &) for X £ 8 (mod 16),

vz 16 for A = 0 (mod 16) .
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