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1 Introduction

We will be concerned with the existence in small time of solutions of initial bound-
ary value problems for evolution equations. We will place particular emphasis on
the Navier-Stokes equations for incompressible fluids in a domain Q C R3. In
general, we will consider evolution equations in a separable Hilbert space X of the
following form

Su+ Au+Qu) =0
{ u(0) =up € X. (1.1)

where A is a self-adjoint linear operator (typically —A) and @ is a non-linear term.
We give two important examples of such equations.

Example 1.0.1.
(i)

O () + plos, V) = 0

where p(x,y) is a polynomial, and u is a scalar.

(ii) The Navier-Stokes equations: The incompressible flow of a fluid is governed
by the Navier-Stokes equations:

{ Qu+ (—Au)+ (u-V)u=-Vp . (1.2)

V-u=0

Here u represents the velocity vector field of the fluid flow (so that the equa-
tion is not scalar), p is a scalar pressure function (up to a function of time
t) which maintains the incompressibility of the fluid (so that p is divergence
free), and the requirement V - u = 0 is the incompressibility condition. This
condition follows from the fact that we assume the density of the fluid to be
constant.

If we are working in a domain 0 C R?, then we can write u = (u*

and the equations (1.2) become

7u27 u3)7
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in Q C R forie{1,2,3}.

We can reformulate these equations in a useful way, and show that they are
actually equivalent to a functional evolution equation (and thus they behave
very differently to a standard system of PDEs). We use the Helmholtz de-
composition (see section 3.1 for details), which asserts the existence of an
operator Py, that projects a vector field u (subject to boundary conditions)
onto its divergence free part. Indeed, for any vector field u, we can write

u = Pyu+ Vg

where V- (Pxu) = 0 so that Aq = div (u), which is supplemented by boundary
conditions that depend on those of u.

Now suppose u satisfies (1.2). Then since V -u =0 and p is divergence free

ou  Ou
P = _— = — P =
oou u; oo 875 @t ) oovP 07
so that if we apply Py to (1.2), we arrive at
9 = Po(du) + Poo((u : V)u) ~0. (1.3)
ot

We thus have an evolution equation of the form (1.1) with A = —P,, oA and
Q(u) = Py <(u . V)u) Of course, in order to explore solutions, this equation

must first be supplemented with suitable initial and boundary conditions. This
is the main thrust of chapter 3.
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2 General theory

Recall that we are interested in evolution equations of the form

Iy U u) =
(Eq.) {at +uf(10)+:%i.) 0

where u takes values in some separable Hilbert space X, with inner product (-, ) x.
The aim of this chapter is to describe some conditions and spaces in which a
solution (in a mild sense) to such an equation exists in small time. The main
reference for this chapter is [3], though the reader might also like to refer to [6].

2.1 Preliminaries and assumptions

Let A: X — X be a self-adjoint operator, and suppose that A has a spectral
gap Ao > 0. If not, we can shift it by a bounded operator, which we can then
incorporate into ). We can thus assume that A~! is a bounded operator. Indeed,
by spectral decomposition we can write

A:/ N E
Ao

(where {E) : A € R} is a spectral resolution of the identity for A), so that by the

spectral theorem,
A% = / AYdE),
Ao

with domain

D (AY) = {x €X: N (B, w)y < oo}
Ao

for all & € R. Thus A® is a bounded operator as long as a < 0. We also define
P == / e ™ E). (2.1)
Ao

Lemma 2.1.1. For alla>0,t >0 andx € X

Cla)
tOl

AP x < ] x-
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2.1 Preliminaries and assumptions

Proof. By the spectral theorem

APl = [ e | Byl

Ao

and taking supremum of the integrand over A > 0 the result follows. ]

In looking for a solution to (Eq.I), it is restrictive to assume that u € D(A). We
therefore start to look for weaker solutions. Our starting point is to note that

2 — _Au
{ i :‘30 (2.2)

has a solution u(t) = e *4uy. We can therefore regard (Eq.I) as a perturbed linear

equation, treating the term Q(u) as a non-linear perturbation.
Suppose u(t) is a "good" solution to (Eq.I). Consider f(s) := P,_su(s) for
0 <s <t sothat f(t) = u(t) and f(0) = Pug. Then
ou

f'(s) = AP,_su(s) + H_S%

< (1 + 2

= P (Qu(s)

= 1050 = [ pis == [ P (Quuien)as

since P;_, commutes with A by definition. Thus

(Eq.1) u(t) = Py — / A7 P A Q(u(s))ds (2.3)

for 7 € (0,1). Instead of working directly with equation (Eq.I), we actually look
for solutions to (Eq.IT). Looking for solutions to this equation no longer requires
us to assume that u € D(A) (in fact, as we will see, we will just have to assume
u € D (A®) for some ¢ < 1).

It is worth noting that, by Lemma 2.1.1, A" P,_, is bounded since fot t%dt < 0
for 7 € (0,1). Moreover, A" is bounded, since we have assumed that A has a
spectral gap.

In view of the above, define

(Lu) (t) := Pyug —/0 A"P,_H (u(s)) ds

where H = A77Q). It is clear that u is a fixed point for L, if and only if u is a
solution of (Eq.IT). We will therefore look for a fixed point for the operator L.
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2 General theory

Remark 2.1.2. In the case of the Navier-Stokes equations described in the intro-
duction, a solution to (Eq.II) has enough regularity to construct a strong solution

(see [3]).

We will make the following important assumptions, which we will label (A).

Assumptions (A): Suppose that there exist §; € [0, 1] and 5 € [0,0;) and such
that

(I) D(H) consists of all € D (A%) such that there exists a sequence (z,),>0 C
D (A%) such that

(i) {||A%zn|| : n >0} is bounded,
(ii) @, =z in A% ie. ||A%(z, — )|, =0,

so that D (A%) C D(H) C D (A%);

(IT) H’ is A%-bounded i.e.
D(A%)

1 (@)x < Ko (|| A%]| )

for all z € D (A51), where K : [0,00) — [0,00) is an increasing function
depending on the non-linearity of H(z);

(I11) H ’ (a51) is weakly differentiable in the following sense: for z € D (A™),
D 1

there exists a bounded linear operator DH (z) on D (A%) such that
(i) ZH(x+e)lemo = DH(2)E,
(i) [|DH @)l < Ko ([[A%2]] ) [[A%¢]]

for some increasing function K : [0, 00) — [0, 00).

These assumptions will be made throughout the rest of this chapter.

Lemma 2.1.3. Under these assumptions H is locally Lipschitz in the following
sense: for all v,y € D (A‘Sl)

1H (z) = H(y)llx < K ([[A%]y + |47y ) |42 (@ = v)]| ;-

Proof. This follows from the mean value theorem for the function H(sz+(1—s)y),
s € ]0,1] and (III) . O
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2.2 |A first solution space

2.2 A first solution space

Definition 2.2.1. Let T' > 0 and (; > 0 be some fized number to be chosen later.
We will say that a path u : [0,T] — X belongs to Hy if

(i) for all t € (0,T], u(t) € D(A") and t — A%u(t) is continuous on (0,T]
such that
sup HtglA‘slu(t)HX < o0
te(0,7
(ii) uwe C(]0,T],X).
If we define for u € Hy

[l = sup [u()]x + sup [ A u(t)]
te[0,T)] t€(0,T7]

Hr becomes a Banach space.

We will show that, under our assumptions (A), there exists a solution u € Hy
o ( Eq.Il') for properly chosen 6y, ds, 7, (; and small enough 7" > 0.

Lemma 2.2.2. Let u € Hy, with ||u|lm, < 8. Let a € [0,1). Then

(i) for all t € (0,T] the map s — A*P,_H(u(s)), is left-continuous on (0,t)
(note that there is a singularity at t, and at s = 0 there is no guarantee that
FiH(u(s)) € D (A%));

(ii) for allt € (0,7, fot A*P,_H(u(s))ds exists and

< C’(a)tla/o (1—8)" Ky (B(ts)™") ds.

/O t AP, H(u(s))ds

Proof. Fix t € (0,T]. For s € (0,t), let f(s) := A*P,_¢H (u(s)). Let s1,s5 € (0,1),
and without loss of generality, suppose s; > s5. Then
1f(s1) = f(s2)llx = |A"Piosy H (u(s1)) — A*Pros, H (u(s2)) | x
<[ o - o)

<

(s Yo
= HAO‘Pt_S1 (H(u(51 — H(u(sz)) ‘X
AP, (1 = Py ) H (u((s2)) | - (2.4)
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2 General theory

Now
47 P (1)) ~ Hu() | %uﬂwsm ~ H(ufs2)x
< 2K (Al + sl ) 4% )~ uo)

where we have used Lemma 2.1.1 and Lemma 2.1.3, which converges to 0 as s, — $1
by part (I) of our assumptions.

To deal with the second term of (2.4), we simply note that, again using Lemma
2.1.1,

% (1= Pyy—,) H(u(s2)) |l

which also converges to 0 as s — s1. Thus we have shown (i).
For (ii) we calculate that

[AProsy (1 = Py o) H (u(s2))[ x <

£l < G ()l
e A FRET
- A (0 A
< tO_(OgaKg (s795).

where we have used assumption (II), ||u|lm, < /5 and the fact that the function

K5 is increasing. Then
t
< [ lxds
0

< C(a)/o (t_ls)aK2(5<1ﬁ)dS

= Clo) [ ke ((s)95) ds,

by making a substitution s — ts. ]

Example 2.2.3. Suppose the function that appears in the case of the Navier-Stokes
equation is given by Ky(r) = kr? for some positive constant k. Then the right-hand
side of the bound (i) of Lemma 2.2.2 will read

C’(oz)tl_a/o (1—5)""K, (ﬁ(ts)_gl) ds = kC’(oz)tl_a_%BQ/o ( L

—d
1 — s)2s2a °
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2.2 |A first solution space

The integral on the right-hand side is the beta function of a + 1 and 2(; + 1, and
so is finite. In this case, we should choose 1 —a — 2(; > 0 to ensure that we have

a contraction in small time.

Lemma 2.2.4. Suppose u,w € Hy with max{||u|m,, |w||m,} < B and uy = wy.
Then

(i)
L) x < elluollx + caha(t, B)

for some constants c1,cy € (0,00), where

it 8) =17 [ (=) Ha (B0 ) s

(i)
[Tu(t) = Lw ()] x < esha(t, B)llu — wllay

for some constant c3 € (0,00), where

ho(t, B) = t'— 7% /1(1 —5) TR (2B(ts) ") ds.
0

Proof. By definition

X

ILu()|ly = ‘ P — /0 ATy H(u(s))ds

t
< erfluollx + / | Ao H (u(s)) ds
0

where the constant ¢; comes from the spectral representation of P; (in the same
way as in Lemma 2.1.1). Part (i) follows from an application of part (ii) of Lemma

2.2.2.
For (ii), we note

() = Lol = |- [ ape (i) - o) )as|

< C(T)/O (t =) 7[|H (uls)) — H(w(s))| xds

< C’(T)/O (t—s) Ky (HA‘slu(s)HX + HA‘slw(s)HX) HA‘sQ(u(s) — w(s))HX ds
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2 General theory

where we have used the fact that H is locally Lipschitz i.e. Lemma 2.1.3. Now
A%z = AT A% || < cf|A%a] (2.5)
for some constant ¢, since A=(%17%) is a bounded operator for ¢, < ¢;. Thus
[Lu(t) — Lw(t)]|
<cC() /Otu =K (A ()|, + AR w(s) ) s 55 AT (uls) - w(s)]] ds

< Ol [ (6= 5) 75 O (2857) ds

where we have used the fact that u,w € Hy and the fact that K; is increasing.
Using the substitution s — st then yields (ii).

O
We will also need the following:

Lemma 2.2.5. Suppose u,w € Hy with max{||u|m,, |w|m,} < B and uyg = wy.
Then

(i)
Ht<1A61LU(t)HX S Cl||A517<1U0||X + Cgh3<t, 6)

for some constants ¢y, cy € (0,00), where

haft, ) =700 [ (1= ) G (3(t)4) ds:

0

for some constant c3 € (0,00), where

£ A% <]Lu(t) - ]Lw(t)) HX < czha(t, B)llu — wllu,

hy(t,B) =t~ 7% / 1(1 — 8) OO (2B(ts) ™) ds.
0
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2.2 A first solution space

Proof. By using Lemma 2.1.1,

£ 45 <Ruo / AP
X

< 19| A% P + £ / 4%+ P H (u(s)) | ds

[|¢4 A Lu(t)

Iy =

<A AT RA Y|+ O @+ ) [ (8= 8) T H (u(s) ¢ ds

t

< @ —ngl) HA‘SI’QUOHX + C(6 + 7‘)tCl (t — 5)7(51+T)K2(Bsfgl)ds
0

A
1

=C(G) HA(SFCIUOHX +C(6) + )ttt / (1—s) @K, (B(ts)igl) ds
0

so that (i) holds.
For (ii), write

16 4% (]Lu(t) . Lw(t)) HX - /0 t A51+TH,S(H(u(s)) . H(w(s)))ds

< (& /Ot HA51+TPt_S (H(u(s)> . H(w(s))) HX ds

<0G +7) [ (0= 7O H(uts) — Bl s

< OO0 +7) /Otu O g (AP u(s)| 4 AT w(s)][ ) [| A% uls) = wis))]|, ds
< t9¢C(0) 4 7) /Ot(t —5) O (2857) 57 |54 A% (u(s) — w(s))]|  ds

¢
< tC1CC(51 +7)||u — w||m, / (t — 5)_(51+T)5_<1K1 (258‘41) ds
0
1
= tl_‘sl_TcC((sl +7)||u — w||m, / (1-— S>_(61+T)S_41K1 (QB(ts)_Cl) ds
0

where we have used Lemma 2.1.1, Lemma 2.1.3, (2.5) and the definition of Hy. [
Combining Lemmas 2.2.4 and 2.2.5, we arrive at the following:

Lemma 2.2.6. Suppose u,w € Hy with max{||u|m,, |w||m,} < B and uy = wy.
Then

(i)
Lallg, < e (luollx + [|A"uol| ) + ¢ sup hs(t, 8)
te(0,7
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2 General theory

for some constants c1,cs € (0,00), where hs(t, ) = hq(t, B) + hs(t, 5), with
hi as in Lemma 2.2.4 and hs as in Lemma 2.2.5;

(ii)
L — Ly, < cs ( sup hg(t, 6)) lu — wla,
te(0,7

for some constant c3 € (0,00), where hg = ho + hy with hy as in Lemma
2.2.4 and hy as in Lemma 2.2.5.

Proof. Using both Lemma 2.2.4 and Lemma 2.2.5, we see that

||Lu|\HT: sup ||Lu(t)||x + sup HtCIA‘Slu(t)HX
te(0,7) t€(0,7]

S C1 (HUOHX + HA(Sl—CluOHX) + Co SUp (hq(t,ﬁ) + hg(t,ﬁ))
te(0,71]

which proves (i). Similarly

L — Law| g,

< sup |Lu(t) — Le(t)]  + sup}HtﬁA‘” (Lu(r) ~ L))

te(0,T) te(0,T X
< ey sup (ha(t, B) + ha(t, 8) ) u = wlls.
t€(0,T)

]
Corollary 2.2.7. Suppose K;(r) < k;j(ri +1) for j = 1,2, r > 0 and constants
kj. Choose T such that 61 +7 <1 and ¢; € [0,1 — 6, — 7) such that 2¢; + 7 < 1.
Then
Ll < e (fluollx + [| A uo| )
+ o <T1—T—2C1 + T1—7—51—C1 + BQTI_T_él_CI <T51—§1 + 1))
for some constants ¢y, cy € (0,00), and
[ — Lawllyy,, < esbo(T, B)|lu — wl|m,
for some constant c3 € (0,00), where

bO(T,ﬂ) _ Tl—f—Cl + Tl—r—61 + ﬁTl—T—&—Cl (Tél—gl + 1)
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2.2 |A first solution space

Proof. Under the assumptions, we have

sup hs = su 1= 1 —8)7 K, $)7) ds
pin(t. ) = s (#77 [0=9) K (Bles) <)

(0,7 te(0,T

1
+t1—r—(61—C1)/ (1-— 5)—(T+61)K2 (5(755)—(1) ds)
0
1 1
= sup (k‘gtlT/ (1—8)Td8—|—k‘262t172<1/ (1 —S)7T$72C1d$
] 0 0

te(0,T

1
+ kztl—T—(tﬁ—Cl)/ (1 _ 3>—(7‘+51)d8
0

1
Hha BT / (1- 8)_(”51)3‘20(&5‘)
0
< ¢y sup (tlf"r_’_tlf’r*(tﬁ*@) +ﬁ2(t17772(1 +t1*7'*51*§1)>
T e

where we have used the fact that 6; + 7 < 1, which ensures all the integrals are
finite. Since ¢; € [0,1 —6; — 7) and 2¢; + 7 < 1, all the exponents are > 0. Thus

Sup h4(t, /8) S CQ (TI—T + Tl—T—((Sl—Cl) + ﬁQ(Tl—T—QCl _|_ Tl—T—51—<1)>
(0,77

which proves the first estimate.

Moreover,
1
sup hg(t, ) = sup <t1_7_C1 / (1—5)7"s K, (26(155)_41) ds
(0,1 (0,7 0

1
LT / (1— 8)—(51+7)5_<1K1 (26(155)_0) ds)
0

1 1
= sup <k1t1—7'—<1 / (1 o S)—TS—CldS 4 2k16t1—7—241 / (1 o S)—Ts—ledS
(0,7 0 0

1
+ kgm0 / (1 —5)~ O+ sC1gs
0

1
+2k16t1_7_61_§1/ (1-— 5)_(51”)3_2@(13)
0

< ¢ SUp (tl—T—Cl 4 t1—7—51 + ﬁ(tl—T—QQ 4 tl—'r—él—Cl)).
(0,77

Once again, all the exponents are > 0 by our assumptions, so that

sup he(t, B) < c3 (Tl—f—cl + TV BT 4 T1‘7‘51‘<1)>7
(0.7]
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2 General theory

which proves the second estimate.
]

Remark 2.2.8. We have to be careful to choose the parameters in the right way
to ensure that our estimates don’t explode. We try to choose (1 as big a possible,
so we have less regqularity assumptions on the initial data, but we are constrained
by the other parameters to ensure the estimates don’t blow up.

Theorem 2.2.9. Under the conditions of Corollary 2.2.7, there exists T* > 0 such
that

1
L~ Lol < 5lhu = wlls,.
for all u,w € Hp« such that

max {|ul|y..,

[wllar. < 21 (luollx + [| A"~ o )

for some constant ¢y. Thus the operator 1L is a contraction on the ball, and so by
the Banach fized point theorem, I admits a unique fized point in Hrp«. This fized
point is the unique solution to (Fq.Il) i.e. it is the unique element of Hps« such
that

u(t) = Py — /0 APy H(u(s))ds.

Proof. This simply follows from Corollary 2.2.7 by taking 7' > 0 small enough. [
Example 2.2.10. Consider again the Navier-Stokes equations:

{ Su+ (—Au)+ (u-V)u=—-Vp (2.6)

V-u=0

on the space X = L*(Q) where Q C R3 is a bounded subset with smooth boundary.
In addition we impose the boundary condition

ulpo = 0. (2.7)

As briefly described in the introduction, we can reformulate this equation so that
it is of the form (Eq.Il). In this case we can take §; = 6y = %, T = 71 and (1 € [0, ;11)
(see[3] for details).

It should be noted that one can also treat the case (; = 411 too, though the proof is
much more complicated. This will correspond to the case when the initial data is %
differentiable. An open question very much related to the Navier-Stokes millennium
problem is whether one can go beyond this i.e. treat the case (1 > 41'1'
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2.3 A more regular solution $pace

We also remark that in most cases the boundary condition ulsq = 0 is a rea-
sonable physical assumption for a flowing fluid, as it says the velocity of the fluid
becomes instantaneously 0 on the boundary. However, when the fluid is moving
very fast, experiments have shown that the physical boundary is mot the actual
boundary (this is the case for example in engines). Indeed, the physical boundary
can be slightly outside the actual boundary. In this kind of situation the boundary
conditions are quite different, and we therefore have to perform a more careful
analysis. This situation is treated in detail in chapter 3.

2.3 A more regular solution space

Since the equation we are considering is of the form

ou
A -
5 + Au+Q(u) =0

we might think that if u € D(A) then u will be differentiable in t. So perhaps
our approach should involve the time derivative of u. In this section we briefly
mention that, using similar techniques to those used in section 2.2 and under some
additional assumptions, one can show that a solution in small time exists in an
adjusted space, which also takes into account the time derivative of .

Definition 2.3.1. Let T' > 0 and (3 > 0 be some fixed number to be chosen later.
We will say that a path u : [0,T] — X belongs to Wy if

(i) w € Hy ice. u € C([0,T],X), u(t) € D(A") for all t € (0,T)], A%u €
C((0,7],X) and
sup HtglA‘slu(t)HX < o0
t€(0,7]

(i) w e CH((0,T],X), ( so u is differentiable with respect to t and its derivative
is a continuous path on (0,T] ), such that

u'(t) € D (A®)
for allt € (0,T], and

sup ||t A% ()], < oo.
t€(0,7]

If we define, for u € Wy

|lullw, := sup |lu(t)||x + sup Ht@A‘Slu(t)HX—f— sup HtCQA‘SQu'(t)HX,
te[0,77] te(0,7 te(0,7]

Wt becomes a Banach space.
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2 General theory

For u € Wr, we consider
t
Lu(t) = Poug — / ATP,_(H(u(s))
0

as before.
In this case, using very similar ideas to those described in detail in section 2.2,
we can prove the following:

Theorem 2.3.2. Suppose (x,&) — DH(x)¢ is weakly differentiable for all x,& €
D (A51) and such that

Ko (A% ]x) A% [|4%n]] ¢

(02 we) ol < o
Ko (laal) 4] | 4%

for some non-decreasing function Ky : [0,00) — [0,00). Suppose K;(r) < k;(r+1)
for 7 =0,1,2 and constants k;. Then for u,w € Wy such that ||ullw,, |w|w, < B
and uy = wy, we have

(i)

ILullw, < c1 (A%l x + I|1H (o)l x) + 2T H (uo) || x + cs3r(T) 5

for a=max{0; — (1,140 — (o} and K(T) =T 721 4 TG 4 T1-7—02-C

(i)

v = Lawfw, < caBr(T)]Ju = wllw,
where k(T') is as in part (i).

Thus, once again, with a suitable choice of parameters we have by the Banach
fixed point theorem that there exists a unique u € Wps for some T* > 0 which is
a solution to (Eq.Il).

Proof. There is technicality here, which does not appear in the proofs given in the
previous section. This difference comes from the fact that we must differentiate in
t i.e. we must formally take the derivative of Lu(t) in ¢. If this is done straight
away we will end up with a A7 in front of P,_,, which is too much. To get around
this, we must first use integration by parts. Indeed, if we define w(t) := H(u(t))
we have

w'(t) = DH (u(t))'(t).
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2.3 A more regular solution $pace
Then

/0 %Pts (w(s))ds = /0 P, (Aw(s) +w'(s)) ds

= A/O P_i(w(s))ds = w(t) — Pawy — /o P, (w'(s))ds.

We have thus removed the operator A from the left-hand side, but have paid a
price in the form of the term involving w’(s). This is where the assumption on
D?H is used. Everything else is the same as in the previous section, but the proofs
are quite long and tedious, and so we omit them. ]
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3 The Navier-Stokes equations with kinematic and
Navier boundary conditions

The contents of this chapter is primarily taken from the paper [1] of Gui-Qiang
Chen and Zhongmin Qian. Our main goal is to prove the existence in small time
of a strong solution to the Navier-Stokes equations in a bounded domain 2 with
kinematic and Navier boundary conditions.

3.1 The Helmholtz decomposition

Suppose that v = (u',u? u?) is a vector field on a domain  C R*® which has
smooth boundary I'. Suppose also that u € C2. We first aim to show that we may
decompose u as

u=Pou+Vf

where div (Pyu) = 0. If we have such a decomposition, it follows that div (u) =
Af. Indeed, we define P, to be

Po(u)=u—Vf
where f is the unique (up to a constant) solution of the equation

{ div (u) = Af
(Vfn) =% =(umn)onT

where n is a vector normal to surface I'. Note that f depends on the value of v on
the boundary I'. Then div (Pyu) = 0 and importantly

(3.1)

(Psou,m) =0

on the boundary I'.

This continues to work for any v € H'(Q) = {f € L*(Q): Df € L*(Q)} by
standard Sobolev space theory. However, we can extend this decomposition even
further to general u € L*(Q) by using a Poincaré inequality. In the case where
is a bounded domain, such an inequality holds. Indeed, suppose u € L*(€2). Then
we can choose (uy,),>0 C C®(Q2) such that u,, — w in L*(Q2). Now

Up = Poo(upn) + V fo.
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3.1 The Helmholtz decomposition

We can suppose that fQ fn = 0 for all n, since we can shift f,, by a constant (recall
fn 1s only unique up to a constant). To pass to the limit we need to control

IV(fu = f)llz2@)
Note that we have
{ A(fn — fn) = div (uy, — Up,)

Oledod — (uy, — )

Since div (fVf) = [V + fAF,
Hv(fn - fm)H?ﬁ(Q) = /leV <<fn - fm)v(fn - fm)) - /g;(fn - fm)dlv (un - um)

—/F(fn—fm)a(fna—;fm)+/Q<V(fn_fm>aun_um>

= [ = fu) = )
r
= /<v(fn - fm)yun - um>7
Q
using the divergence theorem and integration by parts. Thus

IV (fn = )72 @) S UV (o = F)ll2@lltn — timl| 220
= V(o = f)ll 2 < Jtn =t 200

Since () is assumed to be bounded, a Poincaré inequality holds. Thus there
exists a constant C' such that

[(fr = f)llz2@) < ClIV(fa = f)llz2) < Clltn — tml 20

Therefore f, — f and Vf,, — g in L?(Q2) for some functions f,g € L?(2), so that
Vf, — Vfin L*(Q) since V is a closed operator. We have therefore shown that
we can extend the decomposition to L? on bounded domains i.e.

Lemma 3.1.1 (Helmholtz Decomposition). Suppose Q@ C R? is a bounded do-
main with smooth boundary. Then there exists a unique projection operator P, :
L*(Q)) — L*(Q) such that if u € H' () then

div (Pxu) =0 in , (Psou,m) =0on I

Remark 3.1.2. This statement actually remains true for unbounded domains, but
the proof is more involved.
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

3.2 The kinematic and Navier boundary conditions

Now that we have rigorously shown that the Helmholtz decomposition is valid in
our situation, we can project the Navier-Stokes equations in a bounded domain

Q) C R3 with smooth boundary I' onto the Hilbert space X(Q) := P (L*(Q2)).
Indeed, by applying P., to the equations

i)
HU+ (—Au) + (u-V)u = —Vp
{ s 2
we arrive at the evolution equation
2u + P (u.Vu) = Py o Au (3.3)

ot

in X(Q) = Po(L3(92)).

To be able to solve such an equation in €2, we need to impose some boundary
conditions. In fluid dynamics, if the rigid surface I' is at rest, the kinematic and
no-slip conditions are often imposed. The kinematic condition means that the
normal component of the velocity on the boundary vanishes, that is, the velocity
u at the boundary is tangent to I':

ut|p := (u,n) = 0.

On the other hand the no-slip condition demands the coincidence of the tangent
component of the fluid velocity with that of the boundary I'. These two boundary
conditions lead to the Dirichlet boundary problem associated with the Navier-
Stokes equations. There has been a large literature for the Navier-Stokes equations
subject to the Dirichlet boundary conditions (see for example [4], [7] and the
references therein). The fundamental problem of the global (in time) existence
and uniqueness of a strong solution remains open (and is one of the millennium
problems); but the Dirichlet boundary problem of the Navier-Stokes equations is
well-posed at least for a small time, or for small data globally in time.

However, the no-slip assumption does not always match the experimental results.
Navier first proposed the so-called Navier boundary condition in [5], which is
essentially a "slip-with-friction" boundary condition. It states that the tangent
part of the velocity u at the boundary should be proportional to that of the normal
vector field of the stress tensor with proportional constant > 0. Such a boundary
condition plays an important role in the case of fast moving fluids (see [2]). It is
these important physical situations that motivate the study described below of the
Navier-Stokes equations subject to the Navier boundary condition.

In [1] an important step is to reformulate the Navier boundary condition in terms
of the vorticity w := V x u (= curl u). This reformulation requires some geometry,
and so we sketch the ideas here, and refer the reader to [1] for the details.
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3.2 The kinematic and Navier boundary conditions

We will use the convention that repeated indices in a formula are understood
to be summed up from 1 to 3. For the bounded domain Q C R3? with smooth
compact boundary I' we carry out local computations on the boundary in a moving
frame compatible with I". More precisely, if n is the unit normal to I' pointing
outwards with respect to €2, by a moving frame we mean any local orthonormal
basis (e1, e, e3) of the tangent space T2 such that e3 = n when restricted to I". If
u = Z?:l ule; is a vector field on € then, on the boundary,

2
ull = Zujej, ut =uPn
j=1
are the tangent part and the normal part respectively of u. The Christoffel symbols
Féj are determined by the directional derivatives V,e; = Ffjek (recall Ffjek =

Zizl Ff}ek by convention) where V; is the directional derivative in the direction
€;.

The tensor (7;j)1<ij<2 Where m; = =T}, for i,j = 1,2 is a symmetric tensor on
I'. We define
T (u“,v”) 1= E miu' v’
ij=1,2

for any ull, vl € TT. We will also identify 7 with the linear transformation defined
as follows: if ull = Z?:l u/e; is tangent to T, then

2
™ (u“) = ZW (UH)J €; = Z Wijuiej,
J=1 i,j=1
so that (r (ull),oll) =7 (ul, 0l).
The Navier boundary condition is usually formulated in a moving frame com-
patible to I" as

uk = _C(v?)uk + VkU3> onI', fork=1,2, (3.4)

where ( is the slip length which is a positive scalar function on I' depending only on
the nature of the fluid and the material of the rigid boundary. We refer the reader
to |2] for the physical interpretation of this condition. In order to reformulate this
condition in terms of the vorticity, we use the Hodge operator x. This operator is
defined as
* (Ul,UQ) = (—1)2,1)1)

for any vector field (v',v?) on T'. The effect of this operator is to rotate a vector
on I' by 90° with respect to the normal vector pointing to the interior of €. It is
independent of the choice of the moving frame, and may be defined via the identity

(v x (=) n) = (ull, ol (3.5)
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

on I' for any vector fields u,v. With all these definitions, it is then possible to
reformulate the Navier boundary condition (3.4) as

Wl = —%(*u) + 2 (u)). (3.6)

For a proof this see Proposition 2.1 of [1]. From now on we will refer to (3.6)
as the Nawier boundary condition. This condition can be rewritten in terms of
coordinates as

2 2
1 , 1 ,
(Vxu) = CUQ — QZWJ'QUIJ, (V xu)® = —Zul + QZleuJ (3.7)
j=1 j=1
in a moving frame compatible with I', for constant ¢ > 0.

3.3 The Stokes operator with Navier boundary condition

As per the discussion in the previous section, we are interested in a solution to the
equation

(NS) { O+ (u VV);c::OAu — Vp (3.8)

(or more precisely the projection of these equations onto X'(2) as described above)
in a bounded domain 2 C R? with smooth compact boundary I, subject to the
boundary conditions

UL|F:0

(BC) { (V x u)”’F = —% ku+ 2% 7(u) (3.9)

for a small constant ¢ > 0 and where 7 : T*I" — T"T, is as described in section
3.1. The initial data will be given by

(I) U|t:0 = Up.

We suppose that we are working in a moving frame compatible with I'.
Define the operator A by

Deo(A) = {u € X(Q) NC>(Q) : u satisfies (BC)}

and
A=—-P, oA
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3.3 The Stokes operator with Navier boundary condition

where P, is the projection from the Helmholtz decomposition. Then (A, D¢ o(A))
is a densely defined linear operator on the Hilbert space X (2). If u € D¢ o(A),
Au = — P, (Au) and using a standard vector calculus identity

Au= -V x (Vxu)+V(V-u)
=—-V x(V xu) (3.10)

since V - u = 0. Now define the bi-linear form
E(u,w) == —/(POO o Au,w) (3.11)
Q

for any u,w € D¢y(A). Using the fact that P, is a projection, we then have for
any u,w € D¢ o(A)

Elu,w) = — /Q (Au, Pow)

-~ [ (duu)

:/Q<V><(V><u),w)
:/£2<qu,wa>+/((qu)”xw,n)

r
where we have also used (3.10), integration by parts and the fact that u, w satisfy
(BC). In particular , since u,w satisfy (BC) we have ut = w' = 0 on I so that
uw = ul,w = wl on I'. Therefore, by the definition of 7 and * given in section 3.2,
we have

(V x u)l x w,n) = <<—%*u+2*7r(u)> xw,n>

1 —u? w! 0
= —— < ul x| w? |, 0 >
¢ 0 0 1
— > Mgttt w! 0
+ < > miult x [ w? |, 0 >
0 0 1
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

on I' so that
5(u,w)—/9<V><u,V><w>—|—%/r<u,w>—2/r7r(u,w).

Therefore £ is symmetric and bi-linear. Moreover, since ul‘

/Q<Vu,Vw>:/Q<V><u,V><w>—/F7r(u,w).

We have therefore proved the following:

Lemma 3.3.1. The bi-linear form (£, D¢p(A)) on X(2) given by (3.11) is sym-
metric and such that

£(u, w) = /Q (Vu, Vi) — /F W(u,w)—l-% /F (1, ). (3.12)

The next Lemma states some further useful properties of the bi-linear form &.

Lemma 3.3.2. (i) For anye € (0,1), there exists a constant C(e,2) such that
E(u,u) = (1= 2)||Vull; = Cle, Q)ull3
for any u € D¢(A).

(ii) (&€, D¢o(A)) is closable on X () and its closure will be denoted by (€, D¢ (E)).
Moreover, identity (3.12) remains true for any u,w € D¢(E).

(iif) If 7 < ¢, then
E(u,u) > [|Vull3

for any u € D¢(E).
(iv) De(€) = X(Q)NHY (), which is thus independent of ¢ and denoted by D(E).

Proof. For (i), let A; be an upper bound for 7 i.e. @ < A;. Then by (3.12), we
have

C
(w2 [Vul = [ a2 (1= &)Vl = Zlul?

for some C' = C(2) > 0 and any ¢ € (0,1), where we have used the Sobolev
embedding inequality:

C
J <elvalg+ Shulg e e @),
r
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3.3 The Stokes operator with Navier boundary condition

For (ii), suppose {uy}n>1 C D¢ o(A) are such that €(u,, — wp,, Uy, — up,) — 0 and
||tn, — tm||2 — 0. Then by part (i), there exists a constant C' such that

1
§Hv<un - Um)“% < CHun - Um”% + g(“n — Um, Up — Um)

so that ||V (u, — um,)||3 — 0. Thus, {u, },>1 is a Cauchy sequence in H*(2), and
hence there exists a unique v € H*(f2) such that

[ = )3 + IV (= w)l3 — 0.

It follows by the Sobolev embedding theorem that

lm [ (U, uy) :/|u|2, lim [ 7w(uy, uy) :/W(u,u)
r r r

n—oo n—oo T

1
lim &(uy,, uy,) :/|Vu|2+—/|u|2—/7r(u,u),
oo Q ¢ Jr r

and u belongs to the closure of (€, D¢ o(A)).

Part (iii) follows easily from identity (3.12).

Finally, for part part (iv), we remark that Navier’s (-boundary condition has to
be satisfied for any u € Dy ¢, which will be forgotten when passing to the limit in
H'(Q) (in which the boundary values of the first derivative can not be retained).
Therefore Dy (A) is dense in X'(Q) N H'(Q) (see [1] for details). O

so that

Corollary 3.3.3. (£,D¢(€)) is a densely defined closed symmetric form on the
Hilbert space X () which is bounded from below. Moreover,

1
&) = [Vl + el = [ w(uww
for any u € D¢(E), and there exist constants A, M (e, () such that
0 < (€+AD)(u,u) < (1+e)[Vullz + M(e, O)llullz
for all w € D:(E) and any € > 0.

Proof. The first inequality follows directly from part (i) of Lemma 3.3.2. For the
second inequality, note that @ > —Cj for some Cy > 0 since I' is smooth and
compact. Thus by (3.12)

1
£u.0) < [Vull + (4ol
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

The Sobolev embedding theorem then yields that, for every e € (0, 1) there exists
Co > 0 such that

1
<Z N co) lalagey < £l Full? + M, ) ull2.

]

Definition 3.3.4. Let ¢ > 0. Then the unique self-adjoint operator on X () as-
sociated with the closed symmetric form (€, D¢(E)) is denoted again by A, with
domain D¢(A). It is called the Stokes operator with the Navier (-boundary condi-
tion.

Remark 3.3.5. According to the definition, (A, D¢(A)) is the unique self-adjoint
operator on X () such that

E(u,w) = —/Q<Au,w>
for any u,w € D¢(A) and
Dy (A) C De(A) C H(Q)NX(Q).

Moreover, if u € D¢(A), then u € H (Q) with V-u = 0 and u*|r = 0. In particular
there exists A > 0 such that —A + Al is positive definite.

3.4 Spectral theory and useful estimates

In this section we very briefly mention some estimates that are required for the
existence results in section 3.5. We do not prove these technical results, and refer
the reader once again to [1] for the details. We instead give some flavour of the
estimates needed.

Let A > 0 be the constant such that —A + Al > 0. Then, for A\ > A let
Ry := (M — A)~', which is a bounded linear operator on X'(Q).

Theorem 3.4.1. For any A > A, Ry is a compact operator on X (2).

Corollary 3.4.2. The spectrum of the Stokes operator (A, D¢(A)) with Navier’s
¢- boundary condition is discrete and belongs to (—oo, A]. The eigenvalues \; < A

can be ordered as
A>X2>2 N> 2N > ...

with A\, — —o0. Moreover, there are eigenfunctions {ax }r>0 C D¢ o(A) which form
a complete orthonormal basis of X(£2).
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3.4 Spectral theory and useful estimates

Let {ax}r>0 be the orthonormal basis of X'(2) consisting of eigenfunctions of
(A, D¢(A)) given by the above corollary. For an integer N let Xy be the Hilbert
space spanned by {aj : kK < N}. Thus |y Xy = X(Q2). Let Py : L*(Q) — Xy be
the projection such that for u € L*(Q),

N
Pyu = Z%/(Clkﬂt)-
k=0 Q2

Of course Pu = Y7 ar [o,(ar, u) is the projection from L*(Q2) onto X (Q) as
above.

Let u € D¢(A) and define w := V x v and ¢ := V xw = —Au. We will also use
the notation that for gi,..., g, € L*(Q)

(g1, gm)ll3 =D llgsll3-
j=1
Lemma 3.4.3. For every ¢ > 0, there exists M () > 0 such that
[ 2n (02) < 9%l + 2o, o)
for any u € |y Xn.
Theorem 3.4.4. Let u € |y Xn. Then

IVoully < M (V2 + [[ull2)

so that
[ull s < MI[(V), 9, u)]]2,

where M > 0 is a constant depending only on ¢ and the domain 2, which may be
different in each occurrence.

Corollary 3.4.5. There exists a constant M such that
M|V, ,u)lla < Jlullas < MYV, ¢, u)

for anyu € |y Xn.

Lemma 3.4.6. For any € > 0, there exists M > 0 such that
I(V x Py (u), VPy ()l < MII(V x u,u)ll3

for any v € H*(Q) and integer N.
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

3.5 Existence of a strong solution to (N S) subject to (BC)
and (/) in small time

The idea is to first construct a weak solution globally in time, and then, using
the estimates above, show that for small time such a solution is in fact a strong
solution.

3.5.1 Weak solutions

We introduce the notion of a weak solution to the initial-boundary problem (NS)
with (BC) and () in the following way. The minimal requirement on the initial
data is that ug € X'(Q).

Definition 3.5.1. A vector field u(t,x) on §2 is said to be a weak solution of (NS)
with (BC) and (I) if

(i) for eacht >0, u(t,-) € X(Q) and u € L*([0,T], H(Q)) for any T > 0;

(ii) for any smooth vector field ¢(t,x) with p(t,-) € X(Q) fort € [0,T]

/<u<T->
(uo, ¥o) // ), Op(t, )
—/0 /Q(qu,(uxcerwa))—%// +2//

for any T > 0;

(i)
T T 1
(T, )2 + 2 / IVul2 +2 / / (Z\uﬁ—w(u,u))suuouz

for any T > 0, which is the energy inequality.

(3.13)

Remark 3.5.2. Fquation (3.13) is obtained by integrating (N.S) and using inte-
gration by parts together with (BC').

We start the construction of such a weak solution by recalling that, by Corollary
3.4.2, the operator (A,D;(A)) as defined in section 3.3 has a discrete spectrum
consisting of eigenvalues {\, },,>o such that

A>X2> M >
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3.5 Existence of a strong solution to (NS) subject to (BC') and (I) in small time

and the eigenfunctions {a,},>0 C Doc(A) form an orthonormal basis of X'(£2).
Then a, are subject to (BC) and such that

Aa, — Vp, = \a,.

Suppose N
u(t,) =Y cx(t)ar, ci(t) :/Q<ak,u>

is a solution of (N S) with initial data uy. Then
Oy, = /(ak, Au) — /(ak,u ~uVu) = \gey, — Z cicj/(ak, a; - Vaj).
Q Q =0 Q

In view of this, for each integer NV, we solve the Cauchy problem

%ck = \pCp — nyjzo CiC; fQ(ak, a; - Va,)

(3.14)
Cli=0 = fQ<ak’ o)
and then define
uN(t,-) = Z cr(t)ag.
k=0
Thus u™N(t,-) € Dy c(A) for t > 0 and u” satisfies the evolution equation
N
o = Au® — Zak/<ak,u1v - Vul) (3.15)
k=0 79

subject to boundary conditions (BC'). We now make energy estimates, and (with
the help of the Sobolev embedding theorem) we arrive at

T T T
2
1™ (T, I + / IVl + / / WP < ol + C / (s, )12

for some constant C' independent of N and t. This estimate also ensures that,
for each N, the system (3.14) has a unique solution for all ¢ > 0. Finally, by the
Gronwall lemma, we have that [[u™(¢,-)|? and [[Vu" 3 are uniformly bounded in
t and N. Thus we arrive at the following existence result:

Theorem 3.5.3. Let ug € X(Q). Then, for any T > 0, the family {u™(t,z)},
for 0 <t < T, is weakly compact in L?([0,T], X(Q)) so that it has a convergent
sub-sequence that converges to a vector uw € L*([0,T], X(Q)). This limit function
is a weak solution to (NS) with (BC') and (I).
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions

3.5.2 Strong solutions in small time

Theorem 3.5.4. Let ug € X(Q) N H*(Q). Then there exists T* > 0 depending
only on ¢, 2 and |[ug| g2y such that there is a strong solution u(t, ) of the initial
boundary value problem (NS) with (BC') and (I) up to T*.

To prove this theorem we look for a uniform bound on the second order deriva-
tives of u” defined in the previous section, which will yield the result in the same
way as Theorem 3.5.3. Indeed, we have the following:

Theorem 3.5.5. Let uy € X(2) N H?(QQ). Then there exist T* > 0 and M > 0
depending only on (,Q and ||ug|| g2y (independent of N) such that

[u™ (8, )20y + 0™ (2, )15 < M.
Proof. Let vV be as above. In what follows we will drop the N for notational

sake, so that v = 1", since it will not cause any confusion. Let w = V x u and
1 = —Awu as usual. Define F := ||(¢, u,u;)||3. We first aim to show that

d
—F < MF+ MyF?, (3.16)

for some constants My, My > 0. To do this we must estimate the three terms
gillull3, w3 and Fv 3.
Recall that u satisfies the evolution equation (3.15) i.e.

N
8tu:Au—Zak/<ak,u-Vu) (3.17)
k=0 @

where u(t,-) € Dy (A) for all ¢ > 0. Thus we have that

Gt == [ [9ul = [ v =2 [1f+2 [ w(ww),

Since V- u =0 and ut =0, [,(u, V(|u[?)) = 0, so that we arrive at the energy
balance identity:

d 2
EHUHngQ/ [Vul? = _Z||UH2L2(F)+2/7T(Uau)- (3.18)
Q T

Now, by the Sobolev embedding inequality, we have

1
[ ) < 319l + el
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3.5 Existence| of a strong solution to (NS) subject to (BC') and (I) in small time
for some constant C'. Thus by (3.18) we see that

d o 2

Fllullz < 2Cull>. (3.19)

To estimate < ||lu||, we note that from (3.17) it also follows that

N N
Oy = Auy — Zak/(ak,ut -Vu) — Zak / (ag,u - Vuy),
k=1 Q k=1 Q

and wu(t,-) € Doc(A) for all £ > 0. Therefore V - u; = 0 and u; again satisfies the
same boundary conditions as u. Therefore

d
%Hutﬂg = 2/(Aut,ut> — 2/<ut,ut -Vu) — 2/(ut,u - Vuy)
Q Q Q

—2/9(Aut,ut> —2/Q<ut,ut~Vu>

= || Vu|? — g ]ut|2+2/ (ut,ut)—2/<ut,ut-Vu> (3.20)
T Q

using Lemma 3.3.1. Thus, again using the Sobolev embedding inequality,

Sl = <21Vl = 2l +2 | w(un,u) =2 [ e, V)
< 19wl = 2l + 20l =2 | (- V)
< 9wl = Zlliagy + 2Tl + 2Nl V)
< 1l = Sl + 20Tl + el + [Vl

2
< —[IVu® - ZHutHQLz(r) +el Viullz + Oy (1@, wue) [z + lluellz)  (3.21)

for all € > 0 and some constant C; = C(¢). Now, by Theorem 3.4.4 and Corollary
3.4.5 we have that there exist constants Cy, C'5 such that

IV2ull3 < Co ([IV1I5 + [Jull72)
< Cy (IVYIl3 + llulls)
< Co (VY3 + Csll(Ve, v, u)I3)
< Cy (IVR3 + (v, w)l3) (3.22)
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions
for Cy = Cy + C3. Using this in (3.21) we see that

d
—llls < eCall Ve ll5 + Cs (18w w) 15 + [lullz) (3.23)

where C5 = C; + eCy for all € > 0.
We lastly must estimate £[|¢)[|2. In order to do this, we first note that (3.17)
may be re-written as

Ou = Au — Py(u - Vu)

where Pyu = Y ;o ay [ (ar, u) as in section 3.4. Since we can write u - Vu =
Hul* = u x w (where we recall w = V x u), we have

Ou = Au+ Py(u X w). (3.24)
By taking the curl of both sides once and then twice yields
0w =Aw+V X Py(u X w)

and
Oy =AY+ V XV x Py(u X w),

since V x Au =V x (Au). It follows that

d
I8 =2 [ (80.0) 42 [ (V% ¥ x Pt ).
Integration by parts leads to
A — _ 2 ., 2 7
2 [ (&0w) = =290l + [ 0w
and
/(V X V x Py(u X w), )
Q
= /(V X Py(u x w),V x 1) +1/(1/),PN(u X w)) — 2/7T(’L/),PN(u X w)).
Q ¢Jr

r

Therefore
d
GI0IE = <21Vl + [ 9,(u7) +2 [ (9 x Py(ux ), ¥ xv)
+§/F<¢,PN<u><w>> —4/Fw<w,PN<u><w>>.

66



3.5 Existence| of a strong solution to (NS) subject to (BC') and (I) in small time

By Holder’s inequality, one obtains

d
%Wﬂg < =2||Vy|)3 + /Fan(WQ) +2[|[V x Py (u x w)][2||V x ]|
+ Col[9[| 20y | Px (u X w) || 2(ry

for some constant Cg. By Lemma 3.4.3, we have that for all £ > 0 there exists a
constant C7 = C7(¢) such that

/F 0u([Y12) < el V3ull2 + Cyll (v, u)| 2

< eCy (IVYII2 + 1w, w)ll2) + Coll (@, w3
< eCul| VI3 + Csll (@, w3

were we have used (3.22) and Cs = C; + eCy. Thus

d
%Hlbllg < =2 Voll; + eCul VY II3 + Csll (@, w) 3
+ 2[[V x Py (u x w)|[2lIV X ll2 + Coll9] 2y | P (u X w) [ 2ry- (3-25)

for all € > 0. Now by the Sobolev embedding theorem, for all £ > 0 there exist
constants Cy, C19 = Cho(e) such that

Collt 1P x )llzzy < (IV9l + G5 1lz) (219 Pl x w)lla + Cilu x wll)

< IVYII3 + Collv 13 + e VPy (u x w)lf3 + Crollu x wif3
< IVYI3 + Colloll3 + e VPN (u x w) 3 + Cull (¥, u)]l2

for some constant C71, where we have used the fact that there exists a constant
M such that
lu x wlle < Mlull7n = Ml|(, u)|3.

Now we can use Lemma 3.4.6 to see that there exists a constant (i, such that

1(V x Py(u x w), VPy(u x w))||2 < Cp|(V x u x w,u x w)||3
= Ci2||V x u x w3 + Cuallu x w3
< Cil|(w - Vu,u - Vw, u x w3
< Cull(®, w13

for some constants Ci3, Ci4. Hence

Collvll 2| P (u x w) 22y < VI3 + Cusll (v, w)ll3
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3 The Navier-Stokes equations with kinematic and Navier boundary conditions
where Ci5 = Cy 4+ C11 + Ch4. Using this in (3.25) yields

d
%HlﬁH% < —(1 = eC)[VY][5 + eCull (1, ) 3 (3.26)
+ 2|V x Py(u x w)||2|V % w2, (3.27)

where Cig = C15 + Cg for all € > 0. Finally, by another application of Lemma
3.4.6, we see that there exists a constant C7 such that

d
1015 < =1 =V + Cor (1, w3 + 1, w)ll3) - (3.28)

We can now combine (3.19), (3.23) and (3.28) to see that, by taking ¢ small
enough, there exist positive constants M, M, such that

d
EF < MF + M,F?,

which is (3.16).
To conclude the proof, we note that from (3.24)

[ulla < fAulls + ([ Pr(u x @)

< 2[ Aulfz + [Ju x w2
< 2| Aully + [Jull2]|wl]l2,

so that
F(0) < Cllugl32

for some constant C. Let p be the solution on [0,7*) to the ordinary differential
equation:
pl="Mp+Mp®,  p(0) = Clluollz,

where T* > 0 is the blowup time of p. Finally, the differential inequality (3.16)
together with the fact that F'(0) < p(0) implies that F'(t) < p(t) on [0,T™). O
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