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1 Introduction

These notes are devoted to the study of invariant measures for stochastic evolution equa-
tions in infinite dimensions. Our main reference will be Stochasitc Partial Differential
FEquations with Lévy Noise (Peszat and Zabczyk, 2007) [11], which includes most (but
not all) the results contained here, and should be referred to for the details. However,
our focus here will be more specific, in that we will not worry too much about existence
and regularity of solutions, but try to describe the invariant measure in situations where
this is known. The invariant measure can be thought of as describing the long-term
behaviour of a dynamical system, and this is one of the reasons that the results here and
in [11] have many important applications in, for example, lattice systems and financial
mathematics.

We start by considering linear evolution equations driven by a Wiener process in
a separable Hilbert space, covering also the background material needed to describe
them rigourously. Then in Chapter 2 we try and generalise the results to the situation
where the equations are driven by a general Lévy process L on a Hilbert space (which
does not necessarily have continuous trajectories). In Chapter 3, in the case where
L is a square integrable Lévy process, we describe conditions under which we have
exponential convergence of the semigroup to the invariant measure. We finally apply
the results obtained to an important model from mathematical finance: the so-called
Heath-Jarrow-Morton model.
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2 Linear Equations with Gaussian Noise

In this chapter we will be interested in the following family of stochastic differential
equations:
dX(t) = AX(t)dt + BdW (t) (2.1)

where
o (A, D(A)) is the generator of a Cj - semigroup on a Hilbert space H;
e W (t) is a cylindrical Wiener process on a Hilbert space U;
e B is a bounded linear operator from U to H i.e B € L(U, H).

In the next few sections we will make this description precise.

2.1 Cjy-semigroups and well-posedness of deterministic linear
problems

Deterministic linear evolution equations can often be formulated as an evolution equation
in a Hilbert space H:
dX

— = Ay X

o , t>0, X(0)=xz€D(Ay) C H, (2.2)

with Ag : D(Ayg) — H an operator (in general unbounded) defined on a dense linear
subspace D(Ap) of H. In (2.2) dX/dt stands for the strong derivative of X (t) i.e.

Problem (2.2) is called the initial value problem or the Cauchy problem relative to the
operator Ag.

Definition 2.1.1. We say that the Cauchy problem (2.2) is well-posed if:

(i) for arbitrary x € D(Ag) there exists exactly one strongly differentiable function
X(t,x),t > 0 satisfying (2.2) for allt >0,

(i) for {x,} C D(Ag) such that lim,,_ z, = 0,we have

lim X(t,z,) =0,

n—oo

for allt > 0.



2 Linear Equations with Gaussian Noise

If the limit in the above definition is uniform in ¢ on compact subsets of [0, c0) we say
that the Cauchy problem (2.2) is uniformly well-posed. From now on we assume that
the Cauchy problem is uniformly well-posed, and define operators S(t) : D(Ay) — H by
the formula

S(t)r = X(t, z), Vo € D(Ap), vVt > 0.

By the density of D(Ay) in H and the well-posedness of the problem, for all £ > 0 the
linear operator S(t) can be uniquely extended to a bounded linear operator on the whole
of H, which we still denote by S(t). We have clearly that

S(0) = 1. (2.3)
Moreover, by the uniqueness
S(t+s)=S(t)S(s), Vt,s > 0. (2.4)
Finally, by the uniform boundedness theorem, it follows that
S(-)(z) is continuous in [0, 00) for all x € H. (2.5)

In this way we are led directly from the study of the uniformly well-posed Cauchy
problem to the family (S(¢),t > 0) of bounded linear operators on H satisfying (2.3),
(2.4) and (2.5). We say that a family (S(¢),t > 0) of bounded linear operators on H
satisfying (2.3), (2.4) and (2.5) is a Cy-semigroup of linear operators. So the concept of a
Cp-semigroup is in a sense equivalent to that of a uniformly well-posed Cauchy problem.

Definition 2.1.2. The generator of a Cy-semigroup S(-) is a linear operator (A, D(A))
on H such that

t—0

D(A) = {a: € H: limw e:m'sts} ,

and for x € D(A),
Ap =l 2T

It is easy to see that A is an extension of Ay and moreover that the problem

dX
is also uniformly well-posed with the same associated semigroup S(-). Thus, in our
investigations we will only consider the Cauchy problem (2.6) with A being the generator
of a Cy-semigroup.
We can also consider the equation with added drift term i.e
dX

where f :[0,00) — H is a bounded measurable function. By the variation of constants
formula we have

X(t)=S{t)x+ /OtS(t —s)f(s)ds,



2.2 Nuclear and Hilbert-Schmidt operators

where S(t) solves (2.6) above. We say that a process which satisfies this integral equation
is a mild solution to (2.7). Moreover, if

t
< X(t),u >g=<z,u>g +/ {<X(s),A"u > + < f(s),u>u}ds, Yue DA,
0

then we say that X(¢) is a weak solution to (2.7). By direct calculation it can be shown
that every mild solution is a weak solution.

2.2 Nuclear and Hilbert-Schmidt operators

Let E,G be Banach spaces and let L(E,G) be the Banach space of all bounded linear
operators from FE into G with the usual supremum norm. Denote by E* and G* the
dual spaces of E' and G respectively.

Definition 2.2.1. 7' € L(E, G) is a nuclear operator if there exist two sequences {a;} C
G and {¢;} C E* such that
> llajlicliés)

J=1

B < 00,

and such that T has the representation
Tx:Zajgzﬁj(:L‘), Vo € E.
j=1

The space Ly (FE, G) of all nuclear operators from E into G endowed with the norm

B Ty = Zajqﬁj(x)}
j=1

is a Banach space. This space is interesting for us because of the following facts (see
Appendix C of [12]). Let H be a separable Hilbert space, and let {e;} be a complete
orthonormal system in H. For T' € Ly(H, H) = L,(H) define the trace of T' to be

17|z, (pG) := inf {Z la;l|-Go;]
j=1

TI‘T:Z<T6]',6]' >H .

j=1

Proposition 2.2.1. ForT € Li(H), Tr T is well defined and independent of the choice
of orthonormal basis {e;}.

Proposition 2.2.2. A non-negative operator T € L(H) is nuclear if and only if for
some orthonormal basis {e;} on H

o
TrT:Z<Tej,ej>H<oo.

j=1

Moreover, in this case ||T||p,my = Tr T.
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Definition 2.2.2. Let H, F' be two separable Hilbert spaces with complete orthonormal
basis {e;} C H. We say that T € L(H, F) is Hilbert - Schmidt if

oo
Z |Te;|% < .
j=1

The space Lys(H, F') of all Hilbert-Schmidt operators from H into F' is a separable
Hilbert space with the scalar product

oo
< ST >ys=Y» < SejTej>p.
j=1

Now suppose (€2, F,P) is a probability space and H is a separable Hilbert space. Let
X : Q — H be a square integrable H-valued random variable such that E(X) = 0. Then
we define the covariance operator of the random variable X to be the operator () given
by

<Qr,y>p=E(< X,z >up< X,y >p), Va,y € H.

Then

Q3 =< Qz,Qz >p=E (< X,z >5< X,Qz >p)
< |e|a|Qz|E|X [, (2.8)

by Cauchy-Schwarz, so that @ € L(H). Moreover, if {e;} is a complete orthonormal
sequence for H we have

TI‘Q:Z<Q€]',€j >H

j=1

:224|<X@M3%ﬂ@@@

=E|X |} < .

Therefore by Proposition 2.2.2 we see that Q € Li(H).

2.3 Wiener processes in Hilbert spaces

We first define ()-Wiener processes before constructing more general cylindrical Wiener
processes.

2.3.1 ()-Wiener processes

Let U be a separable Hilbert space and let Q € L(U) be non-neqative and such that
Tr @ < co. Then there exists a complete orthonormal system {ej} in U and a bounded
sequence of non-negative real numbers v, such that

Qekz%ek, k:1,2,

10



2.3 Wiener processes in Hilbert spaces

Definition 2.3.1. A U-valued stochastic process W (t),t > 0 is called a Q-Wiener pro-
cess (or just a Wiener process) if

(1) W(0) =
(ii) W has continuous trajectories,

)
)

(iii) W has independent increments,
)

LW(t) = W(s)) = N(0,(t = 5)Q),V t = 5 > 0.

(iv

With the help of the Kolmogorov extension theorem (see for example Theorem 3.7 of
[11]), it is fairly straightforward to show the existence of a (-Wiener process for any
symmetric non-negative operator () on U such that Tr ) < oc.

Proposition 2.3.1. Let W be a Q-Wiener process with Tr () < oo. Then W is a
Gaussian process on U, E(W (t)) =0 and Cov(W (t)) = tQ. Moreover, fort > 0,

= 2_Vibi(0e;

where )
ﬁj(t):—<W(t),€j >u, j=12...
7,
are real valued Brownian motions mutually independent on (2, F,P), and the series is
convergent in L*(Q, F,P).

It can be be shown that the series in Proposition 2.3.1 is in fact uniformly convergent
on any [0,7] P-a.s. (see Theorem 4.3 of [12]).

2.3.2 Reproducing kernel Hilbert space

In view of the above, one can expect the covariance operator of the noise to play a fun-
damental role in the study of stochastic evolution equations. However, it turns out that
it is much more convenient to study the reproducing kernel Hilbert space of the noise;
see definition 2.3.2 below. Unlike the covariance operator, the RKHS is independent of
the space on which the noise is considered.

Let Z be a square integrable random variable with mean zero in a Hilbert space U,
and let (-,-) : U* x U — R be the duality form. Let @) be the covariance operator of
Z. Since () is a nuclear self-adjoint operator on U, there is an orthonormal basis {e;}
of U consisting of eigenvectors of (). Then Qe; = ~;e;,7 € N. Since () is non-negative
definite, we have v; > 0. The square root of () is given by

1/2
QY?r = Z <z,e5 >u ’yj/ €5,
J

11



2 Linear Equations with Gaussian Noise

for z € U. Generally Q and Q'/? are not injective. However, we will denote by Q~1/2
the pseudo-inverse operator, which is defined by

Q_I/Qy =z if Q1/2x =y, and |z|y = inf {|y|U : Q1/2y = x} .

Definition 2.3.2. Let Z be a square integrable zero-mean random variable taking values
in a Hilbert space U, and let Q) be the covariance of Z. Then Uy = QY*(U), equipped
with the inner product < x,y >y, =< Q™ Y2z, Q™'%y >y, is called the reproducing kernel
Hilbert space (RKHS) of Z.

If Z is as above and Uy is its RKHS, then since ) is nuclear, Q'/? is Hilbert-Schimdst.
Consequently the embedding Uy — U is Hilbert-Schmidt; that is for an arbitrary or-
thonormal basis {f;} of Uy one has 3| f;| < oo.

The RKHS of a random variable Z is independent of the space upon which the random
element 7 is considered. More precisely, let Uy and U, be the RKHSs of Z considered
as a random variable on U and U respectively. Then Uy = [70. We also note that the
concept of the reproducing kernel can be extended to a non-square integrable random
variable Z taking values in a Hilbert space U, provided there is a bigger U «— U such
that E|Z|2 < oo.

A useful result which characterises the RKHS of Z is the following (see Proposition
7.1 of [11]).

Proposition 2.3.2. Let (Uy, < -, >y,) be a Hilbert space continuously embedded into
U. Then the following are equivalent:

(1) Uy = QY2(U) and < 2,y >y,=< QV%x,Q Y%y >y for all v,y € Uy (i.e Uy is
the RKHS of 7).

(i) For any orthonormal basis {f;} of U,

E<a,Z>5,<y.Z>,=» <zf>0,<yfi >0, Vaycl
j

(iii) For any orthonormal basis {f;} of Uy,

E(w, Z){y, Z) = ) («, [}y f;),  YayeU

J

In the two propositions below, Uy and U are Hilbert spaces such that Uy is densely
embedded into U. Then under the identification of U, with Uj, we have that U* —
U; = Uy — U and we can treat U* as a subspace of Uy. Recalling that (-,-) is the
duality form on U* x U, we clearly have that (z,y) =< z,y >y, for all z € U*,y € U,.

Proposition 2.3.3. Let Z be a square integrable zero-mean random variable in U. As-
sume that E{x, Z)(y, Z) =< x,y >y, for all x,y € U*. Then Uy is the RKHS of Z.

12



2.3 Wiener processes in Hilbert spaces
Proof. Let {f;} be an arbitrary orthonormal basis of Uy. Then

<@y =Y <z fi >0< . fi >, -
J

Since for z € U*, < z, f; >y,= (z, f;) we have that

E(l’, Z><y7 Z> =<,y >U0: Z<x7 fj><y7 fj>>

J

which by Proposition 2.3.2 completes the proof. O]

Proposition 2.3.4. Assume that the embedding Uy — U 1is Hilbert-Schmidt. Let Z :
Uy — L*(Q,F,P) be a linear operator such that E(Zx)*> = clz|f, and EZx = 0 for

x € Uy. Then there is a unique square integrable zero-mean random variable Z in U
such that

Zr = (x,7), VaeeU".
Moreover, Uy is the RKHS of Z.

Proof. Let {f;} be an orthonormal basis of Uy. We assume that {f;} C U*. Such a
basis exists since U* is dense in Uy. Then

2

n+m n+m n+m
BN (Zf)fi| =Y BZEZE) < fifo >v=Y_ < fi fr >0 < fis fr >v
Jj=n U J.k=n 7, k=n
n+m

=Y Iz =0
j=n

as n,m — oo. Thus the series > .(Zf;)f; converges in L*(Q, F,P;U). We will show
that its limit Z has the desired properties. To this end, note that for any z € U*,

(w,2) = (Zf){w, f;) = > (Zf;) <, f; >u,

J J

Since Z is a continuous linear operator on Uy,

Z(Zf]) < l’,fj >Up= Z (Z < fj,lL‘ >Us f]) =Zx

J J
and hence by use of Proposition 2.3.3 the result follows. O

We will identify Z with Z, and write Z instead of Z.

13



2 Linear Equations with Gaussian Noise

2.3.3 Cylindrical Wiener processes
Now let (2, F, (F;),P) be a filtered probability space and let U be a separable Hilbert

space as usual.

Definition 2.3.3. A cylindrical Wiener process (adapted to (F;) ) on U is a linear (in
the second variable) mapping W : [0,00) x U — L*(Q, F,P) satisfying the following
conditions:

(i) for allt >0 and x € U, E|W (t,2)|* = t|z|},
(ii) for each x € U, (W (t,x),t > 0) is a real-valued (F;)-adapted Wiener process.

Lemma 2.3.5. If W is a cylindrical Wiener process then, for allt > s > 0 and z,y € U,
EW(t,z)W(s,y) = (t \s) < z,y >p.

Proof. Assume that t > s > 0. Then

EIV (1, 2)W (s,) = EE (W0, 2) W (s, )W (s,)| ) + EW (s, )1V s, )
= EW (s, 2)W (s, y)
iE( (s,2) + W(s,y))> = (W(s,z) — W(s,y))?)
= {E(W(s,2 4+ )"~ W(s,x — y))
= (ot~ —sf}) =s <wy>u.

]

Now let U; be a Hilbert space such that the embedding U <— U, is dense and Hilbert-
Schmidt. We identify U} with a subspace of U and denote by (-,-) the bilinear form on
Uy x U, as above. As a simple consequence of Propositions 2.3.3 and 2.3.4 we have the
following result.

Theorem 2.3.6. (i) If W is a cylindrical Wiener process on U then there is a Uy
valued Q- Wiener process, which we will denote also by W such that

(x, W(t)) =W(t,x), t>0,zeU" (2.9)
Moreover, the RKHS of W is equal to U.

(ii) Conversely, if W is a Wiener process in Uy with RKHS equal to U then (2.9)
defines a cylindrical Wiener process on U.

Assume that W is a cylindrical Wiener process in U. Let {e;} be an orthonormal basis
of U. Let W;(t) := W(t,e;). Then (W;) is a sequence of independent standard real-
valued Wiener processes. Let U; be a Hilbert space such that the embedding U — U,

is Hilbert-Schmidt. Then
)=> W(t)e;, t=0,
J

where the series converges in L?(Q, F,P; U;).

14



2.4 Solving the SPDE

Remark 2.3.1. The concept of a cylindrical Wiener process is closely related to that of
space-time white noise. Loosely speaking, the latter is the time derivative of a cylindrical
Wiener process.

Note that a cylindrical Wiener process W (t) on U has covariance equal to the identity
operator (which is certainly not trace class), whereas every Q-Wiener process on U
has covariance () such that Tr @ < oo. A cylindrical Wiener process is an example
of square integrable cylindrical martingale with independent stationary increments, so
that stochastic integration can be defined with respect to W (t) according to section 3.2
below. For more details specifically for the case of a Wiener process, see [12] Chapter 4.
A cylindrical Wiener process is not uniquely determined, but it can be shown that the
class of integrands and the spaces of stochastically integrable processes are independent
of the space U; chosen.

2.4 Solving the SPDE

Let H and U be separable Hilbert spaces. Let {e;} be an orthonormal basis for U.
Recall we are interested in an H-valued process X (t) which solves the equation (2.1)

dX (t) = AX(t)dt + BdW (¢),

where (A,D(A)) is the generator of a Co-semigroup S(t) on H, W(t) = 372, Wj(t)e;
is a cylindrical Wiener process on U and B € L(U, H). What should our solution look
like?

In view of the previous sections, we will define our solution to be the H-valued process
X (t) which satisfies

X(t) =S(t)X(0) + i /Ot S(t — s)Be;jdW,(s).

We say X (t) is a mild solution to (2.1). However, to make this rigourous, we must say
something about convergence. We would like to have convergence in some sense in H.

We know that .
{/ Bede]-(s) j € N}
0

forms a sequence of independent Gaussian random variables on H, since we are integrat-
ing something continuous with respect to independent 1-dimensional Brownian motions.
We can therefore make use of the Ito-Nisio theorem:

Theorem 2.4.1 (It6-Nisio). Let {X;} be a sequence of independent random variables
with values in a Banach space E. Then the following are equivalent:

(1) > pe, Xk converges P-a.s.

(ii) Y°p2, Xy converges in probability.

15



2 Linear Equations with Gaussian Noise

(iii) Yoo, Xy converges in distribution.

As convergence in L? implies convergence in probability, by this theorem if we require

Z /0 S(t — s)Be;dWj(s)

to be convergent in L?(Q, F,P; H), then the sum will converge P-almost surely. Since
00 ¢ 2 0 t
Y E (/ S(t — s)Bejdvvj(s)) = Z/ |S(t — s)Be;|%ds
j=1 0 j=1"0
t (o]
= [ S Is)Be s
(R

t
_ / 1S(S)BI2,, o ds

where [|S(s)B|3s = 2,2 |S(s)Be;|F is the Hilbert-Schmidt norm, this is equivalent to
requiring that
t
/ 1S (s) B3 gds < oo. (2.10)
0

If we add this to our assumptions, then
o ot
X(t)=St)X(0)+ Z/ S(t — s)Be;jdW,(s)
j=1"0

is a well-defined mild solution to our equation (2.1). This is essentially how we define
stochastic integration with respect to W (t), and condition 2.10 ensures that S(s)B is an
integrable process. Moreover, we also have that the stochastic integral fot S(s)BdW (s)
is distributed N (0, Q;) where

Q= /OtS(S)BB*S*(S)dS.

All this is shown in more generality in section 3.2 below (see in particular Remark 3.2.2),
and Chapter 8 of [11].

Remark 2.4.1. In [11] conditions for the existence and uniqueness of solutions to equa-
tions that are much more general than (2.1) are given. These general conditions, how-
ever, still entail a requirement similar to (2.10), so that the stochastic integral appearing
in the definition of a mild solution is well defined.

16



2.5 Invariant measures

2.5 Invariant measures

The following theorem of Zabczyk states an important result about the existence of an
invariant measure for the solution X (¢) to (2.1) as described above.

Theorem 2.5.1 (Zabczyk). The following conditions are equivalent:
(a) sup;so Tr Q; < 0o where Q; = fot S(s)BB*S*(s)ds.

(b) There is an invariant measure p for equation (2.1) i.e. if X(0) has a distribution
w and is independent of W, then X (t) also has distribution p for any t > 0.

Moreover, if either (a) or (b) holds, then any invariant measure has the following form
p=o0xN(0,Q)
where Q) = fooo S(s)BB*S*(s)ds and o is any probability measure on H such that
S(t)o =0
forallt > 0.

Remark 2.5.1. In the above theorem N (0, Q) denotes the convolution of the measures
o and N(0,Q) on H i.e.

g *N(O,Q)(A) =0 X N(O, Q) ({(hl,hg) € H2 : hl —+ hQ < A})
for all A€ B(H). We also denote by S(t)o the measure defined by

S(t)o(A) = /H S(t)14(z)o(dr), A€ B(H).

Recall the definition of a characteristic function of a probability measure p on H:

A = / ¢ N ()
H

for all A € H. Theorem 2.5.1 depends on the following well-known result of Bochner:

Theorem 2.5.2 (Bochner). Let H be a separable Hilbert space and ¢ : H — C. Then
the following are equivalent:

(1) ¢ is the characteristic function of some probability measure p i.e. @ = fi.

(ii) ¢(0) =1, ¢ is positive definite in the sense that
Z p(& —&)ziz; = 0
.3

for all {&} C H,{z} C C, and ¢ is S-continuous, in the sense that Ye > 0 there
exists a nuclear operator S. € Li(H) such that

Re ¢(A\) > 1 —¢ whenever < S\ A>p<1.

17



2 Linear Equations with Gaussian Noise

Proof of Theorem 2.5.1. We have that
t
X(t)=S(t)X(0)+ / S(t — s)BdW (s),
0

which is interpreted in the way described above. From this we can see immediately that
i is an invariant measure for equation (2.1) if and only if

p=(S(t)p) * N(0,Qy)

for all ¢ > 0, because the distribution of f(f S(t—s)BdW (s) is N(0, Q). Taking charac-
teristic functions we see that

(A) = S(E)u(A) - N (0, Qi)(A)
where, by definition of S(¢)u, we have that

SO = /H &N (5(1)p) dx)
:/ ei<)\,S(t)ac>HM(dx)
= [ @S O ) = (5" (O,

Hence p is an invariant measure for equation (2.1) if and only if
AN = A(S* (1) N)e 2=
forall A € H,t > 0.

(b) = (a): Let u be an invariant measure for ( 1). Then by above
<N HRe (3) = Re i(S(1))

— Re z<zS(t A> (dl’)
<1
=< QAN >y <21 !
O
t7\y H > g R,e/l()\)

forall A € H,t > 0.
By Bochner’s Theorem, for ¢ =  there exists S € Li(H) such that

Refi(N) > V A such that < SA A >p< 1.

L\DI»—t

Therefore
< QN A > < 2log?2, V A € H such that < SA, A >p<1

which yields
0 <@ <2log25.

Hence sup,;», Tr Q; < 2log 2Tr S < oco.

18



2.5 Invariant measures

(a) = (b): If (a) holds, then it is clear that Q = [J°S(s)BB*S*(s)ds is well defined.
We show that g = N(0, Q) is invariant. Indeed, we then have that

,&()\> — ef%<Q/\,)\>H

so that
Q(S*(H)A) = e~ 7<50RS"WAN>n.

Note that by the semigroup property
S(t)QS*(t) = / S(t+ s)BB*S*(t + s)ds = / S(u)BB*S*(u)du
0 t

> t
’ 0
so that
,EL(S* (t)A) — 67%<Q)\,)\>H6%<Qt)\7/\>H.
This yields |
ﬂ()\) = ,a(S*(t))\)e_§<Qz>\,/\>

which, by above, shows that the measure y is indeed invariant.

For the last part of the result, using the fact that i(\) = A(S*(£)A\)e 2<Q> and

em2<QAN> L N(0,Q) as t — oo, we see that

(ST (H)A) — ¥ ()

for some function 1. If ¢ is the characteristic function of some measure o i.e. ¥(\) =
d(A) then

—

f(A) = 6-N(0,Q)

and o is invariant for S(-) since
a(S(s)A\) = tlim A(S(t+s)A) =a(N), A€ H.

So we are done if we show that ¢ is indeed the characteristic function of some measure.
For this we use Bochner’s Theorem once more. Firstly, since ¢()) is the limit of (S*(¢)\)
we have that ¢(0) = 1 and 1 is positive definite. Therefore we just need to show it is
S-continuous. For this we just note that

$(A) = A(A)er =P
= Re ¢(A) = e2<P*>Re fi())
> Re fi(\)
from which S-continuity follows easily. O]
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2 Linear Equations with Gaussian Noise

Example 2.5.1. Let H = L*(0,00) and U = R. Define

S(t)e(€) = eMp(E +1),

b(§) = € H,
and p
A= E + A

One can check that these satisfy our assumptions. We would like to find a non-trivial
invariant measure for the equation

dX (1) = AX (t)dt + bdW (t)

where W (t) is a 1-dimensional Brownian motion. To achieve this we will find ¢ # 0
such that S(1)¢ = ¢, and use the above Theorem. Let o be the distribution of S(n)e
where 1 has uniform distribution on [0,1]. Take X = 1, p(&) = e7* for £ € [k, k + 1),
k=0,1,.... Then

S(1)p(€) = elp(é +1) = ele” ™Y
=e " =€)

for& € [k, k+1). So we know that there exists a non-trivial invariant measure o for the
semigroup S(-). To apply the above theorem, we check that sup;s,Tr @y < co:

2

Tr @, =E /t S(t — s)bdW (s)

t

_ /0 RO e
t

:/0 |5 (5)b[72(0,00)d5

=supTr Q; = / \S(s)blig[o’oo)ds
t>0 0

—/ / 6286_2(£+s)2d8d§ < 0.
o Jo
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3 Ornstein-Uhlenbeck Processes Driven By Lévy
Processes

In this section we extend the results of the previous chapter to the case when the
evolution equation is driven not by a Wiener process with continuous trajectories, but
by a Lévy process with jumps.

3.1 Martingales on Hilbert spaces

Let (U, < -,- >y) be a Hilbert space and (2, F, (F;),P) a filtered probability space.
Let M?(U) be the space of all square integrable U-valued martingales which are right-
continuous with left limits. This technical condition is standard and ensures that the
Doob-Meyer decomposition theorem holds. Indeed, let M, N € M?(U). Denote by

< M, N >y, t>0

the unique predictable process, with trajectories having locally bounded variation for
which

< M(t),N(t) >y — < M,N >y, t>0
is a martingale. By the Doob-Meyer decomposition, the process < M, N > always exists,
and is called the angle bracket of M and N.

We can also introduce the operator angle bracket < M, N > in the following way.
As before, let Li(U) be the space of all nuclear operators on U. Define, for x,y,z € U,
r®y(2) :=<y,z >y x. It is easy to show that x®y € L1(U) and ||[z®@y||L,w) = |z|v|y|v.

We also denote by L (U) the subspace of L;(U) consisting of all self-adjoint non-
negative nuclear operators. If M € M?(U) then the process (M (t) @ M(t),t > 0) is an
L, (U)-valued right-continuous process such that

E||M(t) ® M(t)|Lyw) = EIM ()]
We have the following basic result.

Theorem 3.1.1. Let M € M?*(U). Then there is a unique right-continuous L{ (U)-
valued increasing predictable process (< M, M >t > 0) such that < M, M >,= 0

and the process
M(t) @ M(t)— < M, M >, t>0

is an L1(U)-valued martingale. Moreover, there exists a predictable L (U)-valued process
(Q¢,t > 0) such that

t
< M, M >>t:/ Q.d < M, M >,, t>0. (3.1)
0
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Sketch of Proof. For details see Theorem 8.2 in [11]. The idea of the proof is first to
show that for any M, N € M?(U) there exists a predictable process (¢(s),s > 0) such
that

t
< M,N >t:/ q(s)d(< M,M >, + < N,N >,).
0

Then, letting {e;} be an orthonormal basis of U and writing M?(t) =< M(t),e; >p€
M?(R), we take as a candidate for the operator angle bracket

KM M>p=> e@e; < M M >, t>0. (3.2)
7.k

We then prove that the series converges in L*(Q, F,P; Lys(U)) by looking at the Hilbert-
Schmidt norm of the right hand side. Indeed,

2

| < M, M >, H%HS(U) = Z Z < MF M >< ej, e >y e
U |k

:Z Z<Mk,Ml>t€k
l k

=> <M M >}

1k

U
2

U

Since
0< < MFtaM, MF+aM >, = a®> < M, M >, +2a < M, M* >, + < M*, M* >,

we see that
< MF M > < < MY M > < MR ME >,

Hence

H <L M, M >, H%HS(U) < Z < MI,MZ > < Mk,Mk >t
k,l

2
= <Z < Mk,Mk >t>
k

= Bl < M, M > |pys0) SEY < M* M* >=E|M(t)[}; < oo.
k

Thus (« M, M >,t > 0) is a well-defined process taking values in the space of Hilbert-
Schmidt operators on U. It is symmetric and non-negative. Note that for 0 < s <t < oo
the operator < M, M >, — < M, M >, is also non-negative. Consequently

| <M, M > — < M,M>|wu =T {<MM>» —<MM>}

= {< M M > — < M) MY >}

J
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3.1 Martingales on Hilbert spaces

and

El| <« M, M >, — < M, M >, ||,y =E (|M(t)[; — |M(s)[5) < oo.
This shows that < M, M > is an L] (U)-valued predictable increasing process. Finally
to show that it is right-continuous and can be represented in the form (3.1) we apply the
first part of the proof. Namely, it follows that for any pair &, j there exists a predictable
process (¢"7(t),t > 0) such that

t t
< M, M >t:/ ™ (s)d < M, M >5:/ qk’j(s)dz <M M >, .
0 0 ;

Thus .
< M,M>>t:/ Qsd < M, M >,
0
where '
Qi =) ex®ed(s),  s>0,
k.3
is a predictable process with values in Li (U). O

Remark 3.1.1. An LT (U)-valued process V (-) is said to be increasing if the operators
V(t) — V(s) are non-negative definite for all 0 < s < t.

Definition 3.1.1. We call the Lf(U)-valued process (Qi,t > 0) satisfying (3.1) the
martingale covariance of M, and the process (< M, M >t > 0) the operator angle
bracket process.

Proposition 3.1.2. Let M € M?*(U). Then for any vectors x,y € U and any 0 < s <
t<u<v<oo,

E(< M(t)— M(s),x >p< M(t) — M(s),y >u |Fs)

¢
:E(/ < Qur,y>yd< M,M >, |fs>

and
E(< M(t)— M(s),z >y< M(u) — M(v),y >v |F.) = 0.

The most important case for us will be when M € M?(U) has zero mean and inde-
pendent stationary increments. The following result gives an important characterisation
of the angle bracket and operator angle bracket in this case.

Proposition 3.1.3. Let M € M?(U) be of zero mean and such that M has independent
stationary increments. Then there exists Q € L (U) such that
M (D) = tTr Q
and
M(t) @ M(t) — tQ
are real- and L (U)-valued martingales respectively. Note that Q is the covariance oper-

ator of M (1), and that according to the definitions above this means that < M, M >;=
tTr Q, < M, M >,=tQ, and Q; of Theorem 3.1.1 is equal to Q) for all t.
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Proof. First note that for s > 0 we have
UxU53(z,y) —E<M(s),xr >y< M(s),y >u

is a non-negative definite continuous bilinear form on U. Therefore there exists a sym-
metric non-negative definite continuous linear operator Q(s) such that < Q(s)z,y >y=
E < M(s),z >y< M(s),y >y for all x,y € U, exactly as in (2.8). Since, for any
orthonormal basis {e;} of U,

Z < Q(s)ej,ej >p= ZE < M(s),ej >5= E|M(s)|2U < 00,
J J

Q(s) is nuclear and Tr Q(s) = E[M(s)|;. Let 0 < s < t and @,y € U. Then by
independence of increments

E<M(t)—M(s),z>y< M(s),y >y =E < M(t) — M(s),z >y E < M(s),y >v
= 0.

Hence
E<M(t),r>y< M(s),y >v=E < M(s),z >p< M(s),y >p=< Q(s)z,y >v .
We show that Q(s) = sQ(1). Indeed

<Q(s+h)x,y>y =E(< M(s+h)—M(s)+ M(s),xz >y
X < M(s+h)—M(s)+ M(s),y >v)
=E<M(s+h)— M(s),x >y< M(s+h)— M(s),y >v
+E < M(s),x >p< M(s),y >u
=< Q) y >u + < Q(s)r,y >v,
again using independent stationary increments, so that Q(s + h) = Q(s) + Q(h). Since

the functions s —< Q(s)z,z >y, x € U, are increasing, they are measurable. Then for
all x,y € U, the function

s < Qo y o= (< Q) +9). 74y >0 — < Q) — y).7 —y >0)

is measurable. Consequently < Q(s)z,y >y= s < Q(1)x,y >y for all z,y € U. Hence,
by definition, the covariance of M(s) is sQ.

Doing very similar calculations as above, and using the fact that M(t) — M(s) is
independent of F;, for all 0 < s < t, we have that

E (< M(t),z >p< M(t),y >v — < M(s),z >p< M(s),y >v |F)
=E < M(t)— M(s),x >y< M(t) — M(s),y >u
=(t—s) < Qx,y >y,
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3.2 The stochastic integral with respect to a square integrable martingale

using the above. Hence M(t) ® M(t) — tQ is a martingale. Moreover, if {e;} is an
orthonormal basis of U, then

MO =Y < M) e >

For every j, < M(t),e; >% —t < Qej,e; >y, t > 0 is a martingale, and therefore so is

MG —1) < Qejre; >v=IMO)f —tTr Q,

J

which completes the proof. O]

3.2 The stochastic integral with respect to a square integrable
martingale

To deal with stochastic partial differential equations one needs the concept of the stochas-
tic integral, IM (W) := fot U (s)dM (s), where M € M?(U) and ¥(s,w) are operators from
U to another Hilbert space H. As for real martingales we first define the stochastic in-
tegral for simple processes, and then extend the class of integrands using the isometric
formula (3.3) below. This appeared for the first time in [8], though here we follow [11].

Let U, H be separable Hilbert spaces, M € M?(U), and let (Q;,t > 0) be the martin-
gale covariance of M.

Definition 3.2.1. An L(U, H)-valued stochastic process V is said to be simple if there
exists a sequence of non-negative numbersty =0 < t; < --- < t,,, a sequence of operators
¥, € LU,H),j =0,...,m—1, and a sequence of events A; € F;,,j =0,...,m —1,
such that

m—1
U(s) = Z 1Aj1(tjvtj+1](s)\1/ja s> 0.
7=0

Let S(U, H) denote the class of all simple processes with values in L(U, H).

For a simple process ¥ € S(U, H), we set
m—1
IM(W) =Y 140 (M(tjpq At) — M(t; At),  t>0.
=0

As before, let Lys(U, H) be the space of all Hilbert-Schmidt operators from U into
H.

Proposition 3.2.1. For any simple process ¥, IM (W), t > 0 is a square-integrable H -
valued martingale and

Bl =B [ [vee!];

LHS(U7H)

d< M, M >, t > 0. (3.3)
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Proof. By direct calculation. See Proposition 8.6 of [11] for details. n

Now let T' < 0o. We equip the class of all simple processes S(U, H) with the seminorm

2

d<M,M>,. (3.4)
LHS(UﬂH)

T 1
[Wlri=E [ [0l
0
We may identify ¥ with ® if |[W — @[y = 0. Let J3;p(H) be the completion of
(S(U,H), || - lar). The norm on Jy; (H) will also be denoted by || - || a,-
The following theorem shows that we can extend the stochastic integral I (¥) for
Ve Jyr(H).

Theorem 3.2.2. (i) For any t € [0,T], there exists a unique extension of IM to
a continuous linear operator, denoted also by IM, from (T p(H), || - |ar) into
L*(Q, F,P; H). Moreover, for any V € T3 ;(H) we have

2
E |9 = 19137
(i) For all V € T p(H) and 0 < s <t < T, we have 1,4V € Ty p(H) and
2
E|LM(0) — LN (W) = 16 ® I < 1130

(ili) For any ¥ € T p(H), (IM(W¥),t € [0,T])is an H-valued martingale. It is square
integrable and mean-square continuous, and IM (W) = 0.

(iv) For any W, ® € Ty r(H) and any t € [0,T].

(1M (W), IM(®)), = /0 (U(s)Q% 2(5)Q4") vy @ < M, M >,

and
t
< (D), M) > = / U(s)QsW*(s)d < M, M >, .
0

(v) Let A be a bounded linear operator from H into a Hilbert space V. Then, for every
® € Ty r(H), we have AD € Ty (V) and AIM(®) = IM(AD).

Proof. The first two assertions follow from the linearity of IM on S(U, H) and from
Proposition 3.2.1. In order to prove mean-square continuity we need to show that

lim |19 ¥ 317 = 0. (3.5)

To do this, consider the family of linear operators T'(s) : ¥+ 1(, 4y ¥ from J3; (H) into
Tirr(H). We have

SUp T () (72, pa1).72, o m7) < 1

Thus since (3.5) holds on a dense subspace, it holds on the whole space by a Banach
Steinhaus argument.

It is enough to check the martingale property and the identities in (iv) for simple ¥, ®.
The last assertion of the theorem clearly holds for simple ® and therefore for all ® by
standard limiting arguments. [
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3.3 Lévy processes and the Lévy-Khinchin formula

Let us again consider the case where M € M?(U) has zero mean and stationary
independent increments. Exactly as in section 2.3.2, it is convenient to introduce the
reproducing kernel Hilbert space, and work with this space rather than the space in
which M takes its values. First note that for @ € LT (U) as in Proposition 3.1.3 we have
by above that for all ¢ > 0,

t 2 t
EQéwwMW$U=Anwammw@mw,

since Q, = Q for all s. Then let Uy := QY/?(U) equipped with the inner product
< U, v >p,=< Q_I/QU,Q_I/% >y,

where Q~1/2 is the pseudo-inverse of Q'/2. We call Uy the reproducing Hilbert kernel
space of M, and M a cylindrical martingale in Ul.

Remark 3.2.1. Ezactly as in the case of a cylindrical Wiener process, M does not take
values in Uy unless dimUy < oo. It does however take values in any Hilbert space V' such
that the embedding Uy — 'V is Hilbert-Schmidt.

It follows that the class of admissible integrands equals
L2 (Q x [0,00), P, dPdt; Lys(Up, U))

where P is the o-field of predictable sets. Moreover, for any W in this space, by Theorem
3.2.2 we have that

t
/ W (s)dM(s)
0
is a square integrable H-valued martingale,

2

E

t t
Awww@ IAMMmeMW

H

and < fg U(s)dM(s) >4 as a process in Li (Up) is given by

< /Ot U(s)dM(s) >= /th)(s)@*(s)ds.

Remark 3.2.2. In the case of a cylindrical Wiener process, this shows that f(f S(s)BdW (s)
is distributed N <0, f(f S(s)BB*S*(s)ds), as claimed at the end of section 2.4.

3.3 Lévy processes and the Lévy-Khinchin formula

As usual, let (2, F,P) be a probability space and U be a separable Hilbert space.

Definition 3.3.1. A stochastic process L : 2 x [0,00) — U is a Lévy process in U if
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

(i) L(0) =0,
(ii) L s stochastically continuous i.e. Ye > 0,limy,_oP (| X¢yp — Xy| > €) =0,
(ii) L has independent stationary increments.

Remark 3.3.1. A Lévy process L has a modification which is right-continuous with left
limits (see [11], Theorem 4.3). We sometimes say that such a process is cadlag.

Remark 3.3.2. Condition (ii) of the above definition does not in any way imply that
the sample paths are continuous. Indeed a Poisson process is a Lévy process. It serves
to exclude processes with jumps at fixed non-random times and means that for a given
time t, the probability of seeing a jump at t is zero.

Remark 3.3.3. [t is clear that if L is integrable with zero mean then L is a martingale.

Note that every Lévy process is also Markov with corresponding semigroup

Pugl) = / oz + ) L(L (1)) (dy),

where L(L(t)) is the law of L(t).

Example 3.3.1 (Compound Poisson process). Any compound Poisson process on U is
Lévy. Let v be a finite Borel measure on U. Recall that a compound Poisson process
with jump, or equivalently Lévy measure, is given by

()
L(t) =) X,
j=1

where II is a Poisson process with intensity A = v(U) < oo, and X are independently
identically distributed random variables with distribution

P(X;eT) = Z(((?) I € B(U).

One can think of a compound Poisson process as describing the position of a random
walk with step size X after a random number of time steps, given by II(¢). One can

show that
E6i<L(t),u>U — e—t\If(u)7

where
U(u) := / (1—e=<"">V) u(dv).
U
Indeed
TI(t)
E (€i<L(t),u>U) . o) H E (ez’<Xj,u>U)
j=1
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3.3 Lévy processes and the Lévy-Khinchin formula

using independence. Moreover, since X is identically distributed for all j, we have that
the characteristic function of X, is E (ei<Xﬂ"“>U ) = @ for all j. Therefore

E (/<H04>0) — E (( @ ) H(t))

o —At()\t)n o(u)\"
:Ze n!( )\ >

——exp{}—tjg(1——6“””>U)L(dv)}.

One can also show that L is integrable if and only if

/ fuly(du) < oo,
U

and if this is the case, then
EL(t) = t/ uv(du).
U

Finally, L is square integrable if and only if

/ lul?v(du) < oo
U

and if this is the case, then
E(L(t) = EL(t),u), (L(t) —EL(t),v), = / < z,u >p< z,v >y v(dz). (3.6)
U

Remark 3.3.4. The concept of a compound Poisson process is crucial for understanding
the characterisation of a general Lévy process. The Lévy-Khinchin Theorem (see below)
says that an arbitrary Lévy process is the sum of a Wiener process, a uniform movement,
and a "compound Poisson process L with infinite jump measure”. How do we construct
a compound Poisson process with infinite (but o-finite) jump measure?

Using the definition of o-finiteness, we can divide U into a countable sum U = |JU,
of measurable sets U, such that v(U,) =1 and U, NU,, =0 for m # n. Then one may
try and write L = Y L, where L, are independent compound Poisson processes each
with Lévy measure v, which is the restriction of v to U,. However, usually this series
does not converge in any reasonable sense! The idea is to write

U=U,UU,
where Uy = |J,,c; Un is such that

lulv(du) < oo, / lulpr(du) < oo, Vn eI,

Uo n
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

and I¢ is finite. We can then define the Lévy process with intensity v as as

L(t) ==Y (La(t) = ELy(t)) + > La(t),

nel n¢l
where L, are as above. The first sum is a sum of square integrable martingales with
> E|L(t) - EL(t)|}, = / |ul?v(du) < co.
nel Uo

This follows from (3.6) with appropriate choices of u and v. Recall that the Doob sub-
martingale inequality says that if X 1s a right-continuous submartingale then

t€[0,T]

r*P ( sup X(t) > r) <EXH(T).

Using this in our case, we see that

fUnSN Un Julfv(du)

r2

)

P(sup ) |L<t>—EL<t>|?,2r>g

t€l0.T] < N ner

so that ), ., (Ly(t) — EL,(t)) converges in probability (and P-a.s.) uniformly in t on
any bounded interval.

Assume now that L is a Lévy process on a Hilbert space U which is right-continuous
with left limits. The following theorem provides a very useful decomposition.

Theorem 3.3.1 (Lévy-Khinchin formula). (i) Given a non-negative nuclear operator
Qo € LT (U), a € U, and a measure v on U\{0} satisfying

| Jalt A 1wty < .
U
there is a Lévy process L such that
Eez’<x,L(t)>U — / ei<x,y>U£<L(t))(dy> _ e*tlﬁ(ﬂﬁ)
U

and
‘ 1
Y(x)=—i<a,x>y —i—§ < Qor,r >y

+/ {1 — €=l 4 10,1y (v)i < 2,y >u} v(dy).
U

Note that the measure v is not necessarily finite, but the condition ensures that the
integral is finite.
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3.3 Lévy processes and the Lévy-Khinchin formula

(ii) Conwversely, if L is a Lévy process then there ezist a, Qo and v as in (i).

Definition 3.3.2. We call the measure v appearing in the above theorem the Lévy mea-
sure of L, and we call the triple (a,Qq,v) the characteristics of L.

The Lévy-Khinchin formula follows directly from the Lévy-Khinchin decomposition,
which states that any Lévy process L can be decomposed in the following way:

L(t) = at + W(t) + £(1), (3.7)

where a € U, W (t) is a U-valued Wiener process, £(t) is a compound Poisson process,
and the processes W (t) and £(t) are independent. If Q) is the covariance operator of
the Wiener process W (t) and v is the Lévy measure of £(¢) then the characteristics of
L are (a,Qo,v) (see [11] Theorem 4.23 or section 5.2 of the appendix for details). Note
also that by Remark 3.3.4, v is not necessarily finite.

The Lévy-Khinchin formula gives the explicit form of the characteristic function of a
Lévy process. It turns out that it is also useful for computing characteristic functionals
of stochastic integrals, as we will see in Theorem 3.4.5 below.

The other major use of the Lévy-Khichin decomposition is that it facilitates the con-
struction of the stochastic integral with respect to a general Lévy process. We will need
this construction in section 3.4 below. The decomposition allows us to construct the in-
tegral as the sum of a Riemannian integral, an integral with respect to a Wiener process
and an integral with respect to a compound Poisson process. To describe the class of
operator valued process which are integrable with respect to a general Lévy process is
quite technical, and we refer the reader to [11] section 8.6, or [1] Chapter 1 for details.

We finally consider square-integrable Lévy processes. We have (see Theorem 4.47 of

[11])

Theorem 3.3.2. (i) A Lévy process L on a Hilbert space U is square integrable if and
only if its Lévy measure satisfies

[ oty < o
U

(ii) Assume L is square integrable, and let L have the representation (3.7) i.e.
L(t) = at + W(t) + £(1).

Let Qg be the covariance operator of the Wiener part of L and let ()1 be the co-
variance operator of the jump part. Then

<leaz>U:/<x7y>U<Z7y>UI/<dy)7 z,z €U,
U

EL(t) = <a+ /{ . yy(dy)) t

and the covariance @ of L is equal to Qg + Q1.

If L is a square integrable zero-mean Lévy process, then it clearly a martingale, and
so we can use Proposition 3.1.3 to see that < L, L >;= tTr Q) and < L, L >>;= t() where
@ is the covariance of L(1).
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

3.4 Existence of an invariant measure for OU process driven
by a Lévy process

Let U be a separable Hilbert space. Consider the equation on U
dX(t) = AX(t)dt + dL(t) (3.8)
where

e A generates a Cy-semigroup on U,

e [ is a Lévy process in U.

We define a mild solution to this equation to be the U-valued process X (¢) such that

X(t) = St)X(0) + / t S(t — s)dL(s).

In this situation it can be shown that a mild solution to (3.8) exists and is unique.
Indeed, as mentioned at the end of section 3.3, by decomposing the process L into a
deterministic process, a Wiener process and a compound Poisson processes, we can define
the integral with respect L, and show that S(s) lies in the space of integrands. Then by
Theorem 9.34 of [11] there is a unique weak solution to (3.8). Moreover, by Theorem
9.15 of the same book, we therefore have that there exists a unique mild solution to
(3.8). Note that in [11] they deal with much more general equations, but in our simple
case the Lipschitz conditions imposed on the constants are trivially satisfied.

We now try and describe conditions on A and the characteristics (a, Qo, V) of L under
which there is a stationary solution (i.e. invariant measure) to (3.8).

Proposition 3.4.1. If there is a stationary solution to (3.8) then

sup Tr /tS<S)QOS*(S)dS < 00.
0

t>0

Proof. If X (t) is a mild solution to (3.8), then we can write

X(t) = /St—de /St—s (s) — W(s),

where W (s) is the Wiener process in U with covariance @)y appearing in the Lévy-
Khinchin decomposition. If y is an invariant measure for (3.8) then since everything is
independent, we can just multiply characteristic functions to get that

(A) = (ST (B)A) - N(0, Q1) - 5:(A)
in a similar way to the proof of Theorem 2.5.1, where v; = (fo (t —s)d(L(s) — W(s)))
and Q; = fo $)Q0S*(s)ds. Now

—

N(O,Qt) —e —1<QiA >y
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3.4 Existence of an invariant measure for OU process driven by a Lévy process

so that

Re fi(\) = e 2<9M>URe ((S*(t)A) - 44(N))
< e—%<Qt>\,)\>U

1
=< QN A >y < 2log <Re ,&(A)) )

The result follows by an application of Bochner’s Theorem, exactly as in Theorem 2.5.1.
]

Proposition 3.4.2 (Chojnowska-Michalik). If £ (fo (t — s)dL(s )) converges weakly,

then there is an invariant measure p for the equation (3.8). Moreover, any invariant
measure is of the form

po=0%1

where o is any invariant measure for S i.e. S(t)o = o and

n—ggc<A%w;@mu@).

To prove this theorem we need the following useful lemma.

Lemma 3.4.3. Let 77t L <f0 (t — s)dL( )) Then n; 1s weakly convergent as t — oo
if and only if fo (s)dL(s) exists. In this case

w-ﬂgm:£<4wa@ﬂ@0.

Proof. Let L be the double-sided Lévy process:

_ o fLw, t>o0
L@_{H%%t<0 (3.9

where L is an independent indentically distributed Lévy process. Then by properties of
the stochastic integral

[ st=set |  S(—wdL(w) [ stz

—t

Since < fot S (u)dL(u)) is a process with independent increments, it converges in dis-
>0

tribution as t — oo if and only if it converges in probability. The last convergence means
the existence of the integral [ S(u)dL(u) and the lemma follows. O
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Proof of Proposition 3.4.2. Let n, = L (f(f S(t— s)dL(s)). As above, we have that a
measure £ is invariant for (3.8) if and only if
(A) = @(S*()A) - 7N,

for all A € U,t > 0. By assumption 1, — n weakly as ¢ — 00, so by the above lemma
I S(s)dL(s) exists and n = L ([ S(s)dL(s)). We first show that 7 is an invariant
measure for the equation (3.8).

Let L be the double sided Lévy process as defined in (3.9). From the proof of Lemma

3.4.3 we obtain o
-, ( / S(—u)di(u)) ,
—t

so that 7 is also the distribution of ff)oo S(—u)dL(s). Then we have that

S(t) ( / (; 5(—u>dz<u)) + /0 t S(t — w)dL(u) = / ; S(t — u)dL(u)
< / O S(—u)dL(u).

Hence, taking characteristic functions in the usual way, we have
N(A) = S(E)n(A) - (A
= (S(E)"A) - 7e(A)

for all A € U,t > 0, which shows that 7 is indeed and invariant measure for (3.8), and
we have shown existence.
For the second part of the proposition, let ;1 be an invariant measure for (3.8). Then

o= S(tn)p %1,

for t,, — oc.
We now make use of the following general result (see Theorem 2.1 in [9]):

Theorem 3.4.4. Assume {\,},{1n},{vn} are sequences of probability measures on a
complete separable metric group G. Let

An = [y * V.
If {\.} and {v,} are relatively weakly compact, then so is {jn}.

By assumption {7, } is relatively weakly compact, and trivially so is {u}. Therefore
the theorem shows that {S(t,)u} is relatively weakly compact and we may assume
S(t,)p converges weakly to some probability measure o. Therefore y = o xn. Moreover,
since = S(t)p * m; for all t > 0, we have that

ox1n=>5t)o*S(t)nxn = S(t)o*n.

Hence we get that S(t)o = o for all t > 0. O
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3.4 Existence of an invariant measure for OU process driven by a Lévy process

The following is the main result of this chapter, and can be found in [1].

Theorem 3.4.5. Assume that the Cy-semigroup S(t),t > 0 is exponentially stable, which
means that there exist constants C,a > 0 such that

ISl L) < Ce™
Then the following are equivalent:

(1) There is a unique invariant measure 1 for the Ornstein-Uhlenbeck equation (3.8).
) = (fo (t — s)dL( )) converges weakly as t — oo to a probability measure n.
(iii) [, log" |z|pv(dr) < oo, where v is the Lévy measure for L.

Proof. We first show (ii) implies (i). So suppose £ ( fg S(t— s)dL(s)) converges weakly
ton as t — oo. By Proposition 3.4.2 we therefore know that there is an invariant

measure 4 for (3.8) and p = o *n where o is an invariant measure for S. However, we
also have that

o(A) = lim A(S™(1)A)

t—o00
as usual, and S*(t)A — 0 since S is exponentially stable. Therefore () = 1(0) = 1,
which implies o = g, so that u = n as required.
For (i) implies (ii) if p is an invariant measure for (3.8), then we have that

fi(A) = a(ST(@)A) - 7 ()

& = S(t)p .
{S(t)p : t > 0} is relatively weakly compact since by the exponential stability of S,
S(t)u — 6o as t — oo, and trivially so is {u}. Hence by Theorem 3.4.4 we have
{m : t > 0} is relatively weakly compact i.e. 3{t;} C [0,00) such that t; — oo and 7,
converges weakly to some measure 7. Finally we have that

. fr(A) .
N TEITDYI
so by uniqueness of limits n, — n = p.

We give an outline of how to prove (iii) = (ii). For full details see [1]. The first
thing to notice is that in the Lévy-Khinchin decomposition of the Lévy process L we
may assume that the Wiener part is 0, since the law of the integral with respect to the
Wiener part converges weakly irrespective of Whether condition (iii) holds or not.

Our strategy will be the following. Let Z(¢ fo (t — s)dL(s). We will show that
L(Z(t)) = L(L(1)) where L' is some Lévy process with characteristics a; € U, and v,
(where v, the Lévy measure). We will then pass to the limit a; — a, 1y — v. We must
check the convergence, and that

/!x\?] A lv(dx) < oo

to ensure that v is a Lévy measure.
We will need the following lemma:
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Lemma 3.4.6. Let L be a Lévy process. Let 1) be the exponent of the characteristic
function of L i.e. 1 is such that

Fei<zL®)>v _ —tp(x)
(which exists by the Lévy-Khinchin formula). Let F :[0,T] — U = U*. Then
REeiofo F()dL(s) — o= fy w(aF(s))ds
provided the integral is well defined in the Riemannian sense.
Proof of Lemma. We have
Beio Jy FOL) _ [ Reio S, Flsi) (Llsin)—L(s:)
by definition of the integral, where the limit is over all finite partitions {s;} of the interval

[0,7]. Since L has independent and stationary increments by definition, we then have
that

Eeie fOT (s)dL(s — lim H EezaF $i)(L(si+1)—L(s:))

= lim H EeleF (s l(sit1=si)

Then by definition of ¥ in the Lévy-Khinchin formula, this gives
REeie I F(s)dL(s) _ lim H e~ (si+1=si)(aF (s:))

—e fo (aF(s) )ds

Now we calculate

—

t
L (/ S(t— s)dL(s)) (\) = Fei<Jo S(t=s)dL(s)A>v
0
— Eei Jo 57 (t=9)MdL(s)

— o ¥tV

where we have used the above lemma, since S*(t — s)A € U*, and where
t
—/ Y(S*(t — s)\)ds
0
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3.4 Existence of an invariant measure for OU process driven by a Lévy process

Now by a change of variables and using the explicit form of ¥ given in the Lévy-Khinchin
formula (Theorem 3.3.1)

wt()\)—/o P(S*(s)\)ds
= —1 S*(s)A, d
Z/O < S*(s)\,a >y ds
_ /0 /U {€i<5‘*(8)>\,y>U — 1= 1{|y\<1}<y)2 < S*(S))\,y >U} V(dy)ds

—-i(x [ t s<s>ads>U

t
- / / {ez<’\’5(s)y>‘f — 1= L3 ()i < X, S(s)y >v } v(dy)ds.
o Ju

Denote the second term by I;(A). We would like to have
Li(A) = / (e<m7V =1 = 1<y (v)i < 2,y >u) vi(dy).
U

If we set v, = [} S(s)vdt then we have

L(A) = /0 /U{eK)"S(S)pU — 1= 1<y (S(s)y)i < X, S(s)y >v } v(dy)ds
+/0 /U [11y1<11(S(8)y) — Ly ()] @ < A, S(s)y >v v(dy)ds
= /U {220 — 1 — 1<y (y)i < Ay >0} (dy)

ri(x [ t [ e (86 = Len )] S6hundas )

U

Therefore
he(A) = —i<Av /0t5<5)ad5+/0t/[] (L4113 (S(s)y) — L1y ()] S(S)yV(dy)dS>

+/ {1220 4 13 (y)i < Ay >u )} i(dy)
U
= —Z <>\, at>U

+/ {1— M0 4 1,03 (y)i < Ay >u ) n(dy)
U

U

for a; = [y S(s)ads + [y fi; [Liyi<(S(s)y) = Lyiey (9)] S(s)yv(dy)ds.
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3 Ornstein-Uhlenbeck Processes Driven By Lévy Processes

Note that this is in the same form as the exponent in the Lévy-Khinchin formula,
so we have calculated the element a; € U and Lévy measure 1, which characterise

(fo (t — s)dL( )) Hence,

E(AE@—WM@)—z@m»

where L'(1) has characteristics (a;, ;) (recall we are assuming the Wiener process to be
0), and we can see that £ (fot S(t— s)dL(s)) converges weakly if and only if

a; — a

inU, and v = fo s)vds = lim;_, 1; satisfies

/ 2|2 A 15(dx) < oo
U

Using more detailed calculations, one can show that the above conditions are equiva-
lent to (iii) (again see [1]). Here we will just present some calculations for the convergence
of a;. Note that

/0/U[1{|y|<1}(5(5)y)—1{|y|<1}(y)} S(s)yv(dy)ds 2/0 /|y|>1 S(s)yv(dy)ds

(s)y|<1

/ / st v{dy)ds

(s)y|>1

- t

Now

i< [ st
\y|U<1
S
lylo<1

sﬁ/ M@/mwmmw
0
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3.4 Existence of an invariant measure for OU process driven by a Lévy process

which converges as ¢ — oo since v is a Lévy measure. For q;:

1< [ ] s I8l

1S(s)ylu<1

/ / S(s)ylov(dy)ds
1<|y\U<em/2

/ /ylu>eas/2| (s)y|lov(dy)ds

(s)ylu<1

<[ S(e)ulov(dy)ds
1<|y\U<e“5/2
/ / v(dy)ds
0 lylu>exs/2

Note the first term will converge in the same way as a?, using the exponential stability
of S. Finally the second term can be written as

2 log™ |ylu
/ / v(dy)ds = / / dsv(dy)
log™ |ylu>s

_ / 2 log" yluw(dy)
U

which is finite if and only if [;;log™ |y[yv(dy) < co. Hence a; converges if condition (iii)
holds. [
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4 Convergence to the Invariant Measure

4.1 Exponential mixing

Let P(t,x,-) be a transition function on a Banach space F, with corresponding transition
semigroup (FP;):>o. We assume that P; is Feller, i.e. that P, maps the space Cy(F) of
continuous bounded functions on E to itself.

Denote by (@, 1) the action of a probability measure p on a function ¢ ie. (¢, p) =

().

Definition 4.1.1. We say that an invariant measure p for P, is exponentially mixing
with exponent w > 0 and a function ¢ : E — (0, 00) if

|Prp(@) — (@, )| < c(@)e™ [l Lip
forallz € E;t >0 and bounded Lipschitz functions ¢ on E.

Let us equip the space of Borel probability measures on E with the so-called Fortet-
Mourier norm

lollear = sup{[(@, p)] : llplloo <1, llepllip < 1}

Then g is exponentially mixing with exponent w and function c if and only if
| Pz, -) — pl|par < c(x)e ™™, Vit >0,z € E.

It is known (see e.g. [7]) that weak convergence of measures is equivalent to convergence
in the Fortet-Mourier norm. Thus, if x4 is exponentially mixing then, for any z € F,
P,(x,-) converges weakly to p as t — oo.

The following result provides useful conditions for the existence, uniqueness and ex-
ponential mixing of an invariant measure.

Proposition 4.1.1. Assume that
(1) there exists xy € E such that P,(xo,-) converges weakly to a probability measure pu,

(i) there exist functions ¢ : E — (0,00), ¢ : E x E — (0,00) and a constant w > 0
such that for all s >t > 0,2, € E and ¢ € Lip(E) we have

|Pip(x) = Pop(@)] < c(x)e™ [|@llLip

and
|Prp() — Prp()] < &z, 2)e™ ||| Lip-

41



4 Convergence to the Invariant Measure

Then u is the unique invariant measure for (P,), and it is exponentially mizing with
exponent w and function c.

Proof. By the Krylov-Bogoliubov existence theorem (see appendix) p is invariant for
(P:)t>0. Moreover, by the assumptions

|[Pip(x) = (o, p)| = lim [Pip() = Pap(zo)|
< lim [Pp(z) = Pop(a)| + lim | Pop(z) — Psp(zo)]

< c(@)e™ ||l ip-

For the uniquenes, let i be another invariant measure. Let ¢ € Lip(E). Then

(6, 1) = (P, i) — /E (6, w)ilde) = (b, ).

Therefore (1, i) = (¢, ) for all Lipschitz ¢, which implies that p = f. ]

4.2 Existence and exponential mixing: Regular case

In this section we will let L be a square integrable mean-zero martingale with RKHS
U and Lévy measure v. Since L is square-integrable, by Theorem 3.1.3 we can assume
that [, [y|Zv(dy) = k < oo. We will consider the equation

dX(t) = (AX(t) + F(X(t)))dt + G(X (t))dL (4.1)
where
e (A, D(A)) generates a Cy-semigroup S on a Hilbert space H,
e F': H— Hand G: H— Lys(U, H) are Lipschitz.

Once again, under these Lipschitz conditions we have that there exists a unique mild
(or equivalently weak) solution to (4.1). See [11] Chapter 9 for details, as before.

We would like to know when an invariant measure for such a process is unique and
exponentially mixing. We outline the strategy. Let X (¢, z) be the value at time ¢ of the
solution X (¢, z) starting at time 0 from z. Taking into account the Krylov-Bogoliubov
theorem we would like to show the weak convergence of P;(x,-) = L(X (¢, z)). To do this
one can ask whether X (¢, ) converges in probability (or in L?) to a random variable.
This, however, is not even true in the simplest case, that of the one-dimensional Ornstein-

Uhlenbeck diffusion, for which

AX () = —%X(t)dt LAV, X(0) =0, (4.2)
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4.2 Existence and exponential mixing: Regular case

where W (t) is a Brownian motion in R. Indeed, in this case
t
LOX(E0)) = £ ( / e<ts>/2dW(s))
0

e(feane)

— L (/OO eS/QdW(s)> = N(0,1).

0

However for every € > 0,n € N,

lim P (| X (n + 1,0) — X (n,0)] > &) #0 (4.3)

n—oo

so X(n,0) is not a Cauchy sequence in probability. (4.3) follows from the fact that
L(X(n+1,0)— X(n,0)) =N(0,6,), where

n n+1
O = / (=179 — o) ds + / e2mH=9) s,
0 n

The first term converges to some e~ 2 while the second term is constant (3(1 — e™?2)).
Therefore X (t,0) does not converge in probability to any random variable (since d,, 7> 0).

To get around this problem we consider the double-sided Lévy process L (as defined
in the previous section):
- L(t t>0
L(t) = ~( ) -
L(—-t), t<O0

where L is an independent identically distributed Lévy process. Given —oo <ty < t < 0o
and z, let X(¢,%p, ) be the value at time ¢ of the (mild) solution to the equation

dX(t) = (AX(t) + F(X(1))dt + G(X(#)dL(t),  X(t) = . (4.4)

From the uniqueness of the solution, L(X (¢,z)) = L(X (to +1,t9,x)). We will show that
under certain conditions on A, F' and G, X (to, 0, z) converges in probability as ty — —oo.
In this way we obtain the existence of an invariant measure. To show it’s exponentially
mixing we will use Proposition 4.1.1.

Below, A, stands for the Yosida approximation of A; see appendix. The following
result is from [13], which should be referred to for the details.

Theorem 4.2.1. Assume there exists w > 0 such that for all x,y € Un € N,
2 < Ap(z —y) + Fa) = F(y),x —y >n +|G(2) = GW)IL,5wm < —wlz — yly

(where A,, are the Yosida approximations to the generator A). Then there exists a unique
invariant measure . and it is exponentially mizing with exponent w/2 and a function
c: H— (0,00) of linear growth.
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4 Convergence to the Invariant Measure

We first prove a Lemma:

Lemma 4.2.2. Suppose B
dY (t) = a(t)dt + B(t)dL(t),
where a(t) € H, B(t) € Lys(U, H) fort € R. Then
t
BIY (O < BIY (o)l +E | (2.< V() als) > +166) m)

Proof. Applying 1t6’s formula (see section 5.5 of the appendix) to the function ¢ (x) =
|z|%, we obtain

YO = V)l + [ < DUy (s=).aV () >a +5 [ DY (=)L, M

to
t
+/ / go(s,y)ﬂy(ds,dy),
to JH

where ¢(s,y) = V(Y (s=) +y) = (Y (s—))— < DP(Y (s=)),y >u= lylz, 7y ((0,¢], ) :=
Y et Ir(Y(s) =Y (s—)) is the measure of the jumps of Y and M is the matringale part
of Y. Hence

YOR =¥ (@)l +2 [ <Y(s-).Y(s) =+ [ d]d 1

to to

" / [ oy (s, ). (4.5)

Now by definition (again see section 5.5 of the appendix),

t t
/ d[M, M = (1 - k) / 1605) |21y 0710yd
to

to

//|y|H7ry (ds,dy) = //Ib Jyl7m(ds, dy)

where 7((0,¢],I') = >, 1r(L(s) — L(s—)) is the measure of the jumps of L. We also
clearly have that

and

]E/t <Y(s—),dY(s) >g= E/t <Y(s—),a(s) >y ds.

Let By :={Y(s) #Y(s—)}. Then
E<Y(s)—Y(s—),a(s) >g=E(1p, <Y(s) =Y (s—),a(s) >y) =0,
since P(B;) = 0. Then

E/t <Y(s—),a(s) >y ds = E/t <Y(s),a(s) >g ds.

to to
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4.2 Existence and exponential mixing: Regular case

Finally

t t
E / / b(s)yly(ds, dy) = E / / b(s)y Py (dy)ds
to JU to JU
t
<E / / BIB(S)I2, v (dy)ds
to

t
— kB [ (6O,
to

since we are assuming that [, |y|3v(dy) = k. Putting all this together and taking
expectations in 4.5 we see that

t t
EY (8) < E|Y (to)} + 2E / <Y(s),a(s) >p ds + E / 160 2ars (.21
to

to

]

Proof of Theorem 4.2.1: Let L be the double sided Lévy process corresponding to L.
Given n € N, tg € R and x € H we consider the regularised problem

dX (1) = (A X (1) + F(X (1) dt + G(X()AL(t),  t>t,  X(to) =1,

with a straightforward generalisation of the stochastic integral with respect to L. It
is quite easy to show that the regularisation equation has a unique solution X, (t) =
X, (t, to, x) by general existence theorems (see for example [11] chapter 9) and that,
since A,, is a bounded linear operator, X, is a strong solution. That is,

t

X,(t) =2+ / (A, Xn(s) + F(Xn(s)))ds +/ G(Xn(s))dL(s).

to to

Moreover, for each t > tg, X,,(t) converges in L*(2, F,P; H) to the unique (mild) solution
X(t, to, x) of (4.4).
We will divide the proof into three steps:

Step 1: Here we prove that
E[X (¢, to, )3 < C(1+ |2[F) (4.6)

for all x € H,t > to,tg € R. Using Lemma 4.2.2 we get

E X, (0, < |23 + E / 120X, (5), AuXo(3) + F(Xo ()

+ NGX)T s } ds-
Note that

2(Anz + F(z),2)y + |G@)ILsw,m)
< 2(Auz + F(z) = F(0),2)y + |G(2) = GO)IIZ 5w,y + I(2),
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4 Convergence to the Invariant Measure

where
I(z) = 2| F(0)|u|2lm + 2|G(2) = GO)| Lys@m I GOl Lyswm + GO, sw.m)-
Clearly for any € > 0 there is a constant C. such that

I(z) < e (IG(2) = GO s + |2l7) + Ce.

Thus, since G is Lipschitz continuous and by assumption, there is a constant C'
such that for all n and x, we have

2 (Auz + F (), 2) y + |G @)1, < —5lalh +C.
Hence .
EIX, (0l < [olfy = 5B [ 1Xu(5)l} s+ Cale — o)
and so by Gronwall’s lemma 0
E[X,(0f < e 02 (jaff + Cilt — 1))

Letting n — oo we obtain (4.6).

Step 2: Recall that X(¢,tp,z) is the value at time ¢ of the solution to (4.4). We will
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show that there is a constant K such that, for all x € H,ty, < 0 and h > 0,
E|X(0,t, ) — X(0,tg — h,2)|3, < Ke*™(1 + |2]3), (4.7)

and
E|X(0,t0,2) — X(0,t0,7)|3 < Ke“'|x — &|3. (4.8)

To do this, observe that X, (t,tg — h,z) = X, (t,to, X,,(to,to — h,x)). Thus, by
[t0’s lemma

An(t,to, b, x) == E|X,(t, to, x) — X, (t, to — h, z)|5

satisfies .
Ayt to, hyx) < Ap(to, to, h,x) — w/ A, (s, to, h,x)ds

to
and hence by Gronwall’s inequality,

An(t to, h,x) < e R | X, (to, tg — h,2) — 2|7, .
Since by step 1 there exists a constant C' such that
E[X(t,to, 2)|i; < C(1+ |2lf)
for all ¢y, h, x, we have
At to, hyx) < e *020(1 + |2|2).

Letting n — oo and ¢ = 0 we obtain (4.7). Similarly for (4.8).



4.3 An example: the Heath-Jarrow-Morton model

Step 3: We will show that the assumptions of 4.1.1 are satisfied. It follows from (4.7)
that X (0,y, ) converges in L*(Q, F,P; H) as ty — —oc to a random variable X.

Therefore L(X (—to, x)) = L(X (0, %o, x)) converges weakly to u := L(X). Now, for
v e Lip(U),s >t >0and z,z € H

|Prb(x) = Pab(@) [} = |E (W(X (t,2)) — (X (s,2) [
< ||¢||%sz |X(O> —t,[E) - X(Ov _$7$)|12LI

and

|Pip(x) — Pp(3)[3 = [B (X (t,2)) — (X (£, 3)))|5
< HwH%sz |X(07 —t, .T) - X(07 -, j)ﬁ{ :

Hence by (4.7)
|Pip(z) — Pop(a)lfy < Ke ' (1+ |31V IIZs,

and, by (4.8)
|Prp(w) — Pp(2) [}y < Ke ' — 2[5 [¢ 17,

4.3 An example: the Heath-Jarrow-Morton model

This is a well known model which is used in mathematical finance to price bonds. For
an in-depth treatment see [11], or the original paper [4]. A basic concept in bond market
theory is the forward rate function. Denote by

Pt6o), 0<t<d

the price at time ¢ of a bond paying the amount 1 at a time 6. Denote also the short-
rate process offered by a bank (i.e. the interest rate) by (R(t),t > 0). A function
f(t,0),0 <t <6 defined by the relation

Pt,0) = e J i < g

is called a forward rate function.
In Heath, Jarrow and Morton ([4]) it was assumed that

df(t,0) = a(t, 0)dt+ < o(t,0),dW (t) >,

where W is a d-dimensional Wiener process with covariance (). According to the ob-
served data, the random function f(¢,0) is regular in 6 for fixed ¢ and chaotic in ¢ for
fixed . The latter property is implied by the presence of W in the representation and
the former is implied by the regular dependence of a(t, ) and o(t,60) on 6 for fixed t.
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4 Convergence to the Invariant Measure

For practical implementation of bond market models it is useful to replace the Wiener
process W by a Lévy process L defined on a filtered probability space (2, F, (F;),P)
and taking values in a possibly infinite dimensional Hilbert space U. Thus we assume
that the dynamics of the forward rate function are given by the equation

df(t,0) = a(t,0)dt+ < o(t,0),dL(t) >u

for t < 6.
Let

P(t,0) := exp {— /Ot R(s)ds} P(t,0), t>0

be the discounted price of the bond. The fundamental theorem of asset pricing from
[2] states that there are no arbitrage strategies (which is a key assumption in market
models) if and only if there exists a probability measure P equivalent to the original
one P, such that P(¢,0),t < 6 is a local martingale on (2, F,P). In [5], [6], under mild
assumptions a necessary and sufficient condition was given that ensures the discounted
price process is in fact a local martingale with respect to the initial probability P. This
is the so-called HJM condition. In brief, under the assumption that the Lévy process
has exponential moments, using the Lévy-Khinchin formula we may explicitly determine
its Laplace transform. Indeed, for x € U

]Ee—<x,L(t)>U — e—td;(w)
where 1; is explicitly given: if we define J := —1; then
1
J(x)=—<a,z>y —1—5 < Qx,x >y +Jo(x)
and
Jo(z) = / (e7<™¥2V — 14 < 2,y >y Ly, <1y) v(dy).
U

The HIJM condition requires that

ot 0) — d%J (/teo(t,n)dn) _ <DJ (/tea(t,n)dn> ,a(t,0)> 49

For more details about the HJM condition see also [11] section 20.2.
An important link between HJM modelling and stochastic partial differential equations
is provided by the Musiela parameterisation. For t > 0,£ > 0 and u € U define

()(§) == f(t, 1 +¢),
()(&) = aft,t +),
(b)u)(€) =< o(t,t + &), u>v .

r

Q
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4.3 An example: the Heath-Jarrow-Morton model

We will call r the forward curve. Next let S(t)p(§) = ¢(& + t) be the shift semigroup.
Then

r(t)(§) = f(t,t+¢€)
:f((),t+§)+/0 Oz(s,t+§)d8+/0 (o(s,t+&),dL(s))y,

t

::M@@+§}+AZ%$@—3+§M3+/0M)@—s+§ML@)
:S(t)r(O)(f)—i-/OtS(t—s ds—i—/ S(t — s)b(s)(&)dL(s).

Hence . .
r(t) = S(t)r(0) + / S(t — s)a(s)ds + / S(t — s)b(s)dL(s)
0 0
is a mild solution to the equation
0
dr(t) = 8_§r(t) +a(t) | dt + b(t)dL(t),
where d% denotes the generator of (S(t),t > 0). Identifying the L(U,R)-valued process

b(-)(&) with the corresponding U-valued process (denoted also by b(-)(€)) we have that
under the HJM-condition (4.9)

o) = (geree + (e s ( [ 5 oery >) dt + b (€)dL(t)

= 2 (v + ([ o) ) ar+ soieasin,

Let the wolatility b depend on the forward rate curve r according to, say, b(t)(§) =

G(t,r(t))(§), and let
F(t,r)(¢) = </ G(t,r(t ) :

Then the forward curve process becomes a solution of the so-called Heath-Jarrow-
Morton-Musiela (HIMM) equation

CWWOZ(%NWQ+F@Nm@0ﬁ+G@Nm@MMﬂ (4.10)

In [10], in the case where U = R? and where G(t,7(t))(£)[2] = (g(t,&,r(t)(€)), 2) with
g :10,00) X [0,00) x R — R? the following result was proven. We define H, := H, &
{constant functions} where H., := L? ([0, 00), B([0,0)), e?*d¢). Note that H, equipped
with the scalar product < ¢ +wu, o +v >u =< ¥, >g, +uv for Y, o € H,,u,v € R
is a real separable Hilbert space.
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4 Convergence to the Invariant Measure

Theorem 4.3.1. Let L be an R%-valued square integrable zero-mean Lévy process with
Jump measure v, and let G be of the form described above. Assume that there exist
functions g € H, and h € H, N L*> such that

(1) Sz y? exp{lglelyl}r(dy) < oo,
(ii) for allt,& €]0,00) and u,v € R

9t &u)l <9, gt & u) — g(t, & v)] < h(E)u — .

Then, for for each ro € H, there is a unique solution to (4.10) in H, satisfying
r(0) = ro. Moreover, if the coefficient g does not depend on t then (4.10) defines (time-
homogeneous) Feller families on H,.

We finally can say something about the invariant measure, using Theorem 4.2.1.

Theorem 4.3.2. Let G and F satisfy the assumptions of Theorem 4.3.1 for functions
g and h. Define

Ki(J,5):= sup |DJ(2)],  Ko(J,g):= sup ||D%J

, D (2) HL(Rd,Rd)
z:|2|<|gl 1 z:|z|<|gl ;1

_ 1/2 _
and let K = |R|p (2K2(J, 9)lgl3 + 2K, (] g)) . Letw = y—|h2—2K2 > 0. Then

for any C > 0, there exists a unique invariant measure for (4.10) considered on H,+C,
and it is exponentially mizing with exponent w/2 and function ¢ of linear growth.

Proof. Verify the conditions of Theorem 4.2.1. See [11] Chapter 20 for more details. [
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5 Appendix

5.1 Gaussian measures in Hilbert spaces

It is well known that if () is a positive definite n X n matrix with real entries, and m € R
then the function

((2m)" iiet Qi T (_%@_l(w —m),z — m>)

is the density of a Gaussian probability measure g on R™ with mean m and covariance
Q. Its characteristic function is given by

A\ = / 0 (i)

— oAM= 5(QAN)

We would like like to be able to extend this idea to an infinite dimensional separable
Hilbert space, H.

Definition 5.1.1. A probability measure p on (H,B(H)) is Gaussian if for every h € H
there exists m € R and q > 0 such that

p{lz € H:(h,x)g € A} = N(m,q)(A)

for all A € B(R). A random variable X taking values in H is said to be Gaussian if its
law is a Gaussian measure on H. A random process X taking values in H is Gaussian
if for all ty, ... t,, (X(t1),...,X(t,)) is a Gaussian random element in H".

The definitions of the mean vector and the covariance matrix can be extended to the
infinite dimensional case, thanks to the following theorem.

Theorem 5.1.1. Assume that X is a centred (i.e. EX = 0) Gaussian random variable
with values in a Hilbert space H. Then E|X|% < oo. Moreover,

1 1
EeXli < : Vs < ——5.
V1 - 2sE| X3 2E|X |3,
Proof. See Theorem 3.31 of [11]. O

It follows from this theorem, as in section 2.2 that for every centered Gaussian random
variable X there exists a non-negative nuclear operator ) : H — H called the covariance
operator of X such that

E(X,2) (X, y)u = (Qz,y)n.
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5 Appendix

It is easy to see that Tr Q = E|X|%. More generally, if EX = m then the covariance
operator of X is the covariance operator of X — m.

It also follows that a Gaussian measure p on H with mean m and covariance () has
the following characteristic function

f(A) = ciAm) i o= 5(QA N

for A € H. Tt is therefore uniquely determined by m and @, and is also denoted N (m, Q).

5.2 Lévy-Khinchin decomposition

Assume that L is a Lévy process which is right-continuous with left limits on a Hilbert
space U. Let AL(s) := L(t) — L(t—). Given a Borel set A separated from 0, write

ma(t) ==Y 14(AL(s), t>0.

s<t

Note that since L is right-continuous with left limits, 74 is Z-valued. Clearly it is
a Lévy process with jumps of size 1. Thus 74 is a Poisson process. Note also that

Ema(t) = tEma(1) = tv(A), where v is a measure that is finite on sets separated from 0.
Write

La(t) =) 14 (AL(s)) AL(s).

s<t

Then L4 is a well-defined Lévy process.

Theorem 5.2.1 (Lévy-Khinchin decomposition). (i) Ifv is a jump intensity measure
corresponding to a Lévy process then

/U (\y[QU A 1) v(dy) < 0.

(ii) Every Lévy process has the following representation:

o0

L(t) = at + W(t) + (LAk<t>—t / yu(dw) T Lay(t),

k=1

where Ag == {z : x|y > ro}, Ax = {x 1 < |z|lv < re—1}, (rk) is an arbitrary
sequence decreasing to 0, W is a Wiener process, all members of the representation
are independent processes and the series converges P-almost surely uniformly on
each bounded subinterval of [0, 00).

It follows from the proof (see [11] Theorem 4.23 or [3]), that the processes

L,(t) := Ly, (t) — t/A yv(dy), t >0,
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5.3 Krylov-Bogoliubov Theorem

are independent compensated coumpound Poisson processes. Hence we have the decom-
position

L(t) = at + W(t) + iLn(t) + Lo(t), t>0,

where the processes W, L,,,n > 0 and Ly are independent, W is a Wiener process, Lg
is a compound Poisson process with jump intensity measure 1y, >} (y)v(dy) and each
L,, is a compensated compound Poisson process with jump intensity measure

1{7n+1§\y|U<T‘n} (y)V(dy) .

5.3 Krylov-Bogoliubov Theorem

Let (P;)i>0 be the transition function of a Markov process X = (X (¢),t > 0) on a
Banach space E.

Definition 5.3.1. A probability measure p is invariant with respect to the transition
function (P;)io or invariant for X if, for any Borel set I' C E and any t > 0,

u(T) = /H () Py(z,T).

If the initial position X (0) of X is a random variable with distribution p then the
distribution of X (¢) is equal to u for all £ > 0. Thus one can expect that processes with
invariant measures exhibit some kind of stability.

The following classical result provides a method of proving the existence of invariant
measures for Feller semigroups.

Theorem 5.3.1 (Krylov-Bogoliubov). Assume that (P,) is a Feller transition semigroup
on E (so that for allt > 0, P, maps bounded continuous functions to bounded continuous
functions). Suppose also that there is an x € E such that P(x,-) converges weakly to a
probability measure . Then p is an tnvariant measure.

5.4 Yosida approximations

Let A be a closed, densely defined linear operator on a Banach space F. The resolvent
set of A is p(A) = {a € C: al — A is invertible}. Denote the inverse (ol — A)~! by
R(a). The family {R(«) : a € p(A)} is called the resolvent of A.

Theorem 5.4.1 (Hille-Yosida). (i) A densely defined closed operator A generates a
Co-semigroup S such that, for some w and M > 0, |S(t)z|g < e*"M|z|g for all
z€ E and t > 0 if and only if (w,00) C p(A) and

IR™ ()|l oie,p) < o VmeNa>w.
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Moreover if the above holds then
R(a) = / e ' S(t)dt, a>w,
0

A

and S(t)z = limg o €2, where A, = a(aR(a) — I),a > w.

(i) If, for some z € E, A,z converges as a — oo, then z € D(A) and

lim A,z = Az.
Definition 5.4.1. The operators (A,) in the Hille- Yosida theorem are called the Yosida
approzrimations of A.

5.5 Ito formula for Hilbert space valued semimartingales

First of all we need to define the quadratic variation process [M, M]; of a general real-
valued square integrable martingale M. We note that this is closely related the angle
bracket process < M, M >, that appears in the Doob-Meyer decomposition (recall that
this is defined as the unique increasing predictable process such that < M, M >¢= 0
and M?— < M, M >, is a martingale), but is not equal to this process when the sample
paths are not continuous. Its definition and properties are contained in the theorem
below. For its proof we refer the reader to [8] Theorem 18.6.

Theorem 5.5.1. For every M € M? there exists an increasing adapted process ([M, M, t >
0) which is right-continuous with left limits, called the quadratic variation of M, having
the following properties.

(i) For every sequence m, = (0 <t <t} < ---) of partitions of [0,00) such that t} —
o0 as k — oo and lim,, . sup; (zf?+1 — t;‘) =0, one has

: n n n 2
(M, M], = ,}EQOZ (M (£ A7) = M (t] A1),
J
where the limit is in L'(Q, F,P).
(i) M? —[M, M] is a martingale.
(iii) If M has continuous trajectories then < M, M >,= [M, M],.

We can now state the Ito formula for a general Hilbert space valued valued semimartin-
gale. This can be found in [8], or appendix D of [11]. First we will need some notation.
Let H be a separable Hilbert space. For any process Y, AY(s) := Y (s) — Y (s—). De-
note by HQH the space H ® H completed with respect to the Hilbert-Schmidt norm.
Clearly, LIH®H,R) = Lys(H, H). Let {e,} be an orthonormal basis of H and let M
be a square integrable martingale taking values in H. Define M* = (M, e;), which is
a real-valued square integrable martingale.
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5.5 Ito formula for Hilbert space valued semimartingales

We can then define '
[M, M], =" e, @ es[M*, M),
i,
which should be compared with the operator angle bracket defined in section 3.1. We
also define the so-called continuous part [M, M| of [M, M], by

[M, M]§ = Zek ® e, ([Mk’Mj]t — ZAMk(s)Mj(s)) .

i s<t

Theorem 5.5.2. (It6 formula) Assume that X = M + A is a semimartingale taking
values in a Hilbert space H. Let v : H — R be of class C*. Assume that for each x €
H,D*)(x) € Lys(H, H) and the mapping v — D*)(x) € Lys(H,H) = L(H®H,R) is
uniformly continuous on any bounded subset of H. Then 1(X) is a local semimartingale
and, for allt > 0, P-a.s.,

V() = 0X(0) + [ (DU (=) aX (@) + 5 [ DX (=)l M,
+ ) {A@X)(s) = (DY(X (5-)), AX () — Y (s)}
where
1

Y(s) := §D21Z)(X(s—))AX(S) ®@ AX(s).

We also have

VX)) = (X O) + [ (DUX (). aX () +5 [ DX (s=)alM, MI;
£ Y HAWX) () — (DX (5), AX ()}

If we let mx((0,t],I') :=> .., 1r(AX(s)) be the jump measure of X, then the above
formula becomes -

VX)) = X O) + [ (DUX (=) aX (s + 5 | DX ()l M

+/Ot/H(w<X(s—)+y)—w<X(s—))— (D(X (5-)),y)u) mx (ds, dy).
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