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Abstract

We analyse certain degenerate infinite dimensional sub-elliptic generators
and obtain estimates on the long-time behaviour of the corresponding Markov
semigroups. In particular, we establish ergodicity for invariant measures and
show that the optimal rate of convergence to equilibrium for the Markov
semigroup corresponding to a certain model of heat conduction is poly-
nomial. Consequently, there is no spectral gap, but a Liggett-Nash type
inequality holds.
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1 Introduction

In this paper we study a class of Markov semigroups (P;):>o whose generators are
defined in Hérmander form by an infinite family of non-commuting fields as follows

=) X2 (1.1)

In particular we will be interested in the situation when we have “locally preserved
quantities”, that is when any operator

Ly = ZXi,

YEA

defined with a finite set of indices A, has a non-trivial set of harmonic functions,
while for the full generator L, this is not the case. One should therefore expect
that the corresponding semigroup is ergodic. We will assume that the fields X,
are homogeneous of the same degree, in the sense that there is a natural dilation
generator D such that

D, XW] = AX,,

with A € R independent of . However, unlike in Hormander theory, we admit a
situation when a commutator of the degenerate fields of any order does not remove
degeneration. To model such situation we consider an infinite product space and
fields of the following form

with 0; denoting the partial derivative with respect to the coordinate with index
i, and 0;V(x) indicates some (polynomial) coefficients.

Generators of a similar type appear in the study of dissipative dynamics in
which certain quantities are preserved. See for example [1], [3] and [9], where a
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system of harmonic oscillators perturbed by conservative noise is considered. A
special case of the system we investigate (cf. Examplebelow) can be thought of
as a limiting case of the models considered in these works, when the conservative
noise dominates the deterministic interaction between oscillators. It is interesting
that our results (see Corollary show ergodicity of the system even in such
situations! A further example of a physical model very closely related to our setup
is the heat conduction model discussed in [2] and [10]. For more information in
this direction, in particular in connection with an effort to explain the so-called
Fourier law of heat conduction, we refer to a nice review [7] as well as [6] and the
references therein.

Another line of motivation stems from the works [4], [5] and [I5], where an
attempt was made to understand infinite systems from the point of view of func-
tional inequalities. Although formally similar to our present situation, we notice
that one can obtain a variety of different long-time behaviours depending on the
underlying space.

One final motivation to study (F;):>o given by this particular generator comes
from the fact that we can easily deduce that an invariant measure for the semigroup
is formally given by “e~Vdz” (since V is formally conserved under the action of
P,). On the one hand, the semigroup (F;);>0 is quite simple, since we can calculate
many quantities we are interested in directly. On the other hand, standard methods
from interacting particle theory [I7, (18] do not help in this situation because
they require some type of strong non-degeneracy condition such as Hormander’s
condition, which is not satisfied in this case. Another difficulty stems from the
intrinsic difference between the infinite dimensional case we consider, and the
finite dimensional case i.e. the case when V' depends on only a finite number of
variables, and instead of the lattice we use its truncation with a periodic boundary
condition. Indeed, in the finite dimensional case we can notice that V' is a non-
trivial fixed point for P, and therefore the semigroup is strictly not ergodic. This
reasoning turns out to be incorrect in the infinite dimensional case. The situation
here is more subtle because the expression V' is only formal (and would be equal
to infinity on the support set of the invariant measure).

We give a detailed study of the case when the coefficients of the fields are
linear, providing analysis of the corresponding spectral theory and showing that
the system is ergodic with polynomial convergence rate to equilibrium, before
finally deriving Liggett-Nash type inequalities.

The organisation of the paper is as follows. In Section 2 we introduce basic
notation and state an infinite system of stochastic equations of interest to us. In
Section 3 we show the existence of a mild solution and continue in Sections 4 and 5
with some discussion of general properties of the corresponding semigroup, such as
the existence of an invariant measure, strong continuity, positivity and contractiv-



ity properties in L,-spaces. Because of the special non-commutative features of the
fields and the form of the generator these matters are slightly more combersome
than otherwise. Section 6 provides a certain characterisation of invariant (Sobolev-
type) subspaces, while Section 7 is devoted to demonstration of ergodicity with
optimal rate of convergence to equilibrium. In Section 8 we use previously obtained
information to derive Liggett-Nash type inequalities. In Section 9 we consider a
generalised dynamics of a similar type with generators including a first order term
—(BD with some parameter § € [0,00). We show that in such families one ob-
serves a change in the behaviour of the decay to equilibrium from exponential to
algebraic (when the additional control parameter 3 goes towards zero). Finally in
the last section we provide some further application of our ergodicity results.

2 The system

Throughout this paper we will work in the following setting.

The Lattice: Let ZY be the N-dimensional square lattice for some fixed N € N.
We equip Z" with the [; lattice metric dist(-,-) defined by

N

dist(i,j) = [i—jh = li —jil

=1

for i = (iy,...,in),j = (J1,-..,4n8) € ZN. For i,j € ZN we will write i ~ j
whenever dist(i,j) = 1. When i ~ j we say that i and j are neighbours in the
lattice.

The Configuration Space: Let Q= (R)ZN. Define the Hilbert spaces

E, = {ZL‘ €Q:|z|ly, = Z gZe ol < oo}

iezZN
for a > 0, and
N 2
e {<h<l>,...,h<N>> (@Y D, W)= 303 () < OO} |
iezZN k=1

with inner products given by

(@,9)p, = ) myse

iezZN
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for x,y € E, and

N
(9, ™) (B ) = 33 g

iezZN k=1

for (g, ..., ™)), (RV ... hN)) € H respectively.

The Gibbs Measure: Let ug be a Gaussian probability measure on (E,, B(E,))
with mean zero and covariance G. We assume that the inverse G~! of the covari-
ance is of finite range i.e.

M;;:= Gy =0 if dist(i,j) > R,
and that |M;;| < M for all i,j € ZV.

The System: Let
W= {(wh . w}

be a cylindrical Wiener process in H ([20], p.96).
Introduce the following notation: for i = (i1,...,iy) € Z" define for k €
{1,...,N}
(k) == (iy, .. g1, i £ 1, iggn, ... iN).

We also define, for z € F,, i € Z",

V;(.I‘) = Z fL’iMiJI‘j
jeznN
(which is a finite sum, since M;; = 0 if dist(i,j) > R), and for all finite subsets
A CZV set
Va(z) == Z Vi(z).
ieA
Using the formal expression
1
V(l’) = 5 Z Vl(aj)a
iezZN

it will be convenient to simplify the notation for 0;V; as follows

1
o;V(x) = 5& Z M | = ZMi,ﬂj = OV

jlezN J



We consider the following system of Stratonovich SDEs:

Vi) = > (8- gV () 0 aW (1) = Do VY (@) 0 awO(1)) - (21)

k=1

forie ZN.

3 Existence of a mild solution

In this section we show that the system has a mild solution Y (¢) taking values
in the Hilbert space F,.

For the existence of a mild solution, the first step is to write in It6 form.
Indeed we have

dYi(t) = Z (ai,(k)V(Y(t))dWﬁgk) (£) = By V(Y (£))d W (t))

* % i <d [8i‘(’“>v(y<'>>’ Wf—’?m“]t —d [8”(@‘/(5”('))7 Wi(k)(')]) ’
) (3.1)

where [+, -]; is a quadratic covariation ([12], p. 61). Hence, by It6’s formula,

VW0 = [ X / 00w V(Y ()i (s), / AW ()

By a similar calculation, and using this in (3.1]) we see that



— RV (Y ()0 V(Y (1) — 312,1+(k)V(Y(t))aﬁ(k)V(Y(t))} dt.
(3.2)

Recall now that o}V (z) = > c,v Mjizy so that 9V (z) = M. Thus the
system (3.2)) can be written as

(a WV (Y ()W), () - 61+(k)V(Y(t))dWi(k)(t)>

N)I)—k iMZ

— S (Mo + Mis o) AV (Y (1))

1

= M- 0-y V(Y (1)) — Mi,i+(k)3i+(k)V(Y(t))}dt. (3.3)
We now claim that we can write this system in operator form:
dY (t) = AY (t)dt + B(Y (t))dW (t) (3.4)

where A is a bounded linear mapping from E, to E, given by

N
Ax)i =Y a(z), i€z, (3.5)
k=1

ai(k)(x) =—= {(Mi(k),i(k) + Mk (i) i 1)) Z M iy

1ezZN

M i-x) Z M-y — M+ Z M, ;+ k)iﬁl} (3.6)

lezZN lezZN
and B : E, — Lys(H, E,) (here Lys(H, E,) denotes the space of Hilbert-Schmidt
operators from H to FE,) is a bounded linear operator given by

N

(B(@)(h®, ..., A =" <8if(k)V(x)hi(f)(k) - i+(k)V(x)hi(k)) (3.7)

k=1



for € E,, (b, ... hN)) € H and i € ZV.
Indeed, the fact that A : E, — FE, is a bounded linear operator follows from

the fact that the constants M;; are assumed to be uniformly bounded. To show
that B € L(E,, Lys(H, E,)), first define for i € ZV, e(i) € Q by

(i) = {1’ A

0, otherwise
and for i € ZN ke {1,...,N}, let fF be the element in H given by
fF=1(0,...,e),...,0),
where the e(i) occurs in the k-th coordinate. Then
{ff:ieZ" ke{l,... N}}
is an orthonormal basis for H. Let x € E,. Then
N
2
1B@)llFrs = > Y |B@)(fD)], -
iezZN k=1
Now by definition
(B@)(f)); = 0-mV (@) (e())j- ) — Ty V () (e(1);
so that
2 . o\ 2 i
B@ U, = D (O wV @) )y g) — iV (@)(e@);) e
jeznN

= (B (z))? e ®h 4 (8i+(k)V(x))2e*““‘1

< e B+De Z xfe’a‘lll + Z ‘,1:126704|1|1

L:[1-i|: <R L|1-it(k)[1 <R
where C' = ((2R)Y + 1)M?. Thus

I1B@)las = > > [B@) ()]

iczZN k=1

< OG(R-H)Q i Z Z x%e—allll + Z x126—a\1\1
t(k)

k=1iczN | \L1-ih<R L[1-i+ (k) <R
= 2N(2R)™ + 1)Ce ™Iz, ,
which proves our claim that B € L(E,, Lys(H, E,)).

We thus have the following existence theorem for the our system.
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Proposition 3.1. Consider the stochastic evolution equation
dY (t) = AY (t)dt + B(Y (t))dW (t), Yo=xz€E, (3.8)

where A and B are given by (3.5)) and (3.7) respectively, and (W (t))i>o is a cylin-
drical Wiener process in H. This equation has a mild solution Y taking values in
the Hilbert space E,, unique up to equivalence among the processes satisfying

P (/OT Y (s)|%.ds < oo) =1

Moreover, it has a continuous modification.

Proof. We have shown above that A : £, — FE, is a bounded linear operator, so
that it is the infinitesimal generator of a Cy-semigroup in F, (A can be thought
of as a bounded linear perturbation of 0, which is trivially the generator of a Cy-
semigroup). We have also shown that B € L(E,, Lys(H, E,)). Hence the result
follows immediately from Theorem 7.4 of [20)]. O

Lemma 3.2. The mild solution Y to (3.8)) solves the martingale problem for the
operator

1 2
— 1 Z Z (&V(Zlf)@ — 8JV($)81) .

iczZN jezN:|i—-jl1=1
Proof. By Itd’s formula, we have for any suitable function f that

) = o)+ Y / Oif (Y (5))dYi(s)

iezZN

.- Z/ a[Y;, Y,

1_]€ZN

We can then calculate from ((3.3]) that

=0V (Y (£)05- )V (Y (t))dt, if j=i"(k)
d[Y;, il := ZL{(@ WV + (& (k)V(Y(t)))Q}dt, if j=1i,
=0V (Y ()0 V(Y (1))dt if j=1i"(k),



so that

Z /0 )d [Y3, Yy,

_ Z/ RN S { @V (Y1) + BV (Y (1)) d
—222 / ()AV (Y ()05 V (Y ().

Thus, using (3.2)), the generator of the system is given by

- % SN {(81—(k>V(w))2 + (5‘i+<k>V(x))2} o

ieZN k=1
iczZN k=1
-3 Z{( 7)+ 0V (@) BV ()
1EZN k=1

= BV (@0 0V (@) = OV (2)0he 0V () b
One can then check by direct calculation that we have
1
L=+ oY (V@) -V (2)R)?.
iczZN jezN:|i-j1=1
[

For n € {0,1,...}, let UC} = UC}(E,),a > 0 denote the set of all func-
tions which are uniformly continuous and bounded, together with their Fréchet
derivatives up to order n.

Corollary 3.3. The semigroup (P;)i>0 acting on UCy(E,), > 0 corresponding
to the system (3.8)) is Feller and can be represented by the formula

Bf()=Ef(Xi(), t=0,

where Yy(x) is a mild solution to the system (3.8) with initial condition x € E,.
Furthermore, (P;)i>o satisfies Kolmogorov’s backward equation, and solutions of
the system are strong Markov processes.
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Proof. The result follows immediately from Theorems 9.14 and 9.16 of [20]. O
Example 3.4. Suppose
Mii=1 M;=0ifi#].

Then 0V (x) = i, and the system (3.3)) becomes

i) = =Y Viyde+Y (Yi-(k) (BAWVE 4o (1) = Yie (t)dwf(t)) ,

which has generator
1
E = Z_L Z Z (l’iaj — a:jai)2 . (39)
iezZN jezZN:i-jl1=1

Very closely related generators are considered in the physical models for heat con-
duction described in [1, 12, [3, (9] and [10]. In this case the Gaussian measure jig
on E, is the product Gaussian measure.

Remark 3.5. Let (rij,6:5) be a polar coordinates in the plane (zi,x;). Then

0
Wi’j = $iaj - :z:j(‘?i.

Therefore

1 0?

iezZN jezZN:|i—jl1=1

Note that the operator —%_22. is a Hamiltonian for the rigid rotor on the plane.

5J
Thus, the operator —L is the Hamiltonian of a chain of coupled rigid rotors.

4 Invariant measure

Let pug, Ew, H be as in section 2] Suppose (Y (£))i>o is the unique mild solution to
the evolution equation (3.8) in the Hilbert space E, i.e.

dY (t) = AY (t)dt + B(Y (£))dW (¢)

where A, B are given by (3.5)) and (3.7]) respectively, and (W (t));>¢ is a cylindrical
Wiener process in H. Let (F;);>0 be the corresponding semigroup, defined as
above.

11



For i,j € Z", define
Xi,j = 81V(x)8J — QV(ZE)@I

so that by Lemma [3.2]
1 2
L= 1 Z Z X3
i€zZN jezN:|i—jl1=1

is the generator of our system. We will need the following Lemma:

Lemma 4.1.
pa (fXij9) = —pa (9Xi;f)
for all f,g € UCE(E,,) and i,j € ZV.

Proof. For finite subsets A C ZN and w € R?", denote by E{ the conditional
measure of ug, given the coordinates outside A coincide with those of w. Then we

have that
— >~ Vi(za-wae)
e ieA

B(f) = [ o wn) oy

where 25 - wye is the element of R%" given by
( ) xry, 1f1i€ A
TA - WAe)i = .
ATHA wi, ifi€A°
and ZY¢ is the normalisation constant. Now fix i,j € Z" and suppose that A is
such that {i,j} C A. Then for f,g € UC?(E,)

= > Vi(za-wae)
e ieA

E3 (fXi;9) = /A flza - wae)Xi39(za - wae)———F5——dxp
R

Zy
= —E3 (9Xi;f)
+EX (f910:6V (2) — 950,V (2)])
+EX (fgaV(2)0V (z) — gV (2)0V (2)]) = —E} (9Xi;f)

by integration by parts. Thus we have that
e (fXi9) = ncly (fXi9) = —peEy (9Xi;f) = —pe (9Xiyf) -

The following result shows that pg is reversible for the system ((3.4)).
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Theorem 4.2. For all f,g € UCE(E,), we have

pa (fPg) = pa (9P f) - (4.1)

Proof. Tt is enough to show that (4.1)) holds for f, g € UC?(E,) depending only on a
finite number of coordinates. Indeed, in general case we can find sequences of cylin-
drical functions {f,}°, {9,152, C UCE(E,) which approximate general f,g €

n=1

UCE(E,). In view of this, suppose f(z) = f ({zi}i,<n) and g(z) = g ({zi}il<n)
for some n. Note that the generator £ can be rewritten as

1 N

k=1 jezZN

We decompose this operator further. Indeed, we can write

1 N
L=5> 2 > X )

k=1 me{0,...R+1}V \ie®)_, ((R+2)Z+mo)
and define for m = (my,...,my) € {0,..., R+ 1}, k€ {1,...,N}
(k) . 2
Lo’ = ) Xt
i€e®N_, (R+2)Z+mo)
so that
| X
- - (k)
)
k=1 me{0,... R+1}N

Note that by construction, for fixed k € {1,...,N} and m € {0,..., R+ 1}V, we
have for any i,j € ®_, (R + 2)Z + m,) that

(Xiir ) Xigew)] = 0.
For i = j this is clear. If i # j, we have
[Xi,ﬁ'(k)a Xj,j+(k)} = [8iV(x)8i+(k) - 81+(k)V(x)8i, 8jV($)8j+(k) - 8j+(k)V(x)8j}
and
8i+(k)8j\/(w) = 0.
Indeed, 0;V (x) depends only on coordinates 1 such that [j —1|; < R, and for all
such 1
it (k) =1 > [i(k) =i = 1§ —1h
>R+1-R
=1
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so that 0;V/(z) does not depend on coordinate i* (k) for any k. Similarly
Ot (i V () = 80V (2) = 805+ 1)V () = 0,
which proves the claim. Thus for any k € {1,..., N} and m € {0, ..., R + 1},

(k) 2
St(k’m) — etlm’ H Kt
i€e@)_, (R+2)Z+ms)

i.e. S%™ is a product semigroup.
We now claim that

e <f5t(k’m)g> =l (gSt(k’m)f) (4.2)

fork € {1,...,N}andm € {0,..., R+1}". Let k = 1 and m = 0 (the other cases
are similar). Since g depends on coordinates i such that |i|; < n, we have

S = I eMreg),

i€@_, (R+2)Z+mo)
liji <n+R+2

which is a finite product. As a result of Lemma [4.1, we then have that

X2,
e (fSt(l’O)g) =pe | f 1T ¢ hitig

i€e®!_; (R+2)Z+mo)
lil1 <n+R+2

X2
— ILLG g H e i,it (k) f

i€®5:1 (R+2)Z+mo)
i1 <n+R+2

= jg (gSt(l’O)f>

as claimed.
To finish the proof, we will need to use the following version of the Trotter
product formula (see [21]):

Theorem 4.3. Let H and £ be two Hilbert spaces, and F; € Lip(E,E),U; €
Lip(€, Lys(H,E)) fori = 1,2,3. Let (W;)i>0 be a cylindrical Wiener process in
‘H. Consider the SDFEs, indexed by i = 1,2,3, given by

dY;(t) = Fi(Y;(t))dt + Ui (Y;(t))dWr, Yi(0) =z €g,
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and let (P})i>o be the corresponding semigroups on UC,(E). Assume that
F3s=F + F, UsU; = U U + UU5,

and that the first and second Fréchet derivatives of F; and U; are uniformly con-
tinuous and bounded on bounded subsets of £. Then

lim (PLP2)" flw) = PP f(a)

n—oo

for all f € K, where K is the closure of UCE(E) in UCK(E), and the convergence
s uniform in x on any bounded subset of €.

By above, we have that the generator of our system can be decomposed as

1N
— k
£_§§ > £k

k=1 me{0,...R+1}N

where, for k € {1,...,N} and m € {0,...,R + 1}, £%) is the generator of the
semigroup St(k’m), and the associated SDE is given by

dY (t) = APY (t)dt + B® (Y (t))dW,

where A% . E, — E, and BP el (Es, Lys(E,, H)) are such that

N
D D

k=1 me/{0,...,R+1}N

and N
BB =Y Y  B®(BY).
k=1 me{0,...,R+1}N

We can then apply Theorem iteratively to get the result. Indeed, order the
set
{1,...,N}yx{0,..., R+ 1} ={u1,... 15}

where S = N(R+2)N. If ¢, = (k,m) € {1,...,N} x {0,..., R+ 1}, write
AP =4, BP=p, L®=r, S™=S5"

m m m

Then define for 1 <[ < S



and B; € L (Eq, Lys(E,, H)) to be such that
o I
BiBf :=> B, B;.
j=1

Consider the SDE . o s
dYi(t) = AYi(t)dt + B, (Yl(t)> dw,

which has generator £, = 2221 L. Let (P)y=0 be the semigroup on UC,(E,)
associated with £;. By a first application of Theorem , for all f € K, we have

lim (sgsg)n flz) = P2 f(x)

n—oo n

where the convergence is uniform on bounded subsets. Moreover, by claim ({4.2))
above and the dominated convergence theorem, we have

p (1P2g) = im pe (7 (S25¢)"g) = i pe (9 (5252)" 1) = ne (9P21)
(4.3)

for all f,g € UCZ(E,). Similarly, for all f € K, we have
lim (135 S,)n f(a) = P2 f(2)

where again the convergence is uniform on bounded sets, so that
e (1720 = e 7 (P152) ) = e (o (52)" ) = e (o2

where we have used identities (4.2]) and (4.3). Continuing in this manner, we see

that P, = P, the semigroup corresponding to the generator £ = ijl L,;, is such
that
ta (fRyg) = nae (9Pf)

for all f,g € UCE(E,), as required. O

Finally, by standard arguments, we can extend the above result to functions in
LP(pG)-

Corollary 4.4. The semigroup (P;)i>o acting on UC,(E,) can be extended to
LP(ug) for any p > 1. Moreover we have

pa(fPg) = pa(gbif)

for any f,g € L*(pg).
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5 Weak and strong continuity

In this section we will show that the semigroup e P,, t > 0, is weakly con-
tinuous for some # > 0 in the sense of definition given in [§]. This will allow
us to deduce closedness of the generator £ and strong continuity of (P;);>o in
L?*(E,,dug). Another approach to strong continuity of diffusion semigroups and
connected questions is discussed in [11].

Let £ be an arbitrary separable Hilbert space. The following definition is found
in [8].

Definition 5.1. A semigroup of bounded linear operators (Si)i>o defined onUC,(E)
18 said to be weakly continuous if there exist M,w > 0 such that

(1) the family of functions {Si¢}i>0 is equi-uniformly continuous for every ¢ €
Z/{Cb(g),

(i1) for every ¢ € UCH(E) and for every compact set K C H
limsup [Syp(x) — ¢(x)| = 0; (5.1)
=0 yek

(111) for every ¢ € UC,(E) and for every sequence {¢;}jen CUCH(E) such that

sup |¢jlr= < o0,
J

lim sup |¢;(z) — ¢(z)| = 0, for all compact K C €&,
I zeK
it holds that
i sup [5.6;() = Si0()| = 0, (52)
— 00 €

for every compact set K C E, and furthermore the limit is uniform in t > 0;

(iv)
‘Stf‘MCb(g) < Mefwt’ﬂucb(g), t>0 (5.3)
for all f € UCK(E).

Now suppose we are in the situation of Sections [2] [3] and [4] above. Define

H C E, by
ﬁ]::{xGQ:Zm?<oo}.

Theorem 5.2. Assume that there exist Cy,Cy > 0 such that
GV (z) < x| <1V (x), w¢€ H. (5.4)

Then there exists 3 > 0 such that semigroup (Pt)tzo = (e*ﬁtPt)DO 15 weakly
continuous in UC,(E,,). -
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Remark 5.3. Assumption (5.4) is satisfied if M is strictly positive definite and
the coefficients of M are uniformly bounded, as in our case, though we state the
result in a more general form.

Proof. First notice that there exists ¢ = g(a) > 0, such that

PATd, (@) < Jaf3, ", (55)
for all z € E, and t > 0. Indeed, P,|Id[}, (z) = E|Y(z)|, , where Y} is a solution
of equation (3.4)). Inequality ([5.5]) then follows from It6’s formula, the boundedness

of linear maps A € L(E,, E,) and B € L(E,, Lys(H, E,)) and Gronwall’s lemma.
Put 5 = ¢q. We check the requirements of Definition [5.1}

(i) Let ¢ € UCH(E). Then for any £ > 0 there exist §(g) > 0 such that |z — y|g, <
d(e) = |o(x) — é(y)| < e. Thus, for any z,y € E,,

|Pip(z) — Pid(y)| < e E (Lyico)-vitwi<ser23 6 (Ye()) — o(Yi(v))])
+ e "E (141y,(0)-vi () z0(e/2)} |0 (Ye () — o(Ye(1))])
< S+ 207 9] = P{[Yi() — Yily) |, 2 6(/2)}
L 2

2
=9 52(5/2)|x y|Ea7
where we have used Chebyshev’s inequality. Choose 01 (¢) such that ELQELL/;’) 61(e)* =

(5.6)

5. Then |z — y|g, < di(e) = |P,p(z) — Pop(y)| < e, and so the first requirement
holds.

(ii) Fix compact K C E, and ¢ € UCy(E,). For € > 0 again let d(¢) > 0 be such
that |z — y|g, < d(e) = |o(x) — ¢(y)| < € for any z,y € E,.
Since
|Pig(a) = o(x)] < |Rg(a) = ¢2)] + (1 — e )| Pig| =
< |Pg(x) = ¢(x)| + (1 — e )|,

it is enough to show that
limsup [ B¢ (x) — o(z)] = 0. (5.7)

—VazeK

A similar calculation to the above yields

|Pp(z) — d(2)] < Elp(Yi(z)) — ¢()]
< El{pyi(a)—alp, <o/} 0(Ye(2)) — o (2))]
+ E1vi(0)-als, >oe/2)3 [0 (Yi(2)) — ()]
< /24 2|¢|L=P{|Yi(z) — 2|p, > d(c/2)}
2| ¢
02(e/2)

<24+ AR, (a) — af}, (5.8)
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Since Y; is a mild solution of equation ([3.8]), we have

t
Yi(z) —x=eMr —x + / A B(Y,)dW,.
0

Therefore using the [to isometry, for x € E, and ¢ > 0, we see that

t
BIYi(e) — aff, <206t —aff, + 2B [ A BER, s
0

< 2’€At - Id|%(Ea,Ea)|x’125‘a

t

+2 Sl[l(ﬁ]|€AT|%<EQ,EQ)|B|%(EQ,LHS<H,EQ)>/E|Ys|%ad8
T7€|0,
0

< 2’€At - Id|%(Ea,Ea)|x’125‘a

2|4 t 2|2 , e -1
L(EaEa
+ 27 VN Bl (B s (.52 1T |5

7 (5.9)

where the last inequality follows from (5.5)). Combining (5.8)) and (5.9), we get,
for ¢ € [0, 1]

4[| L~
6%(e/2)

Choose 7 € (0,1] such that

Po(a) = 6] < /2 + oifafy, (C(A, B o) (e = 1) + 206 — Tdf s, ) )

2|¢|L°° sup ’[IZ"Q
52(c/2) o0 11,

C(A, B,q)(e”™ —1) +2 sup e — Id’%(Ea,Ea)] <eg/2.

te[0,7]

Then for any 0 <t < T,
sup [Fo(z) — d(z)] <e,

zeK

and (5.7]) follows.

(iii) Fix compact K C E,. Denote

K=Kw)=UY(K), weQ.

>0

We first show that K is a compact with probability 1. For any € > 0 there exist
z(1),...,z(n) € E, such that

n

K < O Bep(a(i). (5.10)
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Since H is dense in E, we can always assume that (i) € H. It follows from
assumption (5.4) that V(z(i)) < oo for i = 1,...,n. Therefore, by It6’s lemma
and the identity X;;V = 0, we concludeﬂ that P-a.s.

V(Yi(2(i)) = V(z(i)), t>0, i=1,...,n. (5.11)

Hence, using assumption (5.4)) once more, we see that there exists C' > 0 such that
P-a.s.
Yi(z(i))|g < Csuplz(D)|g, t>0, i=1,...,n. (5.12)
!

Since the embedding H C E, is compact, there exist y(1),...,y(m) € E, such
that .
UYila(@) € U Baly(D) (513

P-a.s. Combining identities ((5.10) and ({5.13]) we deduce that

U Yi(K) < Be(y(l) (5.14)

t>0

and so K is compact P-a.s. as claimed.
Now let ¢ € UC,(E) and {¢;}jen C UC(E) be such that sup; |¢;]r~ < oo and

lim sup [¢;(z) — ¢(z)] = 0

I xeK

for all compact K C E,. Note that
sup | Pi;(z) — Pg(a)| < e sup E[¢;(Yi(z)) — ¢(Yi(x))]
Tre

zeK
< Esup [;(y) — o(y)l, (5.15)
yeK

for all t > 0,7 € N. Since K is compact with probability 1, we have that P-a.s.

sup [¢;(y) — ¢(y)| — 0 as j — oo.
yeK

Thus, by the dominated convergence theorem, we conclude that

lim sup |P¢;(z) — Pp(x)] = 0

J—00 geK

for all compact K C E,.

'We can assume that exceptional set of measure 0 in equality (5.11) is the same for all ¢+ > 0
because we can choose continuous modification of the process Y.
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(iv) Since P,f = e Ef(Y;), we have that

Py flucy iz < € flucy (5.,

for all f € UC,(E,) and t > 0.
[

Corollary 5.4. The operator L is closed and the semigroup (Py)i>o is strongly
continuous in L*(E,,dug).

Proof. Operator L is closed by Theorem 5.1 of [§]. Strong continuity follows from
property (ii) of definition of weak continuity above and a standard approximation
procedure. O

6 Symmetry of infinitesimal generator in Sobolev
spaces

In this section we show that the generator £ is symmetric and dissipative in some
family of infinite dimensional Sobolev spaces. In the next section this result will
be useful for the proof of ergodicity of the semigroup generated by £. We start by
introducing the following Dirichlet operator.

(f,Lg) == > Gia(Okf, drg)

k,1eZN

where (f,h) = (f,h)r2(B,ue) and G is the covariance matrix associated to the
measure, as above. That is, on a dense domain including UCZ, we have

Lg = Z G100 — Dy (6.1)
klezZN
where
Dg = Z Tk Okg. (6.2)
kezZN

D will play the role of the dilation generator in our setup. We remark that
[D,X;;] =0
i.e. our fields are of order zero. Thus

D, L] = 0.
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Note also that by a simple computation, we get

> Gradd, L| =0.

k,1eZN

This is because

[0k, Xij] = [0k, Z M; 2105 — Z M 12105 = M; k05 — M 16

lezZN 1ezZN

and hence we conclude that
Z Gk 10k0, X5 =0
k,1ezZN
which implies the claim. Thus we obtain the following result.
Proposition 6.1. On UC}, we have
1L, X1 = 0 (6.3

and

[L,L] =0. (6.4)
Keeping this in mind, we introduce the following family of Hilbert spaces
= {f € L*(E,, pc) N D(L™) : |f|§gn = |f’2L2(duc;) + (f, (=L)" f)2(due) < OO}
equipped with the corresponding inner product
(f,9)z, = ka(fg) + (f, (=L)" f)r2(due)

for f, g € X,,, where n € NU{0}. Hence we obtain the following fact, (where besides
Proposition [6.1| we also use the anti-symmetry of the fields X;; in L*(ug)).

Proposition 6.2. On a dense set f)n - §§n, we have

(f, L9)z, = (L 9)x =——Z > (Xiyf, Xij9)z, (6.5)

iczN j:li—jlhi=1
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In the case when n = 1, we have
(f.9)x = na(f9) + Y na(Gydifdg) = na(fg) + na(G2Vf - G2Vy)
i,jezZnN

where for simplicity here and later we set X = Xl(: X). By induction, and
using the fact that [G%V, L] = G2V, one can show that there exist non-negative
constants a,, ,, m = 1,..,n with a,, > 0, such that

(f 9z, = Ha(f) + Y mnnc((GEV)E"f - (GEV)*"g).
m=1,..,n

This motivates the introduction of the associated family X,, of Hilbert spaces with
corresponding scalar products

(.9)%. = na(f9) + ne((G2V)™"f - (G2V)™"g).
Again by induction we conclude with the following property.

Proposition 6.3. On a dense set D, C X,,, we have

(f, L9)x, = (L], 9)x,- (6.6)

We remark that neither of the families are orthogonal, but the tilded one further
allows Fock’s type stratification, which provides invariant subspaces other than the
one given as eigenspaces of the dilation generator D.

Remark 6.4. The operator L is closable in X and its closure has bounded from
above self-adjoint extension, which we continue to denote by the same symbol L.

Moreover, the self-adjoint extension L generates a strongly continuous semigroup
T, = e'* : X — X such that T; = P|x.

7 FErgodicity

Before we get into general estimates, it is interesting to consider a few cases where
some explicit bounds can be obtained. First of all consider the linear functions

kezZN
We note that
1 !
EF(Z’) = Z_l k% (Z ((Mj,ij,i — Mi7ij7j) a4 + (Mj,kMi,j — Mj,kMiJ) Oéj)) Tk,
€ L)
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where the sum Z indicates that we sum over the pairs of indices as in the
definition of £. In partlcular in the case when M = b0Id, b € (0,00), we have

LF=-Nb ) ogerye.
kezZN
Since the semigroup maps the space of linear functions into itself, we conclude

that
pe|PF — peF? < e ™ug|F — pcF|?

with some m € (0,00), i.e. on linear functions we get exponential decay to equilib-
rium. An inequality of this form on a dense set would imply a Poincaré inequality.
One can, however, show that such an inequality cannot hold. To this end consider
a sequence of functions of the following form:

_ 2
= E x;
ieA
for a finite set A. Then, for the measure with diagonal covariance matrix, we have

palfa = pafal® > [Alpclaf — peail® = const - |Al

with |A| denoting cardinality of A. Moreover,

c (fa(=Lfr)) 4 Z e (Xi5.fa)? = const - |OA].

i€\ jeAc
li-jli=1
From this we see that for a suitable sequence of subsets A invading the lattice, the

ratio of ug (fa(—Lfr)) to pg|fa — pafal? converges to 0.

In the remainder of this section we develop a strategy to obtain optimal esti-
mates on the decay to equilibrium for more general spaces of functions, for sim-
plicity working in the setup when the matrix M is given by M = bId, b € (0, 00).
We show that the corresponding semigroup is ergodic with polynomial decay.

Define
1/2
)= (Z MGWF) :

iezZN
Lemma 7.1. For any f € X,i€ Z" andt > 0,
AN
uc(|65(Pf)?) < t_A(f) (7.1)

where A = Sup \/_f 2t (1—cos(278) 1 3

t>0
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Proof. Tt is enough to show (7.1) for f € UC}(E,). Indeed, UCY(E,) is dense in
X and (F;)i>0 is a contraction on X.
Denote f; = P,f for t > 0. For i € Z", we can calculate that

t
d
s = Plo = [P s
0
t

_ / P o(~ L ful?) + 200 foLOS + 201 £.[6h, £1£.)ds

0

_ /Otpts(_ S K@)

m,1eZV:jm—1|;=1
N

+ 2b°0; f Z(_aifs + Xii- () Oi- () fs + Xi,i+(k)3i+(k;)fs)>d5-
h=1
(7.2)
Integrating (7.2 with respect to the invariant measure ug yields
t
nelonfi el = [ (= 3 uclXma@f)P?
0 m,1€ZN jm—1|; =1
N
— ANV | fil* +26° Y pa(0if:Xsi iy Os- i) o)
k=1
N
+ 2023 1 (O Xy Do ) ) s (7.3)
r=1

Notice that the operators Xj;,1i,j € Z", are anti-symmetric in L*(ug). Therefore

t
pelonfi — nalos?= [ (= 3 neXmi@ifP
0

m,leZN:|m-1|;=1

N
— 2Nbuc|o:f|* — 20 Z 1 (O (k) fs Xii- (k) 0if5)

k=1

N
2h° Z y,G(ai+(k)f5Xi7i+(k)aifs))dS. (74)

k=1
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Hence, by Young’s inequality we deduce that

t
paloifi? — MG|3if|2§/ (- > 16 | Xn 1 (01 f5) |2
0

m,leZN:im-1j;=1

N
— 2NVpc|Oifo + ) 0 uc|o-w fol* + pe X o fsl
k=1

N
+ Z V1 |Os+ ) f5|° + MG|Xi,i+(k)5ifs|2> ds
=1
N

t
< / b? Z (Mc\ai—(k)fs\z + pc| O o fs)* — 2NG|aifs‘2)dS' (7.5)
0

k=1

Let A denote the Laplacian on the lattice ZY and set F(i,t) = ug|di(P.f)[? for
t>0,i€ Z". Then we can rewrite (7.5) as

t
F(t) < F(0) + / V’AF(s)ds, t € [0,00). (7.6)
0
Hence, by the positivity of the semigroup (etbzA)
can conclude that

>0, and Duhamel’s principle, we

F(t) < "2 F(0) (7.7)

for ¢ € [0,00). By taking the Fourier transform, we can see that this is equivalent
to

peloi(Pf))? < Z ne(lonf e (o), (7.8)
1ezZN
where
N
c(d') = / ©'(a) cos (ZWZklal> do; ... day,
[0,1]¥ =1

N
is the Fourier coefficient of the function () = exp(—2t > (1 — cos(2mway,))),
n=1
a=(a,...,ay) € RV, ¢(¢),k € Z" can then be bounded above by
1 N

|Ck(§bt)| < / QDt(Oé>dOé — /G—Qt(l—cos(%r,é’))dﬁ 7 (79)

0,1} 0

and the result follows. O]
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Define also

B(f) = (Z (ucwaifP)%) :

iezN
Corollary 7.2. For f € X such that B(f) < oo, we have

S el (PR < A ADB(). (7.10)

iczZN tr

Furthermore, there exists a constant C' € (0,00) such that

210g _(PS)? A%
e ((Pon G0 ) < 02 B, (r.)
and hence N
e (Pif ~ e < C AB() (7.12)

1. e. our system is ergodic with polynomial rate of convergence.

Proof. By symmetry of the semigroup F; in X, we have

D ucldk(B) = Y na(difoiPuf)

iezZN iezZN
< Z (1cldif?)? (ncldiPaf|?)?
iczZN
< (Z (MG|3if|2)é> sup (ncldiPuf|?)"?. (7.13)
iczN jezx

Combining ([7.13)) with (7.1)) we immediately arrive at the estimate (7.10). Now
inequalities ((7.11)) and (7.12]) follow from the logarithmic Sobolev and Poincaré
inequalities for the Gaussian measure pg. O

Remark 7.3. The convergence in Lemmal[7 1] cannot be improved, while the rate of
convergence in Corollary[7.9 is not far from optimal. Indeed, let W (k,t) = Py(z})
N

fort >0 andk € ZV. Then Lz} =1* ) (xfd(m) + xi_(m) —223), so that,

m=1

(9_W - bQAW,
ot
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where as above A\ denotes the discrete Laplacian on Z~. Thus
W(t) = e 2W(0),¢t > 0 (7.14)

so that convergence in the Lemma E is precise (see the end of the proof of
the Lemma . Furthermore, using @ it 1s possible to explicitly calculate
pa(Pixs — pg(x2))?,t > 0 and show that this expression converges to 0 polynomi-
ally. Hence the operator L does not have a spectral gap.

The following result shows that the class of functions for which system is ergodic
is larger than the one considered in Corollary [7.2]

Proposition 7.4. The semigroup (P;);>o is ergodic in the Orlicz space Ly(ug),
with U(s) = s?log(1 + s?) , in the sense that

|Pif — pafllgue) — 0

for any f € Ly(ug) ast — oo. Furthermore, for all f € X, |Pf — paflx — 0 as
t — 00.

1
Proof. For f € XN< f € Ly(pug) : >, (,u(;|6if|2> * < 0o p the result follows from
iezZN
Corollary [7.2] Now, it is enough to notice that such set of functions is dense in
Ly(pug) (resp. in X) for the natural topology and P, is a contraction on Ly (ug)

(resp. in X). O

Remark 7.5. It should be noted that the measures p,.q, forr > 0 are all invariant
with respect to the semigroup P,, t > 0. Consequently, the results of the section[7]
are also valid for the measures p,.c, r > 0, with the proofs being exactly the same
as in the case of yg.

8 Liggett-Nash type inequalities

In this section we will show how to deduce Liggett-Nash type inequalities from the
results of the previous section.

1
Theorem 8.1. For f € XND(L) such that ) (ug|8if|2>2 < o0 we have that
iezZN
there ezists a constant C' € (0,00) such that

2

na(f = na(f)? < C(—LF, 5 (B 7 (8.1)
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Furthermore, for f € Dx(L) such that B(f) < oo, we have

AP [Z oSO Ef)duc;] B(f)¥, (8:2)

where C(N) = AN+8(1 + & )N+8, and A is as in Lemma .

Remark 8.2. Note that inequality (8.2) can be considered as an analog of the
Nash inequality in RY (see [19], p.936). Indeed, such an inequality takes the form

2 N n n
,u‘;]ﬂvw < C(—Au,u)p2@e |ulfy gy, v € LYR™) nWH(R™),

for some constant C > 0, and where A is the standard Laplacian on RN. The
main difference is that the natural space for our operator L is X instead of L*.

Proof. Inequality immediately follows from , Corollaryand part (b)
of Theorem 2.2 of [16].

Let us show the inequality . As before we denote f; = P,f. We have by
Holder’s inequality and Lemma [7.1] that

Z/ Oifoifidue < (Z@f’%z(m)) <Z‘aift‘%2(,ug)>

iezZN iezN iezZN
AT <Z (MG|3if|2>2) (Z 10 f 72 uG)
iczN iczZN
< x (8.3)
ts

Furthermore, note that

/afaftduG_ZmﬂL% /Z OfO(Lf)dugds.  (8.4)

iezZN iezZN iezN
Define ¢(s) = > fE OifOi(Lfs)dug for s > 0. L is symmetric in X so

iezZN

Z/ K(LL)O: fodug, s> 0.

iezZN
We can then calculate that

o = Y [ aenoerine = [ awnarenie

iezZN icZN

= 2 | KL NKLP; e >0,

iezZN
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for all s > 0. Consequently,

=Y [ aenasiie 200 = Y [ awnasie @9

iezZN iezZN

for all ¢ > 0. Using (8.5)) in (8.4) yields

DN ETCYIEED DIV IS DY QLT LSS
iezZN iezZN iezZN
for ¢ > 0. Therefore, using this in (8.3), we obtain

> e < 1Y [ a-enasi

iezZN iezZN

A% (z (uc|aif12)2) (z 012 MG>)
iczZN iez
. (8.6)

t

+

|2

Optimization of the right-hand side of with respect to t leads to (8.2). O

9 Phase transition in stochastic dynamics

In this section we consider a family of stochastic dynamics defined by the following

generators
L= Y XLy

keZN

where 3 € [0, 00), and for a finite subset = C Z" we set
XE+k = Z ainiJ

ije=+k
i

with some constants a;; = aiykj+k € R. As a special case, we can take = to be
a set of two neighbors and = 0, which includes the model studied earlier. Now
P, = e'*. Then, with f, = P,f, we have the following simple computation.
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d
%Pt—s|vfs|2 =P (_£|st|2 + QVfSV'Cfs) (91)

- Pt—s <_2 Z |XE+kV1fs|2 + 22 Vlfs[vla X%-l—k]fs - 26|vfs|2)
Lk Lk

=Py (—2 > Xeu Vsl
1Lk

+2 Z Z Z a5 Vi fs { Xk, [V, Xigl} fs — 26V |,
1 k i,j?E'-i-k
ji

where {-, -} denotes the anti-commutator. Now, since

Xz, [V, X} s = 2Xz1 (03 Vi — 0u V) + Z ayy (015035 Vi — oudiw V)

i j'cE1k
j/Ni/

there are constants € € (0,2) and 1 € R such that

d
%Pt—s|vfs|2 S Pt—s <_(2 - 5) Z |X5+kvlfs|2 - 2(6 - 77)|st|2>
Lk
< —2(8 —n)Ps|V £l (9.2)

Integrating this differential inequality, we obtain
VA < e R fIP.

In the case when = is a two point set, combining this with our analysis in previous
section we conclude with the following result.

Theorem 9.1. A stochastic system described by the family of generators

Ly=) X} —pBD

i~j

with B € [0,00), undergoes a phase transition at some 3. € [0,00). That is, for
B > B. it decays to equilibrium exponentially fast, while for § € [0,3.) the decay
to equilibrium (for certain cylinder functions) can only be algebraic.
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10 Homogenisation

We have shown in Section [7] that the semigroup (F;);>o with generator £ given
by (3.9) is ergodic. Therefore we can apply Theorem 1.8, of [13] (see also [14])to
conclude that the following functional CLT holds.

Proposition 10.1. Let L be given by , and Y, t > 0 be the corresponding
Markov process. Suppose F € D((—L)"2) is such that u(F) = 0. Let P* be a
probability measure corresponding to the stationary Markov process with the same
transition functions as Yy, and Gy = 0{Ys, s < t},t > 0 be the filtration generated
by Y. Then there exists a square integrable martingale My, t > 0, on the probability
space (2, (Gt)i>0, P*) with stationary increments such that My =0 and

1
lim — sup =0,

=00 /1 0<s<t

t
/ F(Yts)dS_Ms
0

i probability with respect to P*. Moreover,

1
lim gEP"m — M, =0.

t—o0
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