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Abstract

This thesis investigates coercive inequalities, such as the logarithmic Sobolev and spec-
tral gap inequalities, for generators defined as the sum of squares of degenerate and non-
commuting vector fields (such generators are said to be of Hormander type). Situations
in which the sum is both finite and infinite are considered. Particular attention is paid to
the setting of H-type groups, which are naturally equipped with such generators and an
associated sub-Riemannian geometry. The bulk of the monograph consists of three self-
contained but strongly related projects. In the first of these projects the spectral properties
of some Hormander-type generators on H-type groups are examined via coercive inequali-
ties. In another direction, it is shown that certain non-trivial Gibbs measures with quadratic
interaction potentials on an infinite product of H-type groups satisfy logarithmic Sobolev
inequalities. The thesis concludes with a study of the ergodicity of an infinite particle sys-
tem described by a highly degenerate generator, in which coercive inequalities again play

arole.
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Chapter 1
Introduction

The central idea of this thesis is to investigate the behaviour of certain classes of Markov

generators which take the following form:

L=) X} (1.1)
i€R

where {X; : i € R} is a given family of degenerate and non-commuting vector fields, and
‘R is either a finite or infinite (but countable) index set. Such generators are of Hormander
type. This description is a rather broad one, since in fact several more specific problems
are dealt with which fit into this general framework. The behaviours we are interested
in will be primarily expressed in the form of coercive functional inequalities. Loosely,
these are “forcing” inequalities which, when satisfied, necessitate that the generator and
associated semigroup behave in a certain way. We will be particularly interested in the
so-called logarithmic Sobolev and spectral gap inequalities, which have been extensively
studied over the past 30 years (see Chapter [ for a brief review of this body of work). For
generators given by (LLI]), establishing these inequalities pose interesting problems, since

the degeneracy severely restricts the methods available.
One of the simplest settings in which families of non-commuting vector fields naturally
occur is that of an H-type group. It is for this reason, combined with the fact that such
groups have attracted a lot of attention recently (see [9, 51, 52, 53,69, 911, 99]), that we

concentrate, at least to start with, on this setting. On an H-type group, the canonical Lapla-
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cian operator (called the sub-Laplacian) takes the form (LLT)) where R is a finite set and | R |
is strictly less than the dimension of the space. The sub-Laplacian is therefore not elliptic,
but it is hypoelliptic by Hormander’s celebrated result i.e. the associated heat kernel is
smooth. This is because the set of fields {X; : ¢ € R} together with all the commutators
span the tangent space at every point.

In the work that follows, generators on H-type groups are explored in both finite and
infinite dimensional set-ups. In finite dimensions, coercive inequalities are used to gain in-
formation about the spectra of the associated generators. More specifically it is shown that
certain generators of Hormander-type on H-type groups have a spectral gap, and in some
cases have entirely discrete spectra. For an infinite dimensional environment, we consider
an infinite product of H-type groups. In this context we again study coercive inequalities
for Hormander-type generators and their associated symmetric measures, which are now
defined on an infinite dimensional space.

An alternative infinite dimensional setting is introduced in the final strand of this mono-
graph, where R in (CI)) is taken to be the lattice Z”, and the family of vector fields X; to
be even more degenerate than in the case of H-type groups, so that not even Hormander’s
condition is satisfied. We analyse in detail a situation when the vector fields are specifically
given, and use coercive inequalities to show that the associated interacting particle system

is ergodic with an explicit rate of convergence.

The majority of the author’s own work is contained in Chapters Hl, Bl and . Chapter
can be thought of as a stand-alone chapter, and it is for this reason that we include very
little directly relevant background material in ChaptersPland B for the work presented there,
preferring instead to include an expanded introduction at the beginning of Chapter [ and
an appendix.

The outline of this thesis is thus as follows. In Chapter [2] we review the literature
surrounding the subject area dealt with in Chapters BH3, which has provided both the moti-
vation and the inspiration for the work described there. The necessary notation, definitions
and basic results are then set out in Chapter 3.

Chapterlis concerned with proving results about the spectra of certain operators on H-

type groups. Two approaches are taken — the first one uses a unitary representation of the
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sub-Laplacian in the special case of the Heisenberg group, while the second more general
one proceeds through functional inequalities. The chapter finishes with an investigation
into an interesting class of generator which does not fit into the preceding framework, but
for which we are still able to prove the existence of a spectral gap.

The main result of Chapter [ is that certain infinite dimensional Gibbs measures with
unbounded quadratic interaction potentials on an infinite product of H-type groups satisfy
logarithmic Sobolev inequalities. The necessary finite dimensional material is prepared
in Section B3], before the passage to infinity is described in Section 5.4 An alternative
interaction potential is considered in the final section. The ideas of this chapter formed part
of a joint work with 1. Papageorgiou.

Finally, in Chapter [l we deal with the specific situation when the generator L is given

L= Z Xf:j

i,jELP
i~g

by

where the sum is taken over all nearest neighbours i ~ j in the lattice Z”, and
2
Xiz,j — (@V@ - @V@Z) 5

with 0;V indicating some linear coefficients. Such generators are interesting, since they
appear in physical models of heat conduction and are highly degenerate. Moreover, it can
be shown that they do not have a spectral gap. Despite this fact we prove that the system
is still ergodic, with polynomial rate of convergence, via some coercive inequalities. This

was part of a joint work with M. Neklyudov and B. Zegarlifiski.
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Chapter 2

Background for Chapters 3-5

The purpose of this chapter is to put the contents of Chapters BH3linto context, by giving an
overview of the related work that appears in the literature. It is important to view the results
stated in the ensuing chapters in this context for two reasons: firstly because it makes the
actual contribution made in this thesis more apparent, and secondly because the background
material provides the essential motivation for the investigations we engage in. With this
in mind, we offer here a discussion of the literature without any precise definitions or
statements of results in the name of clarity and readability, leaving the necessary formalities
until Chapter [l

Due to the volume of work that has been carried out, we cannot hope for completeness
in this overview. Instead we aim to describe key results that have had a direct influence on
the work that follows.

A central concept will be the logarithmic Sobolev inequality, so we begin in Section
with a discussion of the origins of this inequality and the development of sufficient
criteria for it to hold. In the next section (Section 22)) we describe generalisations and
related inequalities that have been well studied, together with some applications to areas
such as isoperimetry and spectral theory. Section attends to the recent trend of inves-
tigating these inequalities in sub-elliptic settings, while in the final section of this chapter
we recount the use of logarithmic Sobolev inequalities in the study of spin systems and sta-
tistical mechanics, leading to efforts to prove that they hold in various infinite dimensional

settings.
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2.1 The logarithmic Sobolev inequality and the curvature condition

In his seminal work [64]] of 1975, L. Gross showed that, for the Gaussian measure p on R”,
it holds that

f*(x)log f*(x)dp(z) < 2/Rn IV f(@)Pdp(z) + [ f1121og |1 fI2 2.1

Rn

where || f||, denotes the LP (1) norm of f, and V is the standard gradient on R™. Inequality
@) asserts that [ f?log f?du is finite whenever f and V f are in L*(;1), and was des-
ignated a logarithmic Sobolev inequality. Although these inequalities had been formally
considered in [54]], it was only in [64] that their importance was highlighted with two key
observations, which opened the door to further research. The first remarkable fact is that
the inequality is uniform with respect to the space dimension n, and therefore extends eas-
ily to infinite dimensions. Secondly, Gross proved that if £ is the non-positive self-adjoint

operator on L?(11) such that

(~LF iy = [ 194 Panta),

then the logarithmic Sobolev inequality @) is equivalent to the fact that the semigroup
generated by L is hypercontractive, that is for P, = e'* and q(t) < 1 + (¢ — 1)e* with

q > 1 we have
1P f Mgy < [1fllg (2.2)

forall f € L7(u). Hypercontractivity thus provides detailed information about the smooth-
ing properties of the semigroup F;, and has many important applications.

Given the potential usefulness of these inequalities, a natural question was whether or
not ZJ)) holds in any other situations. The first major breakthrough in this direction, which
tremendously enlarged the class of probability measures known to satisfy such inequalities,
was due to D. Bakry and M. Emery who in [[12] generalised the concept of a logarithmic

Sobolev inequality, before giving a sufficient condition for the inequality to hold.
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To be more precise, given a non-positive and self-adjoint Markov generatorlzl L acting
on L*(u), where (€2, 1) is some probability space, we say that 4 satisfies a logarithmic

Sobolev inequality if there exists a constant ¢ such that

fu <f2 log S

W) < cu(f(~Lf) @3)

for all f € D(L), where u(f) = [ fdu. The proof of Gross showing that a logarithmic
Sobolev inequality is equivalent to hypercontractivity of the associated semigroup carries
over to this more general situation too, as does the observation that such inequalities are
uniform in the dimension of the space (see for example Chapters 2 and 3 of [5]).

An important fact is that the logarithmic Sobolev inequality implies the well-known

Poincaré or spectral gap inequality, that is

w(f — uf)? < eu(f(—=Lf)). (24)

To see this implication one can replace f by 1 + ¢f in @3) and let ¢ — 0. These types
of inequalities date back to Poincaré, and imply exponential convergence of the associated
semigroup to the invariant measure (see for example [66]]).

Given this general set-up, Bakry and Emery (following P. A. Meyer) introduced the

so-called carré du champ operator as the symmetric bilinear form I' given by

(L(fg)— fLg—gLf),

N —

L'(f,g) =

and the ['; operator as the symmetric bilinear form given by

Ta(f,9) = 5 (ET(f.9) ~ T(f. £g) ~ T(Lf. ).

'An operator £ on a Banach space B is a Markov generator if it generates a Markov semigroup (P;)¢>0
ie. if Lf = limy_o (P — I)f for a Markov semigroup (P;);>o. Such operators are characterised by the
Hille-Yosida Theorem (see for example Theorem 1.7 of [66]]).
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Their idea was then to study the condition

for some constant p € R, which has become known as the C'D(p, co) condition, or the
“curvature-dimension” condition (for reasons that will become clear). Their renowned
result is that, under the condition that £ is a diffusiorH, the C'D(p, c0) condition with
p > 0 is sufficient to ensure that the symmetric measure j satisfies a logarithmic Sobolev
inequality (2.3)) with constant %. The C'D(p, oo) condition with p > 0 is sometimes referred
to as the Bakry-Emery condition.

It is instructive to illustrate the meaning of this condition in a concrete set-up. A fun-
damental example considered by Bakry and Emery in [[T]] is the situation of a smooth
Riemannian manifold M, equipped with standard gradient V and Laplace-Beltrami oper-
ator A. It can be noticed that the Markov generator £L = A — VU - V is symmetric and
non-positive in L?(uy), where py(de) = Z'e~U@dgx is a probability measure on M,

—U(z

with dx the standard Riemannian volume element and Z = f e )dz the normalisation

constant. In this case it can be calculated that T'(f, f) = |V f|?, and by Bochner’s formula
Lo(f, f) = Ric(Vf, Vf) + |Hessf|* + (Hess(U)V f, V f).
Thus the Bakry-Emery condition is satisfied if inf,¢5s k£(x) > 0 where
k(xz) = inf{Ric(X, X) + (Hess(U)X, X) : X €e T, M,|X| =1}, Vx e M,

so that for the condition to be satisfied we need some control over the curvature of the
space. The C'D(p, oo) condition therefore establishes a deep and fundamental link between
coercive inequalities (and all their consequences) and the geometry of the underlying space.
This relationship has proved extremely useful and has provided the basis for a huge amount
of further research.

It is worth making a few remarks at this point:

2The operator £ acting on a Banach space B is a diffusion if for all smooth functions f on B and ¥ on R
we have that LU(f) = U'(f)Lf + V" (TS, f).
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e One case of particular interest is when M = R". In this setting the curvature is zero,
so that by the Bakry-Emery criterion j satisfies a logarithmic Sobolev inequality
whenever Hess(U) is bounded from below by a positive constant, in the sense of
quadratic forms. In this case the measure 17 is often described as being log-concave.

It is thus clear that the Bakry-Emery condition includes the result of Gross.

e The Bakry-Emery condition is not necessary for a logarithmic Sobolev inequality.
Indeed, even if p < 0 in @3, in some cases we can still conclude that the invariant
measure satisfies a logarithmic Sobolev inequality. For information in this direction

we refer to [[123,[125]] and references therein.

e If we are working in a space where the Ricci curvature is not bounded from below,
the C'D(p, o) condition will not hold. This will be important for us, since our focus

will be on such settings (see Section 23] for details).

e The methods of Bakry and Emery rely heavily on semigroup techniques, and it turns
out that that the C'D(p, c0) condition is also extremely useful for proving related
inequalities involving the associated semigroup. Indeed, under the C'D(p, o) condi-

tion (now for any p € R), it can be shown that when £ is a diffusion,
D(P.f) < e " P(VT(f))

for all t > 0, where P, := ¢**. In the fundamental example described above, this
translates into a commutation relation between P; and V: |VFB| < e BV /|,

which is a well-studied and important relationship.

For a thorough review of the C'D(p, c0) condition we refer the reader to [3], which

includes all the details and important results, although one can also consult [[7] and [T14]].
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2.2 Applications and generalisations

2.2.1 Isoperimetric inequalities

One reason why the logarithmic Sobolev inequality has received so much attention is be-
cause it has many applications and connections to other areas. To illustrate this we begin
this section by mentioning one of these, namely the role of the logarithmic Sobolev inequal-
ity in the study of isoperimetric problems. Although such problems will not be considered
below, we include this discussion because in a forthcoming paper co-authored with V. Kon-
tis and B. Zegarlinski ([[77]) we use methods related to those used in this thesis to prove
isoperimetric inequalities in a sub-elliptic setting.

The isoperimetric problem is concerned with controlling the volume of a given set in
terms of its surface area. More precisely, given a probability measure 1 on a metric space

(M, d), we would like to estimate the largest function Z, : [0, 1] — R™ such that

L (u(A)) < p*(A)
for all measurable sets A, where p*(A) is the p-surface area of A, defined by

gy HAT) = p(A)
)= g M

with A® := {z € M : Jy € A such that d(x,y) < €}. In pursuing this goal, it turns out

that the following two inequalities are of special interest:

p(A) = emin{pu(A), 1 — u(A)} (2.6)
P (A) > cU(p(A)). 2.7)

Here ¢ > 0 is a constant and U/ = ¢ o ®~!, where ® is the distribution function of the
normal distribution on R, with ®'(¢) = ¢(t) = (1/v/2m)e 2" for t € R. Inequalities
@Z8) and @) are important because the isoperimetric profile Z,,(t) = min{¢,1 — ¢} for
the exponential measure on the real line (see [120]) while Z,,(t) = U(t) when p is the
Gaussian measure (see [39,[119]).
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These kinds of isoperimetric inequalities were first associated with functional inequal-
ities by J. Cheeger in 1970 ([43]]), where it was noted that an inequality of the form Z.6),
which is sometimes referred to as a Cheeger inequality, implies a Poincaré inequality. In-
equality @) is stronger than Cheeger’s inequality, and in [88] M. Ledoux connected it
with a logarithmic Sobolev inequality, by showing that if @) holds then so does a loga-
rithmic Sobolev inequality. This connection was further strengthened by Bakry and Ledoux
in [[13]], in which they showed that, in a space with Ricci curvature bounded from below,
the isoperimetric inequality ([Z.7) is actually equivalent to the logarithmic Sobolev inequal-
ity. Subsequently a large volume of work has been done detailing the role of functional
inequalities in isoperimetry, see for example [[13,27,29, 30, 32,26, 56, 87,[100] and [T13]].

2.2.2  g-logarithmic Sobolev inequalities

The first generalisation of the logarithmic Sobolev inequality that will be important for us

is the so-called g-logarithmic Sobolev inequality,

|f]?
plfle

0 (|f|qlog ) < V17 238)

where ¢ € (1, 2] and, if we are on a metric space, |V f| comes naturally via the identity

)~ fw)l
AR i e

For example, given a number p € (1,00), we may equip R” with the (P-metric d(z,y) =

lz—yll, = OO0, |z — yi|p)%, and then obtain

o= (3
i=1
1,1 _
where ;=L
Inequality @.8) was introduced in [31]], and was shown to hold for probability measures
on R™ with “sufficiently log-concave” densities, for example p(dr) = Z te "I"dz with

p > 2. The study was then taken up by S. Bobkov and B. Zegarlinski in [32]] where it was
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shown that a g-logarithmic Sobolev inequality with ¢ € (1,2) serves as a certain sharp-
ening of the standard inequality. Indeed, they proved that under a g-logarithmic Sobolev
inequality one gets a much stronger decay of tails estimate than in the classical “Gaussian”
case when ¢ = 2 (see Proposition B.T.3)). Moreover, under some weak conditions, it also
implies a stronger contractivity property of the associated semigroup F; than the hyper-
contractivity one gets when ¢ = 2, in that when the dimension of the space is finite, F; is
ultracontractive ie. || P;f|loo < ||f]l, forallt > 0 and p € [1,00) (see Theorem B.T.T3)).
The ¢-logarithmic Sobolev inequality is introduced rigorously in Chapter 3.

2.2.3 Related inequalities and their applications

Another generalisation of the logarithmic Sobolev inequality is the so-called ®-entropy in-
equality, which, when we are in the general set-up with a non-positive self-adjoint Markov

generator £ acting on L?(p) for some measure /1, takes the form

p(@(f)) = R(u(f)) < cp (" (F)F(=LS)). (2.9)

Here @ is a smooth convex function on an interval /. The left-hand side of this inequality,
which is positive by Jensen’s inequality, is called the ®-entropy of f and is often written as
Entf( f).

The ®-entropy inequality includes many interesting inequalities as particular cases. In-
deed, when @ : [0,00) — R is given by ®(x) = xlogx, @) is nothing but the loga-
rithmic Sobolev inequality, while if ®(x) = z* we recover the Poincaré inequality. When
®(x) = aP for p € (1, 2] the P-entropy describes another important family of inequalities
called the Beckner inequalities (see [[19]), which were later generalised in [86]]. Beckner
inequalities interpolate between the Poincaré and logarithmic Sobolev inequalities.

A general framework for ®-entropy inequalities was proposed in [43,44]], though the

concept of a ®-entropy dates back at least to I. Csiszar in the early *70s ([48]]). In this

—1

37 1s convex are made, which then

framework the additional assumptions that ®” > 0 and
allow one to show that ®-entropy inequalities are tensorisable i.e. that if two measures
1, po satisfy (Z29) with the same constant ¢, then so does the product measure 1y ® s

(extending the result for the standard logarithmic Sobolev inequality). It is further noted
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that one can perturb the measure by a bounded function, and the inequality remains valid,
which generalises an idea of R. Holley and D. Stroock described in [[72] (see Proposition
below).

The literature concerning ®-entropy inequalities is large — see for example [6, (8, 35,
[74, ITT]] and references therein. In particular, in [[6] and the recent work [33]], they have
been used as a tool in studying the convergence to equilibrium of Fokker-Planck-type equa-
tions.

It should be noted that in general the ®-entropy inequality is not homogeneous. For
this reason, amongst others, it is useful to introduce a slightly different inequality which is
homogeneous. We say that p satisfies a homogeneous F'-Sobolev inequality if there exist

constants ¢; and ¢y such that

p(fPFE(f?) < ap(f(=Lf) +co p(f?) =1, (2.10)

where F': [0, 00) — [0, 00) with F'(c0) := lim,_, F'(z) = co. These inequalities appear
in the work of F. Y. Wang ([l61, 124}, 126, [127]]), and more recently in [[I4]] where they are
studied in relation to contractivity properties, capacity and the ®-entropy inequality.

In particular in [[124], @.J0) was studied with regards to the spectral properties of the
generator —L. It is well known that the Poincaré inequality (2.4)) is equivalent to the fact
that the operator —L has a gap at the bottom of its spectrum (hence the alternative name for
the inequality). The idea was to extend this equivalence, and show that under the stronger
inequality @.I0) one can conclude something more about the nature of the spectrum. Wang
proved the striking result that, under some conditions, inequality @Z.J0) holds if and only if
the essential spectrum of — L is empty.

This idea is studied by the introduction of an intermediate inequality designated a super-

Poincaré inequality:

u(f?) < rul(f(=L1) + B@) (ulf)?*,  vr >, Q2.11)

where (3 : (rg,00) — (0,00) is a positive and decreasing function. The author first shows

that @IT) is equivalent to the fact that o..,(—L) C [ry*, 00), before proving that @IT)
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with 7o = 0 is in turn equivalent to the homogeneous F-Sobolev inequality @.I0), for a
properly chosen F'. A similar result was obtained independently by F. Cipriani in [47],
where the emphasis was on a specific class of operators and Sobolev embeddings. We

summarise their results in more detail in Theorem .44 below.

2.3 Inequalities for Hormander-type generators in the sub-Riemannian

setting

Recently, a lot of attention has been given to investigating coercive inequalities and their
consequences in sub-Riemannian settings, which can be thought of as spaces in which “one
can only move in certain directions”. These spaces are especially interesting in terms of
functional inequalities since the natural Laplacian is no longer elliptic, but is of Hormander-
type and has some degeneracy. Because of this degeneracy the C'D(p, co) condition cannot
hold, so that the methods of Bakry et al. do not apply.

Following [9], to illustrate this we consider one of the simplest sub-Riemannian set-
tings, namely the Heisenberg group H. This group is introduced rigorously in Section
B27, but can be thought of as R?, equipped with the vector fields

Yy X
X=0,-%0., Y=0,+0.
2 v o0

The sub-Riemannian structure is then generated by only considering paths in R? which are
integral curves of X and Y. The natural sub-Laplacian is given by £ = X2 + Y2, which
is self-adjoint for the Lebesgue measure on R®. The matrix of second order derivatives

associated to L is degenerate, and thus £ is not elliptic. One should also note that
Z:=[X,Y]=0,, and [X,Z]=1[Y,Z]=0,

so that XY and [X, Y] span the tangent space of H at every point, or in other words
that Hormander’s condition is satisfied. Thus L is hypoelliptic in the sense of Hormander,
which means that, despite being non-elliptic, the heat semigroup (P;);>0 = (€'%)s>0 still

admits a smooth density with respect to the Lebesgue measure on R? i.e. there exists a
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smooth function p; such that

Pof(x) = / F(ay)pely)dy.

For this operator £, one can easily calculate that

L(f, f)=X(f)?+Y(f)* = |Vafl’
and

Da(f, £) = X2 + V(P + (XY 4+ YX)(P) + L 2(F)

2
+2XZ(NY () =Y Z(NHX()).

The presence of Y Z(f) and X Z(f) in the above expression forbids the existence of a
constant p such that the C'D(p, oo) is satisfied. In other words, by the considerations of
Section 211, the Ricci tensor is everywhere —oo.

Despite this degeneracy, B. Driver and T. Melcher heightened interest in this setting by

proving in [51]] the existence of a constant C, such that
VaPfP(z) < CyP|Vif](x) (2.12)

for all p > 1,z € H and smooth functions f. As in the elliptic case, such a gradient bound

with p = 2 implies that the heat kernel measure satisfies a spectral gap inequality, that is
Py(f*) — (P.f)* < 2tCy P Vuf|*

Driver and Melcher noticed that, due to the group action and homogeneity, it is sufficient to
prove ([Z.12) at the identity and for ¢ = 1. The proof then follows using methods from Malli-
avin calculus. Their result was later extended by Melcher in [99] to include all finite dimen-
sional Lie groups G, where { X;}%_| generates the Lie algebra and Vg = (X1, ..., Xj).
Unfortunately the probabilistic approach of Driver and Melcher could not handle the
important case p = 1. However, using very different methods, H. Q. Li verified in [OT]] that
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(@-12) does indeed hold for p = 1, and as a corollary it follows that

f2
By <f2 log YE < CYtR|Vuf|*.
The key to proving Li’s result is two very precise estimates on the heat kernel p;, namely
that )
(z) i (2.13)
p1\xr) ~ 1 .
(1+ |[z[d(x))?

and

|Vap:i(z)] < Cd(z)p: (), (2.14)

where d is the natural distance function on H (see Section B2)). The proofs are given in
[91]], though they rely on results from [[73] and [[I8]]. These precise bounds are strictly nec-
essary; indeed an explicit example was given in [[69] showing that the standard exponential
bounds on the heat kernel, as described in [49], 122], are not enough for the logarithmic
Sobolev inequality to hold. Other simplified proofs of Li’s result, which also make use of
the estimates @I3) and @.I4)), have since been given in [9], where the symmetry of the
group was exploited, and in [77].

An investigation into these types of precise heat kernel bounds on more general H-type
groups was undertaken by N. Eldredge in [52], which was then used to obtain gradient
estimates with p = 1 on such groups in [53]].

A slightly different approach to proving coercive inequalities in a sub-Riemannian set-
ting, in particular on H-type groups, was developed by W. Hebisch and B. Zegarlifiski in
[69]. This approach is described in more detail in Section below and provides some
of the main motivation for the work presented here. In this paper an effective technol-
ogy to study coercive inequalities on very general measure metric spaces was introduced,
which does not require a bound on the curvature of the space. Their method is based on
so-called U-bounds, which, given that we are working on a general metric space equipped
with a collection of possibly non-commuting vector fields { X7, ..., X}, are estimates of

the form

/ U dp < A, / VSl + B, / e 2.15)



2.4 Logarithmic Sobolev inequalities in infinite dimensions 26

where dy = Z7'e"U@d)\ is a probability measure, with U(d) a function having suitable
growth at infinity, and d\ a natural underlying measure. Here ¢ € (1, 00), 7, is a constant
depending on ¢ and U, and d is a metric associated to the gradient V := (Xj,..., Xj).
The main result of this paper is that, under some weak conditions on the measure d\,
(2-13) implies that the measure p satisfies both a spectral gap inequality and a g-logarithmic
Sobolev inequality. Moreover, in the case when U(d) = adP for p > 2 and o > 0, an

inequality of the form @ZI3) holds with £ + 1 = 1 and 4, = 1 whenever
» T g Yq

SYP

<|Vd| <o (2.16)
almost everywhere, for some o > 0, and
Ad< K 2.17)

outside the unit ball, where A := Ele X?. It happens that conditions (Z16) and (Z17) can
be shown to be satisfied in the setting of H-type groups. It thus follows that the measure
dp = Z e @ d)\ with p > 2 and o > 0 on an H-type group satisfies a g-logarithmic
Sobolev inequality, with ¢ + + = 1. Another consequence is that, using the heat kernel
bounds (Z-I3)) and @I4) (and their generalisations), one can use the U-bound to recover
the gradient bounds of [9], 53] and [OT]].

To conclude this section we remark that the question of coercive inequalities and gra-
dient bounds of the type (ZI2) for p = 1 on groups other than of H-type remains largely
open. Some progress has been made on other groups of step 2, including SU(2) and SL(2)
(see [I0Q]]), but apart from the work of Melcher, almost nothing has been done on groups

with step greater than 2.

2.4 Logarithmic Sobolev inequalities in infinite dimensions

In the final section of this chapter we aim to describe a particularly fruitful application of
the theory of logarithmic Sobolev inequalities, namely to the infinite dimensional setting

of statistical mechanics and spin systems. These considerations provide strong motivation
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for the work of Chapter [l

Let 1 be a probability measure on a manifold M which satisfies a logarithmic Sobolev
inequality with a constant c¢. Let ) = M2 By the tensorisation property of the loga-
rithmic Sobolev inequality, it follows that the product measure py = p®” also satisfies
the inequality with constant ¢ for all A C ZP”. In particular, the inequality makes sense
for v = M®ZD. We would, however, like to be able to handle more non-trivial situations,
when the infinite dimensional measure is not a product measure. Such situations appear in
the setting of statistical mechanics and spin systems, where one is often given a family of
conditional expectations {EX } indexed by the finite subsets A C Z” and w € M*", where
EX is a function of the boundary conditions w and integrates over the coordinates in A.
Typically the measures EY take the following form

w eiUKJ

Zy
Under some mild conditions, it can be shown that there exists a probability measure v on

2, the so-called Gibbs measure, which has EY as its finite volume conditional measures.

The Gibbs measure v is therefore characterised by the condition

v(Eyf) =v(f)

for every finite subset A of Z” and bounded measurable function f. This is known as the
Dobrushin-Lanford-Ruelle (DLR) equation. The conditional measures model the evolution
of an interacting particle system whose equilibrium measure is the Gibbs state v. Originally
the purpose of studying such systems was to gain a better understanding of phase transition,
though as time has passed it has been noted that very similar mathematical structures can
also be naturally formulated in other contexts — neural networks and the spread of infection
for example — which illustrates the importance of this type of scheme (see [O3] for a
comprehensive review of this topic).

A fundamental question within this framework is: when is the system ergodic (i.e.
when does it converge to its equilibrium state), and if so how fast and in what sense? This

question was addressed by M. Aizenmann and R. Holley in [3]] (see also references therein),
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where it was shown that the associated dynamics is in fact ergodic in the uniform norm with
an exponential rate of convergence. The conditions they assumed, however, turned out to
be too strong for many meaningful and interesting models, in which their method broke
down. Fortunately the theory of logarithmic Sobolev inequalities came to the rescue: a
clever new strategy based on the hypercontractivity property was developed in [[72, [73]
and [[I16] which overcame these difficulties. The main idea was to deduce the uniform
ergodicity from L?(v) ergodicity and hypercontractivity, which we have if and only if the
Gibbs measure v satisfies a logarithmic Sobolev inequality. In view of this work it thus
became important to determine in what situations the infinite dimensional measure v does
in fact satisfy a logarithmic Sobolev inequality.

This problem has attracted a lot of attention over the years. The first non-trivial class
of examples of non-product Gibbs measures in infinite dimensions which satisfied the log-
arithmic Sobolev inequality was given in [4]]]. Later the theory was extended and applied
to spin systems when the underlying space is compact by B. Zegarlifski [[133], [132], D.
Stroock and B. Zegarlifski [I17, 118, S. L. Lu and H. T. Yau [94] and F. Martinelli and
E. Olivieri [97, [08]]. It has since been reviewed in [[66]. The more delicate case of non-
compact systems with unbounded interactions was considered by B. Zegarlifiski [134]], N.
Yosida [[129, 130, [131]], B. Helffer [[70l,[71]], B. Helffer and T. Bodineau [33],34]] and others.
A self-contained review of this material, which simplifies some of the proofs, was provided
by M. Ledoux in [Q0]. More recently a new criterion in a special setting was given in [104]].

It is useful to give an example of a commonly considered unbounded spin system,
since we will try to emulate such systems in the new setting examined in Chapter ] below.
Following [Q0]], suppose we are in the situation described at the beginning of this section,
with M = R. We take p(dr) = Z 'eV@dz with V strictly convex at infinity (for
instance V (z) = 2! — B2 with 8 € R), so that ;1 does indeed satisfy a logarithmic Sobolev
inequality by the Bakry-Emery criterion combined with the stability of the inequality under
bounded perturbations. Let {4 } be given by @I8)), where, for finite subsets A C Z” and
w € RZD,

Ug(x)=1J Z zix; + J Z Twj, (2.19)

i,jENti~] i€A,jENring

with 7 = (2;);ea € R, J € R and where the summation is taken over the nearest neigh-
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bours i ~ j in the lattice Z” . Results in the preceding references assert that the logarithmic
Sobolev inequality holds for E{ uniformly in both A and w when |.J| is small enough, so
that it also holds for the Gibbs measure v by a convergence argument.

To conclude this chapter, we mention that some efforts have been made by B. Ze-
garlinski and P. Lugiewicz in [93] to prove similar infinite dimensional results when we
are in a set-up in which there is a given family of degenerate vector fields on the underly-
ing space. To be more specific, in this work the authors concentrate on the situation when
the underlying spin space M is a compact manifold without boundary, equipped with a
family of degenerate vector fields { X7, ..., X} satisfying Hormander’s condition. Under
some assumptions, they are able to prove that the Gibbs measure corresponding to finite
volume conditional measures EY defined with bounded interactions satisfies a logarithmic
Sobolev inequality involving a gradient purely defined in terms of the fields X, ..., Xj.
The authors finish by using the proven inequalities to deduce some uniform decay to equi-
librium of infinite-dimensional semigroups generated by Hormander type generators, with
exponential rate of convergence.

The work of Chapter Bl below extends this idea of using an underlying spin space nat-
urally equipped with families of Hormander fields, by trying to combine the techniques
for proving coercive inequalities in the sub-Riemannian setting recounted in Section 2.3,
with those for proving them for non-trivial Gibbs measures in infinite dimensions. It offers
something different to the work of Lugiewicz and Zegarlifiski in that we consider the more

difficult and intriguing case of non-compact spin spaces and unbounded interactions.
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Chapter 3
Definitions and Basic Facts

In this chapter we present the definitions, notation and basic facts that will be used in
Chapters Bl and B. At the end of each section we include some notes containing references
together with some discussion of the origin of these results. We give proofs where they
are sufficiently short and self-contained, and refer the reader to the references given in the

notes at the end where they are not.

3.1 Logarithmic Sobolev inequalities

3.1.1 Definitions

In all of what follows, we will be working in measure metric spaces, and therefore we
restrict ourselves to this setting.
Indeed, let (€2, ;1) be a probability space equipped with a metric d : Q x  — [0, c0).

Then for all non-negative measurable functions f : {2 — R, we define the entropy func-

But, (1) = [ flog fd - ( / fdu) log ( / fdu) |

which is positive by Jensen’s inequality.

tional

Furthermore, for a measurable function f we will write

u(h) = | san
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and as usual denote by LP (1) the set of all measurable functions such that || f||, := (u| f |p)% <
oo for p > 1, and by L>°(u) the set of all essentially bounded functions.
Given that we are working on a metric space, we can also introduce the “modulus of

the gradient” via the natural identity

|V f(x)| = limsup M

d(z,y)—0*t d z, y)

Definition 3.1.1. For q € (1, 2] we say that y satisfies a g-logarithmic Sobolev inequality,

or an LS, inequality for short, if there exists a constant ¢ € (0, 00) such that

|f]?
plfle

Bt (171 = (1f"1ox 1) < culvsr (23,

for all locally Lipschitz functions f. Moreover, we say that | satisfies a defective g-
logarithmic Sobolev inequality, or a DLS, inequality, if there exist constants ci,cy €

(0, 00) such that
Ent,([f[") < ciplVFI"+coplfI" (DLS,)

for all locally Lipschitz functions f.
The following g-spectral gap inequality will also play an important role.

Definition 3.1.2. For q € (1,2] we say that 1 satisfies a g-spectral gap inequality, or an

SG, inequality for short, if there exists a constant ¢, € (0, 00) such that

plf = pfl* < copVI* (SGy)

for all locally Lipschitz functions f.

3.1.2 Basic results

As in the previous section, suppose we are working in a probability space (€2, 1) equipped
with a metric d. The first result gives two equivalent elementary formulations of the entropy

functional, together with an associated inequality.
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Lemma 3.1.3. For all positive measurable functions f we have that

Ent,(f) = sup {u(fg): p(e?) =1}
= infp(flogf— flogt — f+1).

In particular we have the following relative entropy inequality:

n(fg) < %u(f) log pu (€'9) + %Entu(f)

for all t > 0 and measurable functions f > 0 and g.

3.1

Proof. The first identity follows from the elementary inequality uv < ulogu — u + e for

u > 0and v € R. Indeed, for f > 0 such that u(f) = 1 we then have that

p(flog f) = u(fg) +1 — u(e?)

so that u(flog f) > sup {u(fg) : u(e?) = 1}. Furthermore p(e!°/) = 1 so that

sup {u(fg) : u(e?) > 1} > p(flog f).

The assumption that z(f) = 1 can then be removed by replacing f with ﬁ

The second identity simply follows by calculating the minimum of the functional

tp(flog f— flogt—f+1)

and noting that x — x log x is twice differentiable and convex.

&9
For the final inequality, note that (elog W) = 1, so that by the first identity

ed

p(e)

Replacing g with tg and rearranging then gives the desired inequality.

Ent,(f) > u (flog ) = p(fg) — p(f)log u(e?).

0

We have that the LS, inequality is stronger than the SG, inequality in the following

sense:
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Proposition 3.1.4. Suppose the measure |1 satisfies an LS, inequality with a constant c for

q € (1,2]. Then y satisfies an SG, inequality with constant lfgc2'
The next result shows that under the LS, inequality, one can prove some exponential

bounds, and moreover that we have a “decay of tails” estimate.

Proposition 3.1.5. Suppose the measure |1 satisfies an LS, inequality with a constant c for
q € (1,2]. Then for every bounded locally Lipschitz function f such that |V f| < M p-a.e.
for M € (0,00), we have

q
p(el) <exp {mtq + tﬂ(f)} (3.2)
forallt > 0. Moreover
1 = )] 2 5} < 2exp { =S r) 33

for all such f and s > 0, where % + % =1.

Proof. Let f be a bounded locally Lipschitz function such that |V f| < M u-a.e. Applying
the LS, inequality to the function F' = e//7 ¢ > ( yields

A p(etl). (3.4)

qq

p(tfe) — p(e)log p(e) <

We can write [ e/ = ™) for some function v which is smooth in ¢ > 0 and satisfies

limy o v(t) = p(f). We then note that

20 ()™ = p (tfe'l) — p(et) log p(e),

so that @&4) yields the following differential inequality

Mata—2
¢

V() <ec

Thus

¢ M [t M@
0 -nln)= [ s < o
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from which it follows that

q

1 (e) <exp {7(1(;(0(]]\{ 1)tq +tu(f)} ,

i.e. (2) holds. Applying the same argument to — f we then arrive at

Hf ()| cM?
e §2€Xp{7t}
( ) q(q —1)

forall £ > 0. Now, given s > 0, by Chebyshev’s inequalit and @@2), we see that

M
p{lf = p(f)] = s} < e‘“/et'f‘“”)du < 2exp {—ts + Citq}
¢"(¢ —1)
for all t > 0. Optimisation over ¢ then yields (3.3). O

Corollary 3.1.6. Suppose the measure i satisfies an LS, inequality with a constant c for
q € (1,2]. Then for every bounded locally Lipschitz function f such that |V f| < M p-a.e.
for M € (0,00), we have that

() <1y 2
fo —t

_1)p
forallt € (0,ty), where tqg = ]fjpcpll and% + é =1.

Proof. Define the function G(s) = f{\f—u(f)|>s} du. I o(s) == u(|f — pu(f)] < s) is the
distribution of |f — p(f)| then G(s) = 1 — o(s), so that

/etlf—u(f)pdlu = / etspda(s) = —/ etspdG(S).
O 0

!Chebyshev’s inequality states that pu{f(z) > s} < ﬁs) J g o fdu for any non-negative and non-
decreasing measurable function g.
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Now, by integration by parts, and Proposition 3.1.5, we therefore have

/ IR DI gy — 1 4 pt / S | f — p(f)] = s} ds
0

<1+ 2t/ psP~les" 10 gg,
0

where ty = ]\(4(];(: 1,)_])1 . Thus

2% [ d 2t
=D g, < 1 / (e t0)) g = 1 — — 2
/e = +ﬁ%00<k@ ) ds —ty’

forall0 < t < t,. U

An important result that will be used extensively is the following one, which states
that a defective g-logarithmic Sobolev inequality can be tightened using a g-spectral gap

inequality.

Proposition 3.1.7. Suppose that the measure | satisfies a defective q-logarithmic Sobolev

inequality for q € (1,2], i.e. there exist constants ¢y, co such that

u (|f|qlog ﬂ) < el A1+ ol 10
pl f1e

Suppose moreover that |1 satisfies an SG, inequality, i.e. there exists a constant ¢ such

that
plf —ufl? < cop|V |9

Then yu satisfies an LS, inequality.

The next two results show that the LS, inequality is stable under bounded perturbations

and tensorisation.

Proposition 3.1.8. Suppose that the measure i satisfies an LS, inequality for q € (1,2]
with a constant c, and define dji = pdu, where p is some strictly positive and bounded
density such that [ pdp = 1. Then the measure ji also satisfies an LS, inequality with
constant ¢ = cexp{sup(log p) — inf(log p) }.
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Proof. By Lemma[B.T.3 we can write

Ent (| f17) = inf i (|| log |£|* — || logt — |£]9 +1)
< w080 inf (|17 log | 7 — | f[*log t — |F|7 + 1)

< cesup(log p)u|vf|q

< ceSup(log p)—inf(log p)mvﬂq7

since we have assumed that p satisfies an LS, inequality with a constant c. (|

Proposition 3.1.9. Let (), u;, d;) for i € {1,2} be two metric measure spaces. Suppose [i;
satisfies an LS, inequality for q € (1,2] with constant c; for i € {1,2}. Then the product
measure 1y & L also satisfies an LS, inequality with constant ¢ = max{cy, ca}, in the

sense that
Ent, ., (If|?) < cin ® pa|VfI3 (3.5)

where |V f|1 .= |Vq, f|? + |V, [f|%, and |V, f| is the length of the gradient of f as a

function on ;.

Remark 3.1.10. When we refer to an LS, inequality on a product space, we will be al-
luding to an inequality of the form B.2). This can be reconciled with Definition Bl
by equipping the probability space (1 @ Qa, 11 @ ) with the metric (dy + dg’)%, where
1,1 _

lylo,

Proof. We first claim that

Ent,, ¢, (f) < pa(Enty, (f)) + po(Ent,, (f)). (3.6)

Indeed, let g be a measurable function on €2; ® {25 such that pi; ® ps(e?) = 1. Then we can

write

g =91+ 9o

where g1 = g — log [ e9dyu; and go = log [ €9dy;. Note that g (e9') = pio(e9?) = 1. Thus,
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by Lemma[3.1.3l, we see that

pa(far) + pa(fg2) < Ent, (f) + Ent,,(f).

Therefore

1 @ pa(fg) = 1 @ pa(for + fg2) < po (Ent,, (f)) + 1 (Ent,,(f)) .

Taking the supremum over all such g, and using the characterisation of the entropy given
in Lemma [B.T.3 once more, proves the claim.

Now, applying the LS, inequalities for the measures 1; and /5 in (B.8) yields

Entu1®u2(|f|q) < Caft1 &@ M2|v92f|q +ci @ M2|v91f|q7

which proves the result. [

The next two results show that on a finite product space, when ¢ < ¢/, the SG, inequal-

ity is stronger than the SG; inequality, and similarly LS, is stronger than LS, .

Proposition 3.1.11. Let (2, p;, d;) fori € {1,...n} be metric measure spaces and q,q' >
1 be such that ¢ < ¢'. Suppose that |1 = Q}_,1; satisfies an SG, inequality, in the sense

that there exists a constant cq such that

plf = pfl? < coplV £

where |V |3 = 37", 1|V, f|9. Then it also satisfies an SG inequality i.e there exists a

constant ¢, such that
plf = pflT < coulV£L.

Proof. Let f be a locally Lipschitz function such that x(f) = 0. Then by assumption

[ 151 < o [ 1951500 (37)

Denote by m = m(f) a median of f,so that u{f < m} > 1 and pu{f > m} > 1. Assume

for definiteness that m > 0. Since by Chebyshev’s inequality p{ f > m} < —u|f|?, we
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see that m? < 2u/|f|?. Thus for general m we have
[m|? < 2pul f]*.
Hence by @B7) we see that

15— mtnpan <32, [ 19110 (38)

This inequality is invariant under translation, so it also holds for all locally Lipschitz func-
tions with arbitrary mean. Now take such a function and assume that m(f) = 0. Consider
the locally Lipschitz functions f™ = max(f,0) and f~ = max(—f,0). Note that |V f*],
and |V f~|, respectively vanish on the sets { f < 0} and {f > 0}, and coincide with |V f|,
on {f > 0}and {f < 0}. Since m(f*) = m(f~) = 0, an application of @) to (fT)/4

and (f)7/7 gives respectively

/

q
/ |f|q/du§3.2q‘1z:o<q—)/ IV f[2du
{r>0} q {r>0}

/

q
/ IfIZdu§3-2q‘100<q—)/ IV f|9d.
{r<0} q {r<0}

Summing these yields

, 2q/ q o
[ 1517 < 3 (7) 171w sigae (3.9)

Note that by definition
q) ) .

/ IV F Ly = g <|f\“ <Z Va.f
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We can then use Holder’s inequality to see that

’
q

[0 s < ] u(f]vmfﬁ?

i=1

U

9
q’

< [mf\q’}qq_/qnq?/q [u (Z\vmf‘f)] . (3.10)

i=1

Using this in 9 yields
T 2¢ T g T
1] 33%(?)n¢ v 115

q/ Q_/ 2(]/ q/ u q/
= plf1* < (Bco) R 1V flg-

Since u|f — pf]? <29 pu|f|7, we arrive at

ulf = nf 1 dp < oulV 1y,
/ 7/ M\ 4 /; . .
where ¢ = 29 _1(300)% (2%) n' . The assumption that f has a zero median may then

be omitted due to the translational invariance of the inequality. U

Proposition 3.1.12. Let (X2, ju;, d;) for i € {1,...n} be metric measure spaces and q,q €
(1,2] be such that ¢ < ¢'. Suppose that u = ®}_,ju; satisfies an LS, inequality. Then it

also satisfies an LS, inequality.

Proof. Suppose (. satisfies an LS, inequality with constant c. We can apply this inequality
to f v to see that

!

| f1?
plfle

u(\flq/log ) Scu’Vf%

Q_ ql q .
_C<E> (1179 018) - @I

q

We can bound the right-hand side using (I0) of Proposition B.I_TT], since once again we
are supposing that the underlying space is finite dimensional. Indeed, using (E10) in (31T)
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yields

g MY < (Y T v [ (5= oo )]
()< (9 ) ]

We may then apply Young’s inequality ab < < + *~1b== for all a,b > 0 with r =

— 1o
q9—q

see that

, f q q q-1 , ¢ —q)n )
w(110g ) <o (L) g+ 200

Thus we see that g satisfies a D LS, inequality. By Propositions B.T.4 and B.T.1Tl we also
have that ;. satisfies an SG, inequality, so that we may conclude with an application of
Proposition BT O

We finish this section by stating a consequence of the LS, inequality, to do with the

contractivity properties of the associated semigroup.

Theorem 3.1.13. Let (<, i, d;) fori € {1,...n} be metric measure spaces and suppose
that i = ", p; satisfies an LS, inequality for ¢ € (1,2). Suppose also that L is an
operator such that

W(fLf) = —ulV I3

Then the semigroup P, = e'* is ultracontractive, that is for any p € [1,00) and t > 0 the

operator P, : [P — L is bounded.

3.1.3 Notes

As already mentioned, the logarithmic Sobolev inequality for the Gaussian measure on R"
was introduced by L. Gross in [64]. Although we only give the definition in the context of
metric measure spaces, it can also be given in a more general setting in terms of an infinites-
imal Markov generator and the so-called carré du champ operator, as briefly mentioned in
Chapter P For further information in this direction we refer the reader to [, 7, [T, 12, 66]]
and references therein. The g-logarithmic Sobolev inequality first appeared in [31]] and was

extensively studied in [32]].
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The fact that a g-logarithmic Sobolev inequality implies a g-spectral gap inequality
(Proposition B.T.4) in the case when ¢ = 2 is well known; indeed one can see this by
applying the logarithmic Sobolev inequality to the function 1+ ¢ f and developing the limit
as ¢ — 0. For general ¢ € (1, 2] this was shown in [32]] from which the proof given above
is taken.

PropositionB.T.J has its origins in an unpublished letter by I. Herbst. Indeed in the case
q = 2 the proof presented is known as the Herbst argument. In this case it was also men-
tioned in [50]] and further developed in [[1,2,28],63] and [89] in relation to concentration of
measure results. The argument in the case of general ¢ was given in [32]]. Corollary B.1.6
is adapted from Lemma 7.3.2 of [[71]].

In the case ¢ = 2, Proposition B.T.7] was first shown by O. Rothaus in [113], and is
indeed sometimes referred to as the Rothaus lemma, with the general case following from
results found in [32)]. The general case is also given explicitly in Appendix B of [[77].
Propositions B.T.TT] and are both shown in [32]].

The tensorisation property of the logarithmic Sobolev inequality (Proposition B.1.9)
was first noticed by Gross in [[64]]. The bounded perturbation result (Proposition B.T.8) first
appeared in in [[72]]. Both these results are well known and can be found together with some
discussion in, for example, Chapter 3 of [5]. Once again the general case for ¢ € (1,2] is
shown in [32].

The final result of this section (Theorem B.1.13)) is found in [32]. However, it also has
its origins in the work of Gross ([l64]]), where the equivalence of the standard logarithmic

Sobolev inequality and hypercontractivity of the associated semigroup was shown.

3.2 H-type groups

In this section we introduce the concept of an H-type group and the sub-Riemannian ge-
ometry in which we will be working in Chapters @l and Bl. We also state some results that

will be important for what follows.
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3.2.1 Definitions and structure

Definition 3.2.1 (H-type group). Let g be a finite-dimensional real Lie algebra equipped
with Lie bracket [-,-] - ¢ X g — g@. Let 3 denote the centre of g, that is

3={X€g:[X,)Y]=0VY €g}.

The Lie algebra g is said to be of H-type if it can be endowed with an inner product (-, -)
such that
5]

E =3,

and moreover, for every fixed Z € 3, the map J; : 3= — 3 defined by
(J2(X),Y)=(Z[X.Y]) VY ejs

is an orthogonal mapd whenever (7, 7)) = 1.

An H-type group is a connected and simply connected Lie group G whose Lie algebra

is of H-type.
We remark that the map Ji) : 3 — End(31) in the above definition is well-defined and
linear. Indeed, for fixed Z € 3 and X € 3* the map

T3t >R, Y = U(Y) = (Z [X,Y])

is linear. Hence there exists exactly one W € 3% such that ¥(Y) = (W,Y) for every
Y € 3%, and we set J;(X) = W. It can then be checked that for fixed Z € 3, Jz(-) is
linear, and moreover that for fixed X € 3, Ji.(X) : 3 — 37 is also linear.

The following Theorem provides an explicit characterisation of H-type groups.

Theorem 3.2.2. G is an H-type group if and only if G is (isomorphic to) R"*™ with the

2Recall that Jy is orthogonal if (Jz(X), Jz(Y)) = (X,Y) forall X, Y € 3*.
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group law
w;+w;, 1=1,...,n
(w,z) 0 (w,() = . _ : (3.12)
i+ G+ 2 UYw,w), j=1,....,m
for w,w € R™, z,¢ € R™ and where the matrices UV ..., U™ have the following prop-
erties:
(1) UY) is ann x n skew-symmetric and orthogonal matrix for every j € {1,...,m};

) URUW 1+ UDU® =0 foreveryk,j € {1,...,m} withk # j.

Thus, without any loss of generality, we will henceforth assume that any H-type group

G is of this form. For an H-type group G and = € G, we will therefore use the notation
r=(w,2) = (W,..., Wy, 21, Zm),

for w € R™ and z € R™. It is clear that the point (0, 0) is the identity in G and the inverse

1

operation is (w, z) ™' = (—w, —z).

We can identify g with the space spanned by the left-invariant vector fields
{X0,.. ., X0, Z1, .o, Zn}

on G, where X;(0) = aiwi and Z;(0) = a%' This is the canonical basis for g. If we let
{e® ... e™}and {u®), ... ul™} denote the standard bases for R™ and R™ respectively,
using the group operation (B.12)) we can explicitly calculate the left-invariant vector fields.
Indeed, fori € {1,...,n},7 € {1,...,m} and a smooth function f we have

(Xif)(w, 2) = f ((w, 2) 0 (¢, 0))

f (w—irse z—l—%sii@(ﬁ wyu )

k=1 1=1

ds
), 0
= + ZZUZ! wl f( )

i
ds
i
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and
d ()
(Zif)(w,z) = —| [ ((w,2)0(0,su"))
dS s=0
_ f(w,z+ sul)
ds|,_, ’
0
- 8—2’] (wvz>
Thus g is spanned by the vector fields
B D LA (3.13)
= o 2 el gy 7T 0z, :

fori € {1,...,n},5 € {1,...,m}. The key point is that the algebra generated by the
vector fields { X7, . .., X, } together with their first order commutators is actually the whole

of g. This follows from the observation that

m

X, X, =Y U 2 (3.14)
k=1
foreveryi,j € {1,...,n},and the fact that U W UM are linearly independent, which

follows from properties of the matrices given in Theorem 322 (see Remark 18.2.3 of [38])).
Thus by taking linear combinations of [X;, X;| for 4,5 € {1,...n}, one can obtain the
vector fields 7y for k € {1,...,m}. In other words

span {X;, [X;, Xi] : 4,5,k € {1,...n}} =g,

which is equivalent to saying that the H-type group G is a Carnot group of step 2. To see
how this structure relates to Definition B22.T], one can introduce the inner product (-, -) on
g to be the standard inner product with respect to the canonical basis (B.13]) and show by
direct calculation that 3 = span{X,,..., X, },and 3 = span{Z,, ..., Z,} = 3,37

In view of this, we make the following definitions of the sub-gradient and sub-Laplacian
on G.
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Definition 3.2.3. The second order differential operator

N
j=1

is called the canonical sub-Laplacian on G. The vector-valued operator
Ve = (Xi1,..., Xn)

will be called the canonical sub-gradient on G.

Remark 3.2.4. As mentioned in Section 23, one of the reasons that these spaces are of
interest to us is that the existing methods of Bakry and Emery to prove logarithmic Sobolev
inequalities do not work here. Indeed, their methods rely on the existence of a constant

p € R such that
Do(f) = plVef[?

where Is(f) = 3 (Ag|Vef|* — 2V f - Ve(Agf)), which is equivalent to having a bound
from below on the curvature of the space. However, as in the case of the Heisenberg group
outlined in SectionZ3), by direct calculation one can see that no such p exists when we are

working on an H-type group. For more details of this calculation see [[9].

It is worth noting here that the vector fields { X1, ..., X,,} satisfy Hormander’s condi-
tion ie. the set {X1,..., X, } together with their commutators span the tangent space at
each point x € G. This has two consequences — the first being that we can therefore reach
every point of the space just by travelling along integral curves of X, ..., X,,, which in
turn allows us to define a sub-Riemannian distance function on G (see Section 32.3). The
other consequence is that by Hormander’s theorem the sub-Laplacian is hypoelliptic, that
is if u is a distribution such that Agu € C*°, then v € C*. This is equivalent to the fact

that there exists a smooth function p; : G — R, ¢ > 0 called the heat kernel such that

¢85 f(2) = f % pula) = / fzoppy)dy, VzeG.

Given the above structure we make some further remarks. The first one is that there is
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a natural family of dilation operators on an H-type group.

Definition 3.2.5. Let G = R™ "™ be an H-type group. For \ > 0 define themap 6y : G — G
by
Sxn(w, 2) == (Aw, \?2)

for (w, z) € G. Then 6, is a group homomorphism in the sense that
o(zoy)=0d\(z)odrly) Vaz,yeG.

The family (0y)x~o is referred to as the family of dilations, and the triple (G, o, 0y) is said

to be a homogeneous group.

The second remark is that the Lebesgue measure on R"*™ is invariant with respect to

the group action i.e. it is the Haar measure.

Lemma 3.2.6. Let G = R""™ be an H-type group. Then the Lebesgue measure on R"™™ is
invariant under both left and right translations on G i.e. if we denote by |E| the Lebesgue

measure of a measurable set E C R"™ we have
|zro E| = |E| = |E oz, Vo e G.

Proof. To see this consider the maps y — x oy and y — y o x. One can calculate the
Jacobian matrices of these maps directly using the group product (312)) to see that they are
lower triangular with 1s on the diagonal, so that their determinant is 1. Indeed, the Jacobian

of themap L, : G — G where L,(y) = x o y is given by the matrix (a;;)1<i j<n+m Where

aij = %(Lm(y))z’-

Moreover, by the definition of the group law, one can then see that a;; = 1 for all @ €

{1,,n—|—m}al’ldaU:01fZ<j [

We also note here, since it will be used later, that the vector fields X;,..., X,, are

divergence-free with respect to the Lebesgue measure on R" 1™,
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Finally, using the same method as in the above Lemma, we can also see that
[6A(E)| = A°|E]

for all A > 0, where () = n + 2m. In view of this we make the following definition:

Definition 3.2.7. Ler G = R""™ be an H-type group. Then Q = n + 2m is called the

homogeneous dimension of G.

3.2.2 Example: The Heisenberg group

The main example of an H-type group to keep in mind is the Heisenberg group H. In
fact H-type groups were introduced as a generalisation of the Heisenberg group. [H can be

realised as R?>™! with the group operation
1
(w1, w3, 2) 0 (W1, ws, () = | Wy + w1, wa +wa, 2+ ¢ + §(w1w2 — Wow1)

for w = (w1, wsy),w = (w1,ws2) € R* and z,( € R. We can see that H is an H-type group
in the sense of Theorem B.2.2, since

1
(w1, wy, 2) 0 (W1, ws, () = (wl +wi, wy +wo, 2+ §<UU}7W>)

where

The left-invariant vector fields on H are given by

1 1
—w90,, X9 =0y, + éwlaza Z = 0,,

X1:8w1—2

and one can easily calculate that [ X, Xo] = Z, [ X, Z] = [ X3, Z] = 0. It is known as the
Heisenberg group because Heisenberg wrote down these bracket relations in his work on
quantum mechanics. Higher dimensional Heisenberg groups can similarly be defined, and

all have the common characteristic of a one dimensional centre. It should however be noted
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that H-type groups with centres of arbitrarily high dimension can also be defined.

3.2.3 Natural homogeneous metrics

Throughout this section we will suppose that G = R™™™ is an H-type group with Lie
algebra g = span {X;, [X;, Xi] : 4,75,k € {1,...,n}} as above. We describe two different
but natural ways to define a metric on G. The first way is to use the structure we have on
G to define a geometry in which we “only move in certain directions”, or more precisely
only along the integral curves of the vector fields X3, ..., X,,. The second metric appears

naturally in the fundamental solution of the sub-Laplacian.

Definition 3.2.8. Let v : [0,1] — G be an absolutely continuous path. We say that ~ is
horizontal if there exist measurable functions a,, . . ., a, : [0,1] — R such that
() = ai(t) Xi(v(t)

i=1

foralmostallt € [0,1]i.e. 4(t) € span {X1(7(1)), ..., Xn(v(t))} almost everywhere. For

such a horizontal curve vy, we define the length of vy to be
1 n %
o= (Z a%(t)) dt.
0 \i=1

We then define the Carnot-Carathéodory distance d(x,y) between two points x,y € G to
be

d(z,y) = inf {|7| such that v : [0, 1] — G is horizontal and v(0) = z,v(1) = y} .

We will write d(x) := d(z,0).

It is not immediately clear, and it is non-trivial, that this distance function is well-
defined. We therefore need the following result, which relies on the fact that the vector

fields X, ..., X, satisfy the Hormander condition:
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Theorem 3.2.9 (Chow). Let x,y € G with x # y. Then there exists a horizontal path
v :[0,1] — G such that v(0) = x and y(1) = y.

Thus the Carnot-Carathéodory distance is well-defined, and can be shown to be a met-

ric. We also have that the infimum in the definition is achieved by some horizontal path:

Theorem 3.2.10. For any two points x,y € G, there exists a horizontal path~ : [0,1] — G
with v(0) = x and (1) = y such that d(x,y) = |7|.

It is worth remarking that by a scaling argument an equivalent definition of the Carnot-

Carathéodory distance is
d(x,y) =inf {t|y: [0,t] — G is horizontal, v(0) = z,v(t) =y, |¥(s)| < 1 Vs € [0,t]}.
We use this observation to see that d is associated to the sub-gradient via the identity

|V f(z)| = limsup /

7 (3.15)
d(z,y)—0 d(l’, y)

Indeed

@)= 1)l = | [ Srr(sas

/0 Vef(1(s)) - 4(s)ds

where v : [0,¢] — R is a horizontal path from x to y such that |¥(s)| < 1 which realises
the distance d(z, y), so that t = d(z,y). Then

[f(x) = fy)l S/O Ve f(v(s))lds <t sup [V f(y(s))]

s€[0,t]

By dividing by ¢ and taking the limit supremum as ¢ — 0 we arrive at (3.13]).

The following result describes some important properties of d.

Proposition 3.2.11. The function d : G — [0, 00) is continuous (with respect to the Eu-

clidean topology) and is such that
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(i) d(z) > Oifand only if v # 0;
(i) d(z™') =d(x) forall x € G;
(iii) d(ox(z)) = Ad(z) forall X > 0 and x € G.

We say that d is a symmetric homogeneous norm on G. In fact we have the following

result, which asserts the equivalence of all homogeneous norms on G:

Proposition 3.2.12. Let d be another homogeneous norm on G. Then there exists a con-

stant C' > 0 such that
Cld(z) < d(x) < Cd(z), z€G.

Despite this fact, as we will see in Chapter Hl, homogeneous norms can behave quite
differently. We now introduce an alternative homogeneous norm which arises naturally

from the fundamental solution of the sub-Laplacian.

Theorem 3.2.13. Define the function
F(a) = N(x)*?,

where N(z) = (|w|* + 16|z|2)1/4 for x = (w,z) € G, and where () = n + 2m is the
homogeneous dimension of G as in Definition 3.2 Then F is a fundamental solution of

Ag, in the sense that F' is smooth out of the origin and

AgF(z)=0 in  G\{0}.

1/4

for

x = (w, z) € G is a symmetric homogeneous norm (one can easily check this), which we

Definition 3.2.14. The function N : G — [0, o) defined by N (x) = (|w|* + 16|z|?)

will call the Kaplan distance.

Remark 3.2.15. Perhaps the most important difference between the Carnot-Carathéodory
distance d and the Kaplan distance N, as we will see in the next section, is the fact that N

is smooth on G\{0} while d is not differentiable on {x = (w, z) € G : w = 0}.
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3.2.4 Preliminary calculations and inequalities

Let G = R™"™ be an H-type group and Ag and V¢ be the sub-Laplacian and sub-gradient
respectively. Moreover, let d : G — [0, 00) be the Carnot-Carathéodory distance and
N : G — [0, 00) be the Kaplan distance of a point from the origin.

The first useful result describes the behaviour of the sub-gradient of the two distance

functions.

Proposition 3.2.16. (i) d: G — [0,00) is smooth on the set {x = (w,z) € G : w # 0},
and

|Ved(z)] =1
forall x = (w, z) € G such that w # 0.

(ii)) N :G — [0,00) is smooth on G\{0}, and

VeN(a) = 3

SIS

forall x = (w, z) € G such that x # 0, where ||x|| == |w| = (31, w?)2.
Proof. The fact thatd : G — [0, 00) is smooth on {x = (w, z) € G : w # 0} is shown in
Lemma 6.2 of [69]. We also have that

d(z) —d(y)| < d(zoy ') =d(z,y) Vaz,yeG,

so that the function d is trivially 1-Lipschitz. We can then apply a generalisation of
Rademacher’s Theorem (see for example Theorem 3.7 of [102] or [59]) to conclude that
X,d(x) exists for all z = (w, z) € G withw # 0,7 € {1,...,n} and moreover that

[Ved(z)| = (Z(Xid(x))2> <1l

i=1

For the reverse inequality let © = (w, z) € G be a point where this inequality holds. Let
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v :[0,t] — G be a horizontal geodesic joining 0 to x such that |§(s)| < 1. Thus
i(s) =Y ai(s)Xi(+(s))
i=1
with "7 a?(s) < 1. We can then differentiate the identity s = d(7(s)) to see that
d .
L= —d(y(s)) = Ved(7(s)) - ¥(s)
=Y ai(s)Xid(y(s)) < [Ved(y(s))|
i=1
for all s € [0, t], by the Cauchy-Schwarz inequality. By taking s = ¢ this proves (i).
For (ii) we make a direct calculation. Indeed, fori € {0,...,n} and x = (w,z) # 0
we have
X;N(z) = \w|2wz+4ZZUd wiz | -
( k=1 I=1
Thus

[VeN(2)|* = Z(XZN(JJ))2

(:c) Z <|w\2wZ +4ZZUZ§ wlzk>

k=1 =1
1 "
= ——— ||w|® + 8|wl|? UZ.( w;wy | 2
e > (v
n m n 2
103 (33
i=1 k=1 I=1

Since U™*) is skew-symmetric for all & € {1,... ,m} we have that > lie1 Ui(lk)wiwl = 0.

Moreover

n m n n m n 2
(Z U, wlzk> Z (Z Ul.(lk)wl> zi,
1 %

i=1 k=1 I= i=1 k=1 =1
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since the matrices are such that UOUY) + UWU® = O foralli,j € {1,...,n} withi # j.
Now forall k € {1,...,m}

n n 2
2 (Z Uiﬁmwz) = [U®w = fuf

i=1 =1

since U®) is orthogonal, so that by above

n m n 2
3 (ZZU;%%) e

i=1 \k=1 I=1
Therefore
1
2 6 21 12
Ve N = gy (wl° + 16/ufl2P)
|w\2 4 2
= 16
iy (el +1612P)
o Jwl?
- N2(x)
as claimed. [l

In what follows we will also have to deal with terms involving Agd. Care is needed,
since d is not smooth everywhere so that there will be singularities on the set {x = (w, z) €
G : w = 0}. However, the next result provides some control of these singularities, as well

as an explicit calculation of Ag V.

Proposition 3.2.17. (i) There exists a constant K € (0, 00) such that
Agd <

where Agd is understood in the sense of distributions.

(ii) Forall g € G\{0},

AgN(z) = (Q —1)

where as above, for r = (w, z) € R"™™ ||z|| = |w].
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Proof. For part (i) it suffices to show that Agd < K on the set {d(z) = 1}. Indeed, using

dilations and the homogeneity of the sub-Laplacian, we have that
Agd(z) = A(Acd)(0x(2))

for all x # 0 and A > 0, so that for any z € G\{0}

1
Acd(r) < sup Acd(y).
d() {ay)=1)
The claim that Agd < K on {d(x) = 1} is proved in Theorem 6.1 of [69].
For (ii) again we can just make the calculation. Indeed, using the fact that ' = N2~¢

is a fundamental solution of the sub-Laplacian as in Theorem B2.13, we can calculate that

forx # 0

Q-1 g2 2 e T 2
_ Q-1 e 2(y
B (2—Q)2F (@) Ve F|"(x).

Moreover, using part (ii) of Proposition B.Z.T8 we have that
VeF[*(z) = (2 — Q)*N7*?(x)]|«[|*.

Using this in the above calculation yields

&l
N3(z)

AgN(z) = (@ —1)

for all z # 0, as required. [

The last two results show that both the classical Sobolev and the Poincaré inequality

hold in the setting of H-type groups.
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Theorem 3.2.18. For r > 0 and x € G, let B,.(x) = {y € G : d(x,y) < r} be the ball
of radius r centred at x. Then, for all p € [1,00) there exists a constant Py(r) = Py(r, p)
such that for all f € C*(G)

/ FW) = Fo | dy < Po(r) / Vs (v)Pdy
By () )

7‘(1'

where [p,(z) = |Brl(m)‘ fBT(m) f(y)dy.

Theorem 3.2.19. There exist constants a,b € [0, 00) such that for p > @

( / f#(x)d:v)p_pl <o [IVes@lds +b [ @)t

forall f € C3°(G).

3.2.5 U-bounds and their consequences on H-type groups

A major motivator for the work contained within Chapters @] and B is the paper of W.
Hebisch and B. Zegarlinski [69], in which some useful machinery was introduced to study
coercive inequalities that can be applied in the setting of H-type groups. For this reason,
together with the fact that we sometimes directly make use of the results, here we briefly
summarise the important points from that paper.

Let G = R™"™ be an H-type group and Ag and Vg be the sub-Laplacian and sub-
gradient respectively. For p € (1, 00) let 11, be the probability measure on G given by

e—adP (z)

pp(dex) = 7 dz, (3.16)

where d : G — [0, 00) is the Carnot-Carathéodory distance of a point from the origin,

Z = [e 2@ dx, o > 0, and dx is the Lebesgue measure on G.
Theorem 3.2.20 (U-bound). Let y, be given by (.16).

(i) Let p > 2. Then there exist constants A, B € (0, 00) such that

/ fliddp, < A / Ve flduy + B / Flod,
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for all locally Lipschitz functions f, and where % + % =1.

(ii) Let p € (1,2]. Then there exist constants A, B € (0, 00) such that

/f2d2(p_1)dupSA/|VGf|2de+B/f2dﬂp

for all locally Lipschitz functions f.

Remark 3.2.21. The proof of this result is relatively simple, and only relies on integration
by parts together with the facts that |Vgd| = 1 almost everywhere and Agd < K outside
the unit ball (i.e. Propositions B.2.10 and B.Z.T7A). In fact, this result is true in a general

metric space when these two bounds hold.
Using Theorem [3.2.20), we can then pass to a g-spectral gap inequality.
Theorem 3.2.22. Let p,, be given by (B.18).

(1) Let p > 2. Then there exists a constant cy such that

,up|f - ﬂpf‘q < CO,up‘VGf‘q

for all locally Lipschitz functions f, and where % + % =1.

(i) Let p € (1,2]. Then there exists a constant cy such that

:up|f - Mpf|2 < COMp|va|2

for all locally Lipschitz functions f.
We can finally combine both the above results to arrive at an LS, inequality.
Theorem 3.2.23. Let p,, be given by (B.18).

(1) Let p > 2. Then there exists a constant ¢ such that

Iy <|f|q10g %) < cpp|Ve [

for all locally Lipschitz functions f, and where % + % =1.
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(ii) Let p € (1,2]. Then there exists a constant c such that

,upF(fQ) - F(prZ) < cpp| Ve f]?

2(p—1)

for all locally Lipschitz functions f, where F(t) =t (log(1 +1t))” 7

3.2.6 Notes

General H-type groups were first introduced in [82]. The definition we have given is not
exactly the original one, but it is the one usually adopted in the more recent literature.

The main reference for this section is the book [38] where most of the results of Sections
B2 Tland B2 3l can be found, including the characterisation result (Theorem[3.2.2)) which is
proved in Chapter 18 of that book. It also contains a detailed introduction to Carnot groups
in general.

The Carnot-Carathéodory distance was introduced in [40]. The fundamental theorem
Theorem (indeed a more general version on Carnot groups) is due to W. L. Chow in
[46]], though an earlier version in the case of R? with two Hormander vector fields appeared
in [40]]. Modern proofs can be found in for example [20,163]] and [122]]. A proof of Theorem
B.2.10 can be found in Appendix D of [[TOT]].

The homogeneous norm N related to the fundamental solution of the sub-Laplacian
was discovered by A. Kaplan in [82] on general H-type groups, extending the work of G.B.
Folland [53]] on the Heisenberg group.

The proof of the fact that the Carnot-Carathéodory distance on the Heisenberg group
satisfies the eikonal equation (Proposition B.2.T6) is due to R. Monti [102]. The bound
on the sub-Laplacian of the Carnot-Carathéodory distance is due to W. Hebisch and B.
Zegarlifiski and can be found in [32].

The Poincaré inequality (Theorem B.2.T8) is quoted from Theorem 5.6.1 of [115]. The
classical Sobolev inequality (Theorem B.2.19) comes from Chapter IV of the book of N.
Varopoulos, L. Saloff-Coste and T. Coulhon [[122], which also includes a comprehensive

discussion of inequalities on Lie groups.
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Chapter 4

Operators on H-type Groups with

Discrete Spectra

4.1 Introduction

In the classical setting of R™ an extensive study has been made of operators of the form
L=—-A+V

where A is the standard Laplacian on R” and V' is some potential. The initial value problem
for the Schrodinger equation may be reduced to the investigation of the spectrum of these
operators acting on a Hilbert space, and hence they have become known as Schrodinger
operators. A classical reference detailing this study is the book of M. Reed and B. Simon
(T10].

In this chapter we consider a direct analogue of this type of operator, but now defined
in the sub-Riemannian setting of H-type groups, and where we replace the full Laplacian
with the more natural sub-Laplacian. Given an H-type group G, we will be particularly

interested in the sub-elliptic operators
L=—-A¢+VgU- Vg “4.1)

where Ag and Vg are the sub-Laplacian and sub-gradient respectively. When considered
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as an operator acting on L?(uy7) with py = Z1e~Ydx, such operators are positive and self-
adjoint. Moreover, when U is given as a power of the Carnot-Carathéodory distance d, our
investigation will tie in nicely with the results of the recent work of Hebisch and Zegarlifiski
described in [[69]], where such measures are thoroughly studied (see also Section3.2.3). Our
principal aim is to show that when U (z) = adP(z) for a € (0,00) and p > 1, the operator
@) acting on L?(p) has empty essential spectrum, or in other words that it has a purely
discrete set of eigenvalues.

We begin our pursuit of this goal by working in the Heisenberg group, and in the first
section below prove a generalisation of a classical result in R™. This generalisation is of
interest because in the classical case the corresponding theorem provides us with informa-
tion about the spectrum of operators corresponding to those we wish to study. However, in
the Heisenberg group things are more complicated, since the Carnot-Carathéodory distance
function is not smooth out of the origin. It turns out that the potentials we are interested in
are not smooth enough to be easily handled by the generalised result (see Remark E.3.3).
To avoid these problems in Section 24l we take a different approach. We instead achieve
our objective by exploiting some results of F. Y. Wang and F. Cipriani ([47,[124]]) about the
relationship between functional inequalities and the spectrum.

In the final section we deal with the situation when we replace the Carnot-Carathéodory
distance with the Kaplan distance, and show that subtle differences in the behaviour of
these distance functions result in notable differences in the properties of the corresponding
generators. Indeed, for p € (1,2), the operators defined with the Kaplan distance do not
even have a spectral gap, let alone an empty essential spectrum. However, we show that for
p > 2 they do at least have a spectral gap, and conjecture that when p > 2 they will also
have a discrete spectrum.

The work of this section came about as a result of some discussions with Prof. L.

Saloff-Coste, to whom the author is very grateful, and the results are partially published in

[76]].
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4.2 Notation

Let (T,D(T)) be a close operator on a Hilbert space . A complex number A is in the
resolvent set p(T') if A\I — T is a bijection of D(7") onto H with bounded inverse. The
spectrum of the operator T is defined to be o(T") := C\p(T'). The discrete spectrum of
T, 04isc(T'), consists of all isolated eigenvalues of 7" with finite multiplicity. The essential
spectrum of T' is defined by 0.ss(T") := o (T)\0isc(T).

4.3 Generalisation of a classical result

There are some well-known criteria that ensure classical Schrodinger operators defined on
R™ have empty essential spectra. For example, we can consider the Schrodinger operator
L=—-A+VonR" withV € L (R").If V(x) — oo as |x| — oo, we can then conclude
that £ has a purely discrete spectrum (see Theorem XIII.67 of [110]). In this section we
prove a generalisation of this result in the Heisenberg group (Theorem below), and
apply it to the situation when £ is given by @I).

Let H = R be the Heisenberg group, as described in SectionB22, with Ay = X2+ X2

and Vi = (X3, X5) the sub-Laplacian and sub-gradient respectively. Recall that

X070 = (0~ 300 ) f(0), Xaf(a) = (Ous + yuwid.) SC0),

for z = (w, z) € H, where w € R? and 2z € R. As usual, we let d : H — [0, 00) denote the
Carnot-Carathéodory distance of a point from the origin.
We will make use of the following neat observation from [68] (see also [57]] and [67]).

Denote by F3 the partial Fourier transform with respect to the third variable:

[e.e]

Fsf(wy, we, () := (27?)1/2/ e f(wy, wy, 2)dz.

—00

T, D(T)) is closed if {(¢, T'p) € H x H : ¢ € D(T)} is a closed subset of H x 'H
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Note that, by integration by parts,

Fs(iX1f)(wy,ws, ) = (21) 12 /OO e ¢ (zi - liw (’92) f(wy,ws, 2)dz

0o 8w1 2 28_
— (2 -1/2 a 1 > —iz( d
(2m) Z—aw + 2w2C f(wy,ws, 2)dz
1 —00

= ( 86 + 1w2C) f3f(w17w27<)
w1

Hence

2
.7-"3(—X12f)(w1,w2, C) = (Zaiwl + %U@C) f3f<w17w27<)7

and similarly

0 1

Fa(—=X3 f)(wr,ws,¢) = <Z(‘9—wg - §w1C) Faf(wi, wa, C).

Thus

Fa(~Buf)(w, ) = KZ% #guac) o+ (i guc) ] Faf (w,0)
= (V. + (A(w))* Fsf (w,), 4.2)

where w = (w1, ws) € R?, V,, = (O, O,) and A(w) = 3 (—wo, w1).

The key observation is that, for fixed ¢ € R, the operator (iV,, + CA(w))* is well-
known and corresponds to the Hamiltonian of a particle moving in a uniform magnetic
field (see [[84]] and the references therein). The spectral analysis of these operators goes
back to Landau and Fock and the birth of quantum mechanics. In particular, as described

in [B4]], the spectrum is discrete, and the eigenvalues, or energy levels, are given by
M) = ICI2k+1), ke {0,1,...}.

The eigenvalue |(|(2k + 1) is sometimes called the k-th Landau level. Moreover, the

eigenspace corresponding to each eigenvalue is infinite dimensional, and the corresponding
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orthogonal eigenprojections Py, are explicit, and given by
Pef(w) = | fw)m(w, w)dw',
RQ

for w € R?, where

27

e (w,w') = ﬂe*%(wlwé*w?lvi)*%‘w*w <|<| lw — w'|2)
)

and L, is the k-th Laguerre polynomial, given by

1 dk k_—t
Ly(t) = He%(te ), t>0.

Note that 7, (w, w') is constant on the diagonal:

Using these facts in @2)), we arrive at the following spectral decomposition

Fa(—Duf)(w, () = ZAk YPuFsf(w, ),  weR?(eR.

Moreover, note that

S [ 1612k + DR
k=0

= i /R IC1(2k +1) (/R PiFsf(w, Q) Fsf (w, g)dw) d¢

-3 / [ (ko 0P (0,21, )

/ Fs (Zld 2k+1)Pkf3f>( )f(x)dx

/f (—Auf)(@)da

4.3)
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for x = (w, z) € R3. In view of this we make the following definition:

Definition 4.3.1. For a function f € L*(H), define

~

f(z, k) = ||PuFsf(w, 2)|| 12(dw)

for z € Rk € {0,1,...}. Then by the above calculation

[ 1@-asp)@de =Y [ e+ ]icn] . @4

k=0 YR

Thus, by the spectral theorem, we can define a functional calculus for the operator

—Ay. Indeed, for any Borel function ¢ : [0,00) — R, we define
p(=An) = ¢ (A(C)), (4.5)
where the right hand side represents the operator 75 >, ©(A(¢))PyF3 with domain
D~ An)) = {f DS [ otcier+ vy || a < oo} .
k=0
For f € D(¢(—Ap)), we have

[r@ecsaswe =3 [ e mlfcnf . ao

To prove the main result of this section, we will also make use of the Min-Max principle

for general self-adjoint operators, which we briefly recall now (see for example [[T10]).

Theorem 4.3.2 (Min-Max Principle). Let L be a self-adjoint operator on a Hilbert space
that is bounded from below, i.e. L > kI for some rk € R. Define, for k € N,

pr(L) = sup  Ur(er,---, Pr-1)
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where

U, e Om) = inf ,La).
Lpnm) = nf (@, 1)
¢€[<P1 7777 SOmH

Then exactly one of the following holds:

(a) ug(L) is the k-th eigenvalue below the bottom of the essential spectrum, counting

multiplicity;

(b) (L) is the bottom of the essential spectrum, (L) = p1(L) = (L) = ...,

and there are at most k — 1 eigenvalues (counting multiplicity) below p(L).

We are now in a position to state and prove the main result of this section:

o)
loc

Theorem 4.3.3. Suppose V is in L;S.(H) and is bounded from below. Suppose also that for

every L > 0 there exists R > 0 such that
V(z) > L whenever d(x)> Ry.
Then the operator L = —Ag + V on L?(H) has empty essential spectrum. In particular it

has a purely discrete set of eigenvalues and a complete set of eigenfunctions.

Proof. Let p,,(L) be as in the Min-Max principle (i.e. Theorem EE32). To prove that £
has discrete spectrum, by the Min-Max principle, it is sufficient to show that x,,,(£) — oo
as m — oo.

Suppose W is a bounded function, supported in a compact set 2 C R?, so that
sup |[W(z)| < M,
€
for some M € R. For € > 0 consider the operator

Wo-(—An),

where ¢.(t) = (et2+t+1)"" for t € R. Using @3) and @8), and following [68], we
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have that
Tr(W?¢2(—Ay)) < M2 / / Z 0>\ (O) i (w, w)dCdw
k=0
= M? ‘Q‘ b d
=Dy ¢> (As(0))I¢ld¢
k=0
Q
Ty e m—
27T (eX(O)? 4+ Q) + 1)
LIRS > / < "
2m? (eI¢[2(2k + 1) + [¢](2k + 1) + 1)
< 00.
Since W ¢.(—Ap) is positive and self-adjoint on L?(H), we thus have that W ¢, (—Ag)

is Hilbert-Schmidt for all € > 0. Moreover,

(EM(O? MO + 1) = () + 1) = do(A(Q))

in L*°(R) x {*(NU{0}) as € — 0. Indeed

1 1
(O +1 e+ A(¢)+1
B eM(()?
Q)+ D) (M2 MO+ 1)
MO
(O +1)2 T

[0 =0 WO = |1

Therefore W ¢o(—Ag) is a norm-limit of Hilbert-Schmidt operators:

2
dg

IW (60— ) (=86l < MY [ (60— 62" Oul)
k=0 /R

§52M2§:/R’¢](C,k)’2d§“
k=0

= "M [[¥ll5,



4.3 Generalisation of a classical result 66

using @.0). We can thus conclude that W ¢, (—Apg) is a compact operator, or in other words
that W is relatively compact with respect to —Ap.
Since W ¢o(—Ap) is compact, by Weyl’s Theorem (see Corollary 2 of Theorem XIII.14

of [ILT0]),
Gess(— g + W) = 0pss(—Ax) = [0, 00).

Therefore by the Min-Max principle i,,,(—Ag + W) > —1 for m sufficiently large.
Now, given a > 0, define V,, by

Vo(z) = min{V(z),a +1} —a — 1.

Then V, has compact support, since V' (z) — oo as d(z) — oo, and V, is bounded since V'
is locally bounded. Thus, by the above considerations, z,,(—Ag + V) > —1 for large m.
Finally, since

Mm(‘c) Z ,um (_AH + ‘/a) + a + ]-7

we see that yi,,,(L£) > a for large m. Since a is arbitrary we reach the desired conclusion.

0

As mentioned in the introduction to this chapter, we are actually interested in probabil-

ity measures on H of the form

—U(z)

A

py(dz) == dux, 4.7)

where Z = fH e U@ dy < oo, with which we can associate a positive and self-adjoint
operator £ = —Ag + VyU - Vi on L?(duy). We will pay particular attention to the case
when U is a power of the distance function (see Remark B.3.3 and Section E.4.7]).

In the corollary below, we use the above theorem to obtain some conditions on U that

ensure the operator £ acting on L?(dyr) has empty essential spectrum.

Corollary 4.34. Let 11y be a probability measure on H, and suppose that U is twice dif-

ferentiable almost everywhere. Suppose also that

1 , 1
= Z|VrU]? = =A
V = 7|VaU* — 5 Aul
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1o
is in L7,

(H), is bounded from below, and is such that V(x) — oo as d(x) — oo. Let
L = —Ayg + VyU - Vg, so that L is a positive self-adjoint operator on L*(duy). Then
Oess(L) = 0.

Proof. This follows from the observation that for g = f e_%U,

/ (=D + Vil - Vi) ey = / Vauf Py
H H
1 , 1
= g —AH -+ —|VHU‘ — —AHU gdl’
. 1 2

= / g(—Ag + V) gdx.
H

Hence the spectrum of the operator £ in L?(dug) is contained within the spectrum of the
operator —Ay + V on L?*(dz). Since we have assumed V(z) € L2 and V — oo as

oc

d — o0, the result follows by Theorem 233 O

Remark 4.3.5. Suppose U(x) = adP(x), with p € (1,00) and o > 0. In this case we can

formally calculate that

1 5 1 ap?
i _ZA _ 7 g2(p-1) 2
V 4|VHU\ 2 ulU 1 d |Vad|
_ap(p—1)
2
2,2

a”p 2(p—1) Oép(p - 1) p—2 % pflA
1 d — 5 d 5 d ud

2| Vyd]? — %dl’*lAHd

almost everywhere, where we have used Proposition B.2.18. As noted in Section B2,
we must understand this expression in the sense of distributions, since Agd is not defined
on the centre of the group. Hence it is not straight forward to apply Corollary to
conclude that L = —Ay + VU - Vy has purely discrete spectrum.

We note that this is in contrast to the Euclidean setting, where such a strategy would
vield the desired result, at least for p > 2. This is because in R" we can explicitly write

Ad = ”T*I, where d is the Euclidean distance and A the standard Laplacian.

To get around this problem, in the next section we take an alternative approach, which

is also more general in that it can easily include the case of general H-type groups. The
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above techniques and ideas are not so easily extended to general H-type groups since we
do not have such a representation of the sub-Laplacian as the one used above in the general

case.

44 Empty essential spectrum via functional inequalities

The relationship between functional inequalities and the spectrum of operators is a very
interesting and much studied one. Indeed, if (€2, ;) is a probability space and (£, D(L))
is a positive self-adjoint operator on L?(y), then it is well-known that £ has a gap at the

bottom of its spectrum if and only if there exists a constant ¢y > 0 such that

u(f = nlf)* < €t f),

where (£, D(E)) is the Dirichlet fomH associated to L i.e. the closure of the form

E(f,9) =u(fLyg), f,ge€DL).

More recently this relationship has been further illustrated by the work of F. Cipriani ([47]])
and F. Y. Wang ([I24]]) in which functional inequalities are introduced that characterise the
essential spectra of operators under very general conditions. In this section we aim to use

functional inequalities to overcome the problems encountered in Remark {33,

4.4.1 Super-Poincaré inequalities
To state the results of Wang and Cipriani in full generality, we first need the following two
technical definitions.

Definition 4.4.1. A topological space €2 is a Lusin space if <) is homeomorphic to a Borel

subset of a compact metric space.

Remark 4.4.2. It should be noted that, as shown in Theorem 82.5 of [[[12], every complete

metric space is a Lusin space. In particular, any H-type group G is a Lusin space.

2Recall that a Dirichlet form (£, D(£)) is a densely defined, closed quadratic form on L?(j) such that
E(fNLFAL)<E(f, f)forall f e D(E).
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Definition 4.4.3. Let ) be a Lusin space, and |1 a positive Radon measureH on ) having full
topological support. A positive, self-adjoint operator (L, D(L)) on L*(p), with associated
closed Dirichlet form (£, D(E)) defined by

E(f,g9) = n(fLyg), fr9 € D(L),

is called a Persson operator if
inf oe5s(L) = sup {3(K) : K C Qis compact}

where

€, 1)
I1£113

This class of operator was introduced by A. Persson in [I08]. The result below is a

Y(K) := inf{ : feD(E), supp(f) CKC}.

combination of the independent work of Wang and Cipriani, and is explicitly stated in

[126].

Theorem 4.4.4 (Wang/Cipriani). Let € be a Lusin space, | a positive Radon measure on
Q having full topological support, and (L, D(L)) a Persson operator on L*(j1). Then the

inequality

p(f*) <ru(fLE) +BE)(lf)?, ¥r>m,  feD(L), (4.8)

for some decreasing function 3 : (rg,00) — (0,00) and ro > 0 holds if and only if

Oess(L) C [ryt, 00). In particular, @) is satisfied with ro = 0 if and only if 7.s(L) = 0.

Inequality @.8) is known as a super-Poincaré inequality. In a similar way to the gen-
eralisation of the standard logarithmic Sobolev inequality to the LS, inequality, we can

generalise the super-Poincaré inequality to a g-super-Poincaré inequality:

Definition 4.4.5. Let (2, 1) be a probability space, equipped with a metric d : ) x ) —
[0,00). For q € (1,2], we say that y satisfies a q-super-Poincaré inequality, or SP, for

311 is a Radon measure if 11(A) = sup{u(K) : K C A, K compact} for all Borel sets A and every point
of €2 has a neighbourhood of finite measure.
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short, with constant ry, if

plIl < V04 80) (A1F) . Ves, (SR) @9)

for all locally Lipschitz functions f and some (3 : (rg,00) — (0,00), where |V f|(x) =
lim Supd(m,y)ﬂo ‘f(.’lf) - f(’y)|/d<37, y)

Remark 4.4.6. For the remainder of this chapter we will be working in an H-type group G
equipped with the Carnot-Carathéodory distance d and a probability measure iy (dzx) =
Z7Le V@) dx. In this case |V f|(x) = lim SUDg (s -0 | f (%) — f(y)|/d(x,y) and for L =
—Ag + VU - Vg we have py (fLf) = pc| Ve f]?.

4.4.2 Applications to H-type groups

Let G be an H-type group as usual, equipped with the Carnot-Carathéodory distance d. Let
i1, be the probability measure on G defined by

e—ozdp (z)

A

pp(dx) = dx (4.10)

where Z = [ e=*®@)dz is the normalisation constant, and p € (1,00), > 0. Define
L, = —A¢+ Vg(ad’) - Vg = —Ag + apd’'Ved - Ve 4.11)

as a positive self-adjoint operator acting on L?(p,,). The associated Dirichlet form &,(f, g)

is then given by
E(f:9) = mp(fLpg) = /@ Ve f - Vegdp,. (4.12)

We are thus in the situation of Remark .48 with U = adP.

We aim to prove the following:

Theorem 4.4.7. For any p > 1 the positive self-adjoint operator L, on L*(j,) given by
@I has purely discrete spectrum i.e. o.s5(L,) = 0.

The idea is to use Theorem E.4.4]. It is clear that we first need to show that £, is a
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Persson operator. We make use of the following very general result stated in the setting of

Dirichlet forms, proved by G. Grillo in [62]] (and also stated explicitly in [47]).

Theorem 4.4.8 (Grillo). Let (2, i) be a locally compact, separable metric space, and
(€, D)) a regularH, strongly locaH Dirichlet form on L*(2), with associated positive
self-adjoint operator (L, D(L)).

Define the associated intrinsic pseudo-metric p on §) by

p(x,y) :=sup{|f(z) — f(y)| : f € DE)NCo(Q),L(f, f) <1}

where for f € D(E),T'(f, f) is such that

[ ortndu=er =360, FaeDENCO)

Suppose p is a true metric generating the original topology of Q). Then the operator

(L, D(L)) is a Persson operator.
Corollary 4.4.9. The operator L, given by @I1) acting on L*(p,) is a Persson operator.

Proof. First of all it is clear that G is a locally compact separable metric space. Moreover,
(€,,D(E,)) is a regular Dirichlet form. Indeed, CZ(G) is dense in D(&,), with respect to
the norm induced by &,, and in Cj(G) with respect to the uniform norm. It is also clear

that it is strongly local by @.I2)). Finally we have that

1
[ olVeitdn, = [ aftosdm 3 [ sturdn,
G G G

Thus the associated intrinsic pseudo-metric is given by

pz,y) =sup {|f(x) = f(y)]: [Vefl* <1}.

This is nothing more than the Carnot-Carathéodory distance (by definition), so that p is

4€ isregularif D(£)NCy () is dense in Cp () with respect to the uniform norm, and in D(€) with respect
to the norm induced by &1 (f, g9) = E(f,9) + (f,g) — D(E) N Cp(Q) is said to be a core of (£, D(E)).

3& is strongly local if £(f, g) = 0 whenever f is constant on supp(g).
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indeed a true metric generating the original topology of G. Hence the result follows from

Theorem B4R O

The next result we prove on route to Theorem B4 is that the measures p, satisfy

certain super-Poincaré inequalities.
Theorem 4.4.10. Let 11, be the probability measure on G given by B.10).

(i) Suppose p > 2. Then i, satisfies an S P, inequality with constant vy = 0 i.e.

ol f10 < e+ ) (lf2) >0,

where %—i— % = 1, for some function (3 : (0,00) — (0, 00) and for all locally Lipschitz

functions f.

(i) Suppose p € (1,2]. Then y, satisfies an S Ps inequality with constant ro = 0 i.e.

(2 < rulVef?+ B(r) (ulf)?,  ¥r>o0,

for some function (3 : (0,00) — (0, 00) and for all locally Lipschitz functions f .

Proof. The idea is to pass from a logarithmic Sobolev inequality for the measure 1,,, which
is true by Theorem B.2.273, to a super-Poincaré inequality by adapting the methods of F. Y.
Wang described in [124]].

We first deal with the case p > 2. Without loss of generality we may assume that f > 0.
By part (i) of Theorem B.2.23], we have that y, satisfies an LS, inequality i.e. there exists

a constant ¢ such that

q
iy (fq log -1 ) < ey | Ve f]? @.13)
o f
11 _
where st = 1. 2
Let g : (0,00) — R be given by ¢g(§) = t§ — £ log (%) for any ¢,a > 0. By simple

differentiation, it can be shown that

max g(&) = 2Vae' 2. (4.14)

{£>0}
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Indeed ¢'(¢) =t — log (%) — 2 so that g is maximum at £, = v ae!~2.
Suppose that 11,(f2) = 1, and set a = 1,(f?). Then by @I, for all t > 0,

tfi —fﬂog( ) < 2Vaet—2
= tf?— fqlog< ) < 2Vaet=2f%
(fqlog f—) > ta —2Vael=2, (4.15)
using the fact that f > 0 and 1,(f2) = 1. Setting b = 11,,|Vc f|9, by @I3), we then have

ta — 2vVaet=2 — ¢b < 0.

Solving this quadratic inequality gives

2\/et 2 \/4615*2 + 4tch
2t

Va <

for ¢ > 0, so that -

a< —b+4——

for ¢ > 0. In other words

t 2

i) < Ve plo 4%

for all t > 0 and f such that y,(f%) = 1. Replacing f by ~ 577 yields

S

)

forall ¢ > 0. Taking r = % we see that S P, holds, so that we have proved part (i).

t 2

17 < Ve 1+ 45 (il

N

In the case where p € (1,2), we no longer have an inequality of the type @.I3)). How-
ever, by part (ii) of Theorem B.2.23] there exists a constant ¢ € (0, co) such that

o (12 log(1+ 2)]°) < eyl VP + (0g2)’, w2 =1, (4.16)
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where 0§ = @. In this case we instead let ¢ : (0,00) — R be given by g(§) =

0
& —¢& [log (1 + %)} for t,a > 0, and claim that

sup g(€) < ty/ale!"’ —1). 4.17)
{¢>0}

Indeed, since g is smooth we may differentiate to get

2\ 19 92 9\ 760-1
g =t— [log <1+%)} — a2+§§2 [log <1+%)} .

If we then let £, > 0 be such that

0 01
[log <1 + %?2)} + (figgg [log <1 + %?2)} =1, (4.18)

we see g(§) < g(&) for all £ > 0. Now, using @.I8),

0—1
oten) = €022 og (142

Yo+
< tfo.

Moreover, again by [.I8), we have

&\
{log (1 + —0)] <t
a
=& <y/a(e"’ —1),
which proves the claim @.I7). Proceeding now in a very similar way as in the proof of part
(i), we arrive at an S P, inequality. 0J

The final result we need is that SF, inequalities are stronger than S P, inequalities (at

least when the dimension of the underlying space is finite).

Lemma 4.4.11. Suppose an arbitrary probability measure ;1 on G satisfies an S P, inequal-
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ity with q € (1, 2] and constant ro = 0 i.e.
o\ 2
ulf1 < vVt + 80) (ulf1F) . v,

for some (3 : (0,00) — (0,00) and all locally Lipschitz functions f. Then u also satisfies

an S P, inequality with constant ry = 0.

Proof. As usual, without loss of generality we may suppose f > 0. Let ¢ < 2 (there is
nothing to prove if ¢ = 2). Applying the S P, inequality to f a yields,

u(r?) < ru|Veri[" + 50 wp?, >0

Therefore for all » > 0, we have by Holder’s inequality followed by Young’s inequality,

29r

u(f?) < (PPIVs 1) + B() (uf)*

2071y 5 207 1p(2 —

< B E e+ D1 0(£2) 4 B(r) (uf )

gt q

29r(2—q)

g~ we see that

forall 7 > 0. Taking 7 =

a1y 5,
! 2T R NG+ B) ()’

25 () @0 rRTer 50 (e
Loy
q

= u(f2) < =(2—q) = riu|Vef|* +26(r) (uf)*.

2—

Taking s = %(2 — q)Tqrg we see that

u(f?) < splVefl? +6(s) (uf)*,  s>0,

2

where 3(s) = 23 ((2 —q)'7 (%)%) O

Proof of Theorem 4. We can now combine all of the above results to arrive at Theorem
B4 Indeed by Theorem E.4.T0 and LemmaB.4.T1], we have that the measures /i, satisfy
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a super-Poincaré inequality with constant vy = 0 for all p > 1. Moreover, by Corollary

EZ9, £, is a Persson operator, so that we may conclude by applying Theorem 44, O

Corollary 4.4.12. Let p;(x, y) be the heat kernel at time t on an H-type group G i.e. pi(x,y)

is the function (smooth by Hormander’s theorem) such that

4@ = [ ple) fo)dy
G
Let p(x) := p1(z, e) and define
EH = _A(G -+ VG 1ng . VG.

Then Ly is a positive self-adjoint operator on L*(py), where py(dz) = p(x)dr, and

Oess(Lp) = (), so that Ly has a purely discrete spectrum.

Remark 4.4.13. Ly can be regarded as the natural Ornstein-Uhlenbeck generator on G,
as suggested in [[[7], and the resulting Markov process is the natural OQU-process associ-

ated to the hypoelliptic diffusion on G.

Proof. 1t follows exactly as above, once we have recalled that py satisfies a logarithmic
Sobolev inequality i.e. there exists a constant ¢ such that

£2
fr f?
(see [9,169] and [O1]]). O

L <f2 log ) < cup|Ve f)?

4.5 Spectral information for measures defined with the Kaplan dis-

tance

In the previous section we have focused on probability measures on an H-type group
G = R™™ given by pu,(dv) = Z te *®@dy for p > 1 and a > 0, together with
their associated generators, where d is the Carnot-Carathéodory distance. However, as we

have mentioned in Section 3.7, there is another natural homogeneous distance function on
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an H-type group, namely the Kaplan distance N : G — [0, o) given by
N(z) = (|w|4 + 16|z|2)Z ,  forx=(w,z) € R" x R™, (4.19)

which appears in the fundamental solution of the sub-Laplacian. Therefore, an obvious
question to ask is whether one can replace the Carnot-Carathéodory distance with the Ka-
plan distance in the above work. At first glance such a question might seem simple, since
all homogeneous metrics on G are equivalent (see Proposition B.2Z.172). However, as we
will see, this is not the case, and there are some fundamental differences between the two
situations.

To make things precise, suppose now that we are working in an H-type group G =

R™*™ equipped with a probability measure
vp(de) = ————dx, (4.20)

where p € (1,00), @ > 0and Z = [ e *N"@)dz is the normalisation constant as usual.

The associated positive self-adjoint operator on L*(v,) is then given by
T, = —Ag + apN*"'VgN - V. (4.21)

The aim now is to gain some spectral information about these operators. We first try to
apply the functional inequality approach of Section.4]. The key idea there was to pass from
a logarithmic Sobolev inequality to a super-Poincaré inequality. However, we immediately

come up against a problem in the form of Theorem 6.3 from [6Y]:

Theorem 4.5.1 (Hebisch-Zegarlifiski). The measure v, on G given by @20) with p > 1
satisfies no LS, inequality with q € (1,2].

Thus we cannot simply follow the proof of Theorem 247 to conclude that the operator
7, given by [.Z])) has empty essential spectrum. Theorem B3 Tl illustrates a major differ-
ence in the behaviour of the measures defined with the Carnot-Carathéodory distance and
those defined with the Kaplan distance.

Given that it is not simple to apply the functional inequalities method, we may instead
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try to apply the results of Section 3] in the setting of the Heisenberg group H (in particular
Corollary E£3.4). However, there is a problem here too. Indeed, for U = aN?, by using
Propositions B.2.T6 and B.2Z.17, we can directly calculate that

V(z) = GWHUP _ %AHU) (z)

2,2 ]
— (_a p N2(p_1)|VHN|2 —_ 7047(]9 )N”_2|VHN|2 — %N”_lAH]\Q ()

4 2
2,2 —
_ %N?p-muxw - (% + %(Q - 1>) NP @) ||,

for v = (w,z) € H\{0} = R? x R, and where ||z|| = |w]|. It is then clear that V (x) = 0
forall z = (0, z) € H, so that it is certainly not true that V' (z) — oo as z — co.

In view of these two observations, it seems that the problem of gaining spectral infor-
mation about the operator 7, given by @21 is an interesting one. We therefore start by

asking whether such operators have a spectral gap. This question is completely answered

by Theorems and below.

Theorem 4.5.2. If p < 2, then the measure v, given by B20) does not satisfy a spectral
gap inequality. In particular the operator 7T, given by @2Z1) does not have a spectral gap,

and hence it does not have empty essential spectrum.
To prove this, we make use of the following lemma, quoted from [69].

Lemma 4.5.3. Let f be a smooth function on G and d the Carnot-Carathéodory distance

as usual. Then at points o € G such that (Vg f)(zo) = 0 we have

|f(x) = f(z0)| < O (d*(,20))

forallz € G.

Proof. Let x, xy be arbitrary points in G and 7 : [0, 1] — G a horizontal curve joining x
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and xy which realises d(x, zo). Then

d

S0 ds

@) = fall < [ |5

< / Vel (1(s))] [7'|ds

< [yl sup [Vaf(v(s))l
s€[0,1]

Put r = d(z,z0), and B, () = {y € G : d(y,x) < r}. Since [y] = r,7(s) € B,(z) for

s € [0,1], and thus

[f(x) = flzo)| <7 sup [Vef(y)l

yeB; (z)
Since f is smooth, the supremum is finite. Now suppose in addition that x; is such that
(Ve f)(xo) = 0. By applying the above argument to the components of V¢ f, it follows
that
sup [Vef(y)l <r sup |[VeVef(y)l,

yeBr(l') yeBr($)
so that
|f(x) = fzo)| < sup [VeVef(y)l-

yeBr (1')

0

Proof of Theorem .22, Let p < 2 and suppose for a contradiction that there exists a con-

stant ¢ such that
vo(f?) = (nf)? < covp| Ve fI? (4.22)

for all locally Lipschitz functions f.

Fix 2o = (0, 2) € G for z € R™\{0}. Then |VgN(z0)| = % = 0 by Proposition
B2.T14d, so that Vg N(zg) = 0. Similarly VgN(—z9) = 0. Let ry > 0 be small enough
sothat 0 ¢ B,,(xo) = {y € G : d(y',x0) < ro}. Then N is smooth on B,,(zy), and by

Lemma .33l there exists a constant C; such that

IN(y) — N(z0)| < Cirf, (4.23)
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forally € B,, (o). The same holds for y € B,,(—x(). We now dilate by a factor of t > 0.

Since NV is homogeneous, we have that
IN(y) = N(3e(0))| = t|N (8,1 (y)) — N(zo)| < Cutrg

for 0;-1(y) € By,(20) < y € By (01(x0)), where the family of dilations (d;);~¢ is given
by Definition B.2.3. The same holds for y € By, (0;(—x0)).
Let r = trog. We have for y € B,.(6;(xg)) ory € B,.(6;(—x))

INP(y) — NP (3¢(wo))| < C2NP=H(84(20)) [N (y) — N(8i(x0))|

< CstP~'try = CstPr]

for some constants C5, C3, using the mean value theorem. Thus if we take ¢ large enough

so that ry = t~%, we have
INP(y) — NP(0c(0))| < C3, Yy € B,(i(x0)) U Br(6:(—0)),

so that

NG | L (4.24)

forall y € B, (0:(x0)) U B, (0;(—x0)). Now define

oly) = max{mm{z - Ml} ,o}

r

—max{min{Q—w,l},O}. (4.25)

r

Then ¢ is a Lipschitz function supported on balls of radius r centred at d;(zo) and §;(—x),
which is equal to 1 on balls of radius /2 around these two points and decays to zero
linearly in between /2 and r. We can note that by construction, and since the measure v,

is symmetric about the origin,

/ e(y)dvy(y) = 0.
G
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Applying the spectral gap inequality @.22) to the function ¢, then yields

ly)dvy(y) < co / Veoly)Pduy(y).  (426)

/Br(5t(:vo))UBr (6t (—0)) Br(6¢(0))UBr (5t (—0))

Now, using (@24)), there exist positive constants C; and C5 such that

S (y)dvy(y) > 2 / vy (1)

/Br(&(m))UBr(&(—m)) By (6t(x0))

> C4rQe’ﬁtpr(m°),
and

Vee(y)Pdvy(y) < 2r? / dvy(y)
B, (61(x0))

< C5T72+Q67,8t7’Np(mo) ’

\/B;»,«((St (!L’O))UBT(&t(*xO))

where () = n + 2m is the homogeneous dimension of the group. Using these estimates in

EZ9) yields
Cy < cCsr72,
where 7 = try = t'~ 2, so that the above equation reads
Cy < ¢oC5tP~2.

Since p < 2 and ¢ can be taken arbitrarily large, this is a contradiction.
O

Remark 4.5.4. Theorem provides another illustration of a fundamental difference
between the operators L, defined by @I1) with the Carnot-Carathéodory distance and
the operators T, defined by @21) with the Kaplan distance. Indeed, with p € (1,2), by
Theorem L, has empty essential spectrum, while 1, does not even have a spectral

gap.
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Theorem 4.5.5. Ifp > 2, the measure v, given by @20) satisfies a q-spectral gap inequal-

ity, i.e. there exists a constant cy such that

Vol f = vpf|? < covp| Ve f|?

for all locally Lipschitz functions f, where % + % = 1. In particular, for p > 2 the operator
7, associated to v, given by @21)) has a spectral gap.

To prove this we adapt the methods of Hebisch and Zegarlinski in [69], and proceed

through an intermediate inequality which is similar to the U-bound studied there.

Lemma 4.5.6. For p > 2 there exist constants A, B such that
vp(FINPZ2]| - |1%) < A | Ve f|? + Buy|f° (4.27)

for all locally Lipschitz functions f, where % + % =1, and ||z|| = |w| for z = (w,2) €
G =R" x R™.

Proof. We can suppose as usual that f > 0 and moreover that f € C5°(G) (since the result

will then follow by an approximation argument). By the Leibniz rule, we can write
(Ve f)e N = Vg (fe ") + apf NP~ (VgN)e M.

We now take the inner product of both sides of this equation with -~ Tl VN and integrate

over G to arrive at

iz ”VGN Vefe *Nde = WVG Vg (fe ") da

NP 2 —aNP
+ Oép/fﬂ|V(GN‘ e “Vd.
x
By the Cauchy-Schwarz inequality, we then have

|| || |VGN||va|e adix

N » _
Z/WVGN-VG (fe_O‘N )dx+0zp/ i |||V<(;,N|2 NP d,
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so that by Proposition B.2.T8 and integration by parts,

/|va|@—&di$2 N TN Ve (fe Np)dx+0zp/pr_2||$||6_adix
(|
N ) B o
__/fVG' (WVGN) e N d:c+ozp/pr 2|[z ||~ da.
x
(4.28)
Note that
N N|? N
Vg - < V«;,N) VeVl + AGN— —=VeN - Vgl|z|
[ fol el o]
] ] N
- N2 — Y N2 T N : 429
N? +(@ )NZ ||x||2vG V||| (4.29)

Moreover, denoting = = (w, z) € G and recalling the definitions from Section 3.2,

Vel - Vsllal = D2 XiN Xz

i=1

= Z N <|w|2wl + 42 Z w]Zk> |ZZ|

k=1 j=1
(\w|4 +4Z (Z U(k wiw ) )
= i,j=1
_ |w|3 _ =lP
N3 N3
where we have used the fact that U®) is skew-symmetric for all k& € {1,...,m}, so that

D=1 U(k w;w; = 0. Using this in @29) yields

]

- (4.30)

Ve (pvey) =@

Putting (30) in 28] and using the definition of v, then gives

m( N7 ) < V| + @ = v ().



4.5 Spectral information for measures defined with the Kaplan distance 84

Replacing f by f|| - ||, we see that

(N2 < (1 VD + 0 (101D + (@ = 1 (1)

< v (I Ve f) + Qup (f), (4.31)
using the fact that ||z|| < N(x) and |Vg]||z||| = 1. Now, by replacing f by f? with
% + % = 1 in @31)), we then arrive at

apvp(FINTZ| - 11%) < qup (- 1F* Ve f]) + Qup ()

SR AT Levp (1 1P + Qo (7).

gq—1

for all ¢ > 0, using Young’s inequality. Thus
(NP2 1) < IV 17+ Lo (V02 I217) + Quy (7).
so that, by taking € < %204, we see that
vp(fINPZ2| - |17) < Avy| Ve f|* + By (1),

with
1
A=———— B= ¢ :
ei=!(ap — %e) ap — 1e

We are now in a position to prove Theorem EE3.3.

Proof of Theorem EL.X3. First note that

vl f = vpf|? < 2%, f —ml?, (4.32)
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forallm € R. Now,for R >0and L > 1,

volf = m|" = v, (If = m| Ly pene—25ry) +vp (If = m|* L pnr-—2<my Lin<ry)
+ vy (If = ml Ly 2ne2<my Livory) - (4.33)

We treat each of the three terms of @.33) separately.

First term of @33)): This can be estimated using LemmaE3.d. Indeed

1
vy (|f = m|" Ly zne-25m)) < ik (If = m["N?=2| - |1?)

A B
< E”p|VGf|q+§Vp|f—m\q- (4.34)
Second term of @33): We have

vp (If = ml* Ly penr-2cmyLivery) < v (If = m|q1{N<L})

— —/ m|qe*aNp(m)d:L’
N<L}

f(x) — m|%zx.
<z, iw-m

Since all homogeneous norms on G are equivalent (see Proposition B.2.17)), we know that
there exist L1, Lo such that

{N<SL}CB, ={zeG:dz) <L} C{N < Ly},

where d is the Carnot-Carathéodory distance as usual. Choosing

1

|BL1| BLl

m =

f(z)dx
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we then see that by the Poincaré inequality in balls (Theorem B.2.T8]),

1
vp (If = m| Ly enr—2<my lvery) < 2/ |f(z) — m|%dz
(N<L)
1
< —= |f(x) — m|%dx
Z Jia<r.y
Py(L
<O [ Wespa
7z Jya<ey
Py(L
< Bl 1)/ Ve f(z)|dz
Z JiN<ps
Py(Ly) )
< Dotz [ |Tasre s
Z (N<L2}
< Py(Ly)e e u, | Vg f10. (4.35)

Third term of @33): Set f = f —mand A, = {x €G: ||z||> < R,N(z) > L}.

Note that since L > 1 we have
{z€G:|z|?N""*(z) <R,N(z) > L} C A p.

Thus
vp (If = m|"Lg2nr—2<mylinsry) < / |f(z)|%duy ().
AL.R

Recall that we can write x = (w, z) € G forw € R" and z € R™. Fore € {0,1}™, set
Se={r=(w,2)€G:(=1)"2,>0,...,(—=1)"z, >0},

so that G = U913~ S.. The reason for introducing these sets, as we will see, is so that in

a particular S,, the signs of z; for j € {1,...,m} are known. By above, we then have

v (If = m|"Lgenr2cmlivany) < ) / 2)|dvy (). (4.36)

ee{0,1}m 7 SeNAL R
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We consider fSemAL . |f(z)|%dv,(x) with e = (0, ...,0) (the other cases are similar). Let
h € G be such that ||h|| = 2v/R. Then we may write

/S @) < 2 / () — Fleh) [ty ()

SemAL,R

40t /S Il (o) 437)
eNAL R

Let v : [0,¢] — G be a horizontal geodesic from 0 to i such that |¥(s)| < 1 for s € [0, ¢].
Then, by Holder’s inequality,

/S 1) = Fampga) = /
<tr /0 /EHAL’R Ve f(xy(s))|%dy,(z)ds.  (4.38)

q

| g atss| dna)

Using this estimate in @.37)), we arrive at

t
/ @) [tduy(x) < 2073 (h) / / Ve (2(s)) %dvy () ds
SeNAL R 0 eNAL R
Y / \F(ah) | (). (439)
SemALyR
Since we have chosen / such that ||| = 2v/R, we have for 2 € Ay z
|zh|| > ||A|| - ||z > 2VR — VR = VR. (4.40)

We now claim that, for fixed R, we can choose h depending only on R, with ||h|| = 2v/R
and such that for large enough L

NP(zh) < NP(z), VeeS. NALgr (4.41)

i.e. translation by h shifts points of S, N Ay g closer to the origin (with respect to the

distance N).
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Proof of claim @41I): Forx = (w,2) € S. N AL g, we have
|z = |w| < VR,  N(z)>L, and 2, >0,...2, >0,

Let h = (2VR,0,...,0,hy,...,hy) € G = R*™ for hy, ..., h,, only depending on R
to be chosen later. Then, by the definition of the group law (see Theorem B.2.7)),

rh = <w1+2\/l_%,...,w
214+ h +VR <ZU1(]1.)wj> ceoszm+hm + VR <ZU1(;“)wj> ),
j=1 j=1
so that

N*(xh) — N*(z)

:((w1+2\/_) +ws + .. w? 2+16 <Z1+h1+\/_<iU1 ))

n 2
+~-~+16<zm+h +\/§< > Ui ))
Jj=

— (W4 w?)® —16(22 +
After expansion and cancellation, since we are taking = such that ||z|| = |w| < VR, we
can bound all the remaining terms in the above expression that only involve wy, ..., w,

from above in terms of 1. This will leave us with

N*(zh) — N*(z) < K(R) + 322 <h1 +VR (zn: Ufywj))

4o+ 322, (hm +VR (Z Ul(;”)wj>>
j=1



Chapter 4. Operators on H-type Groups with Discrete Spectra 89

for some constant K depending on R and the matrices U fori € {1,...,m}. Now, for

i€ {l,...,m} let K;(R) be the constant such that

S v,

J=1

VR < Ki(R)

for all w € R™ such that |w| < v/R (so that K; also depends on the matrix /")), Then,

since z; > 0 fori € {1,...,m} by assumption, we have
N*(xh) — N*(2) < K(R) 4 322, (hy + K1 (R)) + -+ + 322, (hn + Kn(R)) .
Let e > 0, and take h; = —K;(R) — e fori € {1,...,m}. Then
N*(xh) — N*(x) < K(R) — 32e2; — - - — 32¢e2,,. (4.42)
Now, since we are assuming that N (z) > L and |w| < v/R, it follows that
4 > (10— )
— 16 '

Thus z; > ﬁ(L4 — R2)2 forat leastone j € {1,...,m},so that by @Z2) we have

N*(zh) — N*(z) < K(R) — 85%@4 — RY)z. (4.43)

For big enough L the right-hand side of (.43)) is negative, which proves the claim E4T]).

We now use @.40) and @4])) to estimate the terms of @.39). Indeed, using E.40) we
have that

q—1

2t [ e < D [ bl
SeNAL R SeNAL.R

241
<
= R(L — N(h))r—2

/ |f(a:h)\qH:cthNp’Q(xh)dyp(x) (4.44)
SeNAL.R
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for L large in comparison with N (h). By @41 we also have
dvy(2) = Z7 e N @ ay < 77 e N @M gy = du,(xh)
on S, N Az g, so that we can continue [.44)) to see that

211 / |f(zh)|%dv,(z) (4.45)
SeNAL R

2q—1 ) ) — »
= ML e EATAED
27 £1q 2 ATp—2
= R(L — N(h))p—QVp(|f| |- IFNP72)
20-1 A . 20-1 R
= RI- N(h))HVpWGﬂ TRIL-Nm)

sVl f —ml! (4.46)

where we have used the translational invariance of the Lebesgue measure, and Lemmal.5.4
again.

For the first term of @39), note that there exists a constant K = K (h) depending only
on h (and hence only on R) such that

NP(zv(s)) — NP(z) < K(h), Ve € S.NALr, s€l0,t].

This is because N?(z7y(s)) — NP(x) — 0 as N(x) — oo by the mean value theorem. Then

/0 /eﬂAL,R |V f(zy(s))|dvy(x)ds < el?(h)/o /emAL’R Vo f(xy(s))|%dvy(ay(s))ds

< d(h)e" My, |V f]9. (4.47)

Using @47 together with (@43) in @39) yields

) o )
291 B
T RE = wmyel ol (4.48)
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The key point is that the coefficient qulB)p,g can be made as small as we wish by

R(L—N{(h)

taking I? large enough, provided L remains large in comparison. Although we have done
the calculations for a specific e € {0,1}"™, the same may be done for arbitrary e (with
a different choice of h). Thus, by @3d), we see that there exist constants C'(R, L) and

d(R, L) such that
vp (If = m| Ly zne—2<my Lvsry) < C(R, L), |V f|?+ 6(L, R)vp|f —m|?,  (4.49)

where 0(L, R) may be made as small as we wish by taking L and R large enough. This
completes the estimate of the third term of @33)).

It remains to insert the estimates @34), @33) and E49) into @33). Doing this we

arrive at
BT é all q E T
wlf = mlt < (24 PoL)e + C(R, 1) ) 0y VeIt + (5 +6(R 1)) wlf = mlt,

where R and L may be taken large enough so that £ + §(R, L) < 1. Upon rearrangement,
this inequality, combined with the observation @32), proves Theorem L33, O

Remark 4.5.7. Although our current techniques do not allow us to conclude that 7, given
by @Z1)) has empty essential spectrum, we conjecture that this will be true for p > 2. This

is a clear direction for further investigation.

Remark 4.5.8. It has recently come to the author’s attention that some similar ideas to
those contained in this chapter have been discussed in [[[27], where conditions for empty
essential spectrum for hypoelliptic generators are put forward. In particular it is proved
that when py(de) = Z e Ydzx is a probability measure on an H-type group G with
UeC®G),and L = —Ag+VgU-Vg (so that L is hypoelliptic, positive and symmetric
in L*(uy)), then the condition that

liminf | £p| = oo, (4.50)
p—00

for some smooth compact function p with |NVgp|? < 1, implies that o..s(L) = (). However,
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we note that this result is not easily applicable in either of the situations dealt with above:
in the case when U = adP it is clear that U is not smooth, and in the case when U = o NP,

the obvious choice for p is N (cf. Corollary 2.3 of [I24]), for which @30) does not hold,
since LN (w, z) = 0 for w =0,z # 0.
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Chapter 5

Logarithmic Sobolev Inequalities on an

Infinite Product of H-type groups

5.1 Introduction

The aim of this chapter is to prove that certain non-trivial Gibbs measures with unbounded
interaction potentials on an infinite product of H-type groups satisty g-logarithmic Sobolev
inequalities. We consider a D-dimensional lattice, and impose interactions between points
in the lattice described by a potential. Our approach is similar to those described in the
literature where the underlying space is Euclidean (cf. [34], 33, 166, [70), 90, 129, 131, 133,
[I34]])), in that we first prove that each of the single site measures satisfies a ¢g-logarithmic
Sobolev inequality with a constant independent of the boundary conditions, before passing
to infinity using a telescopic expansion argument. However, the methods we use here to
prove that the single site measures satisfy LS, inequalities are necessarily very different
different to those described in the references, since the I'; calculus of Bakry and Emery is
not applicable in the setting of H-type groups (see Remark 3.2.4). The alternative methods
we use are strongly motivated by those of Hebisch and Zegarlinski in [69], and we similarly
pass through an intermediate inequality of the type studied there. Moreover, our passage
to infinity is also non-standard, since we are interested in general LS, inequalities rather
than just LS, inequalities. Although this was considered in [32], the case of unbounded

interactions was only hinted at.
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Throughout this chapter we consider interaction potentials that grow at most quadrat-
ically. However, it may also be asked if similar results can hold when we have potentials
that grow faster than quadratically, and some results in this direction have been recently
obtained by I. Papageorgiou (see [[105,[106] and [T07]).

The chapter is organised as follows. We first introduce the infinite dimensional setting
with the necessary notation, and then state the main result of the chapter. The proof of the
result can be split into two parts: firstly we state and prove the results for the single site
measures in Section 5.3, before describing the passage to infinity in Section[5.4]. We finish
with a similar result for an alternative interaction potential.

Some of the results of this chapter formed part of a joint project with I. Papageorgiou,
and have been published in [80].

5.2 Infinite dimensional setting and main result

The Lattice: Let Z" be the D-dimensional square lattice, for some fixed D € N. We
equip Z” with the ! lattice metric dist(-, -), defined by

D

dist(i, j) == > |ir = ji|

=1

fori = (i1,...,ip),j = (j1,...,jp) € ZP.Fori, j € ZP we will also write
i~ e dist(i,f) =1

i.e. ¢ ~ 7 when ¢ and j are nearest neighbours in the lattice.

For A C ZP, we will write |A| for the cardinality of A, and A CC Z” when |A| < oco.

The Configuration Space: Let G = R"™ be an H-type group (as defined in Section
B2) and let Q = (G)%” be the configuration space. We will say that G is the spin space.
We introduce the following notation. Given A C ZP and w = (w;);ezp € Q, let wy =

(wi)iean € G (so that w — wy is the natural projection of {2 onto G*).
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Let f: Q — R. Then for i € Z” and w € ) define f;(-|w): G — R by

fi(z|w) = [(z o w)

where the configuration = e; w € (2 is defined by declaring its i-th coordinate to be equal
to z € G and all the other coordinates coinciding with those of w € Q. Let CW(Q),l € N
denote the set of all functions f for which we have f;(-|w) € CW(G) for all i € ZP . For
i€ ZP ke {l,...,n}and f € C(Q), define

Xipf(w) = Xifi(z|w)|s=w,

where X1, ... X, are the left-invariant vector fields on G as in (EZ13).

Define similarly V, f(w) := Vg fi(z|w)|z=0, and A, f(w) := Ag fi(z|w)|z=s, for suit-
able f, where V and Ag are the sub-gradient and the sub-Laplacian on G respectively.
For A C ZP,set Vaof = (Vif)iea and

IVaf|® =Y IVif|".
ieA
We will write V;p = V, since it will not cause any confusion.
Finally, a function f on € is said to be localised in a set A C ZP if f is only a function

of those coordinates in A.

Local Specification and Gibbs Measure: Let ® = (¢(; j}) (i jyczb i~; be a family of C?
functions such that ¢y; ;y is localised in {i, j}. Assume that there exists M € (0, o) such
that || g1 ]|ec < M and ||V, V51 llec < M forall i, j € Z” such that i ~ j. We say @

is a bounded potential of range 1. For w € €1, define

Hi(zp) = Y bz ;)

{i.5}NA#0

i~j

for 75 = (7;)ien € G*, where the summation is taken over couples of nearest neighbours

1 ~ j in the lattice with at least one point in A, and where z; = w; fori & A.
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Now let (EX)acczp, weq be the local specification defined by

e~ Ux (za) e_U/u\J(xA)
dry = ————dxy G

£ e
A(dra) [ e Uk@a)dr, 75

where dx, is the Lebesgue product measure on G* and

U(zn) =a Y _d(@)+e Y (do(z:) + pdo(w))? + 0HF (xn),  (52)

ieA {i,5}NA£0
inj

for a,0 > 0,e,p,0 € R, and p > 2, where as above z; = w; fori ¢ A. Hered : G —

[0, 00) is the Carnot-Carathéodory distance on G and
dy(2) = xo(2)d(z), Vr€G,

where Y, is a Lipschitz function given by

1 if d(z) > o,
Xo(x) == ¢ 2d(z) -1 if ¢ <d(x) <o,
0 if d(x) < %

We say that the product part of the measure EY is e~®2iea @ (#:) whilst the interaction

potential is given by

e Y (do(mi) + pdy(x;))” + OHF (24). (5.3)
{i.i}NA0

i~j

Remark 5.2.1. In the case when p = 2, we must assume that ¢ > —5 to ensure that

[ e Urday < 0.

We define an infinite volume Gibbs measure v on §) to be a solution of the so-called

Dobrushin-Lanford-Ruelle (DLR) equation:

VELf = vf
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for all bounded measurable functions f on € and A C Z”. The measure v on €) has

(EX)wea.acczp as its finite volume conditional measures.

The main result of this chapter is the following:

Theorem 5.2.2. Let v be a Gibbs measure corresponding to the local specification defined
by @&I) and 2. Let q be dualto pi.e. % + % = 1 and suppose cp > 0, with the additional
condition that € > —55 when p = 2. Then there exist €y, 0y > 0 such that for le| < o and

0| < 8y, v is unique and satisfies an LS, inequality i.e. there exists a constant C' such that

v (lf\qlog V"ff'|) < Cv (Z |vif|q>

i€ZP

for all f for which the right-hand side is well defined.

Remark 5.2.3. One might ask why we consider an interaction potential .3) involving a
cut-off version of the distance function, d,. Indeed, in the situation when the underlying
spin space is Euclidean (and where the distance function is now the natural Euclidean one),
the corresponding interaction potential with d, replaced by d is convex at infinity. By the
Bakry-Emery criterion, one therefore has that the associated single site measures all satisfy
a logarithmic Sobolev inequality with a constant independent of the boundary conditions,
allowing passage to infinity in the same way as in Section 4. However, in our setting,
where the spin space is an H-type group, things are more complicated, in that we cannot
use the Bakry-Emery condition. The reason that we take d, in the interaction potential
is thus a technical one — it will remove the singularity at the origin that will allow our
methods to proceed. While not completely satisfactory, the given interaction potential still

fulfils the main criteria of being unbounded and quadratic.

We briefly mention some consequences of Theorem .22 The first follows directly
from Proposition B.T 4l

Corollary 5.2.4. Let v be as in Theorem[.2Z2. Then v satisfies the q-spectral gap inequal-
ity. Indeed
4C
q
vif—vfl' < @V <Z ‘vz’f‘q>

i€ZP



5.3 Results for the single site measure 98

where C is as in Theorem 322

The proofs of the next two results follow from Propositions B.T.5 and B.T.T3 respec-
tively.

Corollary 5.2.5. Let v be as in Theorem and suppose f : Q — R is such that
NIV fleo < 1. Then

v(eM) <exp {)\u(f) + ﬁv}

forall X\ > 0, where C'is as in Theorem[3.2.2. Moreover, by applying Chebyshev’s inequal-

ity, and optimising over \, we arrive at the following ‘decay of tails’ estimate

y{'f—/fdu > < 2o {02 )

Cr-1
for all h > 0, where % + % =1.

Corollary 5.2.6. Suppose that our configuration space is actually finite dimensional, so
that we replace 7” by some finite graph G, and Q2 = (G)9. Then Theorem B2 still holds,
and implies that the semigroup P, = e'* is ultracontractive, where L is a Dirichlet operator
satisfying

v (fLf) =~V fP.

Remark 5.2.7. In the above set-up we are only considering interactions of range 1, but our

methods could be generalised to handle interactions of range R.

5.3 Results for the single site measure

The aim of this section is to show that the single site measures

e—U;’J(xi)

2

each satisfy an LS, inequality uniformly on the boundary conditions w € (2 i.e. with

a constant independent of w. We will often drop the w in the notation for convenience.
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As mentioned, the work is strongly motivated by the methods of Hebisch and Zegarliniski
described in [[69].

Theorem 5.3.1. Suppose (E{)rcczp weq is the local specification defined by &) and
BD). Let % + % =1, and ep > 0 with the additional condition that ¢ > —57 when p = 2.

Then there exists a constant c, independent of the boundary conditions w, such that

1
B fle

E¢ (Wlog ) < EXVf]"

for all locally Lipschitz f,i € ZP and w € .

We first note that it is sufficient to prove Theorem [5.3.T]in the case when 6 = 0 (so that
we no longer have the bounded interaction term in (22))), since LS, inequalities are stable

under bounded perturbations (see Proposition B.I.8). Moreover, it is clear that

e_adp(%')_aZj;jNi(do(xi)‘f'Pdo(wj))Q -U¢

EY(dz;) = fe_adp(“)_aEf':j”i(da(m)ﬂda(W))Qdxi = Zzw )

where
U® (x;) := adP(x;) + 2Ded?(x;) + 2epd,, (x;) Z dy(w;)
g
and Z¢ = [ e U dx,.
The proof of the theorem will be in several steps. We first concentrate on proving some

inequalities of ‘U-bound’ type, which were introduced in [69].

Lemma 5.3.2. Let % + % = 1 and suppose cp > 0, with the additional condition that
€ > —55 when p = 2. Then there exist constants Ay, B, € (0, 00), independent of w, such

that
By (|f179:0¢]) < AL |VifI? + BB | f|7

for all locally Lipschitz f,i € ZP and w € .

Proof. Without loss of generality assume f > 0 (otherwise we can apply the inequality
to the positive and negative parts of [ separately). We can also treat f as a function of

the i-th coordinate only, and assume that f € C§°, since the result will then follow by an
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approximation argument. By the Leibniz rule, we have
(Vif)e ™% = Vil fe ) + fVile (54)
almost everywhere. Taking the inner product of both sides of &4l with xg V;d yields
/ fxgVid- Vz'Uz'@*Uidﬂfz < / X%|Vz‘d||vif‘€7adﬂfi — / xgVid-V; (fefﬁi) dzx;
G G G
< [ Vitle P+ [ 19, (g Vid)e P

G G

where we have used Proposition B.2.T8 and integration by parts. Now

4
= ;\Vid\Ql{%SdS%} + X%Azd

Q=

4

S ;1{%§d§%} + KX%

in the sense of distributions, by Proposition B2Z.I7. Thus

-, _0. 4 G 1 g
fxeVid-VUe Vide; < | |VifleVide; + = | fe Vide;+ K | fxe-e “idx;
¢ G o Jo ¢ *d
_0, 4 0
< [ |Vifle Vide; + =1+ K) | fe “idx;. (5.5)
G o G

We now claim that there exist constants ¢ > 0 and b > 0 independent of w such that

Xz Vid - V;U; > a|V,U| — b (5.6)

almost everywhere. To see this, first note that

X% Vld : VZUZ = p()édpil)(% + X% <4D8d0 + 2€p Z do(wj)> Vzd . Vidg (57)

gt



Chapter 5. LS, Inequalities in Infinite Dimensions 101

almost everywhere. By the definition of d,,, we have
2 2 2 2
Vid - Vid, = |Vid|"Xo + =d|Vid|" 1z <i<0y = Xo + =dl{5<a<0}
o o

almost everywhere.

Therefore,

~ 2
X%Vid VU, = padp—1X% + X2 <4D5d0 + 2ep Z da(wj)> (XJ + ;dl{%sdga})

Jigeat
2
- padp—1X% + <4D5d0 + 2ep Z da(wj)> <Xa + —dl{%gdsg})
i o
gt
> padp_1X% —4Dle|dxs — 8Dlelo
2
+ 25p Z do(wj) <XU + ;dl{%§d§0}> ) (5.8)
Jigei
using the fact that 4Ded,, (Xo + %dl{%§d30}> < 4Dleldx g + 8Dle|o. Now, for p > 2,
we have that for all § > 0 there exists a constant C'(d) such that d < §dP~! + C'(§). We can

thus continue (.8)) in this case to see that

Xz Vid - V;U; > (por — 46Dle|) d*'x g — AD|e|(C(5) + 20)

2
+ 2ep Z do(wj) <XU + ;d1{33d30}> :

Jigei

Taking ¢ small enough so that pa — 40 D|e| > 0, and since we are assuming ep > 0, we

have that
- 2
X%Vzd . VZUZ > aq <dp1Xg + Z do(wj) (Xo’ + ;dl{ggdgo})> — b1 (59)
jjnvi

where

a; = min {pa — 46D|e|,2pe} > 0, by = 4DIe|(C(9) + 20).

When p = 2 we assume £ > —3%, so that from (&.8)) we can see that (59) is also valid in
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this case, albeit with adjusted constants.
On the other hand,

\VZINJZ-\ = |padP~'V,d + <4D<€d(7 + 2ep Z dg(wj)> V,d,

jigei

B 2
= |pad’~! + <4ng0 +2ep ) da(wj)> (xa + ;d1{g§dgo}) |

jigei

B 2
< pad”' +12D|e|d + 2¢p Z dy(w;) (Xc + ;dl{ggdgo})

jigei

_ 2
< (po+ 12D|e|) dP~ ' 4 12D|e| + 2ep Z dy(w;) (Xc + ;dl{ggdgo}) ,

Jigrt
. . —1
using the fact that d, < d. Now, since dP~! < dp_1X% + (%)p , we then have that

-1

~ p
IV,0H] < (pa+ 12D|e]) d'xz + (pa + 12Dz ) (%) 4 12D]e]

2
+2ep Y do(w;) (Xa + ;dl{%3d30}>

Jijei

2
< as (dplxg —+ Z dg(u)j) <XJ + ;dl{%SdSJ})> + by (5.10)

Jigei
where

p—1
as = max {pa + 12De|,2ep} > 0, by = (pa + 12D]e]) (%) +12D)e].

Combining (B.9) and (EI0) proves the claim (&.6). Hence, by (5.3) we have
=T 1 0, 4 0,
fIV:Uile Vide; < — | |Vifle Vide; + —(1+ K +0b) | fe “ide;.
G aJe ao G

We can finally replace f by f? in the above, and since |V, f?| = qf9 ' |V.f| < |[Vif]? +
% f4, the result follows. =

Corollary 5.3.3. Let % + % = 1 and suppose cp > 0, with the additional condition that

€ > —55 when p = 2. Then there exist constants Ay, By € (0, 00), independent of w, such
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that
EY ([f|"WF) < AE? Vi f|7 + BoIEY| f|1

for all locally Lipschitz f,i € Z” and w € ), and where W¥ is defined by

WZW(ZEZ) = dp_l(ZL‘i) + ]—{d(:vl)z%}(xz) Z da(wj) (511)

JELD: jri
for x; € G.
Proof. This follows simply by directly inserting estimate (.9) into (&.3)) in the proof of the

above Lemma, before noting that

2
Xo + S s caco) 2 Lazg)

and

0

Lemma 5.34. Let % + % = 1 and suppose cp > 0, with the additional condition that
€ > —55 when p = 2. Then there exist constants A3, B3 € (0, 00), independent of w, such
that

By (1£107) < AJEZ|Vif|" + By | f]7

or all loca ipscnitz 1,1 € anada w € 1.
for all locally Lipschitz f,i € Z" and w €

Proof. The proof of this result is similar to that of Lemma 532, Once again our starting
point is
(Vif)e Vi = Vi(fe V) + fVile ¥,
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so that by taking the inner product of both sides with dV;d and integrating yields

/ FdVid -V Ue Vida, < / d|V,d||Vifle Pida; — / dV;d - V; (fe_U") dz;
G G G
= / |V fle Vida; + / FV - (dVid)e Vida;
G G
_ / |V, fle Vida; + / FOVad|? + dAid)e Vida
G G
< / A fle~Cdas + (1 + K) / felida,
G G
again using Propositions B.2.T6 and B.2.T7. Replacing f by f? in this inequality, yields
/ FUdVd - VUe Vida; < g / df YV fle Vida; + (1 + K) / freVida,.
G G G

Now, by Young’s inequality, we have that

1 1
fINVf] < q7-—d|Vif|q + Z;Tp_ldp_lfq

for all 7 > 0, so that we then arrive at
- 1 . 5
/ f1dV;d - V;Ue Vida; < = / |V f|%e Yida; + 4rp1 / fidPe Yida;
G T JG p G
+(1+K) / f1eUidy, (5.12)
G

forall 7 > 0.

We can now calculate that

- 2
dVZd . szz = padp + d <4D8d0 + 2€p Z do(wj)> (XU + ;dl{ggdgg})

Jijei

= pad? + <4D5di + 2¢epd, Z do(wj)>

Jijei

2
+ <4D€da + 2€p Z da(wj)> ;dl{%gdgo}. (513)

Jige~t
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For ep > 0, we therefore have that there exist constants a, b, € (0, 00) such that

dVd - V,U; > (dp +dye Y da(wj)> — by (5.14)
jijei
almost everywhere. This is clear if ¢ > 0, since we can neglect the last term of (I3) (as it
is positive) and take @; = min{p«, 2ep} and b, = 0.
If ¢ < 0 and p > 2 then, since d > d,, and using again the fact that for any 6 € (0, 1)
there exists a positive constant C'(§) such that d> < §dP + C(§), we have

dV;d - V;U; > pad® — 4Dle|d” + 2epd, Y dy(w;) —8Dlelo
Jigei
> (pa — AD|e|)d? + 2epd, Y dy(w;) — 4D[e|(C(6) + 20).

gt

Thus, taking 0 small enough to ensure that pa — 4Dle|d > 0, in (EI4) we can take
a; = min{pa — 4D|¢|6,2ep} > 0, by = 4D|e|(C () + 20) > 0.

In the case p = 2, recall that we must assume ¢ > —:2, and then assertion (Z.14) similarly

2D
follows.
Using &14) in &I2) we see that
<d1 - ng_l) / 11 <dp +d, Z da(wj)> e Uida;
p G —
J:ig~
1 _ - .
< —/ IVif|%e Yida; + (1 + K +by) / fle YVida;, (5.15)
T Je G

where we may choose 7 small enough to ensure that a; — %Tp_l > (. Finally, we also have
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that
U; = ad’ + 2Ded} + 22pd, Y~ dy(w))
jijnvi
< Gy <dp +d, Z dg(wj)> + by (5.16)
Jigei
where
ay = max{a + 2Dle|,2ep} >0, by = 2D|e|.
Using (&16) in I3 then yields
/ fiUe da; < A3/ Vi floeTida; + Bs/ fle~Vd,,
G G G
where . .
A3— a2 5 B3:~a7371<1+[(—|—51)+627
T (511 _ ng—1> ay — ETP

p

as required. (|

We are now in a position to prove that the single site measures each satisfy a g-spectral

gap inequality, with a constant independent of the boundary conditions w.

Proposition 5.3.5. Let % + é = 1 and suppose cp > 0, with the additional condition that

€ > —5p5 when p = 2. Then Y satisfies a g-spectral gap inequality uniformly on the

boundary conditions i.e. there exists a constant ¢y € (0, 00), independent of w, such that
B3 |f — B2 fI < coBF Vi f[f

for locally Lipschitz f,i € ZP and w € Q.

Proof. First note that, for all L > 0, we may write

Eilf —Eif|' = B (If — Bif "L gacs)) (5.17)

+ E; (\f - Eif‘ql{dzg}l{WiZL}> + E; <|f - Ez’f\ql{dzg}l{msm) ;



Chapter 5. LS, Inequalities in Infinite Dimensions 107

where Wy = d?~" + 1452y > .. do(w;) is as in Corollary £33 We will estimate each

term of (B.17) separately, treating f as a function of z; only, by fixing all other coordinates.

Estimate of first term: We have
E; (|f - Eiﬂql{dg%}) < 27E,; (|f - m1|q1{d§%}> : (5.18)

where m; = \{Tl%}l fdgg fdx. Then, using Theorem B2.T8,

q

2
(‘f Eif|* lia<s }) < _w/ |f (i) — ma|?dz;
Zi Ja<sgy

o\ 29
<h(3) 5 [ [V
< K|V, f|? (5.19)

for

Estimate of second term: By Corollary B33, we have

<|f Eif|'1a>¢ }1{W>L}) Ei (|f —Eif|"0pm>1y)

1
< LB, (f ~ESIW)
< PRV PR R G20

Estimate of third term: Set R = L'/®~1) and recall that By := {z € G : d(x) < R}.
We have

E; <|f — Eiﬂql{dz%}l{wigL}) < 27E,; <|f — m2|q1{d2%}1{wi§L}> ,
for my 1= IB—lR\ | 5, | (¥i)dz;. Note that, by definition of Wy,

Y dy(w)<L and  d(z;) <R
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whenever z; is such that d(z;) > § and Wy’(x;) < L. Thus, by making use of Theorem
3.2 18l again, we see that

E: (|f - Eif\ql{dz%}l{wisn) <2705 dowop<nyBi (I = ma|"1p,)

e2Dle|R?
/ |f(95z) - m2|qd$i
Br

2
62D\5|R

<UUs ey Po(R) / Vo f )
7¢I,

i

<2y do ()<L

z¢

eADe| R?+aRP Plo)DDed (o
da(wj)SL}Po(R)T/B Vi f () |fe ot (v 2Pede (2] g
R

1

<2z

< Ei| Vi f|4 (5.21)

for
2 P
cy = 2qPO(R)64D\€|R +aR +2€pRL.

To finish we use the estimates (.19), @20) and ZZ1) in &I7), which yields

A B
Bl Bl < (et ot 32 )BT+ 2RI B

for all L > 0. If we then take L large enough to ensure that % < 1, a rearrangement of

this inequality gives the result. U
We can now prove Theorem B3] :

Proof of Theorem[E.31] . Our starting point is the classical Sobolev inequality on H-type

groups for the Lebesgue measure: there exists a ¢ > 0 such that

(/ If\”td:cz-)m < a/ \Vl-f\dxﬁb/ | f|da; (5.22)
G G G

for some constants a,b € (0,00). Indeed, by Theorem B.2Z.T9 we may take ¢ such that

1+t = % where () is the homogeneous dimension of . Once again, without loss of
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generality we may assume that f > 0. Suppose also that E;(f?) = 1. Now, if we set

fqeri
g = ZZ 3
then
E:(f%log /%) — / glog gda; + Ey(f1T5) + log 2 (523)
G

Now by Jensen’s inequality

1
/gloggdwi: —/gloggtd:ﬁi
G tJg

1
14t T
i log (/ g”td:ci)
t G
1
14t T
+ (/ g1+tdxi)

13 G
1+1 1+t
M/ |Vig|d$i+%b’
G

IN

IN

IN

t

where we have used the classical Sobolev inequality (522)) and the elementary inequality

log x < . Hence by (&23))
v, (f q‘i_Ui>
Zi

E,(flog f7) < 417 /
Ei(qf* ' IVif]) +

- 141 -
. dz; + Ei(f10;) + %b—l—logZZ-

a(l+1)
t

14+t ~
+T+b+logZi

a(l+1)
t

a(l+1t)
t

< E:(f1|V:Ui|) + Ei(f0;)

a(l+1)
t

+ log Z;, (5.24)

IA

E;|V,f|?+

1+1¢ 1+1¢
t+b+aQ(+)

Ei(f1IV,Ui) + Ei(f907)

where we have used Young’s inequality i.e. ¢f7'|V,f| < |V.f|? + (¢/p)f?. Note that,
since ep > 0, we have that ZZ‘-" < (] for some constant Cy € (0, 0o) independent of w. We

also recognise that the second and third terms in (£24)) can be bounded by Lemmas
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and B3 Al respectively. Using these bounds allows us to conclude that

Ei(f?log f1) < CoE|Vif|? + Cs (5.25)
where
1+ 14+t 1+ 14+t
Cy = all + )(1+A1)+A3, Cs = all + )Bl+Bg+ j b+ aq(p: ) + Ch.
Replacing f9 by E{ = in 23 gives
fa
E; (fq log E-fq) < G| Vif|* + CsEi(f9), (5.26)

so that [E¥ satisfies the defective g-logarithmic Sobolev inequality, DLS,, with constants
independent of the boundary conditions.

Since we also have that [E; satisfies an SG|, inequality with constant independent of
the boundary conditions (Proposition 3.3.3), we can finally apply the Rothaus argument

(Proposition B-I.7) to conclude that there exists a constant ¢, independent of w, such that

q
B (1on ;) < EIVT,

which proves Theorem BE3.1] . O

5.4 Passage to infinite dimensions

In this section we show how to pass from the uniform LS, inequality for the single site
measures E¢ to the LS, inequality for the corresponding Gibbs measure v on the entire
configuration space = (G)%”. As mentioned in the introduction to this chapter, in the
more standard case when ¢ = 2 this problem has been thoroughly investigated, whilst the
procedure for the case ¢ < 2 with unbounded interactions has only been hinted at (see
[32]). 1t is for this reason that we describe the argument here in detail, which is primarily
based on ideas introduced in [[133]] and [134].

We work in greater generality than is required for Theorem[3.2.2], though the results of
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Section 5.3 show that in the specific case where the local specification is defined by (&)
and (&2)), the hypotheses (H0) and (H1) below are satisfied. Theorem then follows
from Theorem B.4.T] (see Corollary below).
Consider a local specification (E{)acczp weq defined by
e~ Zie/\ ‘P(xi)*z{iﬁj}m/\#@,iwj Jijv(xivmj)dl»/\

B (dxy) = 7 , (5.27)
A

where ZY is the normalisation factor and the summation is taken over couples of nearest
neighbours i ~ j in the lattice with at least one point in A and where z; = w; fori € A,
as before. Thus the product part of the measure EY is e~ 2 #(#:)  while the interaction
potential is given by 3, g0 iV (i, 7).

We suppose that |Jij| < Jp for all 7,5 and some J, > 0. Moreover, as above, we
suppose that v is a Gibbs measure corresponding to this local specification i.e. v is a
solution to the DLR equation

VEf =vf (5.28)

for all bounded measurable functions f on 2 and A C ZP.

We will work with the following hypotheses:

(HO): The one-dimensional single site measure [’ satisfies LS, with a constant ¢ which is

independent of the boundary conditions w, for all i € Z” and w € .

(H1): There exists a constant M € (0, 00) such that

ViV, V (i, z)||l, <M

uniformly in 7 and j.

Theorem 5.4.1. Suppose the local specification (E) c 70 .cq defined by 27 satisfies
(HO) and (H1). Then, for sufficiently small Jy, the corresponding infinite dimensional
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Gibbs measure v is unique and satisfies the LS, inequality

(v ) <o ()

iezZP

for some positive constant C' and all f for which the right-hand side is well-defined.
Corollary 5.4.2. Theorem holds

Proof. In the setting of Theorem 5.2.72], we have ¢(z;) = adP(x;) and
V(wi,x;) = (do(2:) + pdo (7)) + b1y (i, ;)

for «,0 > 0,p € R and p > 2. By Theorem E.3.11 (H0) holds. It thus remains to check
(H1):

ViV, V (@i, 25)| < 20p| [Vidy (2:) - Vdo(25)] 4+ |ViV g1 (i, 25)|
< 18p[ + M,

by our assumptions on the potential ¢ and since |V;d,| < 3. Hence Theorem5.2.2 follows
from an application of Theorem EZ.11. O

The proof of Theorem B.4.T] will rely on several lemmata, which we prove in the fol-

lowing subsection.
54.1 Lemmata
Define the following sets

Iy =(0,0)U{j € ZP : dist(j, (0,0)) = 2m for some m € N},
Iy =ZP \T,.

where dist(-,-) is as in Section . Note that dist(i,j) > 1 for all i # j in Iy, and

IoNT; = 0. Moreover Z” = T'y UT;. As above, for the sake of notation, we will write
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Er, = Ef, for k =0, 1. We will also define
P .= EFIEFQ'

Lemma 5.4.3. Suppose the local specification (E{)cczp weq defined by @2D) satisfies
(HO) and (H1). Then, for sufficiently small Jy, there exist constants K1 > 0 andn; € (0,1)
such that

V|V (Er O < K [V fIT +mv [V fIf

for k,l € {0,1} such that k # 1.

Proof. For convenience, suppose £ = 1 and [ = 0. The case £ = 0,[ = 1 follows similarly.
Define {~ i} := {j : j ~ i}. By construction, the measure Er, is actually a product
measure. This is because interactions only occur between nearest neighbours of the lattice,
and all points in Iy are at least a distance 2 apart. We can then write Er; = Epg\ (i Eqi

for any ¢ € I'y, so that

1 :=v |VF1(EFOf)|q =V Z |vz(EFof)|q

i€l
= ) |VilBro o Biaiy )|
i€l
=Y [Erg\ ey Vi By N)|* < v Y [ViEBran N,
S i€l

where we have used Jensen’s inequality and the DLR equation (£28)). Note that in the third
line we can bring the sub-gradient inside the first expectation because [Er\ ;) does not
depend on the ith coordinate. Continuing the above, and using the explicit form of Eg_;

given by (&27), we can then calculate that

IT<vY |[ViEpnf)|

el

<2y B Vil "+ 27 @D v Y Y By (V)] (5.29)

i€l el je{~i}
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where | + - = 1 as usual, and we have denoted Vj;(w;, z;) := V;V (z;, 2;) and
Vij = Vi — By Vi
Then

T<27'w By IVif[' + 2071 J4(2D) v S By ((f = Egeny HHVy) |

i€l el je{~i}
<2071y ZE{~i} Vi f|?
i€l
+ 27 @D) Y By |f — B £ D0 By [Val)™” (5.30)
1€y je{~i}

using Holder’s inequality and the fact that E{Ni}l_)ij = 0 for j € {~ i}. As already noted,
no interactions occur between points of the set {~ i}, so that the measure E{_;y is a product
measure i.e. EY ;, = ®;e(.iyES. Moreover, by (H0), all measures E¥, j € {~ i} satisfy
the LS, inequality with a constant ¢ uniformly on the boundary conditions. Therefore,
since the LS, inequality is stable under tensorisation (see Proposition B.1.9), we have that
the product measure Ef{”w.} also satisfies the LS, inequality with the same constant c. By
Proposition B.T.4, it follows that E‘{"Ni} satisfies a g-spectral gap inequality with constant
4e

€0 = Tou3 1€

iy | = Egei " < By [Vinay £ (5:31)
By Proposition B.T.TT], since ¢ < p, we also have that there exists a constant ¢, such that

forany j € {~ i}

By Vil = E; [Vy]” = B; [Viy — Byl
< GE; [V V"
S 50E]’ |VJVZV(ZL’Z,.TJ>|p S éoMp (532)

by (HL).
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If we combine (&230), &31)) and &32)) we obtain
v |V, (Er, )" < 207w (Z Efviy |Vif|q>
i€l
+ qulc(](éo)q/p(2D)1+q/qung (Z Eiei) }V{Ni}f’q>
el
<2 (Trsr)
i€l

27 a(6) "7 (2D /P I T (Z |v,f|q> .

i€lg

Therefore, choosing .J; sufficiently small so that 29~ ¢o(¢)9/?(2D)*T4/P M9J¢ < 1, we see
that

v |V, (Ep, /)| < Ky |V, fI* 4+ mv [V, f|?

with K} = 27" and 1, = 297 1¢o(G)9/P(2D)*T9/P M9J] < 1, as required. O

Lemma 5.4.4. Suppose the local specification (E{)xcczp weq defined by 2D satisfies
(HO) and (H1). Define V;j(x;, ;) = V,;V(x;,x;), as in the proof of Lemma E43l. Then

there exists a constant k, independent of the boundary conditions, such that
1 1
[Egeiy (15 Vi) | < Egenl£19)7 (5B ey [Vieap [

foralli € 7ZP and j € {~ i}, where % + % = 1 and E(wiy(g;h) == E(uiy(gh) —
E{i}(9)Eqiy () for any functions g, h.

Proof. Without loss of generality, we may suppose that f > 0. Let E{Ni} be an isomorphic
copy of E¢_;;. Then for i € Z” and j € {~ i} we have

E{w’}(fq; Vz'j) = %E{w} ® IET«{w'} ((fq - qu) (Vz’j - f/z)>

1 . g .
— _ . . __F4 R
= SEny ® By K /0 P ds) (vw vw)}
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where F, = sf + (1 —s)f for s € [0,1]. Then
1
(fp | =4 QR q—1 _f V.
[E iy (£ Vi) Q‘E{NZ@E{NZ}K/O F: ds) (r=7) (v VZ])H

1 Py 5
{E{Ni} ®E{Ni} </0 qu_lds) }

A N B
X {E{Ni} @ By |f — f’ Vij — Vij

<

N[

q}% . (5.33)

Now by Jensen’s inequality and convexity of the function y — y? we have

1 p % 1 %
{E{Ni} ®E{~i} </0 qulds) } < {/0 E{Ni} ®E{Ni}ng8}
1 ) ) ’
= {/ Efviy @ Eqsy (qu +(1- S)fq> ds}
0

= (Ea /)7 (5.34)

B =

Moreover,

~ ~ q
Epviy @ gy Vij = Vij

1=

< VB @ Bpoy | = Egeiy f|°

(5.35)
~ |4
Vij - Vl

Recalling the relative entropy inequality from Lemma .13, we have that V7 > 0

. g i
E{Ni} ® E{Ni} f - f’ Vij — Vz‘j
2q . Vg
< By |f — By | log Epniy ® By (eTMJ Vil )
24 }f—E{Ni}f’q
+ —Eiy (’f — E{Ni}f}qlog - (5.36)
! E(wiy |[f = Efeiy f|

Now, since both (H0) and (H1) are satisfied, we can apply Corollary B.T.f to see that

there exists a constant © > (0 independent of w such that

E{Ni} ® E{Ni} (eTWij—\}iﬂq) - Ej ® Ej <eT|Vz’j—\>ij\q) <0
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for sufficiently small 7. Indeed, let G = V;; — V5, so that E; ® E;(G) = 0. Then
VG| + VG| < 2(|VVyll = 2lIV,; ViV (31, 25)||oo < 2M.
Thus by Corollary B.T.8, we have that
B, 08, (%) < F, o, (M) <0

for 7 sufficiently small and where © depends only on M and ¢. We can also use (HO) to

bound the second term of (E36). Altogether this gives

~

27]og ©
Vij — Vij ! < °8

q
—— By | —Egey /]

29c
+ iy [Vinsy |

Epeiy @ By

-1

94
< —(e1og® + ) By Vi f|, (53D
where ¢y = 1.5, by Proposition E.I.4 once again.
Putting estimates (3.34) and (3.37) into (33)) we see that
1 /q? %
By (f5 Vi) < (Bpeny f9) 7 <?(Co log® + ¢)Ef iy ‘V{Nz}f‘q) ;
which gives the desired result. U

Lemma 5.4.5. Suppose the local specification (EQ)cczp weq defined by @2D) satisfies
(HO) and (H1). Then, for sufficiently small Jy, there exist constants Ky > 0 and ny € (0,1)
such that

v Ve, B 103 < Ko [V fI7 4 s | £

fork,l € {0,1}, k # 1.

Proof. Again we may suppose f > 0. For k = 1,1 = 0 (the other case is similar), we can
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write

v | Ve, (Er, f1)7 |

< v 3 Vil [

el

_”Z (Egniy f1) 7 |ViEgna f9)]* (5.38)

zeFl

We will compute the terms in the sum on the right-hand side of (38)). Fori € T';, we

have
vz(E{Nz}fq) (E{Nz}fq_ Y% f Z Jz ]E{Nz} (f v V(I‘Z, l‘]))
Je{~i}
= |Vi(Ben f9)] < q (E{Nz}fq)l/p (E{~¢}|sz|q)1/q + Jo Z By (f7Vij)]

je{~i}
where V;;(z;,z;) = V,;V (x;,x;) as above, so that
IVi(Eeiy f9|" <297 (Eeip /)7 (Eqaiy [ Vif]%)

+2q71(2D)%J3 Z ’E{Ni} (fq;Vz'j)’q-

JE{~i}

We can use Lemma[.4.4 to bound the correlation in the second term. Indeed, this gives
(Vi(Eqeiy fO|* <297 (B f9)P (qu{~z‘}|Vz‘f|q + “(2D)%+1J3E{~i} ’V{~i}f’q) '
Using this in (&38) yields

v ’vF1<EF0fq>%

<2171y Z <E{Nz}|v fl9+ (2D)q+1JqE{N1} Vi f] )

el

24— I{ q
WV T T @D g Y [V f |
el
20—1 q
W Ve, f7 4 (2D)»** Jgv |V, f]°.
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Finally, taking .J; such that 2q;q1“(2 D)r2J8 < 1 we see that

19
VIV (Ero fT)e | < Kov [V, fI" 4+ mov [V fI

249

where K, = 27 ' and 7, = ;ql“(ZD)%’LZJg < 1, as required. O

Lemma 5.4.6. Suppose the local specification (E{)acczp weq defined by @2ZD) satisfies

(HO) and (H1). Then, for sufficiently small Jy, P" f converges v-almost everywhere to v f,

where we recall that P = Ep, Er, . In particular, v is unique.
Proof. We will follow the argument given in Chapter 5 of [66]]. We have

v ‘f - EflEfo.ﬂq < 2q71VEFO |f - Efof‘q + 2qilyIEFl |EF0f - EflErof|q
S 2qilCOV ‘vFof‘q =+ 2qilcOV |VF1 (Erof>|q )

since by (HO0) and Proposition both the measures Er, and Ep, satisfy the SG, in-

4c
log 2

equality with constant ¢y = independent of the boundary conditions. For sufficiently

small Jy, we may use Lemma[.4.3, which yields
v|f = Er,Ero f|* <27 cov [V f|* + 27 (v [V, f|* + v [V, f|).
From the last inequality we obtain that for any n € N,

v [P =P < 2w [V PP AT + 27 eom [ Ve, P f |
= 29" eo(1 + ) [V, P |,

using the fact that P" f does not depend on coordinates in I'; by definition, so that V, P" f =
0. By repeated applications of Lemma [543 we see that,

v|P"f =P T <27 (1 4+ m)n™ v [V, Ep, f1°
<27 o (1 + )™t (K [V, £l + mv [V £17) -

Since 7; < 1, this clearly tends to zero as n — oo, so that the sequence {P" f},cy is
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Cauchy in L4(v). Moreover, for all € > 0, we have

ZV{’P"_Pn+1f} 25} < ézylfpnf_Pn-Hf}q
n=1 -

-1
24 Co

- (L+m) (K |V, fI*+mv|Vr, f]7) 277%”_1

n=1

<

< 00,

again since 77; < 1. Thus by the Borel-Cantelli lemma, the sequence {P" f },cy is conver-
gent v-almost surely. We can similarly show that {|VP" f|}  _ converges to zero almost

surely. Thus
{Pnf}neN

converges v-a.s. to a constant, so that the limit of P" f — vP"™ f = P" f — v f is identical to

Zero. [l

54.2 Proof of Theorem 2.4.1]

Recall that we want to extend the LS, inequality from the single-site measures to the Gibbs
measure corresponding to the local specification (EX)accz0 ,eq-

Again without loss of generality, suppose f > 0. We can write

. <fq log Vf—qu> =vEr, (fq log Epf qfq) Vi, (E“f "log %>

+ v (Ep,Er, f?log Er,Er, f?) — v (f?log v f?). (5.39)

As already noted, since the measures Er, and Er, are product measures, by (H0) we know
that they both satisfy an LS, inequality with constant ¢ independent of the boundary con-
ditions. Using this fact in (5.39) yields
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<fq log ff) < euEr, Vi, fI") + cvEr, | Vr, (Br, f)5

+ v (PfllogPf) —v(fllogrf?). (5.40)

For the third term of (240) we can similarly write
P fa

Efopf

+v (EflEFOPfq lOg EflEFOPfq> :

v(PfllogPf?) = vEp, (Pfq log ———

q
) + vEr, (Eponq log Er, P/ )

Er,Ep,Pf4

If we use again the LS, inequality for the measures Er, (k = 0, 1) we get

v (Pf1log Pf?) < cv |V, (PF))i| +ev |Vr, (Br, Pr9)i | +v (P2f110g P2FT) . (5.41)

Working similarly for the last term v (P?f?1og P? f7) of (Z41) and inductively for any
term v(P* f?1og P* f4), then, by combining this observation with (540, after n steps we

see that

STy —

+ v (P"ftlogP" f9) — v (fPlogrf7). (5.42)

In order to deal with the first and second term on the right-hand side of (42)) we will

use Lemmalb.4.3l Indeed, using the bound given there we have, for any k£ € N,

v [ Ve, (PFf9)s

q - k—1 rq 19
=V VFO(EF1EF0P f )q

< KQV

TP R [, B P

_ W‘vpl (Ep, PF=1 f9)

< 772’/ ‘VFO Pkilfqﬁ
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We can iterate this inequality to see that

| (Phyi |

119
< v }VFO (P*1 fa)s

1
<"l VroGErof")q
< Kov |V, fIT+ 03 [V £ (5.43)

where the last line follows from a final application of Lemma[3.4.3]. Similarly,

q
v ’vrl (Efolpqu>% < W%kKW |vflf|q + n%kJrl ‘vFof‘q : (544)

Using &43) and G.44) in E42) yields
P q
v <f logy—fq) < kK (1 <ZTI ) v|Vr, f|
1+ 1,) <Z?7 ) V|V, f|°

v(P"fllog P" f1) — v(f9logr f?). (5.45)

By LemmaB. 4.8 we have that lim,, .., P"f? = v f9, v — a.s. Therefore, taking the limit as
n — oo in (&43) yields

a 1
v (fq log %) < cF, (n— i 1) K Ve f17 + e(1 + ) Ky |V 117,
2
where K5 = Zzozo an = ﬁ for Mo < 1. Hence
fq

—) < vyl

v <fqlog i

for C' = max {cK2 (an + 1) K3, c(1+ 772)K3}, which completes the proof.
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5.5 An alternative interaction potential

The purpose of this section is to show that we may work with a local specification defined
with an alternative interaction potential to the one considered in Section B2, and prove a
similar result. To be specific, suppose we are again in the situation of Section[5.2], with (2 =

(G)%” for some H-type group G, but now consider a local specification (EX) ACCTD, weh

given by
e*Uj‘\’(mA)
Zx
with
UR(zp) = Z dP(x;) + ¢ Z d(xx; ), (5.47)
i€A {i,5}NAFD

i~j
fora > 0,p > 2,¢ € R, and where z; = w; fori ¢ Aandd : G — [0,00) is the

Carnot-Carathéodory distance as usual.

Remark 5.5.1. Given the results of the preceding sections, we would actually like to be

able to include quadratic interactions in ©41D), of the form

Z d? ().
{5, )NA#D

~]

However, it seems that this case is more delicate, and the methods below cannot easily
handle it. We therefore restrict ourselves to linear interactions of this form, but keep the

quadratic case in mind as interesting avenue of further study.

Remark 5.5.2. It should be noted that, in exactly the same way as above, we may also
include a small bounded interaction term O HY in ©&1) without affecting the validity of

any of the following results.
The result we prove is the following:

Theorem 5.5.3. Let v be a Gibbs measure corresponding to the local specification defined
by &48) and &ZD). Let q be dual to p i.e. % + % = 1. Then there exists an g > 0 such

that for || < eg, v is unique and satisfies an LS, inequality i.e. there exists a constant C'
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such that

v (lf\qlog V"ff'|) < Cv (Z |vif|q>

i€ZP

for all f for which the right-hand side is well defined.

The work to be done here involves showing that the single site measures [E¥ satisfy
an LS, inequality with a constant independent of the boundary conditions i.e. that (HO0)
of Section B4 is satisfied. This is because the passage to infinity can be achieved in very
similar way to the one described in Section B.4. Indeed, the proofs in that section can

actually be simplified somewhat, because now we have V(z;, z;) = d(xixj_l) so that
|VZV(ZEZ,1‘])| <1

for all i, € Z" i.e. the first derivative of the interaction potential is uniformly bounded.
Then, wherever the condition (H1) is needed in the arguments of Section &.4], we may use
instead this observation.

Thus it is sufficient to prove the following.

Theorem 5.5.4. Suppose (EQ)ycczp, weq is given by (E4Q) and ©4AD), and let % + % =1.

Then there exists a constant c, independent of the boundary conditions w € (), such that

/1
E? 1

E¢ (|f|qlog ) < ¥V f]"

or a oca ipscnitz f,1 € and w € .
for all locally Lipschitz f,i € ZP and w € Q

The route to proving this result will be similar to that of Theorem B3], in that it will
be in three steps: ‘U-bound + SG, = LS, . To prove the necessary intermediate results
we will explicitly make use of the results of Section [3.2.3), together with some perturbation

techniques.

Lemma 5.5.5. Suppose (EX)rcczp, weq is given by @4AQ) and @4AD), and let % + % =1.
Then there exist constants A, B € (0, 00), independent of w, such that

E7 (1f]%d") < AEZ|Vif|* + BE?|f|*
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for all locally Lipschitz f,i € ZP and w € Q.

Proof. Asusual we can suppose f > 0. By part (i) of Theorem 3.2.20] there exist constants
A and B such that

/ () dP () e @, < A / Vo f | ()P d; + B / ()o@
G G G
for all locally Lipschitz functions. Replacing f in the above with

F(3)e™ @ Do dlmies™)
yields

- 22q—1|-|2 e -

(1) < 2 AR+ (2 B el
q

where we have used the fact that ) i
sition B2Z10. Thus we can take A = 2914 and B = (W + B) , and the lemma is

|Vz~d(xiwj’1)| < 2D almost everywhere, by Propo-

proved. U

Lemma 5.5.6. There exist constants ay, as € (0,00), independent of w, such that

—e '-'Nid i ._1)
72D|€‘d(ml) < e Z].] (1‘ UJ]

(2

aje

forallz; € G,i € ZP and w € Q.
Proof. First suppose that ¢ < 0. Then by definition,

o=t Diejei Ay ) o€ Xjsjmi dl@iw; )
Z¢ - [ e @)=, s D g
= Ty (A=)
= [ ot )= S ) g
o2Ded(z;)

= [ emod(@)=2Ded(@i) g,
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so that the lower bound is proved with a; ' = J e 0® (@) +2Dleld(@) g < o0, Similarly

e ¢ Zj:j/\/i d(xiwjl) e ¢ 2 jijmi(dwj)+d(ws))
Z;“ < f e_C‘édp(ﬂUi)—6 Ej;jw(d(wj)_d(xi))dxi
672D€d(x¢)

— f efadp(xi)+2D€d(mi)d(L‘i ’

sothat ay ' = [ e-ad"(@)=2DIeld@) g, The case when € > 0 is similar. O

Lemma 5.5.7. Suppose (E{)rcczp, weq is given by @48) and @A), and let % + % =1.
Then E? satisfies an SG, inequality uniformly on the boundary conditions i.e. there exists

a constant cy, independent of w, such that
E? [f —Ef fI” < oE7|Vif|

for all locally Lipschitz f,i € ZP and w € .

Proof. Again we follow [69]. We have
EY |f —E7fI* < 27EY |f —m)* (548)
for all m € R. Now for all L > 0,
E |f —m|" =EY |f —m|" Tiacry + EY [f —m| 1iazry. (5.49)

By Lemma[E3.d, for the first term we have

—adP(xi)—€ 325 d(xiwjl)

e
B 1 =l ey = [ |fw) il — i,
{d<L} i

< ape?DllL / |F (1) — mloda,
Br,

where B, = {z; € G : d(v;) < L}. Takingm = |Br|™" [, f(w;)dx;, we can continue
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this using Theorem [3.2.18, which yields

B 1f — m|* La<ry = a262D€ILP0(L)/ |Vif(x:)|%dx

By,
< agay tetPIEILTAL? p DRV, f|9, (5.50)
1 7

where again we have used Lemma[.5.8. For the second term of (3.49), we can write

1
E? |f —m|* Lsry < E (]S —ml?) (5.51)
A B
_ Fw . fla _ Fw _ q
< LpEz‘ |Vif|?+ LpEi |f —m|Y, (5.52)

using Lemma .33 Putting estimates (.30) and (&31) in &49) yields

» A B
B If - ml' < (oaar P (L) + £ ) B+ LS

Taking L large enough so that B/LP < 1, rearranging and combining with (3.48)) then
yields the result. O

Proof of Theorem[.X 4. Again we can suppose f > 0. By part (i) of Theorem B.2.23], we

have that there exists a constant ¢ such that

fe 1 —adr . 1 —adr
/fq10g<ffq21€adpd:ci Z e P dy; < | |Vif|Z e da

for all suitable locally Lipschitz functions f, and where Z = [ e *%dz;. We can then

replace f in the above by

fla)e™s Zamidewi D 70 (2) 70,

(2

which yields

q _
E; (fq log Effq) B (frlog (7Bt V2(20) 7))

q—1 w fla 2q71~|8|qu w( rq
< 207°CEY Vi f]T + 2 Ciqq E?(f9)
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so that

w

) <A B (o) 59

0% X dlwio; )

fq
By 7

5 (1o

where @ = 27 ' and b = 22q_1é|€‘;# — log Z. We now note that by Lemma 534,

Zw
i < g1 2D|e|d(x;)

-~ S a; € .
67€Zj:j~id(miwj )

Using this in (33) then yields
fe 7
7 (10n g, ) < a1V + (5 togar) B2 () + 2Dkl )

< 7 |Vif |7+ (b= logay + 2DJel ) By (%) + 2D|e[E¢ (a7 )

< (@+2DJ=| A)E|Vf17 + (B logas + 2DJel (B + 1)) B2 (f7),

using Lemma R.5.5 Thus E¢ satisfies a defective D LS, inequality, with constants inde-
pendent of the boundary conditions. To complete the proof we can tighten the inequality

using Proposition B.I.7in conjunction with Lemma .37 O
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Chapter 6

Ergodicity for Infinite Particle Systems

with Locally Conserved Quantities

6.1 Introduction

In this chapter we present some results obtained as part of a joint research project with
M. Neklyudov and B. Zegarlifiski. We treat it as a stand-alone chapter, since the setting
and methods used here are quite different to those of the preceding chapters. Having said
that, we do still maintain the central theme of this monograph, in that we continue to study
generators given by sums of non-commuting degenerate vector fields. Indeed, here we will
be concerned with the long-time behaviour of a class of Markov semigroups (F;);>o whose

generators are defined in Hormander form as follows:

L=) X7

where the X;’s form the aforementioned family of degenerate non-commuting vector fields.
In the above chapters we have concentrated on the case when £ has been defined in terms
of the natural fields on H-type groups, which satisfy Hormander’s condition; here the scene
is different, in that we investigate a situation when the family of fields is infinite and a
commutator of any order does not remove degeneration. Functional inequalities will again

play a major role, as we aim to determine the behaviour of these generators and their
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associated semigroups.
In particular, we will be interested in the situation when we have “locally conserved

quantities”, that is when any operator given by

_ Z 2
‘CA = Xz ;
€A
where the sum is over a finite set of indices, has a non-trivial set of harmonic functions,

while for the full generator this is not the case (at least formally). To model such a situation

we consider an infinite product space and fields of the following form

with 0; denoting the partial derivative with respect to the i-th coordinate and 9;V (x) indi-
cating some polynomial coefficients.

Generators of a similar type appear in the study of dissipative dynamics in which certain
quantities are preserved — see for example [21], 23] and [58]], where systems of harmonic
oscillators perturbed by noise are considered. A further example of a physical model very
closely related to our setup is the heat conduction model discussed in [22]] and [60]]. For
more information in this direction, in particular in connection with an effort to explain the
so-called Fourier law of heat conduction, we refer to a comprehensive review [37], as well
as [B6] and the references therein.

The classical approach to studying the asymptotic behaviour of conservative reversible
interacting particle systems employs either functional inequalities together with some spe-
cial norm-bound of the semigroup (see for instance [24l, 23] and [83]]), or some kind of
approximation of the dynamics by finite dimensional ones, together with sharp estimates
of their spectral gaps ([811,83]]). The approach we take is quite different, in the sense that we
do not use any approximation techniques, but rather exploit the structure of the Lie algebra
generated by the corresponding vector fields to derive the necessary estimates directly.

One other motivation to study the semigroup ()¢ associated to this particular gener-
ator comes from the fact that, since V' is formally conserved under the action of F;, we can

see that there is a family of invariant measures formally given by “e~vdz” forallr > 0. On
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the one hand, the semigroup (F;);>¢ is quite simple, since we can calculate many quantities
we are interested in directly. On the other hand, standard methods from interacting particle
theory [93],93] do not help because they require some type of strong non-degeneracy condi-
tion such as Hormander’s condition. Another difficulty stems from the intrinsic difference
between the infinite dimensional case we consider, and the finite dimensional case i.e. the
case when V' depends on only a finite number of variables, and instead of the lattice we use
its truncation with a periodic boundary condition. Indeed, in the finite dimensional case we
can notice that V' is a non-trivial fixed point for F;, and therefore the semigroup is strictly
not ergodicEl. This reasoning turns out to be incorrect in the infinite dimensional case. The
situation here is more subtle because the expression V' is only formal (and would be equal
to infinity on the support set of the invariant measure).

Our goal is to give a detailed study of the case when the coefficients of the fields are
linear, and to show that the system is ergodic with polynomial rate of convergence.

The chapter is organised as follows. In Section [6.2 we introduce the basic notation and
state an infinite system of stochastic differential equations of interest to us. In Section
we show the existence of a mild solution to this system, and continue in Section[@. by iden-
tifying a family of non-trivial invariant measures. Because of the special non-commutative
features of the fields and the form of the generator, this is slightly more cumbersome than
otherwise. Section provides a certain characterisation of invariant Sobolev-type sub-
spaces, while Section is devoted to the demonstration of the ergodicity of the system
with polynomial rate of convergence. We conclude with a section in which we use previ-
ously obtained information to derive Liggett-Nash-type inequalities.

Throughout this chapter we will make use of the theory of stochastic differential equa-
tions in Hilbert spaces, as outlined in [I09]]. For the sake of completeness we include a
very brief description of some of the basic ideas in Appendix [A], though [[109] should be

referred to for the details.

'Recall that the semigroup P; = e** is ergodic in L? (1), where y is an invariant measure, if and only if

Lu =0 foru € D(L) = u is constant — see for example Proposition 2.3 of [4]]
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6.2 Setting

As in Chapter B, let Z” be the D-dimensional square lattice for some fixed D € N,
equipped with the [, lattice metric dist(-, -) defined by

D
dist(i, §) = |i = jy = > _ i — jil
=1
fori = (i1,...,ip),7 = (J1,-..,jp) € ZP. As before, for i, j € Z" we will write i ~ j

whenever dist(i,j) = 1,1i.e. when ¢ and j are neighbours in the lattice.

Let Q = (R)?” and define the Hilbert spaces
E, = {x €O |zly, = Z a?e ol < oo}
i€zl
for o« > 0, and
D 2
H = {(h<1>,...,h<D>) € QP (M, P = 33 () < oo},
with inner products given by
(T,9)E, == Z ziyze
ieZP
for x,y € E, and
D
k), (k
(7, g ™) (D, )= 3037 g PR
€7 k=1

for (g, ..., ¢"P)), (RV, ... hP)) € H respectively.

Let /1 be a Gaussian probability measure on (E,, B(E,)) with mean zero and covari-
ance G (see Appendix [A). We assume that the inverse G~! of the covariance is of finite
range i.e.

M, ; =G, =0 ifdist(i,j) > R,
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for some R > 0, and that |M, ;| < M foralli,j € Z".

We are now in a position to describe the system we are going to consider. Indeed, let
W= {(wm, . wm)l

be a cylindrical Wiener process in H (see Appendix [Al).
We introduce the following notation: for i = (iy,...,ip) € ZP and k € {1,..., D}
define

(k) == (i1, ... ik—1,ik £ 1,ik41, ..., ip).
We also define, for z € E,,,i € ZP,
V;(ZL‘) = Z ZL‘Z‘MZ‘JZL‘j,
jEZP
which is a finite sum since M; ; = 0 if dist(i, j) > R, and for all finite subsets A C Z” set
Va(x) := ZVZ(:U)
ieA

Using the formal expression

Vir) =5 Vi)

ieZP

it will be convenient to simplify the notation for 0;V; as follows

1
oV (x) = 50 S aMym | =) Mz =0V
j,1eZP jEZP
We consider the following system of Stratonovich SDEs:
D
dvi(t) =Y (8i_(k)V(Y(t)) o dW ) (1) = Dy V(Y (1)) 0 AWV (t)) (6.1)
k=

1
fori € ZP andt > 0.

Remark 6.2.1. We consider a system of Stratonovich rather than Itd6 SDEs, since we are
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trying to write down a system that has a particular generator. As outlined in [[[6], it is
more concise to do this in terms of Stratonovich SDEs. However, in the next section we
confirm that this system does indeed give rise to the desired generator, by converting to Ito

integrals, and rigorously describe what we mean by a solution.

6.3 Existence of a mild solution

In this section we show that the system (&) has a mild solution Y'(¢) taking values in the

Hilbert space E,,. The first step is to write the system in Itd form. To this end, we have

avi(t) =

I

(-0 VY @)W (1) = ey V(Y () aW, 1))

-+
DO =
=
S
IS
|
AV
|
=
<
—
>.<
—~
S~—
:_/
1=
Z
—~
N—
—_
|
ISH
[ —
S
+
=
<
—
>.<
—~
S~—
:_/
=

(]) ©2

T

1

forall i € Z” and t > 0, where [+, -]; is the quadratic covariation process, as introduced in
Appendix [Al

Hence, by It6’s formula,

[8i_(k)V(Y(-)),Wi(_’“zk)()}t: 3 /0 0,0V (Y (5))dY;(s). /0 'dwj_kgk)(s)

jezr

=> [ /O | 00~y V (Y (8))0j-y V(Y () dW "), (5), /0 | dWZ.(_’“zk)(s)}

jezpb

- Uo 00y V (Y ()0 V (Y (5)) AW, (s), /0 dm(kzk)(s)}

jEZD t

t

t

t
0

=/ 3?,@-(k)V(Y(S))@—(k)V(Y(S))dS—/0 0F V(Y ()0V (Y (s))ds
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for all i € Z”. By a similar calculation, and using this in (&2), we see that

dy;(t) =

I

(0 VO )aw S ) = Bir V(Y ()P (1))

1M

{(20Vr) + o2 ,vir@)) avir )

N | —

I
2
l\D

i) V(Y (D)0 V(Y (1)) — a@%ﬁ(k)V(Y(t))8i+(k)V(Y(t))} dt
(6.3)

foralli € ZP.
Recall now that 0,V (z) = 3,0 M2y for all j € ZP so that 07,V (z) = M
Vi, j € ZP. Thus the system (&3)) can be written as

2,7

4Yi(t) = 3 (9o VY )W (8) = Dhe V(Y ()W, (1))

[\DI»—A EMG

Z{ i~ ()si= (k) + M.+ (0)) OV (Y (1))

k=1

= M, - ) Oi- )V (Y (1)) — Mi,ﬁ(k)aﬁ(k)v(y(t))}dt (6.4)

foralli € Z” and t > 0.

We now claim that we can write this system in operator form:
dY (t) = AY (t)dt + B(Y (t))dW (¢), (6.5)

where A is a bounded linear mapping from £, to F, given by

D
(Azx); == Zal(-k) (z), i€ZP, (6.6)
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with
1
0 (x) = — {(Mz‘-w),z'—(k) + Mo, ) D My

— M, - ) Z M- k)Tt — M i+ (1) Z Mz,ﬁ(km} ; (6.7)
lezP lezP
and where B : £, — Lys(H, E, )H is a bounded linear operator given by
D
k k
(B(a)(hY,...,h™)) == (ai_(k)\/(x)hg)(k) — Oy V ()1 >) 6.8)

k=1

forz € E,,(hY,...,hP)) € Handi € ZP.

Indeed, the fact that A : E, — FE, is a bounded linear operator follows from the
assumption that the constants M, ; are uniformly bounded by a constant M. To show that
B is bounded from FE, to Lys(H, E,), first define, for i € ZP, e(i) € Q by

=1
i)y =4

0 otherwise,

and fori € Z” k € {1,..., D}, let f¥ be the element in H given by

where the e(7) occurs in the k-th coordinate. Then

{fF:ieZ” ke{l,...,D}}

2We denote by Lus(H, E,) the space of all Hilbert-Schmidt operators from H to E,,, where we recall
that an operator L : H — E,, is Hilbert-Schmidt if ), [[Lg;||%, < oo for an orthonormal basis {g; : i €
I} of H.

ier |
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is an orthonormal basis for H. Let x € E,,. Then

IB(x M—ZZB )5}, -

i€ZP k=1

Now by definition

so that

B) ()], = (ajf(k)\/(a:) (e(i))- o — aﬁ(,g)v(x)(e(i))j)ze—am

jEZP
—alit 2 _ali
= (O ()" e O 4 (949 V (@)l
9 2
= D Mym | e ®hy > Migym | et
L|l—i1 <R Lfl—it (k)1<R
<ol 3 w)eon [ a) e
L|l—i|1<R L|i—it(k)1<R
< Ce” Z 7 el 4 Z 77 el (k)h
Lll—i1 <R Lll—it (k) <R
< Ce(RJrl)a Z .TJQ —alll1 Z xl2€fa\l\1
L|l—i[1<R Lji—it(k)1<R

where C' = (2R + 1)P M?. Thus

WIM—ZZW (),

i€ZP k=1

gce””l)aiz Z pZe=ollh | 4 Z 2ol

k=14ezP | \L|i—i1<R L|i—i+ (k)1 <R

=2D(2R + 1)PCe |2, |
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which proves our claim that B is bounded from E, to Lys(H, E,).

We then have the following existence theorem.

Proposition 6.3.1. Consider the stochastic evolution equation
dY (t) = AY (t)dt + B(Y (t))dW (t), Yo=xz€ E,, t>0, (6.9)

where A and B are given by @8) and @28 respectively, and (W (t))>o is a cylindrical
Wiener process in H . This equation has a mild solution (Y (t)):>o (see Appendix[4) taking

values in F,,, which is unique up to processes satisfying

T
P </ Y (s)|g.ds < oo) =1, (6.10)
0

for all T > 0. Moreover, (Y (t)):>o has a continuous modification, and is a strong Markov

process.

Proof. We have shown above that A : F, — FE, is a bounded linear operator, so that it
is the infinitesimal generator of a strongly continuous semigrou£ (S¢)i>0 on E,. Indeed,
A can be thought of as a bounded linear perturbation of 0, which is trivially the generator
of a strongly continuous semigroup. We have also shown that B : £, — Lys(H, E,) is

bounded. Hence the result follows immediately from Theorem [A-Z1] of Appendix[A. ]

Lemma 6.3.2. The mild solution (Y (t))i>o to @9) solves the martingale problem for the
operator
1 Z Z 2
i€ZD jELD jri

Proof. By 1t0’s formula, we have for any suitable function f,

FV ) = ) + 3 / OF (Y ())dYi(s)

iezZP

1 t
Y / 32, J (Y ()d[Y,, Y], (6.11)

i,jezp

A semigroup (P;);>0 on a Banach space B is strongly continuous if lim; o |P;f — f|g = 0 for all
feB.
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We can then calculate from (@.3)) that

=0,V (Y (1))0- )V (Y (t))dt if j =i~ (k),
A Yile = S {0 VY 0))* + @ VY (0) e i j =1,
OV (Y (1) Drr V(Y (1))t if j =i (k),

so that

Z / 4Ly, v,

= Z / 62 Z{ k)V ))2 + (8i+(k)V(Y(t)))2} dt
- 22 > / DOV (¥ ()05 6y VY ().

Thus, if we set

D
— % Z Z {(8i_(k)V(x))2 = (3i+(k)V($))2} 0;
i€ZP k=1
D
— Z Z@V )05~ () V ()0 5 (k)
7D k=1

_ % ZZ; i { <a2 V(@) + aﬁ(k)V(x)) AV (z)
= OV (@) )V () = 02 gV (@)Dir V(1) } O
by combining @3) with @IT) we see that
E[fY (@) = f(¥(0)) = LF(Y(1)] =0

ie. f(Y(t))— f(Y(0)) — Lf(Y(t)) is a martingale, or equivalently, that £ is the generator
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of our system. One can then check by direct calculation that we have

Z > (@V(@)d; — 0V (2)d)?.

zeZD JEZD j~i
]

Forn € {0,1,...},letUC] = UC}(E,), « > 0 denote the set of all functions which
are uniformly continuous and bounded, together with their Fréchet derivatives up to order

n.

Corollary 6.3.3. The semigroup (P;):>o acting on UCy(E,) corresponding to the system
©.9) is FellerH and can be represented by the formula

Ptf() =Ef <Y<t7 )) , t=20,

where Y (t, x) is a mild solution to the system @9) with initial condition x € E,,.

Proof. This result is standard and follows immediately from Theorems 9.14 and 9.16 of

[109]. O

Example 6.3.4. Suppose that, for all i € 7.,

Then 0;V (x) = x;, and the system @) becomes
D
— S vt dt+2( ()W), () - Y+(k()dW(k()>
k=1 =

for all i € ZP, which has generator

i€ZD jELD: jrvi

“Recall that a semigroup (P;);>o on UCy(E,) is Feller if (P;);>0 is strongly continuous and such that
0<f<1=0<PKf<L
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In this case the Gaussian measure jic on E,, is the product Gaussian measure.

As mentioned, very closely related generators are considered in the physical models for
heat conduction described in [21),22),23, 58] and [I60]. A related model is also considered
in [42l]. However, there are some major differences between the system considered there
and the one we investigate. Indeed, in [42l]] Hormander’s condition is assumed to be sat-
isfied, and the system is finite dimensional. Moreover, it is shown that there is a unique
invariant measure for the system they investigate, which as we will see, is not the case in

our set-up.

Remark 6.3.5. Let (r; ;,0; ;) be polar coordinates in the plane (x;,x;). Then

0

ae—m = .ﬁl]iaj — :1:]82

Therefore in Examplel6.3.4
1 0?
L=32. 2. 75
i€Zl jezP jri Y

The operator — is the Hamiltonian for the rigid rotor on the plane. Thus, the operator

82
267
—L is the Hamiltonian of a chain of coupled rigid rotors.

6.4 Invariant measure

Suppose (Y (t));>o is the unique mild solution to the evolution equation (©.9) in the Hilbert
space F, i.e.
dY (t) = AY (t)dt + B(Y (t))dW (t)

where A and B are given by (@8) and (&.8) respectively, and (W (t));>¢ is a cylindrical
Wiener process in H. Let (P;):>( be the corresponding semigroup, described in Corollary

B33
For i,j € ZP, define
Xi,j = &V(x)ﬁj — @V(z)&,

so that by Lemma [6.37],

1
CZZZ Z Xz%j

i€ZP FjELP j~i
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is the generator of our system. We will need the following Lemma:
Lemma 6.4.1.
tra (fXij9) = —pra (9% f)

forall f,g € UCE(E,),i,j € Z" and r > 0, where we recall that the measure ji,q is the

Gaussian measure on E,, with covariance matrix rG.

Proof. For finite subsets A C Z” and w € (2, denote by E% the conditional measure of
-G, given the coordinates outside A coincide with those of w. Then we have that

67% D ken Vi(za-wae)

B () = [ fn-wn) T
RA A

where x, - wye is the element of €2 given by

ZT; if 1 € A,
(.CUA '(,()Ac)i =
Wi ifie AC

and Z¥ is the normalisation constant. Now fix i, j € Z” and suppose that A is such that
{i,j} C A. Then for f,g € UCE(FE,)

6_2_1r 2 kea Vi(ra-wae)

Z3

EX (fXi;9) = /RA f(za - wae) X j9(xa - wae)
= —Ex (ng',jf)
+EX (f9[0:0;V(z) — 9;0,V (2)])
+r B (fg [0V (2)0;V (x) — 9;V (2)8;V (2)]) = —EX (9%, ;)

dIA

by integration by parts. Thus

tra ([Xi;9) = mecEy (fXi;9) = —praEy (9Xi;f) = —pra (9Xi5f) -

The following result shows that for all » > 0, u,.q is reversible for the system (6.9)).
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Theorem 6.4.2. For all f,g € UCE(E,) and r > 0, we have

e (fPg) = e (9B f) - (6.13)

Proof. It is enough to show that (&I3) holds for f,g € UC?(FE,) depending only on a
finite number of coordinates. Indeed, by an approximation argument, if (&.13) is true for
f,9 € UC?(E,) depending only on a finite number of coordinates, it follows that it is also
true for general f, g € UC?(E,,), using the contractivity of (P;)¢>o-

In view of this, suppose f(z) = f ({zi}i,<n) and g(z) = g ({x;}}i,<n) for some n.
Note that the generator £ can be rewritten as

| D
L=5> > Xiw

k=1 iezP

We decompose L further, by writing

1 D
L=35> > ) Xl | -

k=1 me{0,...R+1}P \ie®D_, ((R+2)Z+mo)

and define form = (my,...,mp) € {0,.... R+ 1}P, k€ {1,..., D},

L) = Z X?,ﬁ(k)

i€®P_ (R+2)Z+mo)

so that

1D
. (k)
L=3% > LW

k=1 me{0,...,R+1}P
By construction, for fixed k € {1,..., D} and m € {0,..., R + 1}, we claim that for any
i,j € @ (R+2)Z+m,)

[ X i+ (k)> Xjj+ ()] = 0 (6.14)



6.4 Invariant measure 144

For 7 = j this is clear. If ¢ # j, we have

[Xi,i+(k)7Xj,j+(k)] = [@V(l‘)aﬁ(k) - 6i+(k)V(x)8i, (%V(l‘)@jﬂ@ - (9j+(k)V(l‘)aj] .
(6.15)
Now, 0;V () depends only on coordinates [ such that [j — [|; < R, and for all such [

i (k) =1y > i (k) —jlhh— |7 — Il
>R+1—-R
=1

Y

so that 0;V/(x) does not depend on coordinate i (k) for any k. Thus
8i+(k)ajV(l‘) =0.

Similarly
Ot (k) Oj+ )V () = 0:0;V () = 9,05+ 1)V (2) = 0,

which, when used in (@.I3) proves the claim (@I4). Thus for any £ € {1,..., D} and
m € {0,..., R+ 1}7,

(k) tX2
St(kﬂn) — etﬁm _ H e it (k)

i€®P_ (R+2)Z+mo)

ie. S%*™ is a product semigroup.

The next step is to show that

e (151g) = a (958 f) (6.16)

forallr > 0,k € {1,...,D}and m € {0,...., R+ 1}P. Fixr > 0 and let k = 1 and

m = (0,...,0) (the other cases are similar). Since g only depends on coordinates ¢ such
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that |i|; < n, we have

2
sty = J[ Mg,

i€®p_1 (R+2)Z
lil1 <n+R+2

which is a finite product. By Lemma [&:Z]], we also have that for any 4, j € Z”

e (X5 ,9) = mra (93, 1)

and hence

X2
IrG <f5§1’0)9> =me |f [ ey

i€®;_ (R+2)Z
i1 <n-+R+2

2
=ma |9 [ Tror

i€®,_1 (R+2)Z
i1 <n-+R+2

= e (951°7F)

as claimed.

To finish the proof, the idea is to use a version of the Trotter product formula, so that the
semigroup we are interested in can be thought of as the limit of compositions of the product
semigroups St(k’m). We will use the following version of the Trotter product formula, given
in [121]]:

Theorem 6.4.3. Let H and Hy be two Hilbert spaces, and let F; € Lip(H,H), G; €
Lip(H, Lys(Ho, H)) for i = 1,2,3. Let (W (t))i>0 be a cylindrical Wiener process in Hy.
Consider the SDEs, indexed by i = 1,2, 3, given by

dYi(t) = Fi(Yi(t))dt + Gi(Yi(1))dW (1),  Yi(0) =z €K,
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and let (P});>0 be the corresponding semigroups on UC,(H). Assume that
Fg = F1 + FQ, G3G§ — GlGT + GQG;,

and that the first and second Fréchet derivatives of F; and G; are uniformly continuous and

bounded on bounded subsets of H. Then

tim (PLPE)" f(x) = Pif(a)

n—oo

for all f € K, where K is the closure of UCZ(H) in UCy(H), and the convergence is

uniform in x on any bounded subset of 'H.

To make use of this result, recall that by above the generator of our system can be

decomposed as

D
c=3> %o

k=1 me/{0,...,R+1}P

where, fork € {1,..., D} andm € {0, ..., R+ 1}, L is the generator of the semigroup

St(k’m). By the one-to-one correspondence between SDEs and Markov generators, we see

that the SDE associated with £'%is given by
dy (t) = ADY (t)dt + BO(Y (1)dW (1),

where AY - E, — FE,and B . E, — Lys(E,, H) are such that
D
Ay YA
k=1 me{0,...,R+1}P

and

D
BB"'=> Y  B¥BY).

k=1 me{0,...,R+1}P

We can then apply Theorem iteratively to get the result. Indeed, order the set

{1,...,D} x{0,....,R+1}° ={u1,... 11}



Chapter 6. Ergodicity for Infinite Particle Systems 147

where I = D(R+ 2)P. If y; = (k,m) € {1,...,D} x {0,..., R+ 1}P, write

AB =A, B® L, SF =8

B, L)

m

Then define, for 1 <[ < I,
!
Al = Z ALJ,
j=1

and B, : E, — Lys(E,, H) to be such that
o !
BB;:=) B, B;.
j=1

Consider the SDE
dYi(t) = AYi(t)dt + B, (ffl(t)) AW (1),

which has generator £; = 22:1 L. Let (P!)¢= be the semigroup on 24C,(E,,) associated
with £,;. By a first application of Theorem &Z3, for all f € K, we have

lim (s_s_)n flz) = B2f(x),

n—oo

where the convergence is uniform on bounded subsets. Moreover, by claim (@.I6) above

and the dominated convergence theorem, we have

e (1P2g) = Jim e (1 (825¢) ) = lim e (9 (5752)" 1) = e (o725)
(6.17)

forall f,g € UCE(E,). Similarly, for all f € K, we have

lim (P2s7)" flw) = P2 (@),

n—oo

where again the convergence is uniform on bounded sets, so that

v (1700) = e (1 (252)"0) = e (o (7257)" 1) = (21
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using identities (@.I6) and (&I7). Continuing in this manner, we see that P, = Z5t1 , the

semigroup corresponding to the generator £ = ZJI*:1 L,;, is such that

tra (fP:g) = pra (9P f)

forall f,g € UCE(E,), as required. O
Finally we can extend the above result to functions in L (u,q ).

Corollary 6.4.4. The semigroup (P;);>o acting on UCy(E,,) can be extended to LP(u,c)

forany p > 1 and r > 0. Moreover we have

trc(fPg) = pra(gP.f)

forany f,g € L*(u,q) and r > 0.

Proof. Although the proof is standard, we recall the idea for the sake of completeness. By
Corollary ,we have P,f(-) = Ef(Y(:)), for f € UCy(FE,) and t > 0, so that by
Jensen’s inequality for any p > 1 and f € UCY(E,),

|PfIP < PfIP.
By Theorem this implies that

MTG|Ptf|p S MTG|f|pa (618)

forall f € UCE(E,),r > 0.
The fact that P, can be extended to L”(j,.qg), then follows from an application of the
Hahn-Banach theorem. Suppose now that {g, },>1 is a sequence of functions in UC?(E,,)

converging to g in L*(y1,q),and let f € UC?(F). Then

|MrG(fPtg) - MrG(gPtf” < |MrG(fPt(g - gn))| + |M7"G(fptgn - gPtf)|7
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so that by Holder’s inequality

1

\ra(fPig) — pra(gPf)] < (MrGfQ)% (1rclPilg — g0)]?)?
+ (raly — gn)z)% (rc| P f?)
<2 (maf?)’ (malg— )%,

NI

using inequality (&I8) and Theorem [&.4.7]. Tt is clear that this converges to 0 as n — oo,
so that

tra(fPig) = (9P f),

for all f € UCE(E),g € L*(u,c) and r > 0. The result follows by a similar argument,
this time by taking approximations f,, € UCZ(E) of f € L*(u,q)- O

6.5 Symmetry in Sobolev spaces

In this section we show that the generator £ is symmetric in some family of infinite di-
mensional Sobolev spaces. In the next section this result will be useful in the proof of
the ergodicity of the semigroup generated by £. For r > 0, we start by introducing the

following Dirichlet operator:

(f, Lrg) 2gune) = — Z Gri(Okf, 019) 12 (urc)

k,l€zZD

where G = M™! is the covariance matrix associated to the measure yc, as above. By

integration by parts,

_ Z le(&kf,alg)L?(urG)

k,l€ZD

= (£ D Gridkdyg — | £r Y GrdVag

k,l€ZP k,lezZP
+€ Lz(N/TG) e L2(NTG)



6.5 Symmetry in Sobolev spaces 150

so that

— Z G’kJ(akfaalg)Lz(NrG)

k,lezP

=1/ Z G1,10k09 — | fir ! Z (Z Gz,kMk,j$j> Oig

A jezP \kezDP
kil L2 (pra) Lie € L2(pra)

= £ D Gridg - (fv Ty $1519> ,
12(

D D
k,l€Z L2 () lez )

since by definition, EkeZD G My, jx; = x;if j = [, and 0 otherwise. Thus, on a dense

domain including /C?, we have

Lg= Y Guiidg—r'Dg (6.19)
k,lezZP
where
Dg= > x0g. (6.20)
lezP

D will play the role of the dilation generator in our setup. We now make two important

observations.

Lemma 6.5.1. Foralli,j € 72,
D, X ;] =0, 6.21)

and

> Gridd, X, | =0. (6.22)

klezP

Proof. We have

[D, Xz‘,j] = Z x,ﬁk, Z Mi,m&j — Z MJ-J:(;[@Z-

kezD lezpb lezpb
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so that
D, X, ;] = Z M, (2,0, 2:0;] — Z M, i[Ok, 210;]
k,lezP k,lezZP
= Z M, ; (2465,10; — 10,;0k)
klezP
- Z M, ; (240510; — 2165,:0k)
k,lezP
= Z Muxl@j — Z Mul‘laj
lezb lezb
— Z Mijl@- + Z Mj,lxlai
lezb lezb
=0,
so that (&21]) holds.
For (&.22), we calculate that
Z G100, X, 5| = Z G, (0101, X 5] + [0k, X5 5101)
k,lezP k,lezP
where
[3k, X”] = | Ok, Z Mz‘,ll’laj - Z Mj,lfb’laz'
lezpb lezb
= Mi,kaj — Mngai.
Thus

> Grid0L X | = Y Gy (Mi00; — Mu0k0; + M, 1.9;0, — M 10,0))

k,lezP k,lezP



6.5 Symmetry in Sobolev spaces 152

so that

> Grdd, X = > (Z Gk,lMl,i> 00j — > (Z Gk,lMl,j> )

k,lezP kezP \lezP kezP \lezP
+ E ( E Gl,kMk,i> @-81 — E ( E Gl,kMk,j> 8281
lezP \kezP lezZP \kezP

= 6Zaj — 8j8i + 8j8i - 8iaj - 0,

again using the fact that G = M1, O
We thus arrive at the following result.

Proposition 6.5.2. On UC}, we have
(L, X ] =0
foralli,j € ZP and r > 0, so that
L, L] =0

forallr > 0.

Proof. Fori,j € 7.7,

L, X, ;] = Z G100, — 7 'D, X,

k,lezb
=0

by @21 and (©22) of Lemma[6.3.1l. Hence

L) =5 3 S X2 = 1 30 3 ([ XK + XL, X)) = 0.

i€ZP jij~i 1€ZP jijei
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With this result in mind, we introduce the following family of Hilbert spaces: for n €
NU {0} and r > 0, define

X7 = {f € Plura) N D) < 1By = | Bagge + U (L) ey < 00}

equipped with the corresponding inner product

(f, 9)xz = (f, Dr2uea) + (s (Le)" 12000

for f, g € X'. Then we obtain the following fact:

Proposition 6.5.3. For alln € NU {0} and r > 0, on a dense set D' C X, we have

(f EQ)X” - (ﬁf g = Z Z zyf X”g

eZD Jijri

Proof. Using the antisymmetry of X; ; in L?(p,q) (LemmaleZd)) for all 4, j € Z” and the
fact that L, commutes with £ by Proposition [6.3.7], we have

(£, £9)xp = (F, £9)r2(ie) + (1) (L LILG) 120 o)
=1 2 D (Kisf XKagg) s + ()" (£ LLYG) -

(f7 ‘Cg)X? - _i Z Z( zgf ng.q L2 (prq) — Z Z zgf Xz] Lr)ng)lg(urc')

i€ZP jijri ZGZD Jigrt
1 n
- 4 Z Z( igl ijg L3 (pra) — Z Z ”f X”g)LQ(“TG)
i€ZP jijri ZGZD Jigrt
1
SRS e
i€ZD jijri
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In the case n = 1, we have

(9% = (f.9r2e) T D me(Gi0:if0;9) = (f,9)r2ume) + Hra(GEVf - GEVg),

i,j€LP
where for simplicity here and later we set X,, = X! for all » > 0.

Remark 6.5.4. By Proposition the operator —L is closable in X, for all r > 0 (by
standard arguments — see for example Proposition 3.3 of [196]) and can be extended to a
non-negative self-adjoint operator on X, by taking the Friedrichs extension. We continue to
denote this extension by the same symbol L. Moreover, L generates a strongly continuous
semigroup e : X, — X, such that e* = P,|x,. Indeed, by the spectral theorem, the
strongly continuous contraction semigroup e'* : X, — X, is well defined, and can be
extended to L*(j1,c). This extension coincides with P; on a dense set of L*(u,q) (namely
UCE(E,)), so that the extension must coincide with P, on the whole of L*(ji,q). In view of
these observations, we can think of {X, : r > 0} as the natural family of spaces on which

P acts.

6.6 Ergodicity

Before we start investigating the ergodicity of the semigroup (P;):>¢, it is useful to think
about what kind of convergence to expect. One might initially hope for exponential con-

vergence in L?(pi,q), i.€. the existence of a constant § > 0 such that

prc (Pif — o f)* < e e (f — e f)’ (6.23)

forallt > 0and f € L?(u,g). Itis well known (see for example Property 2.4 of [66]]), that
inequality (©.23)) is equivalent to the spectral gap inequality:

Opre (f — praf)’ < e (F(=LS)). (6.24)

We claim, however, that (©24) cannot hold. To this end, suppose that we are in the situation

when M = Id, so that x,.¢ is a product measure, and consider a sequence of functions of
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the following form:

_E 2

1€EA
for a finite set A C Z”. Then, if we denote by 1, the centred Gaussian measure on R with

variance r > (0, we have

i (fa — teafa)’ = e (Z(fﬁf - Mc;ﬁ))

[ISHN

= ZMTG(x? - Mer?)Q +2 Z HrG (('er - /”LTG:U?)(x? o /”LTG:U?))

IS 1,jEN
i
= ZMTG(xzz - Mer + 2 Z ,ur Mr(x = Hr .T?)
IS 1,JEN
i#j
D IR
€A

— |l (3 — poa)? = const - |A,
with |A| denoting cardinality of A. Moreover,

HrG (fA( 'CfA ZZMTG zng )

’LEA Jigei
where
(Xo ) = 0 if{i,j} CAor{i,j} C A°
igIA)” =
’ 4ot otherwise.
Therefore

e (L) =2 3 pe(a)? = const - |9A

{i,j}CA
1€EA,JEAS jrvi

ie. g (fa(—Lfr)) depends only on the size of the boundary of the set A. Hence

e (fa(=Lfr))  |0A]
tralfa = pmeafal> Al
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which converges to 0 for a suitable sequence of sets A invading the lattice. This clearly

prohibits the existence of a constant § > 0 such that (@©24)) holds.

The above considerations show that we cannot hope for exponential decay to equilibrium of
our semigroup acting on the natural space X,.. However, in the remainder of this section we
develop a strategy to show that our semigroup acting on X, is still ergodic, for simplicity
working in the set-up when the matrix M is given by M = bId with b € (0,00). Our
estimates are optimal in the sense that the rate of decay we give is polynomial.

For r > 0, define

AT‘(f)

1/2
<Z md@fﬁ) (6.25)

i€ZP

and

B.(f) = (Z (,urG|aif|2)%> . (6.26)

1€ZP
Lemma 6.6.1. There exists a constant k, independent of the dimension D, such that for

anyr >0, f €X,,i € ZP andt > 0,

1|0y (Pf )P < 5 AX(S). (6.27)

Proof. Fix r > 0. It is enough to show @27) for f € UCY(E,). Indeed, UC}(E,) is
dense in X, and (P;);>0 is a contraction on X,.. Denote f; = P, f fort > 0. Fori € Z", we

have

t
d
0, f:|* — Pi|oif|? = / %Pt—s|aifs|2ds
0

so that
t
02 — PO = / P (LU0 L) + 20, [ L. + 20, L[5, £]f.)ds
0

. D
:/o P —Z Z X+ (O f)|? + 20: f5[0:, L] f5 | ds. (6.28)

k=1 jezP
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Fori,j € Z” and k € {1,..., D},

(05, X+ )] = b (05, 505+ (1) — 241 0]
::b(@J@+w)—%21mJ@>wﬂa

so that
1 D
0,01- 13 30,5
k=1 jez7P
1 D
=52 D (100 X500 X g + Xy w00 X))
k=1 jezP
& 1
=2 < 5+ w00 Xy m] + 5 U@wXj,ﬁ(k)]vxj,ﬁ(kﬂ)
k=1 jezP
D
= > (Xiir iy = DX (100~ )
k=1
b D
t3 Z O+ (k> X i+ ()] + [0y » Xi= (1))
=1
D
bz a0+ (k) z+(l<: )y + X“ (k)a — b@i) .
=1
Using this in (@28)), yields
t D
ot = PP = [ Pe(= X Y X @F
0 k=1 jezP
D
+ 2b0; fs Z(_baifs + Xii- k) 05— () fs + Xz‘,ﬁ(k)aﬁ(k)fs))ds
k=1

(6.29)
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Integrating (©.29) with respect to the invariant measure u,.q then gives

t D
prGl OS> = G| Oif | = /0 (— 0> el X (0P

k=1 jezP

D
— 2DV 1, 0: f)* + QbZ G (0 fs X i 1) 05— (i) fs)
=1

D
+2b Z PG (O3 fs X i+ () Ot (1) fs)) ds. (6.30)

k=1

Recall that the fields X; ;,4,j € ZP, are anti-symmetric in L?(u,q) (Lemmal@ZT]). There-

fore

t D
pealOfil = mecloif? = / (—ZZWG\XJ,j+<k><aifs)\2
0

k=1 je7.P

D
— 2DV p,cl|0;fs]? — sz G (Oi— () fs X i~ (1) 0; fs)
k=1

D
- ZbZ:urG(8i+(k)stz',i+(k)8ifs))ds' (6.31)
k=1

Hence, using the elementary fact that zy < 222 + -y* for all 7,y € R, we see that

t D
MTG|aift|2 - MTG|aif|2 < / (_ Z Z MTG|Xj7j+(k)(8ifs)|2
0

k=1 je7.P

D D
- 2Db2,urG‘aifs‘2 + Z b2ﬂrG|ai*(k)fs|2 + Z NTG|Xi,i*(k)8ifs|2
k=1 k=1
D

D
+ D VmalOrm P+ MTG‘Xi,i+(k)8ifs|2> ds
K1 K1
D

t
/ b? Z (MTG|ai_(k)fs|2 + tr| O o fs* — 2NrG|aifs|2)d3- (6.32)
0

k=1

IN
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Let A denote the Laplacian on the lattice Z”, that is for functions g on Z”,

Dg(i) =Y (9(i* (k) + g(i™ (k) — 29(0)).

D
k=1

We recognise that the right-hand side of (©32) has exactly this form. Indeed, if we set
F(i,t) = p,c|0;(P.f)|? fort > 0 and i € ZP, then @32) yields

O F (i t) < V*AF(i,t), t€10,00),i € ZP. (6.33)
Set W (i, t) = V>’ AF(i,t) — 0,F(i,t), so that W > 0 by @33)). Then

O F(i,t) = B*AF(i,t) — W(i,t), t€0,00),i € ZP. (6.34)

To solve this equation, we first solve the homogeneous heat equation on the lattice:

(i, t) = b*Au(i, t), t€0,00),i € Z",
u(i,0) = uo. (6.35)

This can be done using Fourier transform. Indeed, it is easily seen that the solution to (&.33))

is given by
u(is t) = pyxug(i) = > pili = Duo(l),
lezP
fort > 0,7 € Z”, where
_ 1 —2tb?(1—cos )
pe(l) = 2n)0 /[W,W]D e~ 2 cos(l - x)dx, (6.36)

forl ¢ ZP”,where | - x = Zle ljz; for & € RP. The heat kernel p; can be recognised
as a multidimensional modified Bessel function of the first kind, so that p; is positive (see

[128]]). We can now solve (€.34) using Duhamel’s principle, to see that

t
F(i,t) =p * F(i,0) — / s * W(i, s)ds, (6.37)
0
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fort > 0 and i € ZP”. Since the both the heat kernel p, and W are positive, this then yields

F(i,t) <pgx F(i,0) = Zptz—l ,0),

lezb

or equivalently
| 0P < Y pili = Dialof I

lezP
forallt > 0,i € ZP.

To complete the proof, it remains to show that there exists a constant x € (0, c0) such

that
D
pt(l) < D> (6.38)
12
for all [ € ZP. To see this, note that
/ —2tb?(1—cos x) COS(Z . ZL‘)dIL’
D
S D ( 72tb 1 cos:v)dx) ) (6.39)

Now, for small § > 0,

T 6 T
/ 6—2t(1—cos x)dZL‘ —9 / 6—2t(1—cos x)dl‘ +2 / 6—2t(1—cos J:)dx
—7 0 é

5
< 2/ o 2t(1—cos ) 7. + 2(7r _ 5)6—2t(1—cos6).
0

Moreover, for z € (0, ), we have cosx < 1 — % so that

T §
/ 6—2t(1—cos x)dx < 2/ e—tszx + 2(7’(’ . 5)6—2t(1—cos 6)'
0

—Tr

The the right-hand side can be seen to be bounded above by Kt~ for a constant . Using

this in (&39) yields (638). O

Remark 6.6.2. We remark that the convergence in Lemmal0.6.ll cannot be improved, in the

sense that the stated rate of convergence is attained. Indeed, we can calculate that for any
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i€ 7P,

NE

L} =17 ($?+(k) + x?—(k) — 2a7)

k=1
ie. for f(z) = a2, Lf = V*/\f, where as above \ is the discrete Laplacian on Z” . Thus,

P.f = ™2 f and using the Fourier representation of the kernel of ™2 given in ©30)

1
6tb2Af ~

D
t2
for large t.

Corollary 6.6.3. For allr > 0 and f € X, such that B.(f) < oo, we have

A (f)B(f), (6.40)

N
MU Ne]

Z ,urG|a Pt S

i€ZP

where A,.(f) and B,.(f) are given by (623) and @©28) respectively, and « is the constant

that appears in Lemmal6.6.1l. Furthermore, there exists a constant ¢ € (0, 00) such that

D

P f)? ) K2
g | (Pf)*lo RS < c— A (f)B.(f), (6.41)
e (A 0e - SHE2) < o A (0B)
i.e. we have convergence of our semigroup in entropy with polynomial rate of convergence.
In particular

D

K2
trc(Prf — /~LTG<f))2 < Ct—QAr<f)Br(f)- (6.42)

Proof. By Proposition[6.3.3], P, is symmetric in X,.. Therefore we can write

ZMTG|8 Pt ZMTG afap2tf)

iezZb iezb

= Z (’LLTGWif‘Q)% (/irG‘aiP%f‘Q)%

iezZP

< (Z (urG\az-fF)%) sup (s1r|0; P ) 7* (6.43)

i€ZP

Combining (&.43) with Lemma we immediately arrive at (&.40). Now inequalities
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(&40 and (&.42) follow from the logarithmic Sobolev and Poincaré inequalities for the

product Gaussian measure /i,G . U

The following result shows that the class of functions for which the system is ergodic

is larger than the one considered in Corollary 16.6.3l.
Proposition 6.6.4. The semigroup (P;);>¢ is ergodic in the Orlicz space Ly (p.c) H, with

U (s) = s*log(1 + s?), in the sense that

HPtf - MTGfHL\I/(HrG) —0

ast — oo, forany f € Ly(u.g) and r > 0.

1
Proof. For f € Xrﬂ{f € Ly(ra) © D jepp (MT‘G|aif|2> ? < oo} the result follows from
Corollary and the fact that the logarithmic Sobolev inequality is equivalent to the

existence of a constant ¢ such that

1f = ey e < ctea(f(=LS)),

by Proposition 3.1 of [32]. Now it is enough to notice that such a set of functions is dense
in L\p (,ur(;) . [

6.7 Liggett-Nash-type inequalities

In this final section we will show how to deduce Liggett-Nash type inequalities from the
results of the previous section. For r > 0, let A, and B, be defined by (@23) and (&24d)

respectively.

Theorem 6.7.1. There exist constants ky, ko € (0,00) such that for all r > 0 and f €
X, ND(L) with B.(f) < oo,

D

toa(f = e (F)? < ki (—LF, DB o (ANB(f) 75, (6.4)

SRecall that the Orlicz space Ly (u-g) is defined to be the space of measurable functions f such that
pra (U(f)) < oo, equipped with the norm || £y (4, = supimra|fgl : pra(¥(g)) <1}
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and

Sl

[Ar(f)]ﬂ% < ko [Z /&fai(—ﬁf)d,ur(;] B, (f) (6.45)

ieZb
Remark 6.7.2. Note that inequality (.43 can be considered as an analogue of the Nash
inequality in R™ (which first appeared in [[[03)]). Indeed, on R", the Nash inequality states
that

2+i 4 n n
|u|L2(’ﬁ§n) < k(—Au,u)Lz(Rn)|u|£1(Rn), u € LYR™) N WH(R™),

for some constant k > 0, and where A is the standard Laplacian on R™. The main dif-

ference with our situation is that the natural space for our operator L is X, instead of
L2

Proof. We follow the method of T. Liggett, described in [92]. As usual, set f; = P, f. For
f such that . f = 0 we have

/fftd,ur(} S (,urG(fz))% (/’LTG(fE))%
< (Fua(MAMBD) (6.46)

where we have used inequality (&.42)) of Corollary [6.6.3] . Moreover, since £ is symmetric
iIl L2 ( ,urg) ,

d d
%/foSdMTG - %/fs’cfdurG
_ /Psﬁfﬁfd,urg - / (PsLf)’ dpng > 0.
Thus

[ tdne = [ Fine+ | t [ s s

> malf2) 4 [ Lfdne,
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Using this in {©44), we see that

1 D 2
[ Fanee <t [ 1-Lhdme + o (oxFmalAED) (6.47)
8
for all £ > 0. We can then optimise the right-hand side over ¢. Indeed, taking ¢ such that

1

e D (wFralPMANBD)’
8

tTD = X
JF(=Lf)dpc
yields
MTG(fQ) D8
8 D
4 2D 8 D\ D+8 D8 _4_ 4
<ertnt (145 ) (§) 7 ([ r-ename) ™ Az s,

Raising both sides to the power gii then gives

ma(f2) < ky ( / f<—£f>durG)DL“ PY(F)BPF(f),

4 2D D+8 _8 . .
where ki = PP+ (1+ 5)PF ()P Replacing f by f — piyq [ then yields (@©Z44).
The proof of @43)) is very similar. Indeed, note that by inequality (@4Q) of Corollary
0.60.3,

1
2

Z /a fa ftd,urG S (Z ,urG‘al.ﬂz) (Z MTG‘athP)

i1€ZP iezZb iezZb
K/% 3 1
< S ANB () (6.48)

for all ¢ > 0. Then, in a similar way to the above, but using the fact that £ is symmetric in

X, this time, we have

- Z/afa Lf)dp,c >0,

iezZP
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so that

8@' ait rG — r 8@ 2 t az az s r
> [ososidne = X malosf+ [ 3 [osoicsducds

ieZD ieZD iezP
> 3wl -t [o(-Lhofne 649
iezZP i€ZP

for all ¢ > 0. Using this in (&.48)), we obtain

AXf) <t Z /@'(_Ef)aifdur(; + i—;fl; (f)Br%(f) (6.50)

i€ZP

for all t > 0. The right-hand side of (&.30) is minimized when

For this particular £, we have

AP (f) < (1 n %) (g) 2 <

Raising both sides to the power % then yields

Z/ai(—ﬁf)az‘fdﬂrc;> Brﬁ%(f)-

i€Zpb

§+%(f) < ky (Z /ai(—cf)aifdurc;> Br%(f),

i€ZP

D+8

withk, = (1+5) 7 (§)

Olee

k2, as claimed.
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Appendix A

Stochastic Equations in Infinite

Dimensions

This appendix very briefly summarises some of the results and ideas from the theory of
stochastic equations in infinite dimensions used in Chapter 6. All the material is contained

in [[I09]], which should be referred to for the details.

A.1 Gaussian measures on Hilbert spaces

Let U be a separable Hilbert space, with inner product (-, -). A probability measure ;. on
(U, B(U)) is called Gaussian if for arbitrary h € U there exist m € R and ¢ > 0 such that

p{r € U: (h,x) € A} = N(m,q)(A4)

forall A € B(R), where N'(m, q) is the standard Gaussian measure on R with mean m and
variance q. If o is Gaussian, there exist m € U and a symmetric non-negative continuous

linear operator () such that:

/ (h,2)p(de) = (m,h),  VheU,

/(hl,x)(hg,x),u(dx) — (h1,m)(hg,m) = (Qhy, hs), Vhy, hy € U.
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The element m is called the mean of p, and () the covariance operator.

A.2 Stochastic processes on Hilbert spaces

Let (2, F, (F)i>0, P) be a filtered probability space and U a separable Hilbert space. A
family (X (¢)):>o of U-valued random variables such that X (¢) is F;-measurable is called
an adapted stochastic process on U. (X (t))¢>o is square-integrable if E| X (¢)|* < oo, and
is a martingale if E(X (t)|Fs) = X (s) P-as. for arbitrary ¢ > s.

For a U-valued square-integrable martingale (X (¢));>0, the quadratic variation pro-
cess of (X (t)):>o is the unique increasing, adapted, continuous process ([.X (+)];):>o taking

values in the space of trace—clasJEl operators on U, such that
X (1) @ X(t) = [X()L

is an F;-martingale and [X (-)]o = 0. The cross quadratic variation ([ X1 (), Xa(-)]t)i>0 of

two such processes is then given by

(X0 (), Xo()]e = 7 ([(X1 + Xo) () = [(Xa = X2)()]e) -

]

A stochastic process (X (¢)):>o taking values in U is Gaussian if for all t,...,t,,

(X(t1),...,X(t,)) is a Gaussian random variable in U".

A3 Wiener processes in Hilbert spaces

Let (Q, F, (Ft)t>0, P) be a filtered probability space and U a separable Hilbert space. Let

@ : U — U be a bounded linear operator which is non-negative and such that Tr () < oco.

Definition A.3.1. A U-valued stochastic process W = (W (t))i>o is called a Q)-Wiener

process if

(i) W(0) = 0;

"An operator T on U is of trace class if Tr T = "7, (T'ej, e)) < oo for some orthonormal basis {ej, }
of U.
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(i) W has continuous trajectories;
(iii)) W has independent increments;
(iv) LW (t) —W(s)) = N(0,(t — s)Q) forallt > s > 0.

Let W be a (Q-Wiener process with Tr () < oo. Then W is a Gaussian process on U,
E(W(t)) = 0 and [W(-)]; = tQ. Moreover, if {e;} is a complete orthonormal system in
U and {7} is a sequence of non-negative numbers such that Qe = e, fork =1,2,...,

then

=3 Vabilt)ex

where

Bilt) = =W 1), 1)
are real-valued mutually independent Brownian motions, and the series is convergent in
L*(Q, F,P). A square-integrable martingale (X (¢));>0 such that X (0) = 0 is a Q-Wiener
process if and only if [ X (+)], = tQ for all t > 0.

Now suppose that () : U — U is still a non-negative bounded linear operator, but not
necessarily of trace-class. Let Uy = Q2 (U/) with the induced norm || - ||o = [|Q~2(-)].
Let U, be an arbitrary Hilbert space and J : Uy — U, a Hilbert-Schmidt embedding. Let
{gx} be an orthonormal basis for Uy, and {3} } a family of independent real-valued standard

Wiener processes. Then the formula

=> ab(t),  t>0,
k=1

defines a ();-Wiener process W on U, where (); = JJ* is a non-negative bounded linear

operator on U; such that Tr (); < oco. For arbitrary i € U, the process

= (h g Bi(t)
s
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is a real-valued Wiener process and
E(hy, W(t)){he, W (s)) = min{t, s}{(Qhy, ho)

for all hy, hy € U and t, s > 0. In the case when () is of trace class, Q% is Hilbert-Schmidt,
so we can take U; = U to arrive at a ()-Wiener process as defined above. If Tr () = co, we
will call the constructed process W a cylindrical (Q-Wiener process on U. When () = Id,
we just say that W is a cylindrical Wiener process.

Let H be another separable Hilbert space. Following Chapter 4 of [109], the stochastic
integral

/Ot O(s)dW (s) (A.1)

with respect to a (cylindrical) ()-Wiener process W may be constructed for any predictable
process & = (P(t));>o taking values in the space of Hilbert-Schmidt operators from U,

into H such that .
P{ [ 10O s < o) =1
0

The stochastic integral (A.J)) is independent of the choice of U; and J. For such @, (A

is a continuous square-integrable martingale, and its quadratic variation is of the form

I @(s)dw<s>L - [ utsias

where Qo (s) = (®(s)Q2)(2(s)Q%)",

A4 Solutions to evolution equations

Let (2, F, (F)i>0, P) be a filtered probability space and suppose U and H are separable
Hilbert spaces as above. Let I be a (cylindrical) ()-Wiener process on U. Consider the

stochastic evolution equation

dX (1) = AX(t)dt + B(X(£)dW (1),  X(0) =z € H, (A2)
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where A is the infinitesimal generator of a strongly continuous semigroup (S;)i>0 =
(etA) o On Hand B : H — Lpg(Up, H) is measurable. A predictable H-valued pro-
cess X = (X (t))>o is said to be a mild solution of (A2 if for arbitrary ¢ > 0

P </t | X (s)?ds < oo) =1 (A3)
0

and

X(t) = Sz + /0 t Si_ B(X(s))dW (s)

[P-a.s. We have the following existence and uniqueness result (Theorem 7.4 from [[109]):

Theorem A.4.1. Assume that x is an Fy-measurable H-valued random variable. Suppose
also that there exists a constant C' > 0 such that |B(y) — B(2)||L,swo,m) < Clly — z|| for
ally,z € H and |[BY)|7,, wo.m < C*(L+|lyl|*) for all'y € H. Then there exists a mild
solution X to (A2, unique up to processes satisfying (AJ)).
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