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o Introduction of isogeometric analysis (IGA)




o IGA is an isoparametric, exact geometry approach, which is recently
providing very promising results as an alternative to finite element
analysis (FEA).

@ proposed by Prof. T. Hughes et al. from University of Texas at Austin
in 2005

@ motivation:

o seamless integration of CAD and CAE.
e avoid geometry approximations of mesh generation in FEA
e high regularity and refinement of B-spline functions.

@ basic idea: use the same standard mathematical representation as in
CAD systems (such as NURBS) for both the geometry and the
solution field (such as thermal conduction).
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@ computational domain:
e 2D: planar B-spline surface
e 3D: B-spline volume
@ solution field :

e 2D: B-spline surface with 3D control points
e 3D: B-spline volume with 4D control points
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@ application in various simulation problems : [Y. Bazilevs et
al.2006],[J.A. Cottrell et al.2006], [Y. Bazilevs et al.2008]...
@ application of various geometric modeling tools in IGA
o NURBS : [T. Hughes et al., 2005]
o T-spline: [M. Dorfel et al., 2010],[Y. Bazilevs et al.2010]
o Subdivision surface: [F. Cirak et al., 2000]
o PHT-spline: [Tian et al., 2010]
o Catmull-Clark subdivision solids: [Burkhart et al., 2010]
@ accuracy and efficiency improvement of IGA framework by
reparameterization and refinement operations
o h-refinement: knot insertion [J.A. Cottrell et al.2007]
o p-refinement: order elevation [T. Hughes et al., 2005]
o k-refinement: order elevation + knot insertion [T. Hughes et al. 2008]
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@ knot insertion: adding a new knot into the existing knot vector without
changing the shape of curve/surface/volume

Original curve with == {0,0,0.1.1.1} Refined curve with == {0,0,0,0,0.5,1,1.1}
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@ order elevation: increase the order of B-spline basis function without

changing the shape of the curve/surface/volume

Original curve with == {0,0,0,1,1,1} Refined curve with == {0,0,0,0,1,1,1,1}
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@ Order elevation + knot insertion : p-h-refinement
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@ p-h-k refinement: increase number of freedom (control points) to
achieve better analysis results without changing the geometry

@ Keep number of freedom as constant to obtain better results ?
@ One option: optimize the placement of inner control points

e Parameterization of computational domain is changed while keeping
the boundary geometry
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_rerefinement in FEA

e r-refinement: remesh operation on computational domain to minimize
the cost function while keeping the number of elements as a constant.

@ moving nodes, moving mesh,....

o r-refinement in IGA: similarity and difference?

. ~ -~ ~

Original mesh A uniform A uniform A possible
h-refinement p-refinement r-refinement
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e Model quality in isogeometric analysis




Given a domain Q with I' = dQp U 0Qy,

Vk(x)VUX) =f(x) inQ
U(x) = Uy(x) on 0Qp (1)

ou
K(x) = (x) = @o(x) On 0,

where x are the Cartesian coordinates, U represents the temperature field
and « the thermal conductivity. Dirichlet and Neumann boundary
conditions are applied on dQp and dQy respectively, Ty and @ being the
imposed temperature and thermal flux (n unit vector normal to the
boundary). f is a user-defined function that allows to generate problems
with an analytical solution, by adding a source term to the classical heat
conduction equation.
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e weak form
fg Vk()VU(x)) ¢(x) dQ = fg f) ¥ dQ Yy € Hyg (Q),
@ integration by parts
- f k(x)VU(x) Vir(x) dQ + f Do(x) Y(x) dI' = f S ) y(x) dQ.
Q oy Q

o temperature field and test function

ni 1

TEm = Y, ) NN,
i=1 j=1
Yx) = Ny =Njoo ) = Ny&n = N'@& N ().

where o is the map from parametric domain ¥ to computational
domain Q.
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_ Isogeometric solving —Con i

D> Tu f K(X)VNG() VN;(x)dQ = f Do(X)N;j(x)dT — f SN (x)dQ.

k=1 I=1

@ rewritten weak formulation
o stiffness matrix and right-hand term

MU,kl:LK(x)VNkl(x) VN,-j(x) 17£9)
- f TV N (B Bw) VN )J () dP
P
5y = fa | DT0) B d - fp FTW) M) w) dP.

where J is the Jacobian of the transformation, BX is the transposed of
the inverse of the Jacobian matrix.
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2
e source term : f(x,y) = _4% Sin(%)sin(%).

@ boundary condition : Uy(x) = 0 and ®y(x) = 0
e exact solution : U(x, y) = 2sin(%)sin(’g—y).
@ computational domain : Q(x,y) = [0, 6] X [0, 6]
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@ Model quality has some effect on analysis results
@ accuracy and efficiency
@ How to improve model quality for isogeometric analysis ?
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o Introduction of r-refinement in isogeometric analysis




r-refinement

given initial placement of control points of computational domain,reposition
the inner control points to achieve more accurate simulation results in
isogeometric analysis
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Mainidea

@ Inspired from shape optimization

@ Shape optimization: optimize the boundary model to minimize the
error function (cost function) of simulation

Main idea
Let the inner control points, rather than boundary control points, be the
design variables for the shape optimization, and find the best placement of

inner control points to make the value of a cost function as small as
possible.
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e optimization variables: the coordinates of the inner control points

@ cost function: error of the IGA solution
@ optimization algorithm: steepest-descent method in conjunction with a
back-tracking line-search
@ Evaluation of perturbed points x; + ee;
@ Estimation of the gradient Vf(x;) by finite-difference
@ Define search direction d;, = —Vf(x;)
@ Line search : find p such as f(x; + pdy) < f(x)
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@ source term : f(x,y) = sm(”x)sm( )

@ boundary condition : Uo(x) =0 and d)o(x) =

@ exact solution : U(x,y) = 2s1n(7rx)s1n( ).

@ computational domain : Q(x,y) = [0, 3] >< [0, 3]
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initial solution

-
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184696
166226
147757
120267
110818
02348
0738784
0554088
0369392
0.164696
o
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final solution

r-refinement in isog

201430
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161147
141004
12086
100717
0.605737
0.604302
0.402865
0201434

exact solution
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@ boundary condition : Up(x) = 0 and ®y(x) =0
@ exact solution :

U(x, y) = sin(z(y — x%)) sin(rrx) sin(ry)
@ computational domain :

Q) ={x, ) -1<y<x’,0<x<1)
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initial domain final domain final isoparametric net
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initial solution final solution

152169
1.26266
1.00362
0.744583
0.485546
0.226509
-0.0325282
-0.291565
-0.550602
-0.809639
-1.068568
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0.75258
0.643899
0.535218
0.426538
0.317857
0.209176
0.100496
-0.00818483
-0.116865
-0.225546
-0.334227

exact solution

0.894193
0.762266
0.630338
0.498411
0.366483
0.234556
0.102528
-0.0292991
-0.161227
-0.293154
-0.425081
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@ source term : f(x,y) = sm(”x)sm( )

@ boundary condition : Uo(x) =0 and d)o(x) =

@ exact solution : U(x,y) = 2s1n(7rx)s1n( ).

@ computational domain : Q(x,y) = [0, 6] X [0, 3]
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initial solution

final solution
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o r-refinement for problems with unknown exact solution




o r-refinement for problems with unknown exact solution
@ Residual-based a posteriori error estimation
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@ model problem:

AU=f inQ @
U=Upon oQp
@ U, is the IGA solution
@ error. e =U - Uy,
@ residual function

R(¢):ff¢dg+fvyhv.,ud9

—Zf(fw AU, ) dK
KeQ
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el < € > hi f
KeQ
Main idea for r-refinement

(f = AUp)?dK
K

(3)
reposition inner control points to minimize } xco fix fK(f - AUy)*dK
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*U, U,
AUy, = + 4
S TRy (4)
@ Solution field in isogeometric analysis
ni 1
Unx,y) = Tuém = ), > MO o) Ty
i=1 j=1
Key point
How to compute AU,?
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_ Main idea of IGA

e Use the same mathematical representation for the computational
domain and solution field.

o Computational domain € is parameterized by the following planar
B-spline surface:

ni

PE ) = & myEM) = > > N@ON ) py,

i=1 j=1
@ Solution field over the computational domain Q has the following form,

ni 1

Un(x(& ), (&) = T (&) = NE@ N Ty,
J

i=1 j=1

Here T;; are the unknown variables in isogeometric analysis to be
solved.
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From Uy (x(&,m), y(€,1m) = T (£,7m), we have

6_‘7’ (9Uh Ox M BUh (9y
8¢~ Ox O

T (5)
o7 _ aUh 0x L 9Un ou,, By (6)
677 Ox (917 ay 877
Then we can obtain sU o7 o7
h
it O N J 7
Ox ( (9§ Yn 577 y{-‘)/ ( )
ouy, T oT
oy - gt g
where J = xgy, — yex,.
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BT _ PUy dx, U Px Uy dy

ouy, 0°
o7 _ Xy Dy 0Oy
e~ x o) T ax o T oy o)t oy o
az_T = az{jh(%)z + %a_zx + _aZUh(@ 2 + %a_zy
Py 9x o ax &y 0y on dy n
From (9)(10)

FU, U, Uy, 5 Uy Uy
oy = n(Tee = — Xee = a—yygg) = Ye(Tan = — =Xm = a—yynn)]/ K (1)
FPU, ou, Uy, 5 Uy U,
a2y~ T = o = v =% (Tee = 5o = 5 mve) VK (12)
where K = (xgy,)? — (x,¢)
oU, AU, U, U,

AU = [0 =Y Ty =5 == =ym) =06 =y (Tee— 5 2 xee= 5 el K
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o r-refinement for problems with unknown exact solution

@ r-refinement and error assessment
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@ Solve IGA problem over given computational domain

Q@ Compute Ykeq hx [ (f — AUy)*dK

© Reposition inner control points by minimizing > xcq hix fK(f — AU)*dK
© Output final placement of inner control points
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e=U-U,
A posteriori error assessment by resolving IGA problem:

Ae=f-AU, inQ

(13)
e=0 on 9Qp

Error field e has a B-spline form
Perform h-refinement to achieve a good approximation
More accurate but much more expensive

Used for error assessment in r-refinement method
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computational domain (CD) resolved error surface

exact error colormap (EC) resolved EC

Xu, B. Mourrain, R.Duvigneau, A.Galligo r-refinement in i



o r-refinement for problems with unknown exact solution

@ Examples and comparison




4 2
AU = - sin(%) sin(%) in Q

9 (14)

U=0 on dQp




initial CD CD after r-refinement CD after exact

r-refinement

0.153168
0137851

; 0122534
0107218
00919009
00765841
00612672
00459504
00306336
00153168
o

initial EC EC after r-refinement EC after exact method
= = =

G. Xu, B. Mourrain, R.Duvigneau, A.Galligo r-refinement in isogeometric analysis



0.603535
0543182
0.482828
0.422475
0362121

0.301768
0.241414
0.181061

0.120707

0.0603535

o

Initial CD and EC: *

Final CD and EC:

Exact method:
o
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initial CD

initial EC
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128278
11545

=
1.02623

0897947
0769669
0641391
0513113
0384835
0256556
o0a28278
o

CD after r-refinement

EC after.r-refinement
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initial CD

initial EC

[T

165983
1.49385
1.32786
116188
0.995897
0829914
0.663931
0.497949
0.331966

0.165983

CD after r-refinement

EC after.r-refinement




@ Conclusion and future work
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_Conclusion

e Model quality has some effect on accuracy and efficiency

o r-refinement method in isogeometric version: reducing the error value
while keeping number of freedom as constant

@ Parameterization of computational domain is changed without
changing the boundary geometry

o Residual-based a posteriori error estimation for IGA
@ Error assessment method for r-refinement in IGA

@ Implementation in algebraic-geometric modeler AXEL
http://axel.inria.fr/
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@ Local r-refinement: reparameterization of patches where error value
exceeds a specified tolerance.

@ r-h-refinement for isogeometric analysis
@ 3D cases:

le Edit Selection Display Render Window _Script _Help
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Thanks for your attention!
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Question?

r-refinement in isogeometric analysis



	Introduction of isogeometric analysis (IGA)
	Model quality in isogeometric analysis 
	Introduction of r-refinement in isogeometric analysis
	r-refinement for problems with unknown exact solution
	Residual-based a posteriori error estimation 
	r-refinement and error assessment
	Examples and comparison

	Conclusion and future work

