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Abstract

In this paper, we present two new unified mathematics models of conics and polynomial curves, called algebraic

hyperbolic trigonometric (AHT) Bézier curves and non-uniform algebraic hyperbolic trigonometric (NUAHT) B-spline curves

of order n, which are generated over the space span{sint, cost,sinht,cosht,1,t,..

"%}, n > 5. The two kinds of curves

share most of the properties as those of the Bézier curves and B-spline curves in polynomial space. In particular, they can
represent exactly some remarkable transcendental curves such as the helix, the cycloid and the catenary. The subdivision
formulae of these new kinds of curves are also given. The generations of the tensor product surfaces are straightforward.
Using the new mathematics models, we present the control mesh representations of two classes of minimal surfaces.

Keywords CAD/CAM, AHT Bézier curve, NUAHT B-spline curves, transcendental curves

1 Introduction

Curve and surface modeling is an important subject
of computer graphics(!™~3]. The rational Bézier scheme
and the NURBS scheme have become de facto stan-
dards for the representation of curves and surfaces in
CAGD, primarily because they encompass both freedom
and traditional analytical shapes under a unified math-
ematical model*~0l.  However, Farinl™® and Piegl®
also warned that the rational models introduce several
drawbacks. For instance, their derivatives and integrals
are hard to compute due to their rational forms. Fur-
thermore, they cannot represent exactly transcendental
curves such as the helix, the cycloid, the catenary and
the exponential curve, which play a key role in engi-
neering. In order to avoid the inconveniences of these
schemes, finding new bases in new spaces seems to be
the only way.

In this paper, we present two new unified math-
ematics models of conics and algebraic polyno-
mial curves, called algebraic hyperbolic trigonomet-
ric (AHT) Bézier curves and non-uniform algebraic
hyperbolic trigonometric (NUAHT) B-spline curves
of order m, which are generated over the space
span{sint,cost,sinh¢,cosht, 1,t,...,t"=>} n > 5. Such
curves share most of the properties as those of the Bézier
curves and B-spline curves in polynomial space. Fur-
thermore, they can represent exactly some transcenden-
tal curves such as the helix, the cycloid and the catenary.

2 Related Work

In recent years, many bases are proposed in new space
for geometric modeling in CAGD. Pefial'®! constructed
a basis for the space spanned by {1,cost,...,cosmt}.
Zhang['™1?] investigated C-curves in the space

span{l,t,cost,sint}, which coincide with the H-
curves('3l. Sanchez-Reyes'¥ gave a basis of the space
spanned by {1,sint,cost,...,sinmt, cos mt}. Mainar et
al.1 found some B-bases for the spaces spanned by
{1,t,cost,sint, cos2t,sin2t}, {1,t,t% cost,sint}, and
{1,t,cost,sint,tcost,tsint}. Lil'®l and Lil'" et al
proposed the H-Bézier curves and the uniform hyper-
bolic polynomial B-spline curves in the space spanned by
{sinht,cosht,1,t,...,t"=3}. Chen et all'® and Wang
et al.' constructed C-Bézier basis and the non-uniform
algebraic trigonometric (NUAT) B-spline basis of the
space spanned by {sint,cost,1,t,...,t" 3}. However,
the above curves are only able to represent exactly two
kinds of conics at most. In other words, none of them
are the unified mathematic model of conics, which keeps
them from being applied conveniently in CAD/CAM.
In order to build a unified mathematic model of
conics, Zhang et al.?*>?! unified C-curves and the H-
curves by extending the calculation to complex num-
bers. However, trigonometric function and hyperbolic
function cannot appear simultaneously in their models.

3 AHT Bézier Basis

3.1 Construction of AHT Bézier Basis

We first give four initial functions (see Fig.1(a))

By 3(t) = S(;(;)t)’
_Cla—t) Sla—t)
Pe= "oy " 5@
ct) S
Bosll) = Say ™ Sla)
B3 3(t) = &,
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where S(t) = sint—sinh ¢, C(t) = cost—cosht, t € [0, a],
a € (0,37/2].
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Fig.1. AHT Bézier basis. (a) Four initial functions with o = .
(b) Case of order 5.

For n > 3, AHT Bézier basis functions
{Bons Bim,.--,Bnn} of the space I,41 =
span {sint, cost,sinht,cosht,1,¢,t* ..., t"*} are de-

fined recursively by (see Fig.1(b))

t
B(),n(t) =1- / 507"7‘71B07n71(5)ds7
0

¢
B;n(t) = / (0i—1,n—1Bi—1,n—1(8) — 8i n—1Bi n—1(s))ds,
0

1<i<n—1,

t
B",n(t) = / 6n—1,n—an—1,n—1(3)d8,

0
where §; ,, = 1/ foa B;n(t)dt, 0 < i < n.

3.2 Properties of AHT Bézier Basis

1) Partition of Unity: Y .o Bin(t) = 1.
2) Symmetry: B; ,(t) = Bp—;n(o —t).
3) Properties of the Endpoints:

BY)(0) = B¥)(a) =0,

7,n

BO,n(O) = By () =1,

3

where j =0,1,...,:—1,k=0,1,..
4) Linear Independence: By, B1p,. ..
ear independent and {By ., B1.n, -

,n—1—1.

, Bn,n are lin-
.., Bnn} is a basis of
[t
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5) Degree-Elevation:
Bin(0)
Bi}041(0)
Biyin(0)

Bi(:tl—)l,n+1( )

B;n(t) =

Biny1(t)

n (1 — )Bi+17n+1(t).

We can prove it with the same method as those of
the C-Bézier basis!!5].

6) Positivity: B; n(t) > 0 for t € (0,a), so AHT
Bézier basis is a blending system.

The proof of the positivity is based on the following
lemmas.

Lemma 3.1. Let o € (0,37/2] and f(t) = acost +
bsint + csinht + dcosht, then f(t) has at most four ze-
ros on [0,q], where a,b,c,d € R and they are all not
equal to zero.

Proof. Using proof by contradiction, we can prove it
from the Rolle’s Theorem. O

Lemma 3.2. B, ,(t) has and only has n zeros on
[0,a],a € (0,37/2], n > 4.

Proof. Using proof by contradiction, we can prove it
from Lemma 3.1, the property 3) and Rolle’s Theorem.

O

Proposition 3.1. B; ,(t) > 0 fort € (0, a).

Proof. From Lemma 3.2, we know that B;,(t) has
and only has n zeros at [0, @] including the i-fold zero
at 0 and the (n — i)-fold zero at «, so B; ,,(t) is either
positive or negative on the interval (0, «). The proof is
completed together with property 3). O

7) The AHT Bézier Basis is B-Basis: by the prop-
erties 1), 5) and 6), we have that AHT Bézier ba-
sis is a totally positive basis. It is easy to get
inf{B; ,(t)/Bjn(t)|Bjn(t) # 0} = 0 by L’Hospital’s
Rule. From Proposition 3.12 in [22], AHT Bézier basis
is B-basis, so it has optimal shape preserving properties

and optimal stability properties for the evaluation!?3!.

4 AHT Bézier Curve and Its Applications

An AHT Bézier curve p(t) of order n + 1 is defined
by

n

p(t) =Y Bi.(t)P;, te€0,al,
i=0
where {B; ,,(t)} is the AHT Bézier basis for the space
I',11, P; is the control point, and « is a global shape
parameter, a € (0,37/2].

4.1 Geometric Properties of the AHT Bézier

Curves
1) Endpoints Interpolation:
p(O)ZP()’ p(a):Pn

2) Convez Hull Property: the entire AHT Bézier
curve p(t) must lie inside its control polygon spanned
by Po,...,Pn.
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3) Derivative: the derivative of p(t) is clearly a curve
of order n:

n—1
P =3 Biuca(t)Q;, t € [0,a),
=0

where Q; = ;. n_1(Pit1 — P;).

In particular, we have

1=0
k
P (@)=Y B¥(a)P,_..
1=0
4) Degree-FElevation:
n n+1
p(t)=> Bin(t)Pi=>_ Binn(H)Q;. (1)
i=0 i=0
Here
QO = PO)
B{)(0) BHO)
Qz:<1_#> i—1 T i t=1,...,n,
Bi,n+1(0) Bi,n—l—l(o)
Qn+1 = P‘ﬂ

In fact, a degree-elevation procedure is a corner cut-
ting procedure just as those of the Bézier curve. Using
the method presented in [24], we can prove that the se-
quence of the control polygons that we get recursively
from (1) converges to the AHT Bézier curve.

5) Variation Diminishing Property: no plane inter-
sects an AHT Bézier curve more often than it intersects
the corresponding control polygon.

6) Converity Preserving Property: if the control
polygon is convex, then the corresponding AHT Bézier
curve is also convex.

We will prove the above two properties in Subsection
6.2.

7) Limit of the AHT Bézier Curves: as a — 0,
the limit of an AHT Bézier curve in the space I, 41
approaches a Bézier curve in the space spanned by
{1,t,t2,...,t"} (see Fig.2).

8) Subdivision of the AHT Bézier Curves: AHT
Bézier curves admit a de Casteljau-type algorithm,
called B-algorithm?®/, that provides evaluation and
subdivision. This property can also be derived via
blossoming!*3!. We will give the algorithm in Subsec-
tion 6.2 via inserting new knots. In fact, as a — 0, the
B-algorithm reduces to the standard de Casteljau algo-
rithm. This property is consistent with property 7) in
this subsection.

9) Critical Lengths for Design Purposes of I',41: in
[26], it was shown that certain spaces admit preserving
representations on and only on compact intervals whose
length is strictly less than a fixed value. This value de-
pends only on the space and it is called the critical length
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for design purposes. For a given space of functions, the
critical length for design purposes determines the supre-
mum of the amplitudes of the interval, so that it is of
interest in CAGD.

P, ) Bezier Curve P

P,

P,

Fig.2. Limit of AHT Bézier curve.
Table 1 lists the critical lengths for design purposes
of I'yy1,n=3,4,5,6,7,8.

Table 1. Critical Lengths for Design Purpose of
I'nt1,n=3,4,5,6,7,8.

Space F4 F5 FG F7 Fg Fg
Critical
L 1.50567 1.50567 2.49977 2.49977 3.10237 3.10237
ength

4.2 Applications

In order to illustrate the practical value of the
new mathematic model, we will represent some spe-
cial curves and surfaces by quintic AHT Bézier basis
in this subsection. We firstly present the transform ma-
trix between {1,¢,sint,cost,sinht, cosht} and the quin-

tic AHT Bézier basis {B; 5}7_, as follows.

(1,t,sint,cost,sinht,cosht)
=T(Bos,Bis,B2s,Bss,Bas, Bss) ',

where
T = (aij)6x6
1 1 1 1 1 1
0 6 M o—-M a—0 «
|0 6 M Ns—Mc s—éc s
" 11 1 N Nc+Ms c+6s c |’ (2)
0 6 M Ls—Me 5—6c 3
1 1 L ILe—Ms ¢—65 ¢
where
1 . .
F(t)= i(smht +sint) — ¢,
fi=Fa), e=f— fofe
9= fofs — fifss h=f;—fifs,
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Fig.3. Construction rules of circular arc, helix and right helicoid, o = 47 /3.

s_fo g h=2h0t b
S h
g h+2fig — foh
M== N=—41""+ "~
h’ h ’
s=sina, c¢=cosaq,
5 =sinha, &= cosha

In the following, we will present some modeling ex-
amples using quintic AHT Bézier basis.

Ezample 1. Construction of Circular Arc.

If ApA1AsA3A4 A5 is a symmetric hexagon, and
4A1AOA5 = 4A4A5A0 = 04/2, |AOA5| =2r sin(a/Z),
hy =rdsin(a/2), ha = r(N —1) cos(a/2)+rM sin(a/2),
|AA3| = 7y/N2[3—2(c+s)]+2MN(c— s)+ M?,
then their corresponding AHT Bézier curve with para-
metric a represents a circular arc with center angle «
and radius r (see Fig.3(a)).

FEzample 2. Construction of Helix.

Step 1. Construct control polygon PyA;A;
A3A4 A5 of the circular arc which has center angle «

and radius 7 on the plane A according to Example 1.

Step 2. Set P1A1 1 147 |P1A1| = w5; P2A2 1 A,
|P2A2| = UJM; P3A3 1 A, |P3A3| = w(a - M),
P4A4 1L A, ‘P4A4| == w(a— (5), P5A5 1 A, |P5A5| =
wa.

Let PoP1P3;P3P4P5 be the control polygon (see
Fig.3(b)). Then the corresponding AHT Bézier curve
is the helix with parametric form {rcost,rsint,wt},
0<t<a.

Thus, we can obtain the construction rules of the
control mesh of the right helicoid with parametric form
{asinhucosv,asinhusinv,av}, 0 <u< o, 0 < v <.
Note that 6., Ma, 03, Mg are defined in (2) correspond-
ing to a and S.

Ezample 3. Construction of Right Helicoid.

Step 1. Construct the control polygon PyoPg;
Py Po3PoysPys of helix with parametric form
{asinh a cosv,asinhasinv,av}, 0 < v < B, accord-
ing to the construction rules of helix.

Step 2. Let Psg be the center of the circular arc con-
structed in Example 1, and P35P50 L A, |PssPs| =
CLIB, P55,P54,P53,P52,P51, P50 are collinear, and

\P55P54| = 0557 |P54P53\ = G(Mﬂ - 6;@)a ‘P53P52| =
a(ﬂ — 2Mlg), |P52P51| = a(Mg — 5ﬂ), |P51P50| = a(Sg.

Step 3. Connect P5i and POi- P5i7P4i,P3i,
Py, Py;, Py; are collinear, and |P5;Py4;| : |P4;Psi| :
|P3iPai| : |P2;Pi1;i| : |P1iPoil = 60 @ Mo — b0 :
a—2M, : My — 64 @ 0a, @ = 0,1,2,3,4,5. Thus, we
can obtain the control mesh representation of right he-
licoid (see Fig.3(c)).

Ezample 4. Construction of Catenary.

Step 1. Set |POA4‘ = a(éf 1), P(),Al, AQ,A3,A4
are collinear, and |PoAi| = a(L — 1), |A1As| =
a(L(e¢ — 1) — M5), |[AAs| = a(é(1 — L) + 5(M — 9)),
|A3A4‘ = ads.

Step 2. Set P1P0 1 POA4, |P1P0| = b5, set
P2 A1 1 POA4, |P2A1| = bM, set P3A2 1 .1301447
|P3A2| = b(Oé — M), set P4A3 1 POA4, |P4A3| =
b(a — (S), set P5A4 1 POA4, |P5A4‘ = ba.

Ps
P/
P3/
P,
Py
POAI Az A3 ( ) A4
a
- A
Py,

o B

00
Po1 Py Py Py Pos

(®)

Fig.4. Construction rules of catenary and catenoid, 8 = 27 /3.
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Let PoP,;P>;P3P,P5 be the control polygon (see
Fig.4(a)). Then the corresponding AHT Bézier curve
is the catenary with parametric form {acosht,bt}, 0 <
t < a.

In the following,
trol mesh of catenoid with parametric
{—bcoshusinv,bcoshucosv,bu}, 0 < v < «a, 0 <
v £ B. Note that 0y, M,,d3, Mg are defined in (2)
corresponding to o and S.

Ezample 5. Construction of Catenoid.

Step 1. Set A 1 B, and construct control poly-
gon PogP19P2gP3oP4oPso of catenary with paramet-
ric form {bcoshu,bu} on plane A.

Step 2. On the plane B, construct the control
polygons of five concentric circular arcs with central
angle 3, and their radius are b,bL,, b(L.¢ — M,53),
b(c — 6,5) and bc respectively, and the center of the
circular arcs lies on the intersection of the plane A and
the plane B. We denote them Pgg Py Py Po3PosPos,
AAinAip Az Ay Ais, 1 =2,3,4,5.

Step 3. Move the control polygons constructed
in Step 2 along the normal vector of plane B, such
that Pgo and P;q are overlaped, A;o and P;q are over-
laped, ¢ = 2,3,4,5. So we can obtain five polygons:
PP, P;sP;3sP;yP;5, i = 1,2,3,4,5. Thus, we can
obtain the control mesh of the catenoid (see Fig.4(b)).

In the following, we will construct the con-
trol mesh of generalized helicoild with paramet-
ric form {asinhwucosv — bcoshusinv, asinhusinv +
becoshucosv,av+bu},0 <u<a,0<vp.

FEzxample 6. Construction of Generalized Helicoid.

Step 1. Construct the control mesh of the

we will construct the con-
form

(d

right helicoid with parametric form {2asinhwucoswv,
2a sinh usinwv,2av}. We denote the control points by
P}

Step 2. Construct the mesh of the
catenoid with parametric form {—2bcoshu cosv,
2bcosh usinv,2bu}. We denote the control points by
P,

Step 3. The control points P;; of the generalized
helicoid can be obtained by

control

1
Pij = (P + P), 4,5=0,1,--,5.

Thus, the control mesh is obtained (see Fig.5).

There are many special shapes that can be rep-
resented exactly by AHT Bézier basis. For example,
in 1855, Bonnet discovered a class of minimal sur-

faces of which the lines of curvature are planar curves,
with parametric forms {puisinucosh'v vEpcos usinhv

\/1pr ’ \/1pr ’
tcosucoshv}, 0 < u < a,0 < v < B When p =0,
it is the catenoid; when p — 1, it approximates to the
Enneper’s surface. We can also represent them exactly

using the quintic AHT Bézier surfaces (see Fig.6).

5 NUAHT B-Spline Basis

5.1 Non-Uniform Algebraic-Hyperbolic-
Trigonometric Spline Space

Let 7' be a given knot sequence {t;};>°_ with

At; = t;11 —t; € [0,37/2). We give the definition of al-
gebraic hyperbolic trigonometric spline of order k firstly.

© ®

Fig.5. Dynamic deformation from a right helicoid to a catenoid with a« = 1.5, 8 =2x. (a) a=1,b=0. (b) a =0.8,b=0.2.
(¢)a=06,b=04. (d) a=04,b=0.6. (¢) a=0.2,b=038. (f)a=0,b=1.
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(©)
®

Fig.6. Morphing between catenoid and Enneper’s surface with a = 27,8 =1. (a) p=0. (b) p=0.2. (c) p=0.4. (d) p = 0.6.

(e) p=0.8. (f) p=10.99.

Definition 5.1 (Algebraic Hyperbolic Trigono-
metric Spline). If s(t) is a piecewise function, for
each i = 0,%1,..., the restriction of s(t) to the
subinterval [t;,t;+1] is in the span of {sint,cost,sinht,
cosht,1,t,...,t*"°} k > 5, and at a knot t; of multi-
plicity r;, s(t) is (k —r; — 1) times continuously differ-
ential, then we call s(t) an algebraic hyperbolic trigono-
metric spline of order k.

Let Qg[T] denote the collection of all algebraic-
hyperbolic-trigonometric spline of order k. Further-
more, it can be easily checked that Qi[T] is a lin-
ear space. A basis of Qi[T] is called a non-uniform
algebraic-hyperbolic-trigonometric B-splines (NUAHT
B-spline) basis of order k if the basis functions are non-
negative, form a partition of unity, and have minimal
support.

5.2 Construction of NUAHT B-Spline Basis

To construct an NUAHT B-spline basis of Q[T
(k > 5) recursively using integral method, we need to
define a set of initial functions N; 4(t) over Q4T firstly.
N; 4(t) should be piecewise functions and satisfy conti-
nuity at the knots t;,%;41,ti42,t;4+3 and ¢;44. Since NU-
AHT B-spline is a kind of non-uniform spline, N; 4(t)
should contain 16 cases of knots listed in the Table 2.
To simplify the form of N;4(t), we will construct N; 4(t)
with a unified expression that contains all the 16 cases.

To construct N; 4(t) to satisfy the conditions listed
above, we first define I;;, s;y;, j = 0,1,2,3,4, such
that

{ ligj == ti+j+li+j—1 < ti+j+li+j7 (3)
bitj—siy; < titjsi;+1 = =tit;.

Then we define f(t) as follows

£(8) = { %(sinhtf sint),

0, t<0.

t>0,

Obviously,

£(0) = f'(0) = £"(0) = 0,

1) =1, fO) = f().
That is, f(!)(t) has a zero of multiplicity (3 — 4) at 0,
i=0,1,2,3.

Table 2. 16 Cases of Knot
(N is the number of knot intervals between ¢; and ¢;44)

N Cases of Knot

0 ti =tit1 =tiya =t;43 =ti44

1t <tipr =tigo =ti43 =tiqa, ti =tip1 < tiyo =ti43 = tiya,
ti =tit1 =tiqya <tig3 =tita, ti = tiy1 = tiga2 = tiy3 < titq

2t <tiyr <tiyo =tigs = tiya, b < tiy1 = tiva <tits = tita,
ti <tiy1 =tig2 = tig3 <tliya, 6 = tig1 < tiq2 <tiy3 = tita,
ti = tip1 <tiy2 = ti43 <titq, i =tig1 =t <tig3 <tiyq

3t <tigr <tiya <tigs =tiya, b < tiy1 < itz = tits < tit4,
ti <tiy1 =tiga <tigz <tliyq, & = tig1 <tig2 <tiq3 <titq

4 t; <tipr <tigo <tipz <tiga

Define
Flosi Dt —tiyg), 1< j+lipy <5,
fivalt) = { D —tivg), G+ livs > 5,
where [;1; is defined as in (3), j = 0,1,2,3. Obviously,

fi+;(t) has a zero of multiplicity (4 — l;1;) at t;i4;.
Let

filtiva) fix1(tiva) firo(tiva) firs(tiya)
N(t) = filtiva)  fipa(tiva)  fipo(tiva) fips(tiva)

Fi'(tiva)  fihi(tiva)  flo(tiva)  flls(tiva) |

fi(t) fir1(t) fita(t) fits(t)

(=)' N(t), ti <t <tiya,

0, otherwise,
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where s;14 is defined as in (3).

Thus, we construct a set of desired initial functions
N; 4(t). In fact, we have the following theorem.

Theorem 5.1. N;4(t) is a piecewise polynomial
over T and it has a zero of multiplicity (4 — ;) at t;,
1<l <4, itis (3—1i4;) times continuously differential
at knots t;y;, 1 <lip; <4, 7=1,2,3, and it has a zero
of multiplicity (4 — si4a) at tiya, 1 <lig; < 4.

From Theorem 5.1, we know that NN;4(t) satisfies
our requirement and it contains all the 16 cases of knots
listed in Table 2. Note that it has the same continuity
at the knots as those of the polynomial B-spline basis of
order 4.

For k > 5, N, 1,(t) is defined recursively by

t
Nii(t) = / (0;,k—1Ni k—1(8) — 0;41,k—1Nit1,k—1(s))ds,

where 6; 1, := (fj;: Ni7k(t)dt)71.

From the local support of N; (t), which will be listed
in Subsection 5.3, we have

‘ 0, t<t;
/ 5i’kNi’k(S)dS = >0, t;<t< tivk,
o 1,  t>tig

In particular, in order to ensure that IN;; have the
partition of unity property, when N;; = 0, we set
5i,kNi,k =0 and

t 1
/ 5i7kNi’k(8)d8 = { 0,

In fact, ; 1 V; 1, is a Dirac delta function when N; j = 0.

It can be easily seen that N; , have the properties to
be listed in Subsection 5.3, from which we conclude that
N; i, constitute a basis of Q[T], for k > 5. We call N, 4,
NUAHT B-splines basis of order k, k > 5,7 =10, %1,....
Fig.7 illustrates the NUAHT B-spline basis of orders 4
and 5 with the same knot sequence.

t<tiyk.

()

(®)

Fig.7. NUAHT B-spline basis of order 4 and order 5 with the

same knot sequence. (a) Case of order 4. (b) Case of order 5.
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5.3 Properties of the Basis

1) Differential: N;y, is (k—r; —1) times continuously
differential at the knot ¢; with 7; the number of times
t; appears in the knot sequence (tj)?'k.

2) Positivity and Local Support:

O

We will prove it in Proposition 5.1.

3) Zero Function: N;(t) = 0 if and only if ¢, =
tiy1 = =t

4) Partition of Unity: Y, N; () = 1.

5) Derivative: Nil,k(t) = Gip1Nig_1(t) —
Sit1,e—1Nit1,6—1(t). When N; 1 =0, 6 x—1Nip—1 =
0.

> 0,
:0’

t; <t <titk,

otherwise.

6) Linear Independence: Nj(t), i = 0,%1,..., are
linearly independent on (—oo,+00) if the multiplicity
of each knot of T is less than (k + 1). In particu-
lar, N;_g41,%(t), ..., N, £(t) are linearly independent on
[ti,ti+1] for all ’L,k with t; < tit1-

7) Let r = max{s : t; = tiys}, if r > k — 2, then we

have o
J :7’_17

1
N, u(t;) = ’
k() {O,j¢i—L

8) Relation with AHT Bézier Basis.
In the case t;_py1 =

(4)

ticgyz = - = 1 <
tick41 = bick+2 = - = tiy1 = tig2 = - = tigk,
Ni—g+15(t), ..., N; x(t) is just the AHT Bézier basis of
order k on [t;,t;11]. From the definitions of the two
bases, this property can be proved by induction on k.

Remark 5.1. From this property and property 9)
in Subsection 4.1, we can obtain that the distances be-
tween knots of the knot vector associated to the NUAHT
B-spline basis will increase when k increases.

5.4 Inserting a New Knot
'+oo

Theorem 5.2. Let T := {t;};.°°_ be a knot se-
quence, where t; < t;41, 1 = 0,+£1,£2,.... Inserting a
new knot u into T, t; < u < t;41, we can obtain a new
knot sequence T : {t}}>° . N;i(t) and Nj . (t) are
NUAHT B-spline basis functions for the knot sequence
T and T* respectively. Then we have for all j,k > 4,

Njx(t) = O‘j,kle,k(t) + 5j+1,kNj1+1,k(t)a (5)
where for 0 < r < k:

1, j<i—k,
Nji (1))
Qjk = %, i—k<j<i-r+1,
Nj 7'(t5)
0, Jzi—r+1,
0, j<i—k,
k—siip_
N;(—Lkm tjino1) o
Bik = (o—s;700) , i-k<j<i-—m,
Nk (tj+h-1)
L izi-r,



604

and for r > k:

1, j<i—-k+1,
k=1

> ik,
g O disk+l,
ik 1, j>i—k+1,

where l; and s;jr—1 are defined as follows

tj = =tipr;-1 <tjri,;
Cith—1-sjin_1 <ljtk—sjjps = " = tjt+r—1,

and r is the multiplicity of the knot u in T. Ift; <u <
tiv1, thenr =0.

Theorem 5.2 also gives a method to compute the co-
efficient «; 1, 85415 for all j. From Theorem 5.2, it is not
difficult to show that a;; > 0, 8;, > 0. Furthermore,
by the property of partition of unity and the linearly
independence of Ni{k(t), 1 =0,%1,..., we have the for-
mula o + B, = 1 for all 4,k with Nil’k(t) # 0 for all
i. Then (5) can be rewritten as

Ni(t) = ai7kNi1,k(t) +(1— ai+17k)Ni1+1,k(t)' (6)

Now, we give the proof of the non-negativity property
of Ni’k(t).

Proposition 5.1. N, ,(t) > 0 for all t.

Proof. By inserting a series of new knots into knot
sequence 7' such that the multiplicity of each knot ¢; is
k, we then obtain a new knot sequence denoted by T'.
Let N, i17  be the new splines with the new knot sequence
T*, then N; ;(t) is a convex combination of N} (t). By
property 8) in Subsection 5.3, we have that N}, (¢) de-
termined by t; is actually an AHT Bézier basis on each
interval [tj,tj+1], jJ=t1+1,...,1+ k — 1, tj < tj+1.
Thus, we have N; j(t) > 0 for all ¢. m|

6 NUAHT B-Spline Curves

An NUAHT B-spline curve in Qgltk, t,+1] can be de-
fined by

p(t) =D Nik(t)P; t <t <tp, (7)
=1

where P; is the control point, Py P, - - - P, is the control
polygon. A piece of p(t) over [t;,t;41) can be written
as

pit)= > Nix(t)P;

i=j—k+1

Fig.8 illustrates two pieces of NUAHT B-spline
curves with the same control points but different knot
sequences.

J. Comput. Sci. & Technol., July 2007, Vol.22, No.4

(@ (b)

Fig.8. Pieces of NUAHT B-spline curves with the same control
points but different knot sequences, k = 5,n = 7. (a) Case of

uniform knot sequence. (b) Case of non-uniform knot sequence.

6.1 Properties of the Curves

Let p(t) be a piece of NUAHT B-spline curve of order
k, then p(t) has the following properties derived directly
from the properties of the basis.

1) Differential: p(t) is (k —r — 1) times continuously
differential at knot of multiplicity 7.

2) Convex Hull Property: p(t) lies inside the convex
hull of the corresponding control polygon. It follows

from the non-negativity and partition of unity of the
NUAHT B-spline basis.

3) Geometric Invariance: because p(t) is an affine
combination of the control points, its shape is indepen-
dent of the choice of coordinate system.

4) Local Control Property: change of one control
point will alter at most k segments of p(t). Hence local
adjustment can be made without disturbing the rest of
the curve. It is very useful for the interactive design.

5) Derivative:
j+1

d
S = Y PUN o 1(t), t; <t<tjyr,
i=j—k+1

where P£1] = 6; k,-1AP; 1. Furthermore,

j+r
p(r) (t) = Z PET]Niykfr(t), O<r<k—4
i=j—k+1
where PET] = (5i7k,TAP7[:T;711], APi_l = Pz - Pi—la

Py=P,.1 =0.

In contrast to the NURBS scheme, the derivative
yields a simple curve. Note that §; y_1N; ;1 = 0 when
Ni -1 =0.

6) Uniqueness: if p(t) = > Nix(t)P; =
Yo Nik(t)Q;, we have P; = Q;. It follows from the
linear independence of the NUAHT B-spline basis.
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6.2 Subdivision of the Curves

Substituting (6) into (7), we have

p(t) =Y Niu(t)P;
=1
= (irNE(1) + (1= i1 k) Ny (1) P
=1
n+1

i=1

where )
P, =(1-or)Pi—1+ ;1P (8)
PO == Pn+1 = 0

with Nil’,c and a; j as defined in Subsection 5.4.

According to (8), we can obtain the new control
points from the old control points after subdivision. In
fact, the process of inserting a new knot is actually a
corner cutting process.

If we insert the same knot u, t; < u < t;41, itera-
tively, then from (8) we obtain a series of new control
points Pé7 i=1,...,n+1, with [ the times of inserting
knot. See Fig.9(a).

In particular, when ! = k—1, from (4), we can obtain

Ny [ b i
. u) =
ok 0, j#4,

then,
n—+l

p(u) =Y _ PiN},(u) = Pj.
=0

To simplify notation, we use 7" = {t7 ?':ofoo to de-
note a new knot sequence obtained by inserting a se-
ries of new knots into the initial knot sequence T' =
{t:};>° ., where r is the times of inserting knots.
Thus, the initial control polygon P, Pj--- P, changes
to PiPy---P,, . And let A" = max|t],, — t]|,
it =1,...,n+ k+r—1. We have the following the-
orem.

Theorem 6.1. If lim, ., A" = 0, then the se-
quence of the control polygons P{ Py --- P, , = converges
to the spline curve p(t).

Its proof is very similar with the case of NUAT B-
spline curves!!®l, Theorem 6.1 ensures that recursive
subdivision of control polygon leads to its correspond-
ing NUAHT B-spline curve. With this theorem, the
variation diminishing property and the convexity pre-
serving property of NUAHT B-spline curve can be eas-
ily deduced. Since AHT Bézier curve is a special case
of AHT B-spline curve, we can easily obtain that AHT
Bézier curves also have the above two properties.

Similarly, we can obtain the de Casteljau-type al-
gorithm of AHT Bézier curves via inserting new knots.
That is, supposing that p(t) is an AHT Bézier curve
of order k defined on [0,«], we first consider p(t) as

a piece of NUAHT B-spline curve with knot sequence

T = 10,...,0,c,...,a]. Then, we insert new knot
k k

u € [0,a] into knot sequence T such that the multi-

plicity of w is (kK — 1). Thus, we obtain p(u), u € [0, a].

Fig.9(b) shows the subdivision of AHT Bézier curve of

order 5.

Py (P, P!

(d)

Fig.9. Subdivision of the curves. (a) Subdivision of AHT B-spline

curve of order 5. (b) Subdivision of AHT Bézier curve of order 5.

6.3 Some Examples

In this subsection, we will give some examples con-
structed by the NUAHT B-spline curves. In particular,
we can represent the conics and some transcendental
curves using only one control polygon. This is very use-
ful for constructions of 2D-profiles in engineering design.
Using two ellipses and a part of hyperbola, we construct
a curve in Fig.10(a), which is similar to the profile of the
head of the sheep. The profile of the vase is constructed
in Fig.10(b). In Fig.10(c), we construct the profile of
the table tennis racket using an ellipse.

6.4 NUAHT B-Spline Surface

Exactly as in the construction of B-spline tensor
product surface from B-spline curve, we can construct
NUAHT B-spline surface from NUAHT B-spline curve
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Py (P,,..., Ps, P3s,..., P39)

Py (P7) P4(Ps) Py (Pye)  Pr3(P27)

Ro Rz, BsBol \/ |
P,(Ps) P Py Pig Py; Pr(P2s)
(Ps, P9) (P25, P29)

Pis
(@)

Pig
(Pro,..., P23)

P3(Prs,..., Pr7)
()
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P30 (P31,..., P34)

Py(P13) Pg(P12)

Pio(P1s) Pisks P;(P1)

Pis (Py7,..., Py) Pi (Pa,..., Ps, Pyy,..., P2s)
©

Fig.10. Some 2-D profiles constructed by AHT B-spline curves. (a) Head of the sheep. (b) Vase. (c) Table tennis racket.

by
p(u,v) =Y Y Nigp(w)Nj4(v) P,
=1 j5=1
where P = [P; ;] is the control mesh, u € [ti,tnt1],

v € [thytmt1]; » = k,m > h. Its properties can be
deduced by those of NUAHT B-spline curve.

7 Conclusion

In this paper, we have proposed two new
kinds of curves, which are generated over the space
span{sint,cost,sinh¢,cosht,1,¢,...,t"~°}. These two
kinds of curves not only inherit the advantage of poly-
nomial curves, but also take on the characteristics of
trigonometric functions and hyperbolic functions. That
is, in addition to the polynomial curves, they also pro-
vide exact representations of conics. Hence, similar with
the rational Bézier scheme and the NURBS scheme,
they are also unified mathematics models of polynomial
curves and conics.

In particular, the new curves are more stable in cal-
culation than the rational schemes(?”]. Furthermore, we
can achieve for the straight line, circle and helix an arc-
length parameterization by the new curves, but the ra-
tional schemes cannot. More important, the new curves
can afford exact representation of remarkable transcen-
dental curves, such as the helix, the cycloid and the
catenary, but the rational models cannot. Therefore,
we expect that the new models can be employed as new
powerful tools for constructing freeform curves and sur-

faces in CAGD.
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