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Abstract In this paper, we present a geometric cégstr ction of control meshes of helicoids
over trapezium domain. We first introduce the quasi-Bézier basis in the space spanned
by {1,t,cost,sint, tsint,tcost}, withit € LO, afja € [0,27). We denote the curves ex-
pressed by the quasi-Bézier basis as algebraic-trigonometric Bézier curves, for short AT-
Bézier curves. Then we find eut the transform matrices between the quasi-Bézier basis and
{1,t,cost,sint, tsint, tcost}. Finally, we present the control mesh representation of the heli-
coids and the geometric canstruction of the control mesh. In detail, we construct the control
polygon of the planar Archimedean solenoid, which is also expressed with the quasi-Bézier
basis, and then generate the mesh vertices by translating points of the control polygon.
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1 Introduction \

Modeling of special surfaces is very important fox computer aided design and com-
puter graphics because of the beautiful propertiés of 8pecial surfaces!"3111. Recently,
minimal surfaces have attracted more attentions inn CAGD[2:5-9:12=17] " Helicoid is an
important kind of minimal surfaces. Cata]‘an verified that all ruled non-planar mini-
mal surfaces are helicoids!'?!. Helicoids have various applications in manufacture and
architecture, for example, if a;sliding board adopts helicoids, one can acquire constant
acceleration when sliding along it. Hence, it is valuable to introduce helicoids into
CAGD/CAM systems, ¥
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Most of curves and surfaces in CAD/CAM systems are represented by control
polygons/control meshes. However, helicoids cannot be represented by Bézier or
NURBS surfaces. Hence, in order to introduce helicoids into CAD/CAM systems,
we should first propose the control mesh representation of helicoids. Refs.[7] and [14]

proposed two kinds of control mesh representations of helicoids. However, in their
presentations, the domain of the parameters is restricted to be a rectangle. It is
inconvenient to obtain a trimmed surface of helicoids over a rectangular domain. In
particular, rectangular domain is a special case of trapezium domain. Hence, in this
paper, we present a new control mesh representation of helicoids, letting the domain

of the parameters be a trapezium.

Motivated by this purpose, first, we introduce the quasi-Bézier basi {ui75(t)}5

3

=0

in the space I's = span {1,t, cost,sint, tsint, tcost}, with ¢ € [0, a], @ 6\[0, 27),Swhich
.
has been discussed in MainarQl. In this paper, we denote the curves expressed by

the quasi-Bézier basis {Ui,5(t)}?:o as algebraic-trigonometr

Bézier ‘curves, for short

AT-Bézier curves. Then we find out the transform matrices between {U¢,5(t)}?:0 and
{1,t,cost,sint,tsint,tcost}. Hence, the definitionyof the basis is explicit, and the
control points can be attained expediently. Sec ‘dly, the tensor product representa-
tion of a patch of helicoids is derived, as.well as the control mesh of the patch. Finally,

the geometric construction of the cont{ol‘mesh is discussed.

Section 2 introduces the AT-Bézier curves with AT-Bézier basis. Section 3 pro-
vides the representation of the helicoid patch defined on a trapezium domain. The
geometric construetion yof the control mesh of each helicoid patch is presented in
Section 4. Section 5 concludes the research and discusses the future work.

2 AT-Bézier Curves

2.1 AT-Bézier basis

Mainar01l defines the quasi-Bézier basis in the space I's = span{l,t, cost,sint,
tsint, tcost}, t € [0,a],«a € [0,27). We denote it as {ui75(t)}?_0. Let \
- -

F(t) = 3(t —sint) — t(1 — cost),
G(t) =t —sint.

. . .
Set the derivatives of F(t) be f; = F®(a), g; = G(z)\Q), and denote

e=ft— fofe, 9= fofs— fifon h=[3=fifs,

c=cosa, s=sina, d=g+ah."

Then the quasi-Bézier basis is s s

F(t) — f1-uos(t)),

)

)=
)=H(h-F(t)+g-F'(t)+e- F"(t)),
)

)

)

.

\

_ h
T e(f2htfagt+fae)’
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From the definition, {u; 5 (t)}?zo satisfy:
(1) 0 is ¢-fold zero of u; 5(t), and «a is (5 — ¢)-fold zero of u; 5(t).

(@) ; uis(t) = 1.

For gxpedience, we can rewrite the definition explicitly, i.e.
(wo,5(t), u1,5(t), uz5(t), us,5(t), ua5(t), u5,5(t))T = A(1,t,sint, cost, tsint, t cos t)T ,

where the transform matrix A equals

2a =2 2+c—f1 Jfo—2a =s —c
fo fo, fo, fo fo fo 3
2f, (fo—af1) % file=g7) 2fi(afi—fo) fi(sfi—cfo) f1(gos—f1)
foe foe foe foe foe foe }I .
2dH —2hH 2f1g1H —2dH —2fong 2(h 2 flé&) .
29H  2hH (e—3h)H —29H  —gH _  (h—e)H
T T ~2p, =6 N\ @i
e foe foe e e 3 - foe
2 —3 A 1
0 T T 0 \ \ g 7o
And the inverted matrix A~! equals .
11 1 Ing ¥ 1 1
f d 2(h+fos)e+gd
T L i
0 Lo _ g% 2fomn _ (ggrtes)foter
fg R h h fiho (0 1)
a1 %==¢ 2(f191—h) gh—(gg1tes)fi c )
h b - Jiho
00 % 2((3h—h2f191)) ( (2f191];—11’312l()9—6d) s
¥ 2(3f0g1—d) (d—3, “(h+fos)e
OT? _% 0;:1 Oglff]ho 1+ fo ac
2.2 AT-Bézier curves
\

The AT-Bézier curve can be defined as

5
t) = Pu; 5(t),t € |0, a], -
p( ) lz:; 7 1,5( ) [ ] \ \

where {Ui,5(t)}?:() are the AT-Bézier basis functions and {\Plv 5’:0 are control points.
Several transcendental curves can be expressed as an AT-Bézier curve, for instance,
the Archimedean solenoid and the conical solenoids. The followings are some exam-
ples. <

A piece of the conical solenoids 'cari be expressed as (Fig.1):

5
¥
p(t)= (tcost, tsint, t) = ZPioum(t),t € [0,a],
i=0

3
Y
where the six controls points {Pio}f:o are
0 fo g 2(3fog1 —2d) (3fog1—2d)g+(h—fos)e
f1 h (sh hf ) (3}]:1(3]{091)—‘1) 4 ac
2 2(3h—2f1g — gi1)g+e
o1 Y 0 T T Choo—0 as (0.2)
0 fo _9 d 2(h—fos)etygd o
1 h R 2f1(2fog1—d)

Copyright by Institute of Software, Chinese Academy of Sciences. All rights reserved



504 International Journal of Software and Informatics, Vol.3, No.4, December 2009

-y *
Figure 1. A piece of the conical solenoids an\its\introl polygon under o = 7
Similarly, a piece of circular arc can be rf:prgserrted as
NS
" -
q(t) = (cqs‘t, sint,0) = ZPilui’g)(t),t € [0,q],
\ i=0
- \ ‘ ’
where the six controls points { P} }fzo are
g5—e 2(f191—h) (991+es)f1—gh
fl n “ Jeng-a | [
10 -9 2fog1 (991tes)foteh
0 f1 h f1(2fog1—d) 5 (0.3)
0 0 0 0 0 0
» N \
3 Representation of the Helicoid Patch \ ¥
# -

Refs.[7, 16] discuss two representations of helicoids, which is daige} over a rect-

angular domain, that is, . ®

wn § ®
r(w,v) = (wcosv,wsinwv,v),0 X_ o, < w < .

Here we will generalize the domain of the parameters to be a trapezium. Consider a
helicoid patch defined as )8 ¢

-

R
r(w,v) = (weosv,wsiny,v),0 <v < a,v + Bov < w < vy + Gro.
)

Fig.2 shows the shape“of‘the patches defined on trapezium domain and rectangular
domain. In Fig.2(a), 8o = 81 = 1; in Fig.2(b), By = 31 = 0.

It is obvious that the w-parameter curves are all straight lines and the two v-
boundaries are AT-Bézier curves, that is

r(vi + Biv,v) = ((7s + Biv) cos v, (; + Biv) sinw, v),
= 7;(cosv,sinw,0) + B;(vcosv,vsinv,v), 0<v<a, i=0,1.
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(a) Trapezium domain (b) Rectangular domain )
\
Figure 2. Helicoids over trapezium domain and rectangular domain \* “« /
- e

Suppose P1 PO ,j =0,---,5 be given in Equation 2.2 and E\Quation 2.3, then,
the control pomts of the corresponding boundaries are

%P} + 6P, j=0, \\1—0 1

Hence, we can represent the heth_lds patchras a tensor product representation of
AT-Bézier basis and Bézier basis of a‘egre‘e one. Suppose

AT
. L& w — (0 + Bov)

N b % (11 + B1v) = (0 + Bov)

Then, the patch can be rewritten as

*

(((y2 + Brv) — (30 + Bov))u + (Y0 + Bov)) cos v
7(u,v) = | (((71 + B1v) = (90 + Bov))u + (Y0 + Bov)) sinwv

! )

Let the control points be \ /

L)
P 71P1+ﬂzpo‘_01’j:0"' ) (04)
»
Then, w3 ‘
5 1 \\
ZZP”UZ’E’ Jl UG O ].
=0 j=0 “‘

where u; 5(v) is AT-Bézier basis: b ctio and B, 1(u) is Bézier basis function of degree
one. Fig.3 shows two exampIes‘wﬁ:h different «v, with v; = 2mw,v9 = 0,80 = f1 = 1.

4 Geometric Constrﬁctlon of the Control Meshes

4.1  Geometric construction of the control polygon of the Archimedean solenoid

Before discussing the geometric construction of the control mesh of the helicoids,
we exploit the geometric construction of the planar Archimedean solenoid. In the
next section, we will use it to construct the control meshes of the helicoids patches.

Copyright by Institute of Software, Chinese Academy of Sciences. All rights reserved



506 International Journal of Software and Informatics, Vol.3, No.4, December 2009

)
‘,;

Figure 3. The helicoid patches and their control meshes\ \ g -

-
The planar Archimedean solenoid can be exf)ressqd aﬁz\; .

p(t) = (tcost,tsint)y
.
For ty > 0, we exploit the geometriq\cghs{ruction of P/ (to),p" (to) (see Fig. 4):
"
A .

%9
&
Figure 4. Geomet;‘i\i‘c‘bnstrucion of p'(to), p” (to)
|
\ ]
Theorem 1. Let P E\p(l‘f‘(ﬁ and O be the origin. Clockwise rotate PO along

P to O; with a rigl{t angle. Se? the point P; satisfy
NG 8

Y |oP|=1, 0.P,//OP.

Then PPy = p/(t9). Let point Oy be the symmetry point of P along O. Set the point
Ps satisfy
|02P2| = 2, OgPQ//POl

Then OP2 = p”(to).
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Proof From the definition of Py, P, and OP = (tg costy, tgsinty), we gain

p'(to) = (costy,sintg) + (—to sintg, tg costy) = O1P, + PO, = PPy,
p”(to) = 2(— Sil’lt07COSt0) + (—to COSto, —to Sinto) = 02P2 + 002 = OP2

Then, Theorem 1 holds true.

Now, from Theorem 1, we discuss the geometric construction of the control poly-
gon of the Archimedean solenoids. A piece of the Archimedean solenoids can be
represented as a AT-Bézier curve, i.e.

5 3
((t + to) cos(t +to), (t + to) sin(t +t0)) = Y Qisuis(t), t i[o, al.
i=0 Y L

. \
where Q; 5 € R? are controls points. Then we can construc%he points as follows.

p(t)

Theorem 2. Suppose Qo5 = p(0), Q55 = p(a). Following Theorem 1, we set
oo ¥

QosTy = p'(0), OQ% :\{"(0)

Q5571 =p'le),  OTF =p"(a).

¥
Let Q1,5, Qa5 satisfy ®
3
f
Qo,5Q15 = {QQMT&, Q55Qus = —2Qs.5T}.
N f1 h
%
Let T3, T3 satisfy
290 — fo)e 290 — fo)e
Q1515 = MQMT&, QusT7 = _MQ5,5T11~
hfi hf1
Let Q275, Q375 satisfy \
e e
TS’QZS = 7OT02aT13Q3,5 = 7OT12 >
h h
\ | R

Then {Qi,5}?:0 are the control points (see Fig.5).

Figure 5. Geometric construction of the control polygon of the Archimedean solenoids

Copyright by Institute of Software, Chinese Academy of Sciences. All rights reserved



508 International Journal of Software and Informatics, Vol.3, No.4, December 2009

Proof Differentiating p(t) = Z Qi 5u;5(t) at the point ¢ = 0 and ¢ = « to the first

and the second order, we obtaln

AQo5 %p’(0)7 AQas = %Pl(a%
AQ15

= GO (0) + £27(0). AQs 5 = — B8 () + £ ().
Then
Q1,5 = Qo + 29 (0) = Qo + Qo sTy,
Qa5 = Q55 — ;‘f P(a) = Qs5 — £Qs 5T1, |
Q25 =Q175+WP/(0)+ £p"(0) = Q15 + Q515 + £ OT‘\ o
Q35 = Qa5 — Wﬂ(a) + £p"(a) = Qa5 ¥QusT7 % £ .
Hence, Theorem 2 holds true. \

*

o
4.2 Geometric construction of the control meﬁo the helicoids patch

he control polygon for a segment of
the Archimedean solenoid. In the following, we will present the geometric construction

As method mentioned above, we can obtain

of the control mesh of the helicoids pateh. For convenience, we only consider a special
case of Equation 3.4. Suppose the helicoid patch is defined on the domain
S

‘Oév <o 2kr+v<w<2(k+ )7+ o.
»
That is, let 8y = 81 = 1,70 = 2km,v1 = 2(k + 1)7. After projecting the helicoids

patch to the xy-plane, we get
((2mu + (0 + v)) cosv, (2mu + (0 + v)) sinw) ,v € [0,a],u € [0,1].
The four boundary curves are
0.5)
(Yo + @) + 27u) cos v, (Yo + @) + 27ru) sina), ueld, 1} = (0%6)

((yi + v) cos(y; +v), (7; + v) sin(y; + v) v € O\Q i=0,1. (0.7)
So, the projected area is surrounded by two segme\fs of the Archimedean solenoid
4.5

(o + 27u,0), e [0,1]. < £
(

(Equation 4.7) and two line segments (Equatio nd‘Equation 4.6). Fig.6 shows

the projected area with v = 2m,v1 = 4w, a = 7 o =01 = 1.
So, our goal is first to constructthe control pomts Qij of the projected area, and
secondly translate @;; to obtain the comtrol points P;;, where ¢ = 0,1,5 = 0,---,5.

From the above section, the.control polygon {Q;; }?:0 is easy to derive for ¢ = O, 1,

which correspond to the boundaries Equation 4.7. So the work turns to found how

to translate Q) along‘the z-axis to get P;;. Setting the 6 control points {lz‘}?:o be
foo g d  2(h— fos)e+gd

0’ ] 7 y @,
bil h' h 2f1(2fog1 — d)

we get v = Z l;u; 5(v), which is the z-coordinate of the helicoids patch. So, moving

=0
Q;; along the z-axis with the above lengths, we can get F;;.
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v\

-
Figure 6. Projection of the helicoid patch to the zy-plane
\“ i

N

3

Theorem 3 Geomethg cantructlon of the control mesh:
Step 1. (Fig.6) Cthse the value k , and set
$

Yo = 2km,y1 = 2(k + 1).

Then, on the plane @, from the planar Archimedean solenoid, we get two boundary
curves

((vi +v)cos(y; +v), (7 +v)sin(vy; +v)) (i =0,1). ‘

Step 2. (Fig.7(a)) Construct the control polygons of the boundary c Ve\folleﬁlg
the theorem 2. Denote the control points as “&

Qio; Qi1, Qiz, Qis, Qia, Qis, (1 =0, 1\)\ .

Step 3. (Fig.7(b)) Let Pip = Qio. Correspondln& & set P;; satisfy

b ¥ -

P;Qi;1Q, |P”Q1J}\‘— l]‘z - 0 1, j=1,---,5.

Then the tensor product surf‘a(ie
"\

‘\“
3

ZZP i 5(v)Bj2(u),v € [0,a],u € [0,1],

1=0 5=0

is a helicoids patch defined as

r(u,v) = (ucosv,usinv,v),0 <v < a,y+v<u<y +ov.
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(a) Control points Q;; of the boundary curves (b) Translate Q;; to get A( e
Figure 7. Geometric construction of the control polygon of the heliq\oids\pat(ﬁl

\

*

5 Conclusions and Future Work

- 3

In this paper, we propose a geometric const\gctkn of control meshes of helicoids
over trapezium domain. The result enables ms to 6btain trimmed minimal surface
patches over trapezium domain from hel?coids. It is very meaningful for membrane
structure design in modern-architecture. In the future, we will consider a more general
case, i.e. ' s

)
r(w,v) = (wcosv,wsinv,v),0 < v < a,po(v) < w < pr(v),

where po(v),p1(v) are all planar polynomial curves. For this purpose, we should first
construct the quasi-Bézier basis in the space

Taonts = span{l,t,cost,sint, - ,t"sint,t" cost} .
\
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