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This paper deals with the design of on board networks inlgate(also called Traveling wave tube Amplifiers (TWTA)).
These networks should connect signals arriving on somes pbthe satellite to amplifiers, even in case of failures of
some amplifiers. They are made of links and expensive svdtebeh with 4 links. So, the aim is to design networks
having as few switches as possible and satisfying the faligyproperty:there exist p edge-disjoint paths from the p
signals arriving on pt+A ports (inputs) to any set of p amplifiers (outputs) chosemfiioe p+ k total number of outputs
We call such networksalid (p,A, k)-networksand want to determine the minimum number of switché&p, A, k) of
such networks. By symmetry we suppdse k and we noten := p+ k. We give tight results for small values kfand
asymptotic results whekn= O(logn) which are tight wherk = ©(A) and wher = 0.

Keywords. key words : fault tolerant networks, switching networksyting, TWTA redundancy, expanders, connec-
tivity, disjoint paths.

1 Introduction

Problem and Motivation. The problem we consider here was asked by Alcatel Space thydi&ignals
incoming in a telecommunication satellite have to be rodkedugh an on-board network to amplifiers.
The satellites under consideration are for example use@aand video transmission (like the Eutelsat or
Astra series) as well as for private applications. This mekwconsists of switches with 4 links and which
can realize the connections displayed in figure 1A. The sgeater the network through ports and exit
through amplifiers. In the following ports and amplifiers ik refered as inputs and outputs. They are
respectively represented in figures by arrows)(and boxes{) as shown in Figure 1B. Each input and
output are connected to one of the switches of the network.

The difficulties to design such networks come from two symiodacts. On one hand the amplifiers
may fail during satellite lifetime and cannot be repaired. ffore amplifiers are needed than the number
of signals which have to be routed. On the other hand as te#itats rotating on itself, all the inputs are
not well oriented to capt the incoming signals. So, at eachmerd, a lot of inputs are unused. We want to
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A: A switch can use 4 different states. B: Avalid (3,1,1)wetk.

Fig. 1: Introduction to networks.
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be able to route the incoming signals from the used inputstio amplifiers, that is to find disjoint paths
between the used inputs and valid outputs in the intercdiumesetwork. All the amplifiers are identical
S0 a signal can be routed to any of them. If a network is ablewterp signals to amplifiers in presence
of A useless inputs and &ffaulty amplifiers, we will say that this network is a valig, A, k)-fault tolerant
network. An example of 3,1, 1)-fault tolerant network is given in Figure 1B. As a matter atf all the
possible configurations for the unused input and the nod ealiput, the three used inputs can be connected
to the valid outputs. Other examples are presented in FiguRealizing such a network is easy, but it is
difficult to optimise it. To decrease launch costs, it is @ut minimise the network physical weight, i.e.
for us, to minimize the number of switches. As launch costsdramatically high, it is worth saving even
one switch. So our aim will be to construst valig, A, k)-networks with the minimum number of switches
denoted byA(p, A, k). On one side we consider asymptotic cases. The networkargeih the sense that
n andk go to infinity. For symmetry reasons, we can asslmel. We give results fok = O(logn). On
the other side we have also studied exact values for dmall

Related Work. The problem in which all the inputs are used, thahis 0, has been introduced in
[BDDO02]. In [BPT] a general theory is introduced far= 0 and several results are obtained for small
values ofk. For example it is proven that/(p,0,4) = [%1. In [BDHT03] and [DHMPO05] the case of
switches with R > 4 links is considered fok = 0. In [BHTO6] the authors consider a variant of (p,0,k)-
networks where some signals are priorities and should beteeemplifiers offering the best quality of
service. Finally in [BD02] the authors study the case wek¢hal amplifiers are different. (In this work
we consider that all the amplifiers are identical so we woaitéhto care how the signals go through the
switches (indeed if we are in a forbidden state we can exahémg exit of the signals, see [BDDO02])).
More details could be found in extended versions of this pape

2 Formalization

Notations. Given a functionf, we definef (A) := ¥ 54 f(a) for any finite sefA. For a subsetV of vertices
of a graphG = (V,E), let us denot&(W) the number of edges connecting W angn.
(p,A,k)—networksand valid (p,A,k)—networks. A (p,A,k)—networkis a tripleN = {(V,E),i,o} where

G = (V,E) is a graph and, o are integral functions defined on V called input and outputfions, such
that for anyv € V, i(v) 4+ o(v) +degv) = 4. The total number of inputs i§V) = Z,evi(v) = p+A, and the
total number of outputs is(V) = Zyev0(v) = p+ k. We noten := p+ k. A non-faulty output functiors

a functiono’ defined orV such thao'(v) < o(v) foranyv eV andod (V) = p. A used input functioris a
functioni’ defined orV such that’(v) <i(v) for anyv eV andi’(V) = p. A (p,A,k)-network is saidalid

if for any faulty output functioro’ and any used input functidh there arep edge-disjoint paths it such
that each vertex € V is the initial vertex of’(v) paths and the terminal vertex of(v) paths.

Design Problems. Let A'(p,A,k) denotes the minimum number of switches of a vl k)-network.
The Design Problentonsists in determining((p,A,k) and in constructing a minimurtp, A, k)-network,
or at least a valid p, A, k)-network with a number of vertices close to the optimal valu¢e introduce a
second problem. We also consider only networks with a masimumberp+ A, of switches with an input
and an output in one to one correspondance on them andkwithswitches with only one output. To find
minimum valid network like these is what we call tBamplified Design ProblenNetworks of this kind are
especially good for practical applications, as they sifgghe routing process, minimize path lengths and
lower interferences between signals.

Excess, Validity and Cut-criterion. We show that, to verify if a network is valid, instead of solgia
flow/supply problem for each possible configuration of otifigilures and of used inputs, it is sufficient to
look at an invariant measure of subsets of the networkexcessas expressed in the following proposition.

Proposition 1 (Cut Criterion) A (p,A,k)—network isvalid if and only if, for any subset of vertices WV
theexcess oV, defined by,

g(W) :=8(W) + o(W) — min(k,o(W)) —min(i(W), p),

satisfies(W) > 0.
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Fig. 2: Avalid (12,4,4)-network and a valid (18,6,6)-network.

The intuition is that the signals arriving W (in number at most mif(W), p)) should be routed either to
the valid outputs oW (in number at leasv(W) — min(k,0(W))) or to the links going outside (in number
d(W)). The omitted formal proof reduces to a supply/demand flowbfam.

3 Results

Recall thath < k is assumed. We presemiethodologieso find and provdower bounddor the minimal
number of switches of valid network&((p,A, k), and to findconstructionglose to minimal p,A, k) —net-
works. To prove lower bounds we use tbet criterion (Proposition 1) to exhibit forbidden patterns for
small subgraphs, leading to linear equations linking déffe: kinds of switches. To use these informations,
we quasi-partition the graph into small connected comptmehsimilar size which doesn’t overlap too
much. This gives bounds for the whole network. For upper bisuthe idea is first to fincbbust networks
and then to make a smart choice of the location of inputs atpltst The last step is to prove the validity
using the cut criterion. We show that robust networks can li@ioed using known graphs with good
expansion and good girth as the Ramanujan graphs. We studynbevorks for specific values &fand

A andlarge networkswheren andk go to infinity. Using the introduced methodologies, we prbrmear
bounddgor these(p, A, k)—networks. For small networks, we have obtained the follgiheorems.

Theorem 1 A((p,2,1) = AU(p,1,2) = N(p.2,2) = p+2
Theorem 2 Fork € {3,4} andA > 1, we have
n

N(D,A,k)2n+4

_CZ N(p7)\7k)gn+2+cil_ca

with ¢ = [1-10d4) ¢ = | kA | and ¢ = K2 + KA. Remark that the difference between the bounds is at
mostl.

Theorem 3 Fork € {5,6} andA > 1, we have
n n
N(PAK) Znt+5-cs  A(PAK <n+Z+C—C

with ¢ = 3[ 11067 ¢ = | KA | and ¢ = %52 + K52, Remark that the difference between the bounds is at
most4

Examples of p,4,4) and(p, 6,6)-networks are given in Figure 2.

For large networksjifferent caseappear. We show that the nature of the problem differs wighottder
of k andA. We distinguish 3 cases and give lower bounidB)(for them: A = 0 (LB = (1—cy)(n+ 3)),
A=0(k) (LB=(1—c)(n+ %n)) andA = O(1) (LB = (1—cx)(n+ 3)), wherec, tends to zero whek
tends to infinity. Fok < clogn (wherec is a constant depending on the expansion factors of regrdphg),
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| CasesK < clogn) | LowerBound | Upper Bound|
A=0 (1-c)(n+3n) n+3n
Simplified Case (1—ck) 2n 2n
General Cas2 =0(k) | (1—c(n+ 2n) n+3n
General Case (1-c)(n+3n) n+3n

Fig. 3: Summary (= p+k andcy tends to 0, whek goes to infinity).

we give a construction (and so an upper bound) wiﬂh%n switches valid for any lambda and a specific
construction witn+ 3 switches forA = 0. In the last case\(= O(1)), we succeed to tighten the bounds
by introducing some restrictions on the switches that maydsel. One of these restriction is tBenplified
Design Problem We solve it proving-B = (1 — cx) 2n and giving a construction withr2switches. The
intuition is the following. An(n,r,c)-E-expander is a finite-regular graphz = (V,E) such that, for any
setA of vertices ofG with |A] < [V|/2, we haved(A,V \ A) > c|A|. Take a(n,4,c = 1/4)—E-expander,
G = (V,E), of girthg, g > %Iogn (explicit constructions of such graphs are given in [Mo)94s G is
4—regular, there exist a familly of vertex disjoint cycles covering all vertices & We first addn new
vertices by splitting each edge 6&f into two edges. On each new vertex, we put an output and input.
We now have & p,k,k)—network, ®, with 2n switches. The proof ends by proving the validity of this
network fork < %Iog n. All these results are summarized in Figure 3. We also findrstraction of valid
(p,A,k)—networks with 31 switches fork, no more of the order of log, but linear. The proof is based on
the study of the expansion of small sets of graphs.

4 Conclusion

It remains a lot of work to do on this general problem for exésrgm small values for specific demands of
Alcatel but also we hope to find a tight asymptotic bound astl@ghenh = O(1) andk = O(logn). We
already have some results on networks without switchestwithoutputs or inputs as well as for networks
with as many as possible (jg+ A) switches with one input and one output and A switches with one
output (extension of the simplified case). For values ahdk of O(logn) it remains to tighten the bounds.
It will be also interesting to study the case whare ©(n) andk = ©(n). We have yet only partial results.
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