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Abstract

We consider a stochastic model of the two-dimensional chemostat as a diffusion process for the concentration of substrate and the
concentration of biomass. The model allows for the washout phenomenon: the disappearance of the biomass inside the chemostat. We
establish the Fokker—Planck equation associated with this diffusion process, in particular we describe the boundary conditions that
modelize the washout. We propose an adapted finite difference scheme for the approximation of the solution of the Fokker—Planck
equation.
© 2013 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Many biotechnological processes are modelized with the help of ordinary differential equations (ODE). For example,
the dynamic for a single species/single substrate chemostat is classically modelized as [13]:

$(r) = —k pu(s(0) b(t) + D (sin — s(1)) (1a)
b(t) = {uu(s(t)) — D} b(1) (1b)

where b(f) and s(7) are the concentrations of biomass and substrate at time ¢ inside the chemostat. The parameters
are the dilution rate D, the input substrate concentration sj,, and the stoichiometric coefficient k. The specific growth
function w(s) could be of the Monod (non-inhibitory) type:
Mmax §

ky+s’

where (max 1S the maximum growth rate and k; is the half-saturation; it could also be of the Haldane (inhibitory) type:

u(s) = (@)

uws

u(s) = T

3

* Corresponding author. Tel.: +33 683945763
E-mail address: Fabien.Campillo @inria.fr (F. Campillo).

0378-4754/$36.00 © 2013 IMACS. Published by Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.matcom.2013.04.012


http://www.sciencedirect.com/science/journal/03784754
dx.doi.org/10.1016/j.matcom.2013.04.012
mailto:Fabien.Campillo@inria.fr
dx.doi.org/10.1016/j.matcom.2013.04.012

38 F. Campillo et al. / Mathematics and Computers in Simulation 99 (2014) 37-53

As pointed out in [2], the system (1) is simple and applicable to many situations, it can be seen as a limit model of a
stochastic birth and death process in large population size asymptotic. Hence (1) can give account for the mean behavior
of the underlying stochastic process but it cannot give account for its variance. Moreover (1) fails to propose a realistic
representation of the chemostat in small population scenario, that is in cases close to the washout (corresponding to
the disappearance of the biomass, i.e. b(f) =0) [3,4].

We present the stochastic model in Section 2 and derive the associated Fokker—Planck equation in Section 3. A
finite difference scheme approximation is detailled in Section 4 and some numerical tests are presented in Section 5.

2. The stochastic chemostat model

Consider the stochastic process X; = (X,l, X,2) = (S;, B;) solution of:

dS; = {—k u(S)) Br + D (sin — S} dt 4 ¢1 /S, AW}, (4a)
dB; = {1u(S;) — D} B;dt + 3 \/B; dW?> (4b)

where B, and S, are the concentrations of biomass and substrate at time #; W, and W7 are independent scalar standard
Brownian motions; ¢; >0 and ¢; >0 are the noise intensities; W,1 and W,2 are independent scalar standard Wiener
processes [5]. We suppose that So > 0 and By > 0 so that S; >0 and B; > 0 for all > 0.

The process (4) is a diffusion approximation of a pure jump Markov process describing the dynamics of the
chemostat at a microscopic level. The diffusion approximation approach leads to different stochastic models with the
same drift coefficients but with different diffusion coefficients depending on the approximation assumptions adopted.
In particular and in contrast with the case considered here, it is possible to obtain a system of SDEs with correlated
Brownian motions [7]. The process (4) is in fact the simplest diffusion approximation. This diffusion approximation
approach is detailed in [2], note that it ensures the non-negativeness of both components of (4).

The ordinary differential system (1) is an accurate representation of the pure jump process mentioned above in the
case of infinite population size, while the stochastic differential system (4) is an accurate representation of this process
in the case of large but finite population size. In other words, (1) is a representation of the pure jump process at a
macroscopic scale as (4) is a representation at a mesoscopic scale.

Some highlights from the classic Cox-Ingersoll-Ross model will help us to describe the behavior of the solution of
(4). Indeed, consider the one-dimensional SDE:

dg = (a+b&) dt+0\/& dW,, & =x0>0. 5)

witha >0, b € R, 0>0. According to [11, Prop. 6.2.4], for all xo > 0, & is a continuous process taking values in R™,
and let t=inf {r>0, & =0}, then:

(i) If a > o2/2, then T =00 Py—a.s.;
(i) if 0<a<o?/2 and b <0 then <00 Py—a.s.;
(iii) if 0 <a<o?/2 and b>0 then P, (t < 00) € (0, 1).

In the first case, &; never reaches 0 almost surely. In the second case &; a.s. reaches the state 0, in the third case it may
reach 0. If a =0 then the state 0 is absorbing.

In case of the system (4), it is clear that B=0 is an absorbing state for (4b), and when B=0, (4a) reduces to the
substrate dynamics conditionally on the washout, namely:

dS¥ = D (sin — S¥)dt + c1 /Sy AW/ ©6)
hence the solution of this SDE will stay on the half-line
[0, c0) and:

2
1 if Dsj, > %‘ then S}" never reaches 0;

2
2 if Dsj, < %‘ then S} reaches 0 in finite time and is reflected.
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Note that, as ¢ is “small”, condition (i) is more realistic than condition (ii): indeed, with a continuous input sj,, there
is no reason for the substrate concentration in the chemostat to vanish.
Simulation schemes for (4) should respect the previous properties, a possible choice is (see [ 1 1] for other schemes):

Ses =[S 4 {—k w(S)) By + D (sin — S} 8§+ c1 /S vVEw! 4, (7a)
Bris = [B + {1(S) — D} Bi 8+ c2 /B Vs w?l, (7b)

where {wilé},-GN and {wi%s}ieN are i.i.d. N(0, 1) random variables, also independent from Xp. Note that B; =0 is absorbing
for (7b).

Notations 2.1. Letx = (x1,x2) = (s,b) € R2 = [0, oo)2 and

A = fils,b) E—ku@b+Dsin—9), o1(x)=01(s,b) =01(s) Zey s,

Hx) = fals.b) Eus) - Db, 02(x) = 09(s5, b) = o2 (b) Ly Vb,
so that (4) reads:

dX; = f(X)dt+o(X,)dW;

o (h@Y  (aw 0 _ (™
with f(x) = (fz(x)>, o(x) = ( 0 O'2()C)> and W; = <Wt2>

Let dRY = I'y U T, with Ty ={(s, b) € [0, 00)? ; b=0} and I'> = {(s, b) € [0, 00)* ; s=0}.

3. The Fokker-Planck equation

Let r,(dx) = 7,(ds, db) be the distribution law of of X; =(S;, B):
(A, B)y=P(S; € A, B;€B)
for all Borel sets A, B of [0, 00). According to [12], m,(dx) of X; can be decomposed as:
7:(dx) = m(ds x db) = 80(db) g:(s)ds + p:(s, b)dsdb. ®)

Indeed the diffusion process “lives” in [0, 00)? but never reaches I'; so that the distribution law features a “regular”
component p;(s, b) which only charges (0, c0)* and a “degenerate” component ¢,(s) which only charges I'y. The term
p#(s, b) is the component corresponding to the non-washout and the term ¢;(s) is the component corresponding to the
washout.

As 7, is a probability distribution we get the normalization property:

00 0o oo
/ qi(s)ds + / / pi(s,b)ydsdb =1
0 0 0

and the washout probability at time 7 is:

P(B; =0) = / qi(s)ds =1 —/ / p:(s,b)dsdb.
0 0 0

The Fokker—Planck equation in a weak form is:

g// m,(ds, db) ¢(s, b) = // 7(ds, db) L¢(s, b) ©)]
de /) r2 R%
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for all test functions ¢, where L is the infinitesimal generator defined by:
Lo(x) = E¢(s b)
def
= Zﬁ(x)qs )+ 5 Zo ()8,2(x)

i=1
2

= fi(s, ) gi(s, b) + fa(s, b) ¢, (s, b+ L S¢ (5.0)+ 2 b¢b2(5 b).

Using the decomposition (8), the Fokker—Planck equation (9) reads:

E {/ q:(s) P(s, 0)ds + // p:(s, b) ¢(s, b) ds db}
dr 0 R%—

= / q:(s) Lo(s, 0)ds + // , (s, b) LP(s, b)dsdb.
0 R2

Lemma 3.1. For all functions ¢ € HFZ(R )(ie.p e H (R2 )and ¢|lr, =0)and t>0

2 o0
(pr, Lo) = L£* py(x) px) dx + 2 / Pi(s,0)@(s, 0)ds
R2 2 Jo

where L* is the adjoint operator:

def

LYY= — [Y() L] — [P () L], + 5 w<x)s P +2 [w(X)b

Proof By definition of L:

(pr, L) =/ Pz(X)E¢(x)dx=/ Pz(x)fl(x)¢§(X)dx+/ Pi(x) fo(x) @y(x) dx
R% R% R?

C2 ” C2 "
+o / pix)so(x)dx + 2 / Pi(x) b ¢y (x) dx.
R} 2 Ry

We consider separately these four last terms.

(10)

an

From Green’s formula [1]: fRz w, vdx = — fRz uvl, dx + faRz uvn; dS, where n; is the ith component of the
+ M + ‘ +

outward unit normal n, i.e. n1(x)=0on I'; and —1 on I'; and na(x)=—1 on I'; and 0 on I'y. So we get:

/ i) fr(x) p(x)dx = — / [pi(x) f1(0)]5 (x) dx + / Pi(x) f1(x) p(x) n1(x) dSy
R2 R? oR

= - /R 1P i1, ¢ dx — /F Pi) f1() $() S
T 2

— [ 1p) AL 6 dr. - (@sg = OonT)
:
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For the second term:
/ Pi(x) f2(x) P (x) dx =—/ [pz(x)fz(x)]ﬁ,¢(x)dx+/ Pi(x) f2(x) p(x) n2(x) dS,
R2 RZ aRZ
= —/ [pi(x) f2(0)]}, ¢(x)dx—/ Pr(x) f2(x) p(x) dSy
R2 I
—— [ () @ 60 ds. s fo = Do)
For the third term:
/ ) sp () dx = —/ [pi(x) ST ¢§-(X)dx+/ pi(x) s dg(x) n1 (x) dSx
R R% aR2
__ / 1) ST, ) dx — / pi(x) s $(x) S,
Ri 1)

. / [pi(0)s], #i()dx (ass = OonT) - / [pi() 512 B(x) dx
R2 R

- / () 5T, Bx) 1 (x) S,
aR?
- / [P 51z ) dx + / i) 5T, $x) dS,
Ri I
= [ 1p0sl:pdr. s =0onT)
R
For the fourth term:
/ P b g dx = — / () B, () dx + / Pi(6) b @(x) ma(x) S,
RZ RZ oR2
—_ / L (6) b @) (x) dx — / pi(x) b @)(x) dS,
Rf_ I

—— [ s gwds @b=oory = [ 1peobl; a0
:

+

- / 100 b} () na(x) S,
aR2

- /R P bl ) dx + /F [pi(x) bl b(x) dS,
il 1

Summing up these identities leads to:

2
(P, Lo) = (L" pr, ) + %2 /r [p:(x) b}, ¢(x) dSk
1
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and finally
/F (i) B, B(x) A4S, = /F ([pOT, b+ pi()} $(x) dS,
1 1
_ /F i) $(x) dS,

:/0 pi(s,0)@(s, 0) ds

proves the lemma. [
According to Lemma 3.1, (11) becomes:

d {/ q:(s) ¢(s, 0) ds + // pi(s, b) (s, b)ds db}
dt | Jo R
)

= /OO q:(s) Lo(s, 0)ds + // L* pi(s, b) ¢(s, b)ds db + %2 /OO p:(s, 0) (s, 0)ds . (12)
0 RZ 0

Let ¢(s, b) = @(s) y¥(b) with ¥(0) = 1, ¥(b) =0 for b> ¢ and /(0) =" (0) =0, after letting & — 0, the previous equation
leads to:

d [ee) [e'e) C% 00
a / q1(s) p(s)ds = / q:(s) Gp(s) ds + = / pi(s, 0) p(s)ds (13)
t Jo 0 2 0
where
02
Go(s) = D (sin — 5) ¢'(s) + 52 s¢’(s) (14)

is the infinitesimal generator of the diffusion S; in washout mode, i.e. of the SDE (6). As (13) is valid for all test
functions ¢, we get the following equation for g;(s):

9 2

—au(s) = G q) + %2 pi(s,0), V=0, sel0,00), (15a)
the equation for py(s, b) is

d

P, 0) = Lopi(s,b), V120, (5,h) €0, 00)%. (15b)

The initial condition for (15a) and (15b) are:

q:(s) = pv(s), pi(s, v) = p(s, b) (15¢)

where py(s) ds §o(db) + p(s, b) ds db is the distribution law of Xg = (Sg, Bo).
The operators are:

2
G*o(s) = —D [(sin — ) @()] + % [s ()]” . (16)

2 2
L¥P(s, b) = —[f1(s, b) ¢(s, b — [fa(s, b) p(s, b)]}, + %1 [s (s, b)] > + %2 (b ¢(s, b)] . a7

Finally, the Fokker—Planck equation is a system of PDE’s: (15b) for p;(s, v) and (15a) for g,(s), the first one is
autonomous, and its solution appears as an input for the second PDE.



F. Campillo et al. / Mathematics and Computers in Simulation 99 (2014) 37-53 43

4. Approximation

Many finite difference schemes and finite element schemes are adapted to space discretization of the system (15).
Here we use the specific finite difference scheme proposed in [8]. This classical scheme presents nice numerical
properties and it also can be interpreted as an approximation of the solution of (4) by a pure jump Markov process
on a finite discretization grid, the resulting system in discrete-space and continuous-time is the exact Fokker—Planck
equation (forward Kolmogorov equation) associated with this pure jump process. The infinitesimal generator £ of the
SDE (4) is given by (10), this operator fully characterizes the distribution law of the process X; = (S;, B;), indeed the
set of equations (15) is totally determined by the operator £ as G is only the restriction of £ to I's.

The finite difference scheme is detailed in Appendix A, it leads to the following approximation of the infinitesimal
generator:

Lox) > Lad(x) = Y Li(x.y)p(y)

yeGp
for x € G;, where:
Ghn ix=(khikoha):ki=0,...,N;, i=1,2},
O def

Gh ={x=(klhl7k2h2);kl:1""9Nl_17i=112}1

def

G, =lx=(kih,0);k =0,...,Ni},

o
are the grid version of R?, Ri and I'; respectively, see Fig. 1.

o
For the interior points x € Gy, the finite difference scheme is:

_ @1 1A@I o) 63

Lp(x, x)

hy ho n3 h
o | ok
Lyp(x,xxthie) == —, i=12,
h( i 1) hi 2]’112
Lp(x,y) =0 otherwise.
[ - — s -~ @
bmax H H
SR TSN SRR MU SN N
= A
2 : : : :
I e e e e e
E ? ?
SR SR S (N S S—
8 5 5
w y : :
95} ST T
< : : : :
£ o
.2 : : :
o A .
0 ‘—><+> ------------ 0
0 Smax

substrate concentration

Fig. 1. Discretized domain Gy.
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For the boundary points x € G \ G, the finite difference schemes are detailed in Appendix B. They correspond to
Fig. 1: for s =smax or b=bmax, we must impose reflecting conditions, for s=0 or »=0, the boundary conditions are
natural, they derive from the value of the coefficients. Indeed, when b =0, then f> =03 =0 and the jump process stays
on the boundary “b=0" (it cannot jump to b=h, or to b= — hy). When s=0, then f; =D sj, and o1 =0, so the jump
process can only jump to s=h;.

We obtain a matrix £ = [Ls(x, ¥)]x,yeg, Which is the infinitesimal generator of a pure jump Markov process
(Xf’),zo in continuous time and discrete state space Gy. Starting from a point x of the grid, the process Xf‘ stays

0.04
0.03
— 2 4 4 2
< < < <
I £ £ £ 0.02 =
2 2 2 2
e 5 5 a a5
[0}
0.5 1 15
substrate substrate
0.04
0.03
@ @ ” 2
0 & & 3 &
I £ £ g 0.02 £
2 P 2 2
3 k] a8 a8
0.01
[0}
0.5 1 15
substrate substrate
0.04
0.03
S g 2 2 2
« < < <
H £ £ g 0.02 £
2 =) 2 2
- 5 a5 a3 5
0.01
%5 1 15
substrate substrate substrate
0.04
0 @ @ @ @
5 & & @ @
/- s s 5
s a a k) a
substrate
S 8 8 8
£ £ £ 002 g
s S s s
55 5 k< 5 5
0.01
%5 1 15
substrate substrate substrate substrate
case 1.a case 2.a case 1.b case 2.b

Fig. 2. In cases “1” the diffusion coefficients are o1(s) = ¢} /s and 02(b) = 2 /b; in cases “2” the diffusion coefficients are o1(s)=cy s and
02(b)=c2 b. Incases “a” c; =c2 =0.005; in cases “b” ¢ = c2 =0.02. For small noise intensities (case “a”), cases “1” and “2” behave rather similarly.
For higher noise intensities (case “b”), as the law 7, of (Sy, By) is closer to the absorbing “washout” boundary {(s, b) € R2 ;b = 0}, cases “1” and

“2” behave rather similarly. See Fig. 3 for the evaluation of the washout probability.
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0.08

o
o
>

washout probability
o
o
=

0 5 10 15 20
time

Fig. 3. Washout probability—following Fig. 2: we compute t — P(B, = 0) for the case “1” (model 1: o1(s) = ¢ /5, 02(b) = 2 +/b) and for case
“2” (model 2: o1 (s)=cy 5, 02(b)=c2 D).

there during a time exponentially distributed with parameter —Lj(x, x) then it jumps to a point y with probability

Lp(x, y)/(—Lp(x, x)) for all y € Gy, and L}, is a Q-matrix as Zyeghﬁh(x, y) = 0. Then the following Kolmogorov
forward equation:

0
Epi’m = L} pl(x) (18)

gives the evolution of the distribution law pf of Xﬁ’ pﬁ’(x) = IP’(X? = Xx), x € Gy,
It is important to note that this approach gives an approximation of the coupled system of PDEs (15): ( pﬁ‘ (C9) IreRYe 1

is an approximation of (p;(s, b))(& b)e(0,00)? and ( pﬁ’ x) veG! is an approximation of (g;(s))se(0,00)-

15 - . - T 1.5 - " rd
NENENENENE N NN N N N N NN \\\\&&sEK«////////;/
NN NN NN NN NN N N NN N i e P N N
. *\\\\\\\\\\\\\\\ NSNS NS~ e e v by A
>\\\\\\\\\\\\\\ \\(B*\\b*I)\e v e Ve
N AN N N N N NI NI NN \ LN ¥ oo ////;
NN N Y N N U N N NI NN N S e < S Z Vg
1 NN N N N N NN 1\\- ~~~~~~ . Z .
SOV N R N RN N N N N NN Y N CONNN Yt e e e - //z/ r -
@ NN N AN NN 2 PR
g NN N N N N N NERN g v A
g NN N N N RN g s o
PN N IR NN v
NN
0.5 ; 0.5 o
NN e € N RS
{\SIIDO) ~~~~~~~ 0) R
0 L L L L .‘ 0 " L L L L
0 0.5 1 15 2 2.5 3 0 0.5 1 15 2 2.5 3

substrate substrate

Fig. 4. Phase portraits for the system (1) for the Monod growth function (left) and the Haldane growth function. Left (Monod case): there are two
equilibrium states: the washout equilibrium (red dot) is unattractive, the equilibrium point (s*, b*) with s* = ks D/(ttmax — D) (solution of z(s) = D)
and b” = (sin — s )/k is attractive. We suppose that jtmax > D. The dashed line is b = (sj, — s)/k, in blue two trajectories (blue circles: initial positions).
Right (Haldane case): the washout is still an equilibrium point but now it is attractive, there are two other equilibrium points given as solutions of
u(s)=D (we suppose that it admits two separate solutions), (s, b}) is attractive (corresponding to the smallest value of s), (53, b3) is unattractive.
The black dashed curve separates the two basins of attraction; in blue four trajectories (blue circles: initial positions). (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of the article.)
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For the time-discretization we use the implicit Euler scheme approximation:

h h
Prps(¥) — pi (%) .
t+48 ; t _ £h p?-HS(X)

that is:

(I = 8 L3) pres(x) = pi(x).

biomass

0.5 1 15
washout probability = 0

0.5 1 1.5 2
washout probability = 1.1286e-48

whashout

marginal
whashout
marginal

o

05 1 2 25 3

o

05 1

15 15
substrate substrate

t=20 t=4

biomass

0.5 1 15 2 0.5 1 15 2
washout probability = 6.5571e-15 washout probability = 1.5537e-09

whashout

marginal
whashout
marginal

A

05 1 15 2 25 3
substrate

t =32

A

05 1 15 2 25
substrate

t=44

o
o

0.5 1 15 2
washout probability = 0.0020993

0.5 1 1.5 2
washout probability = 0.0097116

whashout

marginal
whashout
marginal

A

A

<)

05 1 15 2 25 3
substrate

t =68

o

0.5 1 15 2 25
substrate

i=T72

Fig. 5. Evolution of the distribution law of X;: for each time ¢, the density p;(s, b) together with the washout density ¢;(s); the dashed curve separates

the two basins of attraction. The mean of X is on this curve. See comments in the text.
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o
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33
3
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5. Numerical results
5.1. Comparison

Many works [6] propose the following structure for the diffusion coefficients:
dS; = {~k () Bi + D (sin — S}t + c1 S W}, (192)
dB: = {u(S) B — D B} di + 2 B, AW} . (19b)

It is slightly different from (4). In large population size, these two models are rather equivalent; they differ drastically
in the washout regime.

The solution of the Fokker—Planck equation associated with system (19) is approximated using the same discreti-
zation approach described in Section 4. However, the treatment of the boundary condition is simplified as process (19)
never reaches the boundary [6].

In this test we use the Monod growth rate function (2) and the parameters: k=10, sj, =1.3 (mg/l), D=0.4 (1/h),
max =3 (1/h), ks = 6 (mg/1). The initial law is (So, Bo)~MN(0.45, 107) ® M0.01, 1073). The discretization parameters
are Smax =2, bmax =0.06, 6=0.1, N =N, =70. In Fig. 2, we see that with small noise intensities the simulation of the
two models are very similar; with higher noise intensity, the simulations are very different. This is due to the fact that the
behavior of the two diffusion processes near the boundary “b=0" are different: with the model (4) the washout regime
is attainable which is not the case with the model (19). In Fig. 3 we compare the evolution of the washout probability
t — P(B; = 0) for both models, we clearly see that the model (10) does not give account for this probability.

5.2. Simulation with the Haldane growth rate function

In this test we use the Haldane growth rate function (3) and the parameters: k=2, sj, =2.4 (mg/l), D=0.1(1/h),
7 = 5(1/h), ky=10(mg/l), «=0.03: ¢; =c,=0.01. The initial law is (So, Bo)~N(1.5, 107°) ® M0.68, 107). The
discretization parameters are smax =3, bmax =2.5, §=0.25, N1 =N, =300.

In Fig. 5 we plot the time evolution of the distribution law of X;: for each time ¢, we represent (the approximation
of) (pi(s, b); (s, b) € (0, smax) X (0, bmax)) together with (the approximation of) (g;(s); s € (0, smax))- In this test the
mean of Xy is on this curve that separates the two basins of attraction (dashed white line): hence part of the mass will
be attracted by (s7, b) and the other part will be attracted by the washout (s, 0) (see Figs. 4 and 5).

For t=0 we plot all the trajectory (x(#))c[0;80] (White line). At the beginning the distribution law starts to “stretch”
between the two attractors (t=24). At t=32, part of the mass is already on the point (s7, b7). Note that at this instant
p:(s, b) is bimodal and x(#) is a good approximation of [E(X;), but it is a poor statistics for X;. At the final time ¢= 80,
the deterministic trajectory x(7) reaches the equilibrium point (s7, b}) and 13% of the mass has been trapped by the
washout absorbing boundary and some mass is still in the washout basin and will be trapped by the boundary “b6=0".
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Appendix A. General finite difference scheme for n-dimensional diffusion processes

Let X, be the following diffusion process:

where X; takes values in R”, b : R" — R", o : R" > R"*™ and W, is a standard Brownian motion with values in
R™. Leta =o00* : R" — R" ", The coefficients b and o are supposed to be locally Lipschitz and at most of linear
growth.
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The probability density function p(#, x) of X; is solution of the following Fokker—Planck equation:
D plt %) = £ p(t, )
' , X) = , X
u P p

where L is the infinitesimal generator defined by:

ef u ’ 1 " "
Lo() ED S B0+ 5 Y i) by, ().
i=1

ij=1

We consider finite difference schemes based on the following stencil (for the components (x;, x;)):

We use the following up-wind scheme [8,9]:

it PRI =IO it iy = 0,
e, = L
ﬁ(x)(p(x)_(p}(f_hlel), iff,-(x)<0,
G Fa) = ay PR 2O LA
a4i:00) 1 [@Cx+h ;i thje) —¢x+hie) ¢x+hje)—¢x)
Y om | hj hj
d(x) —p(x —hje;) Pp(x—hie))—Pp(x—hie;—hje;))]
+ - :
, hj hj ]
aij(x) ¢y, (x) = _
! a”(x)i px+hiei) —px+hiei—hje)) ¢(x) —Ppx—hje))
Yo | hj hj
+¢(X+ hjej) —¢p(x)  ¢px—hiei+hje)) —dx—hie)]
hj hj I

(A.1)

if a;j(x) > 0,

if a,-j(x) <0 s

fori,j=1,...,n,i # j. The last non-diagonal second order schemes correspond to the following diagrams:

: > >
Oeeeeees o O Qreeeeves L O
A I ; A’ A
> ! >

aij)x) = 0 a;j)x) <0
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With notation f*(x) = max(f{x), 0) and f~ (x) = max(— f{x), 0), we get the following approximation:

1
Lp(x)= Zﬁ-(x) ¢ () + = Za,-, O i ()

—Z{f+(x) £ (x)}¢>x,<x>+ Za”(xw z<x>+— D a0 — a ()} ¢, ()

ljl#/

=% {f(x) 190+ hien — o112 190) — gt — ei)]}

+Zan(§) [¢( +l’l el)_2¢(x)+¢(x—h ez)]

—[¢(X+ hj ej) — ()] + [p(x) — p(x — hjej)]
—[p(x — hie)) — px — hiej — hje))])
a;;(x)
2hih;
—[p(x) —p(x —hjep)] + [p(x + hje;j) — Pp(x)]

([p(x + hie)) — p(x + hiei — hje))]

—[p(x — hjei + hjej) — ¢p(x — hiej)]) }

| /i)l a;i(x) |a;j(x)]
=¢(x){_z TRRP IR rapY 22,-1”}
i i i Qi #

o [ | aux) lajj(x)]
+zi:¢(x+h,el) { Wt > 4h,-hj}

JiiFEi
()|
+Z Z o(x + hjej) 4hihj

JoBi#Ej
Jfi () ai(x) |aij(x)]
+Z¢(X—hiei) { I + 2 24;2;1].}

WEL
|a;j(x)]
S bty

JoGi#Ej
aj(x)
+ > 2, P et hye) + o —hiei=hye)]
LjiF ]
a;;(x)
Zh,h] [p(x + hje; — hj€j)+¢(x—hiei+hj6‘j)]
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the symmetry a;; = aj; leads to

Lrp(x) = ¢p(x) —Z'ﬁ(x)l _Zaii(x)+ Z ()]

. 2 .
—  h —~ h; L 2hih;
o aix) laij(x)|
+ x4+ h;e; L —
;‘ﬁ( £€i) hi 2h? j%izhihj

fi @) ai(x) Z |a;j(x)]

+Zi:¢(x O 2hih;

S #Ei

a;(x)
+- Z {Zijz,h] [¢(x+h’el+h/ej)+¢(X—hz€l—h/ej)]

ag ()
2hih;

[¢(x+hie,-—hjej)—i—d)(x—hiei-i-hjej)]}.

We get the following approximation of the infinitesimal generator:

Lo(x) > Lad(x) = Y Li(x,y)p(y)

Y€Gp

for x € Gy, where G ={x=(k1 h1, ..., kn hy) ;k;=0, ..., N;,i=1,...,n} and

n n
| fi(x)] a;i(x) |a;j(x)]
E ) = - - - )
405, ) 2 2
i=1 i=1 i jFi
[ | ai) Jaij ()|
Lp(x,x *h;e; = =L — ,
h(x X zez) hi 2]12 22]’11/’1]
! B #Fi
aj;(x)
Lyp(x,x+hiej+hje;)) =Lp(x,x—hiej—hje;)= fori #£ j,
2hih;
ai;(x) ) )
Lyp(x,x+hiej—hje;)) =Ly(x,x—hiej+hje;)= fori #+j,
2hih;

Lp(x,y) =0 otherwise.
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Appendix B. Boundary conditions for the finite difference approximation

For the boundary points G, \ Gy, of the grid, we use the following schemes:

e Forxe{(s,0)€Gj;5=0,b€ (0, bmax)}

AL 1AW oi)  o3(x)

e Forxe {(S, b) e Gp ;5 =Smax, b € (0, bmax)}

Lp(x, x) =

Lp(x,x —hie)) =

Lpx,xhyey) =

Lp(x,y) =

LA 1AW of)  o3(x)

hi h h3 h3

Lp(x, x4+ hpe;) =0 (setartificially to 0),

|mm+ﬁm

h h3
S | o3

hy 2h} "’
0 otherwise.

e Forxe{(s, b) € Gy ;5 €(0, smax), b=0}

Lp(x, x) =

Lp(x,xEthie)) =

Lpx,xEthrer) =

Lp(x,y) =

1AM o)
h h3
ﬁm+ﬁm
hy 2h3 "
ﬁm+ém
ha 2h3
0 otherwise.

’

3

9

01(0,0) =0,

Ln(x, =
v nwo B 1
i) | ol
Ly x+h - ,
n(x, x4+ hyep) i 27
- 2
Ly(x,x—hie) = S () + 2 (? = 0 because f1(0, b) = Dsiy,
hy 2h3
+ 2
Lp(x,x*hyey) = L 02(};) , note that f>(0,b) = —Db <0,
ha 2h3
Lp(x,y) =0 otherwise.

= 0 because f>(s, 0) = 02(s,0) =0,
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e Forxe{(s, b) € Gy ;s €(0, Smax), b =bmax }

AW L@ i) o3()
‘C ) = - - - - )
(. %) hy ha h3 h3
_ffw | 6w

hi 2h3
Ln(x, x + hyey) =0 (setartificially to 0),

_ 1Al 03 (x)

Lp(x,xEhje)

Lp(x,x —haer)

ho hy
Lp(x,y) =0 otherwise.
e For x=(0, 0)
L(x. x) _ 1AM ,
hy
+
Lp(x,x+hyer) =ﬁ%9,
1

Lp(x,x —hie;) =O0because f1(0,0) = Dsj,, 01(0,0)=0, ,
Lp(x,x £ hyey) = 0because f>(0,0) = 02(0,0) =0,

Ly(x,y) =0 otherwise.

o For x=(smax, 0)

] od(x)

‘c bl = — - )
n(x, X) I 2

Ln(x,x+ hie;) =0 (setartificially to 0),

2
_ 1AW | oie)
hi hy
Lp(x,x £ hyez) = 0because f2(Smax, 0) = 62(Smax, 0) =0,

Lp(x,x —hyer)

’

Lp(x,y) =0 otherwise.
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e For x=(0, bymax)

2
La(x, %) _ If;l(lx)l _ |f2(2x)| B a;(gx) ’

Ly(x,x+hie) =——,
Lp(x,x —hrer) =0because f1(0, bmax) = Dsin, 01(0, bmax) =0,
Lp(x, x4+ hyey) =0 (setartificially to 0),

REICIIN 03 (x)
ha h3
Ln(x,y) =0 otherwise.

Lp(x,x —hyey) =

s

o For x=(Smax, Pmax)

A 1@ of@)  o3x)
E ) = - - - - )

) Iy ha W2 h
Lp(x,x+ hye;) =0 (setartificially to 0),

1A o)
= + 3
hi h?
Lp(x, x4+ hyey) =0 (setartificially to 0),
_ LWl 03w
ho h3
Ly(x,y) =0 otherwise.

Lp(x,x —hyer)

)

Ly(x,x —hyep)
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