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classical ODE model

» continuous culture with single species/single substrate

biomass b = [u(s) — D]b

Subtrate S = —k /"L(S) b + D [Sin o 8] (ODE)

x = (b,s); D > 0 dilution rate; s™ > 0 inflow substrate
concentration ; k > 0 stoichiometric coefficient; 1u(s) specific
growth rate function (Monod)




» sources of randomness
e demographic
e environmental
® measurement

— a model that accounts for the demographic randomness



pure jump process X; = (B, S;) |

substrat

> five types of jump :

. ® biomass 7 of v1(z) at rate A\1(x)
biology { @ substrate \ of Vggx) at rate Ao Ex)
inflow ® substrate ' of v3(z) at rate Az(x)

(z) ()
(x) (

@ biomass N\, of v4(x) at rate A\y(x
outflow
® substrate N\, of v5(z) at rate A5(x)

b

biomass

» starting from X; =z = (b, s) :

Xppar =2 + AX] + AX7 + AX] + AX]) + AX]

cumulated jumps of type ® @ ®@ @ ®



pure jump process X; = (B, S;) |l

> for © & @

e on the one hand the stochastic mass action law gives :

E[AX} Xy =] ~ (“(S)ObAt) E[AX?| X = 2] ~ (—k,u(g)bAt>

e on the other hand the number jumps of type @, @ are
approximatively Poisson, P(Al(Jx) At) and P(A2(x) At), so

E[AX} X = 2] ~ A (z) vi(z) At E[AXZ|X; = x] ~ Ao(z) va(z) At

e so that

M@)i(e) = (*Q0) K@) va(@) = (ko)



pure jump process X; = (B, S;)

> introduce scale parameters K| and K> and choose :

M(z) & K p(s)b m ()
No(z) & Ky ke p(s) b v (L)

(this choice is not unique) K acts on the variance of the
increments — tuning parameters

> the approach leads to

O] @ ® @ ®
biomass substrate substrate biomass substrate
increase decrease inflow outflow outflow

biology [ inflow [ outflow

rate \; (x) Kip(s)b Ko kp(s)b K3Dsin

1 0
o] () -(3)

K4 Db

K5

(&) (%) (Ki>




pure jump process X; = (B, S;) IV

» Poisson process representation :

5
X =Xo+ ) / vi(X=) Lpen(x,_ ) N (du x do)
i—1 ¥ (0,t]x[0,00)
N independent random Poisson measures with intensity
measure du x dv

or, after martingale decomposition :

dm} dm?
dB; = (N(St)_ )Btdt—f—\/—i‘f'\/—i
dmt dmt dm

dSy = (—ku(Sy) By + D (s™ — Sp)) dt + b + 2 + Tk
mi are independent square integrable martingales with zero
mean and the (m?); are known

» can be exactly simulated (Gillespie method) : asynchronous,
valid for small population size

«*0\




Poisson approximation X; = (B, ,S, )

fixe time step : ¢, = n At

froze \;(Xy) and v;(Xy) to \i(Xy,) and v;(Xy,) on [tn, tni1),
so that in Xyya = 2+ AX] + AX? + AXP + AX} + AX?
we have AX/ ~ v;(x) Poisson(At \;()), we get

5
X = Xo, + > vi(Xy,) Ph(ALA(Xy,))  (Poisson)
=1

e P! (p) independent Poisson variables with intensities p
e boundary conditions
T-leaping

the time step can be adapted



biomass concentration (g/l)

from pure jump to Poisson approximation
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diffusion approximation &_ = (5, ,5, )

» for At \;(x) large : PL(ALN(7)) ~ N (At N\ (z), At \i(z))
» diffusion approximation

5
étn+1 =+ Z Vl(x)NrZL
i=1
e independent N} ~ N (X;(z) At, A;(x) At)

e same instantaneous mean and covariance
> given By, =band 7y, = s :

Biniy = b+ [u(s) — D] bAL+ /At 0 4 Ap Db o

Otpi1 =S+ [—ku(s)b—i—Dsi“—Ds} At

ku(s)b D sin D s
+ /At REEE | A DR 4 Ap Do

o wh, ws iid. N(0,1)
e boundary conditions (absorbing in b, reflecting in s)
e Euler-Maruyama approximation of an SDE



biomass concentration (g/l)
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SDE

» diffusion approximation & = (3¢, o)

4B = [u(ov) = D] Bt + /#5202 + Bo awy

doy = [ = kp(oy) B + D (s™ — oy)] dt
4 \/ku(ot)ﬂt + Bgn 4 Do qw;

e WP, W* independent standard Wiener processes
e behavior near the axes



asymptotic analysis

» (jump) & (SDE) — (ODE) as all K; — oo

P(OE?ET{ X5 =2l + |6 ~ =]} 2 5) =0



asymptotic behavior

sion (g1)

» surprisingly E&; ~ z(t)
> quasi-stationary distribution
e support of limit distribution C {(b, s);b = 0} (washout)
P(B; =0) > 0 for all ¢
B; —+0as. ast — 0o

e 1 quasi-stationary distribution
o different time scales



logistic |

click here



logistic 1l

click here



logistic 11l

click here



conclusion

» advantages of the ODE model + more realistic model of
extinction

» coupled with measurement models — statistical models
(likelihood function)
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