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dynamique de population
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I Ntk taille de la population à l’instant tk = k h
I modéliser évolution taille → modéliser incrément ∆k(Ntk)

Ntk+1
= Ntk + ∆k(Ntk) = Ntk +B −D

B nombre de naissances / B nombre de morts
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vers l’ODE

I incrément par unité de temps

Ntk+1
−Ntk

h
=

∆k(Ntk)

h

I lorsque h→ 0
• tk → t, Ntk → Nt
• ∆k(Ntk)→ 0 t.q. 1

h ∆k(Ntk)→ F (Nt)

• 1
h (Ntk+1

−Ntk)→ Ṅt

I modèle d’EDO (équation différentielle ordinaire)

Ṅt = F (Nt)
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changement d’échelle (rescaling)

I lorsque Nt est grand → changement d’échelle

xt
déf
=
Nt

V

V (grand) peut représenter
• 1/masse d’une bactérie → xt biomasse
• volume (ou surface) dans lequel évolue la population → xt

densité de population
• changement d’échelle artificiel

I ainsi Ṅt
V = 1

V F
(
V Nt

V

)
posons b(x)

déf
= 1

V F (V x)

ẋt = b(xt)

xt est la taille de la population ou sa biomasse ou sa densité
I souvent b(x) = r(x)x où r(x) est un taux de croissance per

capita
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où se niche l’aléa ?

I dans la nature
• physique quantique : une information (observable) sur un

système physique prend aléatoirement une valeur dans un
ensemble donnée

• naissance/mort, génétique
• comportement animal, humain...

I dans les mesures

I dans les modèles : pour simplifier un modèle on “cache”
certaines complexités dans le modèle, ex. le lancé de dé

I dans les algorithmes : méthodes de Monte Carlo
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but du cours

I comment introduire l’aléa ?
• au niveau microscopique
• chaque individu peut mourir ou donner naissance à un autre

individu
• on se place à l’échelle de ces événements de naissance/mort
• ces événements sont aléatoires

I idée :
• grandes tailles de population : modèles déterministes
• petites tailles de population : modèles stochastiques

I programme :
• processus de naissance et mort
• modèle stochastique de Markov
• comment faire lien déterministe/stochastique ?
• utiliser R

I travail en commun avec Marc Joannides (UM2)
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les logiciels numériques

I calcul numérique
• matlab : payant
• octave : gratuit
• scilab : gratuit
• R : gratuit, orienté statistique

I calcul symbolique/numérique
• maple : payant
• mathematica : payant
• maxima : gratuit
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R

I R is a free software environment for statistical computing and
graphics. It compiles and runs on a wide variety of UNIX
platforms, Windows and MacOS.

, : c’est riche
/ : c’est riche

I des sites
http://www.r-project.org/

http://www.r-bloggers.com/

http://www.rseek.org/
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R

I pour commencer
quit() # sortir du R

getwd() # où suis-je?

setwd("toto") # changer de working directory

dir() # contenu du working directory

source("fichier.R") # charger un fichier dans la session

source("fichier.R",echo=T) # <<< idem avec echo

I un peu d’aide
help(toto) # aide sur une toto

help.search("toto") # aide sur le mot clé toto

help.start() # <<< aide dans un browser

example(toto) # exemples sur certaines fonctions

I opérations de base
x <- 2 # affectation

y <- c(x,3) # concaténation
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premier script

I trouver l’éditeur

I y inclure la ligne
cat("Hello world!\n")

I sauver le buffer sous le nom script.R

I dans la fenêtre R faire
source("script.R")

I idée : éditer le fichier script.R et le “sourcer”
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graphiques (script1.R)

pause <- function(){

## fonction de pause

readline(prompt = "Pause. Press <Enter> to continue...")

}

plot.new() # creer un nouveau trace

curve(sin,xlim=c(0,2*pi),col="blue") # xlim les limites du graphiques

pause()

curve(cos,xlim=c(0,2*pi),col="red",add=T) # superposer un graphique

pause()

curve(10*exp(-0.3*x),xlim=c(0,20),col=4) # x est le nom de variable

pause()

xx <- 4*(0:5) # ou bien seq(0,20,by=4)

yy <- 10*exp(-0.3*xx)

points(xx,yy)

pause()

lines(xx,yy,col="red")

pause()

plot(xx,yy,type="l",col="red") # creer le graphique

matplot(xx,yy,type="s",col="green",add=T) # stairs

points(xx,yy,pch="P",col="blue") # pch plotting character
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fonction/graphiques (script2.R) I

logistique<- function(temps_t,x0,taux,K) { # fonction logistique

K / (1 + (K/x0-1) * exp(-taux * temps_t))

}

tmin <- 0

tmax <- 3

temps <- seq(tmin,tmax,length=200) # suite des instants

x0 <- 20

ttaux <- c(1,2,3,4,5) # différentes valeurs du taux

K <- 400

plot(logistique(temps,ttaux[1],x0,K),

xlim=c(tmin,tmax), # limites en x du trace

xlab="temps", # titre axe x

ylab="effectifs", # titre axe y

type="n") # pas de trace type="n"

for (i in 1:5){

lines(temps,logistique(temps,x0,ttaux[i],K),xlim=c(tmin,tmax),col=i+1) # courbe de croissance

}
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fonction/graphiques (script2.R) II

lines(c(tmin,tmax),c(K,K),type="l",lty=1,col="gray50") # asymptote

text(tmin,K,expression(paste("capacité ",italic(K)," du milieu")),

adj = c(0,1.5),col="gray50", cex=0.8)

lines(c(tmin,tmax),c(K/2,K/2),type="l",lty=2,col="gray50") # K/2

text(tmin,K/2,expression(italic(K/2)),adj = c(0,1.5),col="gray50", cex=0.8)

dev.copy2pdf(file="script2.pdf")
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ODE (script3.R) I

I d’abord installer le package deSolve

> install.packages("deSolve")

puis sourcer script3.R

library(deSolve) # solveur d’EDO (fonction ode)

LVmod <- function(Time, State, Pars){

with(as.list(c(State, Pars)), {

dProie.dt <- ra*Proie - rb*Proie*Predateur

## CroissanceProie - Ingestion

dPredateur.dt <- rc*Proie*Predateur - rd*Predateur

## Prédation - MortPredateur

return(list(c(dProie.dt, dPredateur.dt)))

})

}
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ODE (script3.R) II

tmin <- 0 # temps initial de simulation

tmax <- 10 # temps final de simulation

nmax <- 1000 # nombre de pas de discrétisation en temps

temps <- seq(tmin,tmax, length=nmax) # suites des instants

## taux: croissance des proies, ingestion, efficacité de prédation, mort des prédateurs

parametres <- c(ra=3,rb=1,rc=1,rd=2)

yini <- c(Proie = 0.4, Predateur = 3) # valeurs initiales

out <- as.data.frame(ode(func = LVmod, y = yini,

parms = parametres, times = temps))

yrange <- round(range(0,8,out$Proie,out$Predateur))

plot(temps,out$Proie,type = "n",

ylim=yrange,

xlab = "temps ",

ylab = "effectifs")

lines(temps,out$Predateur,type = "l",lwd = 1,col=2)

lines(temps,out$Proie,type = "l",lwd = 1,col=3)

legend("topright",c("proies","prédateurs"),lty=1,col=2:3)

dev.copy2pdf(file="script3.pdf")
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ODE (script3.R) III
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aléatoire (script4.R) I

vect <- seq(3, 12)

sample(vect, 5) # échantillon de 5 valeurs dans vectt sans remise

sample(vect, 5, replace=T) # idem avec remise

sample(vect) # permutation

sample(10, 5) # idem sample(seq(1,10),5)

## selon une loi discrete donnee

sample(seq(1, 4), 3, prob=c(0.1,0.2,0.3,0.4), replace=T)

rnorm(10, 0, 1) # 10 loi gaussienne N(0,1) attention:ecart-type

rnorm(10, mean=0, sd=1) # idem

rnorm(10, mean=c(0,3), sd=c(0.5,1)) # bimodale gaussienne

runif(10, 0, 5) # 10 loi uniforme U[0,5]

runif(10, min=0, max=5) # idem

runif(10, c(0, 1), c(5, 7)) # superposition de 2 uniformes

plot(rnorm(1000),type="l",col="red")

dev.copy2pdf(file="script4.pdf")
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aléatoire (script4.R) II
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I autres
[dpqr]exp(x, rate=1) : loi exponentielle.

[dpqr]binom(x, size, prob) : loi binomiale

[dpqr]dpois(x, lambda) : loi de poisson

d densité | p fonction de répartition | q quantile | r tirage
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Fabien Campillo: modèles stochastiques [plan] 24/107



une trajectoire

temps

ta
ill

e

0.000 0.005 0.010 0.015 0.020 0.025 0.030

8
9

10
11

12
13

14
15

●

●

●

●

●

●

●

●

●

●●
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définition

I avec h petit et conditionnellement à Nt = i

Nt+h '
h→0


i+1 avec proba hλi
i−1 avec proba hµi
i avec proba 1− h (λi + µi)

avec
• λi > 0 taux de naissance
• µi > 0 taux de mort

λ2 λ3

µ1 µ2 µ3 µ4

1 2 30

λ0 λ1
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temps de sauts/d’attente

S3

t
T0 T1 T2 T3

S2S1

I Tk temps de saut

I Sk temps d’attente
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temps d’attente

I conditionnellement à NTk = i, pour
h petit

NTk+h = NTk

avec probabilité 1− h (λi + µi)
ainsi

Sk ∼ Exp(λi + µi)

et le temps moyen d’attente est
1/(λi + µi)

I loi exponentielle (cf.
script5.R)
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loi des sauts

I à l’instant Tk+1 = Tk + Sk il y a un saut vers +1 (naissance)
ou vers −1 (mort)

I conditionnellement à NTk = i,

NTk+1
=

{
i+ 1 avec proba λi/(λi + µi)

i− 1 avec proba µi/(λi + µi)
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simulation exacte : algorithme de Gillespie I

I partant de NTk−1
= i

• on y reste un temps exponentiel de paramètre r(i) = λi + µi
(temps moyen 1

r(i) ), i.e.

Sk ' Exp(r(i)) Tk+1 = Tk + Sk

• puis on saute selon

NTk+1
=

{
i+ 1 avec proba λi/r(i)

i− 1 avec proba µi/r(i)
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simulation exacte : algorithme de Gillespie II

T0 ← 0
N0 ← `
for k = 1, 2, . . . do
i← NTk−1

r(i)← λi + µi
S ∼ Exp(r(i))
Tk ← Tk−1 + S
if rand() < λi/r(i) then
NTk

← i+ 1 {naissance}
else
NTk

← i− 1 {mort}
end if

end for
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définition

I le taux de naissance et le taux de mort sont linéaire par
rapport à la taille de la population :

λi = i λ µi = i µ

I modèle de croissance malthusienne
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moyenne/variance des incréments

Ntk+1
−Ntk |Ntk

=n =


1 avec proba nhλ+ o(h)

0 avec proba 1− nh (λ+ µ) + o(h)

−1 avec proba nhµ+ o(h)

I moyenne et variance

E[Ntk+1
−Ntk |Ntk = n] = 1 [nhλ+ o(h)] + 0 [1− nh (λ+ µ) + o(h)]

− 1 [nhµ+ o(h)] = nh (λ− µ) + o(h)

var[Nt+h −Nt|Nt=n] = 1 [nhλ+ o(h)] + 0 [1− nh (λ+ µ) + o(h)]

+ 1 [nhµ+ o(h)] + o(h))

= nh (λ+ µ) + o(h)

I donc en moyenne : ENt = ` e(λ−µ) t
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cript6.R I

nm_lineaire <- function(Tmax,X0,lambda,mu) {

T <- 0; X <- X0; TT <- T; XX <- X # initialisation

while (T < Tmax) {

llambda <- lambda*X

mmu <- mu *X

r <- llambda+mmu

S <- rexp(1,rate=r)

T <- T+S

X <- X+2*(as.integer(runif(1)<llambda/r)-0.5)

TT <- c(TT,T)

XX <- c(XX,X)

if (X==0) break

}

return(list(Tsauts=TT,Xsauts=XX))

}
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cript6.R II

Tmax <- 100 # temps final de simulatipon

X0 <- 100 # taille initial de population

lambda <- 0.01 # taux de naissance per capita

mu <- 0.05 # taux de mort per capita

proc <- nm_lineaire(Tmax,X0,lambda,mu)

plot(proc$Tsauts,proc$Xsauts,type="s",col="blue",

xlim=c(0,Tmax),ylim=c(0,round(1.2*max(proc$Xsauts))),

xlab="temps",ylab="taille de population")

rug(proc$Tsauts,col="red")

dev.copy2pdf(file="script6.pdf")
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simulation

I λ = 0.01, µ = 0.05
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(script6.R)
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problème : temps de simulation I
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X0<-10000
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problème : temps de simulation II

> system.time(proc <- nm_lineaire(Tmax,100,lambda,mu))

utilisateur système écoulé

0.008 0.001 0.009

> length(proc$Tsauts)

[1] 140

> system.time(proc <- nm_lineaire(Tmax,10000,lambda,mu))

utilisateur système écoulé

1.760 0.632 2.359

> length(proc$Tsauts)

[1] 14466

I c’est très long pour obtenir la fonction exponentielle !
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grande population (Nt grand)

I alors le taux global est grand

r(Nt) = (λ+ µ)Nt

• proportionnellement à la taille Nt de la population les
incréments ±1 sont petit

• de très nombreuses fluctuations de petites amplitudes
• comment accélérer ?
• approximation de Nt par un processus sur une grille tk = k h

avec un pas h convenablement choisi
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approximation de Poisson I

Ntk+1
= Ntk +B −D

{
B nb naissances
D nb morts

sur [tk, tk+1]

I Hyp : h suffisamment petit afin que les taux ne changent pas
significativement dans [tk, tk+1], alors

B ' Binom(hλ,Ntk) ' Poisson(hλNtk)

D ' Binom(hµ,Ntk) ' Poisson(hµNtk)

I Rappel : N ∼ Poisson(r) si P[N = k] = e−r rk/k! alors
E[N ] = var[N ] = r

5 10 15 20

Poisson(5)

k

p k
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approximation de Poisson II

k ← 0
tk ← 0
N̄k ← `
while tk + h ≤ Tmax do
k ← k + 1
tk ← tk−1 + h
B ∼ Poisson(hλ Ñtk)
B ∼ Poisson(hµ Ñtk)
Ñtk ← Ñtk−1

+B −D
end while

• moyenne :

E(B −D) = EB − ED

= Ñtk h (λ− µ))

• variance :

var(B −D) = varB + varD

= Ñtk h (λ+ µ))
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approximation normale I

I on souhaite quand même que h ne soit pas trop petit (trop
lent)

I Hyp : h suffisamment petit afin que les taux ne changent pas
significativement dans [tk, tk+1] mais suffisamment grand pour
qu’il y ait de nombreux événements, alors

B ' Poisson(hλNtk) ' N (hλNtk , h λNtk)

D ' Poisson(hµNtk) ' N (hµNtk , h µNtk)

I rappel : si r est grand alors P(r) ' N (r, r) :

0 20 40 60 80 100

Poisson(100)  et Normal(100, 100)

k

p k
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approximation normale II

I B ' N (hλNtk , h λNtk) et D ' N (hµNtk , h µNtk) donc

B −D = N
(
h (λ− µ)Ntk , h (λ+ µ)Ntk

)
= h (λ− µ)Ntk +

√
h (λ+ µ)Ntk N (0, 1)

I approximation :

N̄tk+1
= N̄tk + h (λ− µ) N̄tk +

√
h (λ+ µ) N̄tk ×N (0, 1)

extinction : si N̄tk+1
< 0 alors N̄tk+1

= 0

I approximation diffusion : Ntk est une approximation en temps
discret de l’équation différentielle stochastique suivante

dXt = (λ− µ)Xt dt+
√

(λ+ µ)Xt dBt

où Bt est un mouvement brownien
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algorithme

k ← 0
tk ← 0
N̄k ← `
while tk + h ≤ tmax do
k ← k + 1
tk ← tk−1 + h
ξ ∼ N(0, 1)
N̄tk ← N̄tk−1

+ h (λ− µ) N̄tk +
√
h (λ+ µ) N̄tk × ξ

if N̄tk < 0 then
N̄tk ← 0 {extinction}

end if
end while
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un peu de R I

I script8.R

tmax <- 30

x0 <- 1000

lambda <- 10

mu <- 10-0.1

N <- 400 # nb intervalles discrétisation

h <- tmax/N # pas de temps

temps <- seq(0,tmax,length=N+1) # liste des instants

malthus <- function(temps_t,x0,lambda,mu) {

x0 * exp( (lambda - mu) * temps_t )

}

mmalthus <- malthus(temps,x0,lambda,mu)
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un peu de R II

set.seed(222)

x <- array(dim=N+1,x0)

ggauss <- array(dim=N+1,rnorm(N+1))

for (n in 2:(N+1)) {

xx <- x[n-1]

x[n] <- pmax(xx + xx*h*(lambda-mu)

+ sqrt(xx*h*(lambda+mu)) * ggauss[n],0)

}

plot(temps,x,type="l",col="blue",ylim=c(0,max(mmalthus)))

lines(temps,mmalthus,type="l",col="green")

dev.copy2pdf(file="script8.pdf")
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un peu de R III
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un peu de R IV

I tmax <- 50; lambda <- 10; mu <- 10+01
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extinction

I modèle EDO : la population ne s’éteint jamais

I modèle stochastique : la population s’éteint en temps fini
• temps d’extinction τ = inf(t;Nt = 0), sa loi ?
• loi stationnaire : δ0
• loi quasi-stationnaire : loi stationnaire conditionnellement à la

non-extinction
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logistique (EDO) I

dxt
dt

= r ×
(

1− xt
K

)
× xt (densité)

dnt
dt

= r ×
(

1− nt/V

K

)
× nt avec xt =

nt
V

(taille)

I K capacité du milieu, r taux per capita

I EDO non-linéaire

I solution explicite xt =
KP0e

rt

K + P0 (ert − 1)
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logistique (EDO) II
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logistique stochastique

I avec h petit et conditionnellement à Nt = i

Nt+h =


i+1 avec proba λi
i−1 avec proba µi
i avec proba 1− (λi + µi)

avec
• λi > 0 taux de naissance
• µi > 0 taux de mort

I logistique

λi − µi = r i
(

1− i/V

K

)
e.g.

{
λi = λ i
µi = (µ+ d i) i

r = λ− µ taux de croissance ; K V = (λ− µ)/d, K capacité
du milieu, V paramètre de renormalisation (volume, surface,
taille de population....) →∞
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limite fluide V →∞

1

V
Nt −−−−→

V→∞
xt (densité)

temps
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approximation de Poisson I

Ntk+1
= Ntk +B −D

{
B nb naissances
D nb morts

sur [tk, tk+1]

I Hyp : h suffisamment petit afin que les taux ne changent pas
significativement dans [tk, tk+1], alors

B ' Poisson(hλNtk)

D ' Poisson(h (µ+ dNtk)Ntk)
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approximation de Poisson II

k ← 0
tk ← 0
N̄k ← `
while tk + h ≤ tmax do
k ← k + 1
tk ← tk−1 + h
B ∼ Poisson(hλ Ñtk)
B ∼ Poisson(h (µ+ dNtk) Ñtk)
Ñtk ← Ñtk−1

+B −D
end while
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approximation normale I

I on souhaite quand même que h ne soit pas trop petit (trop
lent)

I Hyp : h suffisamment petit afin que les taux ne changent pas
significativement dans [tk, tk+1] mais suffisamment grand pour
qu’il y ait de nombreux événements, alors

B ' Poisson(hλNtk) ' N (hλNtk , h λNtk)

D ' Poisson(h (µ+ dNtk)Ntk)

' N (h (µ+ dNtk)Ntk , h (µ+ dNtk)Ntk)

ainsi B −D est approximativement

h rNtk

(
1− Ntk/V

K

)
+

√
h
(
λ+ µ+ r

Ntk/V

K

)
Ntk ×N (0, 1)
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approximation normale II

I approximation diffusion de Nt

N̄tk+1
= N̄tk + h r N̄tk

(
1− N̄tk/V

K

)
+

√
h
(
λ+ µ+ r

N̄tk/V

K

)
N̄tk ×N (0, 1)

extinction : si N̄tk+1
< 0 alors N̄tk+1

= 0

I renormalisation X̄tk
déf
= N̄tk/V

N̄tk+1

V
=
N̄tk

V
+ h r

N̄tk

V

(
1− N̄tk/V

K

)
+

1√
V

√
h
(
λ+ µ+ r

N̄tk/V

K

) N̄tk

V
×N (0, 1)
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approximation normale III

I après renormalisation

X̄tk+1
= X̄tk + h r X̄tk

(
1− X̄tk

K

)
+

1√
V

√
h
(
λ+ µ+ r

X̄tk

K

)
X̄tk ×N (0, 1)

I X̄tk est une approximation en temps discret de l’équation
différentielle stochastique suivante

dXt = r Xt

(
1− Xt

K

)
dt

+
1√
V

√(
λ+ µ+ r

Xt

K

)
Xt dBt

où Bt est un mouvement brownien
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algorithme

k ← 0
tk ← 0
X̄k ← `
while tk + h ≤ Tmax do
k ← k + 1
tk ← tk−1 + h
ξ ∼ N(0, 1)

derive← h r X̄tk

(
1− X̄tk

K

)
diffusion← 1

V h
(
λ+ µ+ r

X̄tk
K

)
X̄tk

X̄tk ← X̄tk−1
+ derive +

√
diffusion× ξ

if X̄tk < 0 then
X̄tk ← 0 {extinction}

end if
end while
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fonction/graphiques (script11.R) I

tmax <- 3; npts <- 2000; h <- tmax/npts

temps <- seq(0,tmax,length=npts+1)

lambda <- 10

mu <- 7

x0 <- 1 # population initiale

K <- 2 # capacité

V <- 1000 # volume (parametre de renormalisation)

r <- lambda - mu

d <- r / K

logistique<- function(x) {

K / (1 + (K/x0-1) * exp(-r * x))

}

xt <- numeric(npts)

xt[1] <- x0

for (i in (2:(npts+1))) {

derive <- h * r * (1 - xt[i-1] / K) * xt[i-1]

diffusion <- h * (lambda + mu + d * xt[i-1]) * xt[i-1]/V

xt[i] <- xt[i-1] + derive + sqrt(diffusion) * rnorm(1)

if (xt[i] <0) xt[i] = 0 # test d’extinction

}
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fonction/graphiques (script11.R) II

matplot((0:npts)*h,cbind(logistique((0:npts)*h),xt),

type="l",lty=1,col=c(2,3),

xlab="temps",ylab="taille de population")

dev.copy2pdf(file="script11.pdf")
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asymptotique I

I lorsque V →∞ (i.e. grande population, densité grande etc.)
Xt converge vers la solution de l’EDO :

d

dt
xt = r xt

(
1− xt

K

)
(logistique)

X̄tk converge vers l’approximation par un schéma d’Euler de
l’EDO logistique

I EXt < xt (dans le cas linéaire EXt = xt)
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Markov

I (Xt)t≥0 processus en temps continu à valeurs dans N vérifie la
propriété de Markov lorsque

P(Xtn+1 = j|Xtn = in, . . . , Xt0 = i0) = P(Xtn+1 = j|Xtn = in)

pour tout n, ik ∈ N, 0 ≤ t0 ≤ · · · ≤ tn+1

loi(futur|passé) = loi(futur|présent)

I la loi de (Xt)t≥0 est donc définie par :
• loi initiale ν = loi(X0)
• probabilités de transition Pij(t) = P(Xt+s = j|Xs = i)

(hyp : Xt homogène en temps, i.e. P ne dépend pas de s)

en effet

P(Xtn = in, . . . , Xt0 = i0) = νi0 Pi0i1(t1−t0) · · ·Pin−1in(tn−tn−1)
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notation matricielle

Eνf(Xt) = ν P (t) f

= [ P(Xt=0) P(Xt=1) P(Xt=2) ··· ]× [P (t)]ij∈N

︸ ︷︷ ︸
ν P (t)=π(t)=loi(Xt)

×

 f(0)
f(1)
f(2)

...



︸ ︷︷ ︸
P (t) f=E(f(Xt)|X0)

I si X0 ≡ `, i.e. ν = δ` = [0 · · · 010 · · · ] (1 à la place `)

E`f(Xt) = [ 0 ··· 0 1 0 ··· ]× [P (t)]ij∈N ×

 f(0)
f(1)
f(2)

...
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propriété de semi-groupe

P (t+ s) = P (t)P (s) P (0) = I

I c’est à dire

P(Xt+s = j|X0 = i) =
∑
k∈N

P(Xs = k|X0 = i)P(Xt+s = j|Xs = k)

I générateur infinitésimal

A = lim
t↓0

P (t)− I
t


Aij ≥ 0 pour i 6= j
Aii ≤ 0∑

j Aij = 0

I posons

r(i) = −Aii =
∑
j 6=i

Aij
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équation de Kolmogorov progressive

I d’après la propriété de semi-groupe

P (t+ h)− P (t)

h
= P (t)

P (h)− I
h

−−→
h↓0

PtA

I équation de Kolmogorov progressive

Ṗ (t) = P (t)A , P (0) = I
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équation Fokker-Planck (master equation)

I d
dtν P (t) = ν P (t)A mais π(t) = loi(Xt) = ν P (t) donc

π̇(t) = π(t)A , π(0) = ν

ou π̇j(t) =
∑

i∈N[πi(t)Aij − πj(t)Aji]

I π̃ est dite stationnaire lorsque π̃A = 0

I d
dtν P (t) f = ν P (t)Af mais Eνf(Xt) = ν P (t) f donc

d

dt
E[f(Xt)] = E[Af(Xt)] , Ef(X0) = νf
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représentation de Xt

Ef(Xt) = Ef(X0) +

∫ t

0
E[Af(Xs)] ds (*)

I d’après (∗)

Mf
t

déf
= f(Xt)− f(X0)−

∫ t

0
Af(Xs) ds

est une martingale de moyenne nulle : c’est à dire un “bruit”
I représentation de f(Xt)

f(Xt) = f(X0) +

∫ t

0
Af(Xs) ds+Mf

t

I représentation de Xt, on pose ψ(x) = x, alors

Xt = X0 +

∫ t

0
Aψ(Xs) ds+Mψ

t
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exemple : processus de naissance/mort

P(Nt+h = j|Nt = i)
h↓0
'


λi h si j = i+ 1

µi h si j = i− 1

1− (λi + µi)h si j = i

A =


−λ0 λ0

µ1 −µ1 − λ1 λ1

µ2 −µ2 − λ2 λ2

. . .
. . .

. . .


Af(i) = λi [f(i+ 1)− f(i)] + µi [f(i− 1)− f(i)]

= r(i)
{ λi
r(i)

[f(i+ 1)− f(i)] +
µi
r(i)

[f(i− 1)− f(i)]
}
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exemple : cas linéaire

I λi = i λ, µi = i µ, r(i) = i (λ+ µ) donc

Af(i) = i (λ+ µ)
{ λ

λ+ µ
[f(i+ 1)− f(i)] +

µ

λ+ µ
[f(i− 1)− f(i)]

}
Aψ(i) = i (λ+ µ)

{ λ

λ+ µ
[i+ 1− i] +

µ

λ+ µ
[i− 1− i]

}
= i (λ− µ)

donc

Nt = N0 +

∫ t

0
(λ− µ)Ns ds+Mψ

t

en prenant l’espérance

ENt = EN0 +

∫ t

0
(λ− µ)ENs ds

solution de l’EDO ẋt = (λ− µ)xt (croissance malthusienne)
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exemple : logistique

I λi = i λ, µi = (µ+ d i) i, r(i) = i (λ+ µ) + d i2

I générateur

Af(i) = λ i (f(i+ 1)− f(i)) + (µ+ d i) i (f(i− 1)− f(i))

= r(i)

[
λ i

r(i)
(f(i+ 1)− f(i)) +

(µ+ d i) i

r(i)
(f(i− 1)− f(i))

]
avec taux global r(i) = i (λ+ µ+ d i).

I équation

Nt = N0 +

∫ t

0
r Ns (1− Ns

K
) ds+Mt
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chemostat (EDO)

ḃt = µ(bt, st) bt −D bt

ṡt = −c1 µ(bt, st) bt −D (st − sin)

I somme de 3 vecteurs(
ḃt
ṡt

)
= µ(bt, st) bt

(
1
−c1

)
+D

(
0
sin

)
+D

(
−bt
−st

)
correspondant au 3 différentes sources de variation : bio, in et
out
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processus de saut

I état : Xt = (Bt, St) ∈ R2
+

I transitions depuis (b, s) :
• Bio : saut de taille 1

K1
(1,−c1) à un taux K1 µ(b, s) b

• In : saut de taille 1
K2

(0, sin) à un taux K2D

• Out : saut de taille 1
K3

(−b,−s) à un taux K3D
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approximation diffusion

(
Btk+1

Stk+1

)
=

(
Btk
Stk

)
+

(
µ(Btk , Stk)Btk

(
1
−c1

)
+D

(
0
sin

)
+D

(
−Btk
−Stk

))
h

+

√
h
µ(Btk , Stk)Btk

K1

(
1
−c1

)
N (0, 1)

+

√
h
D

K2

(
0
sin

)
N (0, 1)

+

√
h
D

K3

(
−Btk
−Stk

)
N (0, 1)
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IBM

t→ νt(dx) =

Nt∑
i=1

δxit(dx) ≡
{
x1
t , x

2
t , . . . , x

Nt
t

}
I Nt individus i positionnés en xit

I on décrit explicitement tous les mécanismes agissant sur
chaque individu i (naissance/mort) et modifiant son état xit

I pourquoi mesures ? νt(A) = taille de la population dans A ;∫
νt(dx) = Nt taille de la population
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modèle de Bolker-Pacala

I chaque individu x dans la population νt
• se reproduit

νt → νt + δy (naissance)

selon un taux λb avec y ∼ D(y − xit) dy noyau
de dispersion

• disparâıt

νt → νt − δxi
t

(mort)

selon un taux λd(x, νt) = α+
∑
y∈νt U(y − x)

U noyau de compétition
α taux de mort intrinsèque

I (νt)t≥0 est un processus de Markov (à valeurs
mesures)
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résultats

I on a un générateur / simulateur (exact) A

I représentation

〈νt, ϕ〉 = 〈νt, ϕ〉+

∫ t

0
Aϕ(νs) ds+Mϕ

t

Mϕ
t martingale dont on connâıt l’épaisseur 〈Mϕ〉t (∀ϕ)

I limite fluide : en population initiale grande K ↑ ∞, si U
K → Ū

alors 1
K νt converge vers la solution faible de

∂tp(t, x) = λb

∫
p(t, y)D(y − x) dy

−
[
α+

∫
p(t, y) Ū(y − x) dy

]
p(t, x)
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simulation remarques

I méthodes des moments : calculer la taille moyenne de la
population

n(t)
déf
= E〈νt, 1〉

→ une logistique faisant intervenir une covariance spatiale
→ faisant intervenir un terme d’ordre 3 (que l’on néglige)

I il est possible de faire des statistiques à l’aide des modèles
agrégés

I simulateurs : approximations poissonniennes / diffusions /
EDO
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Gillespie like algorithm

I N ← NTk−1

I compute global rate λ =
∑NTk−1

i=1 λ(xi)

I next event time TK = Tk−1 + S where S ∼ Exp(λ)

I choose x with probability λ(x)
λ then

• remove x with probability λd(x)+λc(x)
λ(x)

• add x′ with probability λb(x)
λ(x) where x′ drawn from D(x, dz)

Fabien Campillo: modèles stochastiques [plan] 101/107

plan général
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division cellulaire

I hypothèse simplificatrice : absence de
mémoire / pas de vieillissement

temps

Prescott−Harley−Klein: 
Microbiology, Fifth Edition

IV. Microbial Molecular 
Biology and Genetics

12. Genes: Expression and 
Regulation

© The McGraw−Hill 
Companies, 2002

Current evidence suggests that two sequences of events, op-
erating in parallel but independently, control division and the cell
cycle (figure 12.35). Like eucaryotic cells, bacteria must reach a
specific threshold size or initiation mass to trigger DNA replica-
tion. E. coli also has to reach a threshold length before it can par-
tition its chromosomes and divide into two cells. Thus there seem
to be two separate controls for the cell cycle, one sensitive to cell
mass and the other responding to cell length. DNA replication
takes about 40 minutes to complete.

Some of the E. coli cell cycle control mechanisms are be-
coming clearer, although much remains to be learned. The initia-
tion of DNA replication requires binding of many copies of the
DnaA protein to oriC, the replication origin site (see pp. 235–39).
Active DnaA protein has bound ATP, and the interconversion be-
tween DnaA-ATP and DnaA-ADP may help regulate initiation.
Other factors also appear to participate in initiating DNA replica-
tion. After DNA replication is under way, another round does
not immediately begin, partly because the parental DNA strand
is methylated right after replication. The methylated replica-
tion origin binds to specific areas on the plasma membrane and
is inactive.

The initiation of septation is equally complex and tightly
regulated. Both termination of DNA replication and the at-
tainment of threshold length are required to trigger septation
and cell division. This is at least partly due to the inhibition of
septation by the proximity of chromosomes. The presence of
DNA damage inhibits septation as well. A cell will complete
chromosome replication, repair any DNA damage, and parti-
tion the chromosomes into opposite ends before it forms a sep-
tum and divides. There probably are one or more regulatory
proteins that interact with various division proteins to promote
septum formation and division. An adequate supply of pepti-
doglycan chains or precursors also must be available at the
proper time. The FtsZ protein is a division protein essential in

initiating septation. This protein is scattered throughout the
cell between divisions. At the onset of septation, it forms a Z
ring at the septation site, and the ring then becomes smaller.
Because the FtsZ protein hydrolyzes GTP, the ring is a con-
tractile structure that uses GTP energy; it also determines the
placement of the septum. Several other proteins also are re-
quired for cell division. For example, the PBP3 or penicillin-
binding protein 3 catalyzes peptidoglycan transglycosylation
and peptidoglycan transpeptidation to help create the new cell
wall (see pp. 221–23). Clearly regulation of the bacterial cell
cycle is complex and involves several interacting regulatory
mechanisms.

The relationship of DNA synthesis to the cell cycle varies
with the growth rate. If E. coli is growing with a doubling time of
about 60 minutes, DNA replication does not take place during the
last 20 minutes—that is, replication is a discontinuous process
when the doubling time is 60 minutes or longer. When the culture
is growing with a doubling time of less than 60 minutes, a second
round of replication begins while the first round is still under way
(figure 12.34b). The daughter cells may actually receive DNA
with two or more replication forks, and replication is continuous
because the cells are always copying their DNA.

Two decades of research have provided a fairly adequate
overall picture of the cell cycle in E. coli. Several cell division
genes have been identified. Yet it still is not known precisely how
the cycle is controlled. Future work should improve our under-
standing of this important process.

1. What is a cell cycle? Briefly describe how the cycle in E. coli is
regulated and how cycle timing results.

2. How are the two DNA copies separated and apportioned between
the two daughter cells?
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Initiation
mass
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Initiation
of DNA
replication

DNA replication and partition Partitioned
DNA
copies
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of division
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Figure 12.35 Control of the Cell Cycle in E. coli. A 60-minute interval between divisions has been assumed
for purposes of simplicity (the actual time between cell divisions may be shorter). E. coli requires about 40
minutes to replicate its DNA and 20 minutes after termination of replication to prepare for division. The position
of events on the time line is approximate and meant to show the general pattern of occurrences.
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CheA is inhibited. This not only causes counterclockwise rotation
and a run, but also lowers methylesterase activity so that MCP
methylation increases. Increased methylation changes the con-
formation of the MCP so that it again supports an intermediate
level of CheA autophosphorylation. CheY phosphate and CheB
phosphate return to intermediate levels and restore the normal
run-tumble behavior. Removal of the attractant causes the over-
methylated MCP to stimulate CheA autophosphorylation and the
levels of CheY phosphate and CheB phosphate increase. This in-
duces tumbling and simultaneously promotes MCP demethyla-
tion so that the system returns to an intermediate level of CheA
autophosphorylation.

The chemotactic response is a very complex one involving
many different proteins and two forms of covalent protein reg-
ulation (see section 8.9). The actual response arises from a
combination of (1) the control of CheA phosphorylation by at-
tractant and repellent levels; (2) the clockwise rotation pro-
moted by phosphorylated CheY; and (3) a feedback regulatory
circuit involving CheR, phosphorylated CheB, and variations
in MCP methylation.

1. What is a two-component phosphorelay system?

2. Explain in a general way how bacteria are attracted to substances
like nutrients while being repelled by toxic materials.

3. Describe the molecular mechanism by which molecules attract 
E. coli.

12.7 Control of the Cell Cycle

Although much progress has been made in understanding the
control of microbial enzyme activity and pathway function, much
less is known about the regulation of more complex events such
as bacterial sporulation and cell division. This section briefly de-
scribes the regulation of bacterial cell division. Attention is fo-
cused primarily on E. coli because it has been intensively studied.

The complete sequence of events extending from the forma-
tion of a new cell through the next division is called the cell cy-
cle. A young E. coli cell growing at a constant rate will double
in length without changing in diameter, then divide into two cells
of equal size by transverse fission. Because each daughter cell
receives at least one copy of the genetic material, DNA replica-
tion and cell division must be tightly coordinated. In fact, if DNA
synthesis is inhibited by a drug or a gene mutation, cell division
is also blocked and the affected cells continue to elongate, form-
ing long filaments. Termination of DNA replication also seems
connected in some way with cell division. Although the growth
rate of E. coli at 37°C may vary considerably, division usually
takes place about 20 minutes after replication has finished. Dur-
ing this final interval the genetic material must be distributed be-
tween the daughter cells. The newly formed DNA copies are at-
tached to adjacent sites on the plasma membrane at or close to
the center of the cell, probably at their replication factories
(figure 12.34a). It is not yet clear how the two copies are sepa-

rated. ParA, ParB, MukB and other proteins are involved in DNA
partitioning. The ParA and ParB proteins are localized at the
poles of late predivisional cells and may be part of a mitotic-like
apparatus for bacterial division. There is some evidence for ac-
tive separation of chromosomes by a force-generating mecha-
nism. Possibly the chromosomes move apart because they are
pushed by the replication factories and pulled by some sort of
“mitotic” apparatus. DNA movement also may result from mem-
brane growth and cell wall synthesis, but membrane growth is
too slow to account for all the movement. After the chromo-
somes have been separated, a cross wall or septum forms be-
tween them. Patterns of cell wall formation (p. 223)
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Figure 12.34 DNA Replication in Bacteria. (a) In slowly growing
bacteria, the chromosome is replicated once before division. In this
simplified illustration, the replicating chromosomal DNA is spooled
through a membrane-bound replication factory, the factory then divides
into two replication foci, and eventually the duplicated chromosomes
separate and move to opposite ends of the cell. O is the origin of
replication and T is the termination region. (b) DNA replication in
rapidly growing bacteria is more complex. A new round of DNA
replication is initiated before the original cell divides so that the DNA
in daughter cells is already partially replicated. The colored circles at
the ends of the DNA loops are replication origins; the black circles
along the sides are replication forks. Newly synthesized DNA is in
color, with the red representing the most recently synthesized DNA.
Membrane attachments are not shown for sake of simplicity.

(a)

(b)

(illustrations “Prescott, Harley, Klein – Microbiology – McGraw-Hill 2002”)
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I modèles déterministes

+ répandus
+ valides en grande population
+ plus simples que les modèles stochastiques
− pas réalistes en petite population (extinction)
− équilibre déterministe

I modèles stochastiques

+ plus réalistes
+ permet de traiter les problèmes d’extinction et de coexistence

de façon différente et plus réalistes
+ équilibre stochastique
− plus complexes
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