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Abstract

In many situations it is important to be able to propose N independent realizations of a given distribution law. We propose a
strategy for making N parallel Monte Carlo Markov chains (MCMC) interact in order to get an approximation of an independent
N-sample of a given target law. In this method each individual chain proposes candidates for all other chains. We prove that the set
of interacting chains is itself a MCMC method for the product of N target measures. Compared to independent parallel chains this
method is more time consuming, but we show through examples that it possesses many advantages. This approach is applied to a
biomass evolution model.
© 2009 IMACS. Published by Elsevier B.V. All rights reserved.
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1. Introduction

Markov chain Monte Carlo (MCMC) algorithms [23,14,22] allows us to draw samples from a probability distribution
7(x) dx known up to a multiplicative constant. They consist of sequentially simulating a single Markov chain whose
limit distribution is 7(x) dx. There exist many techniques to speed up the convergence toward the target distribution by
improving the mixing properties of the chain [15,16]. Moreover, special attention should be given to the convergence
diagnosis of this method [1,8,19].

An alternative is to run many Markov chains in parallel. The simplest multiple chain algorithm is to make use of
parallel independent chains [11]. The recommendations concerning this idea seem contradictory in the literature (cf.
the “many short runs” vs.“one long run” debate described in [12]). We can note with [13] and ([22], Section 6.5) that
independent parallel chains could be a poor idea: among these chains some may not converge, so one long chain could
be preferable to many short ones. Moreover, many parallel independent chains can artificially exhibit a more robust
behavior which does not correspond to a real convergence of the algorithm.

In practice one however makes use of several chains in parallel. It is then tempting to exchange information between
these chains to improve mixing properties of the MCMC samplers [5-7,20,9,10]. A general framework of “Population
Monte Carlo” has been proposed in this context [17,21,4]. A recent review of population-based simulation for static
inference problems is presented in [18].
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In this paper we propose an interacting method between parallel chains which provides an independent sample from
the target distribution. Contrary to papers previously cited, the proposal law in our work is given and does not adapt
itself to the previous simulations. Hence, the problem of the choice of this law still remains.

The corresponding Metropolis within Gibbs (MwG) algorithm and its theoretical properties are presented in the
following section. In Section 3, two simple numerical examples illustrate how the introduction of interactions can
speed up the convergence.

2. Parallel/interacting Metropolis within Gibbs (MwG) algorithm

Let 7(x) be the probability density function of a target distribution defined on (R”, B(R")). We propose a method

for sampling N independent values X L., XN eR" of the law n(x)dx. For £ =1, ..., n, we define the conditional
laws:
def T(X1:1)
ﬂg(xﬂx—.g):idx—.g. (1)
f (X1:0)

where —1Ed=ef{m =1:n;m # £}. When we know to sample from (1), we are able to use the Gibbs sampler. It is
possible to adapt our interacting method to parallel Gibbs sampler. But very often we do not know how to sample
from (1) and therefore we consider proposal conditional densities n?mp (x¢) defined for all £. In this case, we use MwG
algorithm, see [22]. We present in the following how to make interactions between parallel MwG algorithms. The
MwG algorithm is more general than Gibbs algorithm, so a parallel/interacted Gibbs algorithm can easily be deduced
from the parallel/interacted MwG algorithm.

2.1. Notations
Let
X — XIN — Xl:n ER”XN,

so that X; e RN and X! e R" (the same for Y and Z); x € R” so that x; € R (the same for y and z); & & € R. Here

XN = (x!, ..., XNyand X1, = (X1, ..., X,). We also define ¢ = {1, ..., n}\ {£}. Note that the structure of the
matrix X is:

Xi

)

Xgl X} XEN — X

D CANN XN

n

2.2. The parallel/interacted MwG algorithm

One iteration X — Z of the parallel/interacting MwG method consists of updating the components X, successively
fort=1,...,n,i.e.

[X1:0] = [Z1X20] = [Z12X3:0] - [ Z1n—1X0] = [Z1:4].
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For each ¢ fixed, the subcomponents X lz are updated sequentially fori = 1 : N in two steps:

(1) Proposal step: We sample independently N candidates Y, gj € R according to:

Y/ ~a PP EZ, XY, X)IdE, 1< j<n
where

1
ZE

¢
Zig—1| & | Xetim
X2+1

[[Z %_ X]]l def

N
X(

We also use the following lighter notation: nﬁ’jp-’mp(é &) = 7 G AR XT)).

(2) Selection step: The subcomponent X ‘g could be replaced by one of the N candidates Ygl:N or stay unchanged
according to a multinomial sampling, the resulting value is called Zj, i.e.:

1 . .
Y} with probability 5 X, v,

Zy < )
v with probability 5 Nk, v,
X, with probabilityp} (X%, ¥}*N)
where
Z prop N
et e (€| XL ) T (618D ivoi LN def G ooi <
o (6. 8)E : AL PG YENYET - Za}’(xz, Y}).

me(€1X",) n‘ PP e le)

j:1

2.3. Description of the MH kernel

Lemma 1. The Markov kernel on R™N associated with the MwG algorithm is

def
P(X,dZ)= P{(X1:0;dZ1) Pa(Z1, X234 Z2)- - - P Z1n—1, X3 dZy). 2)

At iteration £, the kernel Py(Z1.0—1, Xo:n; dZy) generates Z,}:N from the already updated components Z};?’_l and
the remaining components X éflv .
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Each component Zé, fori=1,..., N, is updated independently one from each other:

N
Py(Zvi1, Xen: dZ)Z [ [ PU0Z. X, X1 dZ)).
i=1

Here Z\, is generated from [Z, X', X]]ll according to:

N
Pi(Z. & X1}: ds )difﬁ > o (6, 8)m P E 1) d8 + pl(§)8e(dE))
j=1
Acceptance probabilities are:
2 ’ : ’ i J
lj def ) 16 ENVNT if (5, &) eR,’,
&&= {O otherwise,
aet €1 Z8 X;H BEA Gl
eI ZY s Xippr) 7] pmp(S’E)’

ryl e e)E

AL - —Z / H(e, £ m P |6) e

Finally, Riﬁj is the set of ordered pairs (€, &) € R? such that

TeE|Z gy Xy TP EE > 0,
TeE| Zhy 1, Xy ) PP E18) > 0.

Note that the functions o, /(S &, pe(é) "2 ’(E &) and the set R depend onZy.o—1 and Xgy1:.
The proof is given in Appendix A.
2.4. Invariance property

First, assume that the following lemma holds.

Lemma 2 (conditional detailed balance). The following equality of measures defined on R x R
PUIZ. & XT3 dE) x we(§1 2y, Xipy10) € = PU(Z, €' XT3 d8) x 76§12y Xipy1.0) A

holds true forany £ = 1,....n,i=1,...,Nand Zi..—1 e RV*ED X, 1., e RNx=0)
The proof is given in Appendix B.

Proposition 3 (invariance). The measure
ndx) = z(xHdx*', ..., m(x"ydx"
is invariant for the kernel P, that is TIP = Il i.e.:

N N
/ P(X,dZ) {Hn(xi)dxi} - Hn(z")dz" .
X i=1

i=1
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Proof.

N N
/P(X,dl){l In(xf>dxf} :/P1<x1:,l;dzl)P2<zl.Xz:u;dzp---Pn(zlmfl,xn;dzn)l |{n1<X' X5, )Xty (Xh, ) dXh )
X

i1 X i=1

N N
=/P1<x1:n:dzl) I |m(x;\xgm>dxil Py(Z1, X3 dZ2) - Pa(Z1n—1, X3 dZn) I |n_1(x;m)dxgm
X . .

i=1 i=1

N N N
=/{Hp{([[z_ xg.X]]l;dz'p} {Hm(x'x;”mx;}Pz(zl,Xz:,,:de)---P,L(Zm_l,Xn:dZnJ{Hﬂﬁltxé;n)dxém}
X

i=1 i=1 i=1

Moreover

N
P1(X1:03dZy) {Hm(X’IIXQ:n)dX"I}

i=1

/—/H

N . ) N ) ) )
[1Pidz. xi. xI; dZ’l)} {Hm(xﬂxlz:n)dxll}
i=1

i=1

Pi(z, X’,X]]l,dZ Y (X X5 ) dX

Il
.zz

I
-

Pi(1Z. Z}. XI\: dX)mi(Z4|XY,) dZ]

Il
’,:]2

1

this last equality follows from Eq. (8) in the Lemma 2. Hence,

N
/P(X,dZ){Hn(X")dxi} /H Pi([Z. Z}, XI; dX} )y (Z | é:n)dz’i}Pz(Zl,ng,,;dzz)mP,,
X i=l

N
X (Z1:n-1, Xp3dZy,) {H”—'I(Xé:n)dxé:n}

i=1

In this last expression, fori = 1, ..., N, the kernel Pf (z, zt, X]]i1 ;dX ’i) is a measure for the variable X ’1 which no
longer appears in the integrand. Using the fact that the integral of the kernel w.r.t. X ‘1 is 1 we get:

N N
/P(X,dZ){Hn(Xi)dxi} =/ H{m(zz |Xb,)dZ4 Y Po(Z1, K21 dZ2)- - Pu(Zir. X dZ, ){Hn 1(X2n)dX2n}
X X

i=1 2N =1 i=1
N

N
= / [1P:@1. X2u3dZo) - PuZinor. Xusdz) {Hn<2’; Xb,,)dZ} dXh,, }
XN j—1

i=1

Repeating this process successively for X to X, leads to (9). [

3. Numerical tests

We present two examples in the context of hidden Markov models with hidden state variable x, and unknown
parameter 6. In this case the natural choice [3] for proposal distributions when using MwG samplers is (i) the transition
kernel of the state variable x, and (ii) the prior distribution for the parameter 6.

3.1. A linear hidden Markov model

We apply the parallel/interacting MwG sampler to a toy problem where a good estimate 7 of the target distribution
7 is available. Consider

Xe+1 = axg + wy, Ye =bxg+ v
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for¢ =1,...,n, where x;~N(%, Q1), wi., and vy, are centered white Gaussian noises with variances 05) and 05.
Suppose that b is known and a = 6 is unknown with a priori law N(ug, 092). We also suppose that wi.,, v1.,, X1 and 6
are mutually independent.

The state variable is (x1.,, #) and the target law is w(x1.,, 0) dx1., d@déflaw(xl;n, 0|y1:n). This law is not Gaussian,
but we can perform a Gibbs sampler:

def.
Ty, (Xel X, 0) dxe =1aw(xe|x-¢, 6, y1:0) = Mg, 12),
def. PO
79(01x1:0) AO=1aw(B]x1.0, y1.0) = M, 2)

where 12, m, i and th are known, see [2]. We will perform three algorithms: (i) N parallel/interacting MwG samplers,

(ii) N parallel/independent MwG samplers, (iii) Ngipbs parallel/independent Gibbs samplers.

Our aim is to show that making parallel samplers interact could speed up the convergence toward the stationary
distribution. Because of its good convergence property, method (iii) is considered as a reference method. Here we
perform k = 10, 000 iterations of Ngiphs = 5000 independent Gibbs samplers. We obtain a kernel density estimate 7
of the target density based on the Ngipps = 5000 final values. Let 7y, be the corresponding £-th marginal density. For
methods (i) and (ii) we perform N = 50 parallel samplers. Let 7"% and 7"%* be the kernel density estimates of the
target density based on the final values of methods (i) and (ii), respectively. Let nm‘ k and ni‘ld’k be the corresponding
£-th marginal densities.

The parameter values for the simulations area = 2, b = 2, ai =09, 05 =25, x1~N4, 9), 0~N(1, 4) and n = 10.

For this example, in case of parallel/interacting MwG samplers, the proposal distribution of the ith chain to update
the £ th element of the jth chain is

7 PP 1, 0) = MO X}y, 02)
and the proposal distribution of the ith chain to update the & component of the jth chain
7 PP x1) = M1 4).

In the parallel/independent MwG samplers, these are the same distributions except that the chains are updated only
with their own proposed candidate.

For each algorithm (i) and (ii), that is for n’; , = n‘“d kK and n”“ k. we compute
1 n+1 def
ek = p—” IZe’g with eﬁﬁ/mﬁe(;&) — A, ©))dE, €=1,...,n+1. (10)
=1
Hence €* is a criteria of the error between the target probability distribution and its estimation provided by the

algorithm used.

These estimations are based on a sample of size N = 50only, so they suffer from variability. This is not problematical,
indeed we do not want to estimate L' errors but to diagnose the convergence toward the stationary distribution. So we
use elz as an indicator which must decrease and remain close to a small value when convergence occurs.

To compare fairly the parallel/independent MwG algorithm and the parallel/interacted MwG algorithm, we represent
in Fig. 1 the indicator € for each algorithm not as a function of k but as a function of the CPU time. In Fig. 1(left) we
see that even if one iteration of algorithm (i) needs more CPU than one of (ii), still the first algorithm converges more
rapidly than the second one. This shows the inefficiency of parallel/independent MwG on this simple model.

3.2. Ricker model

We consider the Ricker discrete-time stock-recruitment model perturbated by a noise:
Xo41 = Xg el g =1, ... n
where r is the growth parameter and wy is a white Gaussian noise N(0, 05)). We suppose that measurements satisfy:

Ye=hx¢+ vy
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Fig. 1. Left: Evolution of the indicator €, see (10), for the parallel/independent MwG sampler (- - -), and for the parallel/interacting MH sampler
(—). This evolution is depicted as a function of the CPU time and not as a function of the iteration number k. The residual error of about 0.22 for
the second method is due to the limited size of the sample. Right: Evolution of the indicator €, see (10), for the parallel/independent MwG sampler
(---). After 5000 s. CPU time, the convergence of this method is still unsatisfactory.

where vy is a white Gaussian noise M0, a,%). For notational convenience we assume that # = 1. Suppose that only r
is unknown so that the target law is law(x1.,, 0| y1:n)-

We ran two parallel MwG samplers with and without interaction. The parameter values for the simulations are
b=0.02,r=15,02=1,02=05,x~N3, 1), 6~N4,2%) and n = 20.

For this example, in case of parallel/interacting MwG samplers, the proposal distribution of the ith chain to update
the £ th element of the jth chain is

L,
bprop

7 PP(x]|x~¢. 0) = LogNormal(log(xy_) +r — bx}_;, 02)

and the proposal distribution of the ith chain to update the 6 component of the jth chain
TP 1,) = N4, 4).
In the parallel/independent MwG samplers, these are the same distributions except that the chains are updated only
with their own proposed candidate.

To compare fairly the parallel/independent MwG algorithm and the parallel/interacted MwG algorithm, we represent
in Fig. 2 the chains which estimate the parameter r for each algorithm, as a function of the CPU time. The Fig. 2 shows

15 : - : : - : : :
@ i
c =
= ‘T 10
5 g
w [%]
3 3
w
= =
2 2 5
. ©
g =
N
0 50 100 150 200 250 300 350 400 450 500 550 0 50 100 150 200 250 300 350 400 450 500 550
CPU time (sec.) CPU time (sec.)

Fig. 2. Evolution of the estimation of the parameter r versus the MCMC iterations: N = 50 parallel samplers without interaction (left) and 50
parallel samplers with interaction (right). Interactions clearly improve the convergence behavior.
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that interaction deeply improves the behavior of the algorithm. Indeed the chains of the MwG with interaction reach
the neighbourhood of the true value of r = 1.5 faster than the chains of MwG without interaction.

4. Conclusion

This work showed that making parallel MCMC chains interact could improve their convergence properties. We
presented the basic properties of the MCMC method, we did not prove that the proposed strategy speeds up the
convergence. This difficult point is related to the problem of the rate of the convergence of the MCMC algorithms.

In the field of particle filtering, it has been shown that making different copies of the same Markov chain interact
improves the mixture properties and thus the rate of convergence of the associated algorithms. The approach presented
in the paper is inspired by such a technique. As shown by the two examples of Section 3, this argument also seems to be
valid within the context of MCMC methods. Furthermore, this approach, as in the case of particle filtering, concentrates
the computing effort in the relevant areas of space to be explored. Finally, the advantage of this method is to improve
the convergence by mixing the parallel chains while maintaining the independence of the simulated sample.

Through simple examples we saw that the MwG strategy could be a poor strategy. In this situation our strategy
improved the convergence properties.

Acknowledgements
This work is partially supported by the SARIMA project of the French Ministry of Foreign Affairs.
Appendix A. Proof of Lemma 1

This construction follows the general setup proposed by Tierney in [24]. The kernel is defined by:

Pi((Z, & X]}; deHE /R Si0Z & XE, €5 8) x Q412 & XIj e,

selection kernel proposal kernel

N

This kernel consists firstly of proposing a population of N candidates ¢V € RV sampled from:

N
0y([Z, & XTIy dg"™H =] [ 7" (@ 1€) de/, (A1)
j=1
then secondly of selecting among these candidates or rejecting them according to a MH technique, i.e.

i j : ef 1 Al ij j / ~i : /
Sy(2. & X, ¢V d&’)i‘NZa/(s, ¢1)8,i(dE") + (&, ¢N)55(dE") (A2)
j=1

where o is given by (5) and pi (& ¢V E — (1/NX N /(6. £9).
Hence

Pillz.& x],:e) & / sidiz.& xT,. ¢ deH 0l z. & xT,:dg'™)

1 N 1 N N
_ ij i . ’ £,prop , .k k 2 ij j £,prop , .k k ’
- NZ/[W (e, ;’)8{,(dé)gr[ih/ (18 dek + {1 NFZI‘/{I:N o cf)gni,_, (18 de }Ss(dé)

| | —
=3 / o€ 8@ 7 (15 de + {1 -5 / o) & N} (15 de? }Sg(ds’)

j=17¢ =17

| — | —

= Nza;jf(g, )P |8) dE’ + {1 - NZ / o € PP (EE) d&”} Se(d&')
j=1 /¢

j=1

which correspond to Egs. (4)—(7).
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Appendix B. Proof of Lemma 2
First let us consider the following lemma.
Lemma 4. For almost all (£, £') € R*:
o (6 N1 Zhy . Xy 1) PP E18) = o (€ (€| 2y X ) TP ELE)
forany £,1.j. (Zyy_y. Xpy1,y)- and (Z{:Zfl’ X£+l:n)'
Proof. For (§ &) ¢ Ri!j, the result is obvious. For (&, &) € Riﬁj, ie.

(6, 8) A D€ Z gy Xyl P(E18)
= min {me(§1Z1y 1. Xbypr)my €1 e E1Z0y X ) 1)}

= (iij(é” 6 A D€ | Zhy_y, Xy )mh P EE).

The left hand side of equality (8) is a measure v(d&’ x d&) defined on (R2, B(R?)). For all A1, A, € B(R), we want
to prove that v(A] X Az) = V(Az X Aj).
We have:

WAL X Ag) = / Pi0Z. & XL ADLayBme(E1Zh gy Xy p,) dE

and
. 4 1 Y . .
Pz, & XTI AD = > / L4, (§) oy’ (€ E)my P (§'16) dE’ + pjp ()14, (5)
j=1
so that

1 al ij / i i TOD 5./ /
x40 = 55 [ [ L@@ € OmaelZh . X ™E 10)ds d
=1

+ / PL(E) L, (B A, E)e (€1 ZS .y, Xy 1) dE (B.1)
Using Lemma 4 we get:

1 N i,] [ [ TO] / /
V(A X Ay) = — L, (ENa, Oy € EmeE | Z] oy, Xy (EIE) dE' dg
N
j=1

- / PYELA, (E)La, EVTe(E ZY oy, Xy 1) dE

Exchanging the name of variables & <> £ in the first term of the right hand side of the previous equality leads to the
same expression as (B.1) where A; and A, were interchanged, in other words v(A; x Az) = v(Ay x Ay). O
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