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A Monte Carlo method without grid
for a fractured porous domain model

Fabien Campillo* and Antoine Lejay'

Abstract — The double porosity model allows to compute the pressure at a macroscopic scale in
a fractured porous media, but requires the computation of some exchange coefficient character-
izing the passage of the fluid from and to the porous media (the matrix) and the fractures. This
coefficient may be numerically computed by some Monte Carlo method, by evaluating the time
a Brownian particle spend in the matrix and the fissures. Although we simulate some stochastic
process, the approach presented here does not use approximation by random walks, and then
does not require any discretization.

We are interested only by the particles in the matrix. A first approximation of the exchange
coefficient may then be computed. In a forthcoming paper, we will present the simulation of the
particles in the fissures.

Keywords: Monte Carlo method, simulation of Brownian motion exit time, double porosity
model, fractured. porous media.

1 Introduction

This paper presents a simulation algorithm of a diffusion in a porous medium (the matriz)
with fissures. The goal is to compute the exchange coefficient in the double porosity
model [WR63]. A first approximation of the coefficient, valid under some rather natural
assumption on the fissures net, is given by the inverse of the average of the first exit
time from the matrix of Brownian particles initially uniformly distributed. Thus, the
algorithm simulates the time and position of a Brownian particle hitting for the first time
the interface between the matrix and the fissures.

In a forthcoming work [CL], the behavior of the particle in the fissure will be studied.
There we will use a more complex formula linking the exchange coefficient and the auto-
correlation of the presence function of the particles in the fissures. In fact, both works
use different algorithms, and are then rather independent.

One should not forget that when one wants to use a Monte Carlo algorithm to compute
a functional involving stopped diffusion process (i.e. diffusion process given at a certain
stopping time), one tends to simulate the diffusion process itself. This is not a good
strategy in many cases. Here it is possible to directly calculate the law of stopped diffusion
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and derive a good approximation of the exchange coefficient. The cost in time is reduced,
and no grid generation is required (see [NE96] for random walk on regular grid algorithms,
[NE9T] for random walk on non regular grid algorithms, and [CFL*00] for a finite~volume
approach).

We illustrate this approach for a diffusion with a two-valued diffusion coefficient over a
bounded domain Q of R? (by periodicity we restrict ourselves to Q = [0, 1]?) presenting a
network of fissures: a set of segments. In this example, we calculate the law of the couple
time/point of reaching of this network of fissure by the diffusion. The case of a field in
dimension 3, which is of interest in practice, including networks of cracks (here polygonal
portions of plans) does not comprise, compared to the case presented here, additional
methodological difficulty but only problems of implementation.

Our work is related to Milstein and Tretyakov’s one [MT99]: their purpose is to simu-
late a diffusion process, a stochastic differential equation (SDE) dX (s) = f(s,X(s))ds+
g(s, X(s))dB(s), on a bounded domain of R? and over a finite time horizon.

Contrary to the traditional approach (as presented, for example, in Pardoux-Talay
|PT85]), they do not fix a time discretization step, they adopt a “time-space” approach:
the key point is, starting from a fixed position (¢, z), they consider the former SDE with
frozen coefficients, that is dX(s) = f(t,z)ds + g(¢,z) dB{s), X(t) = = on the domain
[t,t + dt[x[z — dz,z + dz]®. Thus, they simulate a Brownian motion (with drift) over a
small space-time parallelepiped. Only the exit time and pont from this parallelepiped is
computed.

As they work on unspecified bounded domain, arises then the difficulty of the border.
Indeed, they have to propose a method for approximate searching for exit points of the
space-time diffusion from a bounded domain. This point is quite difficult.

In their approach, they still propose a simulation method for a diffusion. In ours, the
coefficients are constant, so that we avoid this detour and go straight for the law of the
exit points of the diffusion from a bounded, polygonal domain. For that, we construct
iteratively the exit time and position from some square carefully chosen and as big as
possible. However, if the coefficients of the diffusion are not constant and the boundary
of the domain is polygonal, with size of edges much greater than the oscillations of the
coefficient, then our method may be coupled with the Euler Scheme or the Milstein-
Tretyakov method. So, we have only to simulate some diffusion in squares, which simplify
considerably the way of the boundary problem is treated, since we do not have to choose
smaller and smaller parallelepiped when we are close to the boundary with the Milstein-
Tretyakov algorithm, or to test each edge of the boundary at each step to know whether
it has been crossed by the particle or not with the Euler Scheme.

2 Double porosity model

Let Q be a bounded, closed subset of R?, and = ;U Qy, with QN Qy = 0. We assume
that the media is periodic, and then that € is identified with the whole space. The subset
2, is the matriz, that is a porous media. The subset € is the net of “thin” fissures (see
Figure 1). B ‘
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Figure 1: An example of a network of fissures (with zoom)

The simplest equation for the pressure p(t, a:) of a fluid in such a medium at time ¢
and in the point z is

Op(t,z
ot

N

= Ap(t,z), 1)

where

A= Z (a,ﬂ ‘zj). (2)

s]l

The coefficient o represents the diffusivity of the rock, and we assume that

an X 1Id, ifz e Qp,
a(z) = . (3)
arxId, ifzeQy
with a; > an, > 0.
But Equation (1) is written at the scale of the pores, whereas an oil tank can be of sev-
eral kilometers length. One of the methods to study the pressure consists in transformmg
(1) into the following system

0Py _ _ Meas(Qy)
L m 5, = Om APy —a(Pn—F), ®,= Meas(Q) ’ "
oF; _ Meas(9)
o ot ahhta(Pa-FR), o= Meas(Q)

where P, and P; are the mean pressures in the matrix and the ﬁssures over a given
volume V, that is
Pp(t,z) = L
T Meas(z 4+ (VN Q) Z+(VNQ)
)
p(t,y)dy.
Meas(z + (VN %)) Jorvnay ()

The coefficients @, and @ are the effective diffusivity coefficients in the matrix and the
fissures. The coefficient o is called the ezchange coefficient. And the model (4) is the

p(t,y)dy,

- ‘Pf(t,l‘) =
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double porosity model, here presented in permanent regime (steady state approximation)
[WR63]. A more complicated version of the double porosity model may be found in
[QW96a, CFL*+00] (see also references within), with some numerical analysis.

In this work, we assume that the ratio as/ap, is very large: the oil is initially in the
matrix, and moves essentially in the fissures net. The term a, AP, is neglectable in
front of the other terms. The Laplace transform of the average of the pressure P(t,z) is
solution to

ALP(s,z) = s f(s) LPs, ),

where, in permanent regime, f is the function

It is known that the operator A is the infinitesimal generator of a Feller semi-group,
and then that a diffusion process admits A as generator. Furthermore this process is
conservative and continuous (see [STR88, LEJ0O] for example). It may also be studied
by the theory of Dirichlet forms [FOT94, MR91]. The case of the semi-group with coeffi-
cients having discontinuities along hyper-surfaces is partly studied in [GOO87, POR79a,
PORT79b, MD92].

The trajectories of the diffusion process are interpreted as the movement of some
particle in the media. In the matrix, the particle behaves like a Brownian motion with
speed 2ay. In the fissures, it behaves like a Brownian motion with speed 2a;. The passage
from the matrix to the fissures and from the fissures to the matrix needs some special
treatment, which will be considered in the next work [CL]. However, we may assume that
once it has hit the interface between the matrix and the fissure, the particle enters into
the last one (this is justified in [CL}).

We are interested by the simulation of these particles. We give now the link between
their trajectories and the double porosity model.

If &¢ is the stochastic process such that e;(¢) = 1 if the particle at time ¢ is in the fissure
and e¢(0) = 0 otherwise, then it has been proved in [NE98b, NEQG1] that the coefficient
o may be computed using the auto-correlation function of the process e¢, we get

o= 0282 ( / ™ e extt) x(0)] — 27) dt) " (5)

Appendix B contains a proof of this result.

In the permanent regime, when a;/a, is considered as infinite and the fissures are very
thin, it has been proved in [NEL99] that if (t) is the mean of the first hitting time t of
the fissures for Brownian particles at speed 2ar, launched uniformly in the matrix, then

o3 1
a = — =~ -— since &, ~ 1.
@ @ ince @, (6)
‘The idea-here is-to replace the algorithm proposed by B. Neetinger and his coauthors
using random walks in [NE98b, NEQO1, NEL99] by an algorithm using exact computa-
tion on some distribution of diffusion processes. This algorithm using continuous time
random walks in oil engineering is itself an adaptation of the method introduced first by
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J.F. McCarthy [McC90, McC91, McC93a, McC93b). E. Remy has proved the validity of
this algorithm in a rather general case [REM99].

The fundamental characteristic of such an algorithm is that it is free from grid gen-
eration, which is the most expensive step of the approach either by random walks or by
analytical approaches, which need discretization (see e.g., [CFL*00]).

In this first part, we deal with the hitting time of the fissure for some Brownian
particles moving in the matrix. Some numerical results concerning the computation of
the exchange coefficient a by the relation (6) are given in Section 4. The second-part is
about the simulation of the particles in the fissures, and the numerical computation of o
by (5) using the auto-correlation function.

In our algorithm, we construct iteratively some square centered on the particle at a
given time, and we draw the time and the exit position from this square, until it reaches
the fissures network. Hence, the trajectory of the particle is not simulated. All the
difficulty lies in the choice of a “good” square.

From a numerical point of view, this algorithm has the following advantage:

s No grid is required.

o The amount of memory required is of order of the amount of memory required to
store the description of the fissures.

Since the particles are simulated independently, the algorithm is easily parallelized.
e We may use localization technics to work just on some parts of the matrix.

e The code is rather short.

3 Algorithm

3.1 The main work

Let suppose that the fissures network is of the following form

Q= U[Ai: Bi],

i€F

where A; and B; are points from R2. Here, the fissures are supposed to be of zero width.
The algorithm relies on the simulation of time and position of exit from a domain of
simple geometrical shape, namely the square.
The algorithm is the following (a description in pseudo-language of our algorithm may
be found in Appendix A): :

Algorithm A : Computation of exit time and position from the matrix

A1 At time t, the particle is at a point P of the Q.

A.2 Fori € F (the index of the set of fissures),

A.2.1 one computes the position H; of the orthogonal projection of the point P on the
line including the segment [A;, B;).
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A.2.2 if the point H; belongs to [A;, By, then let §; = d (P, H;). Otherwise, let
5,’ = min {d (P, A,’), d (P, B,)} .
The value §; is the minimal distance of P to [A;, Bi].

A.3 Let i € F such that §; = minjcr 6;.

A.3.1 If the point H; belongs to the segment [A;, B;, then one seeks if it possible to build
a square C of which one on the sides rests on the segment [Asi, Bi]. For that, it is
enough for the distance §; to be smaller than min {d (4;, H;),d (B;, H;)}. If not, we
go to step A.3.2.
In this case, C is the square of center P and one on the sides rests on [A;, Bi).
Then, it should be checked if the square C does not intersect any other fissure. It is
enough to test this for that all those whose distance d; is smaller than v/26;. '
If the interior of the square C intersects another fissure, we go to step A.3.2, else we
go to step A.4. p

A.3.2 Let C be a square of center P and diagonal length 26;.

A.4 We simulate the exit position P’ and the exit time At from C for a Brownian particle with
speed 2an,.
If C is a square and the side reached is the one contained in [A;, B;], then the algorithm
stops and returns the position P' and the time t + At. If not, we return to step A.1 with
the new position P! and the new time t + At.

Figure 2 shows some steps of the simulation of Algorithm A (see also Algorithm 2 in
Appendix A).

3.2 Exiting from a square

We remark that in the previous algorithm, we need to simulate random variables giving
us the first time 7 at which the stochastic process v/2a,W exits from a square when it
starts at its center, together with the position v/2amW,, where W = (WO W) is a
standard 2d-Brownian Motion.

In fact, cWy/2 is again a Standard Brownian Motion for any ¢ > 0, and the distribution
of W is invariant under rotation. We may then assume that 2ay, =1 and that the square
is {1, 1]%. Hence, we are interested by the joint distribution of

T=infqt 2 0; WOl =1fori=1lori=2; and W,.
t

3.2.1 Simulation of the exit time from the square

We have first to simulate the exit time from the square
C= {(x(l),z(z)) eRY; ¥ <1 fori=1,2}.
The distribution function P, of 7, is (see [MT99, Lemma 4.1, p. 741})

Pyt) =P[r <t} =1— (1-P())’
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Figure 2: Tllustration of the hitting-time simulation algorithm: The circled-cross gives the
position of the particle at the beginning of the step. The squared-cross gives the position
of the particles at the end of the step. The dashed square is the square given whose exit
time and position is simulated, while the dotted square is the square first constructed,
but intersecting some fissures and then rejected.



136 - Fabien Campillo and Antoine Lejay
where

P(t) =P [t < t] with 7® = inf {t > 0; W] = 1} .

Hence, if U is a uniform random variable on [0, 1], P~!(1 — v/U) is distributed as 7.

The following formulas are borrowed from [MT99, Lemma 3.1, p. 737] and will be used
to compute the distribution function P numerically

P(t)=1- +f 2(1; * exp (—%rz(% + 1)2t) , t>0, (7a)
P(t) = ZZ(—l)kerfc (%—\/;itl) , >0 : (7b)

where erfc is the complementary of the error function
2 +oo 9
erfe(z) = —= / exp(—y*) dy.
vV Je ,

This distribution function P has density equal to

P'(t) = Z( 1)%(2k + 1) exp (——71'2(219 + 1)2t) , >0, (8a)
k—O
! — = 1 2

Formulas (7a) and (8a) are suitable for calculations under large ¢, whereas (7b) and
(8b) are suitable under small ¢.

3.2.2 - Exit position from the square

If one of the component of the 2-dimensional Brownian Motion is the first to hit a bound-
ary of C at time 7, then the other remains in the interval [—1, 1] during [0,7]. Hence, to
know W, we compute the conditional probability

-Q(B,t) =1P[W§2> <ﬁl|W§2)| <1,0<s <t] ,

if we assume that IWQ)l =landt=r1.
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Using the computations in [MT99],

1 2 & 1 e . m(2k+1)p
Q(B,t) = I —’P(t);g 1 ((—1) +smT>

X exp (—%Wz(% + 1)2t) ; -
Q(6,1) =—1,,(7)
Z (1)t ( (Ttl) — erfc (%@) (9b)

—erfc (?—@%ﬁ-> +erfe (%?-2:3) )

As for P, (9a) is better for large ¢, when (9b) is suitable for small t. Of course, Q admits
a smooth density, which is also expressible as series.

3.3 Simulation of exit time and position

We have now all the element to provide the algorithm to simulate (7, W), when C is the
square [—1, 1]? [MT99, Theorem 4.1, p. 743].

We assume that ideally, the random variables generated by the function uniform are
independent.

If C is the square with edges A4;, Az, Az and A4 whose edge length is 2d, then the
time and position is given by the following algorithm:

Algorithm 1 Exit time and Position from a Square
U + uniform{0,1]
V ¢~ uniform|0, 1]
T+ P Y1 - VU)
€+ Q7YV) (rem: € [-1,1])
k+ um.form{l 2,3,4}
return (2 T, A+ g—Ak A1)

The distribution functions P and Q may be computed by relations (7a), (7b), (9a), (9b)
and inverted using a Newton-Raphson method. Figures 3 and 4 represent the distribution
function P and its density P’, while Figures 5 and 6 show the curve of the distribution
function of Q(-,t) with its density Q'(:,t) for some values of ¢.

4 Numerical results

“We-presents- here the numerical computation for three test cases. For the first layered
and the sugar box, the theoretical value of the exchange coefficient has been computed.
The third, we compare our value of the exchange coefficient with some values given by
the Continuous Time Random Walk method and a finite-volume method.
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4.1 The layered media

The media is infinite in each direction, and is crossed by some horizontal fractures. The
distance between a fracture and a fissure is equal to L (See Figure 7). The exchange
coefficient is known in this simple case [QW96b], and is equal to

12
a--L—E.

In the case of L is equal to 1 and @, = 1, the theoretical value {t) = 0.0833. We
denote by # the Monte Carlo approximation of (t) for N simulations. The experiments in
Table 1 shows that the methods provides some quite good results.

Simulations | 10%-%; 10%-¢, 10%-#3 10°-%f, 10%-%5.] 10%-ms | 10° - o5
n= 1,000 | 8.33 8.58 7.88 8.11 8.17 8.21 2.60
n= 2,000 | 853 8.11 8.16 8.75 8.13 8.33 2.92
n= 5,000 | 8.44 8.33 8.31 8.34 8.16 8.31 1.04
n=10,000 | 8.15 8.36 8.42 8.38 8.23 8.31 1.13

Table 1: Mean of n experiments for the layered media with L = 1 and a, = 1. We set
ms = (31 R +.t-5)/5 and 05 = Sd(il, e ,25).

In Table 2, the dependence of L is studied. In fact, our algorithm is scale-independent,
and the results behave as expected when L increases.

o | 1JE [10°x1
12.00 [ 12.14 | 8.234
3.00 | 2.89| 34570
1.33| 1.33| 75.125
0.75 | 0.74 | 135.389
0.48 | 0.50 | 198.496

[ N O JOR U

Table 2: Five experiments for 1,000 simulations in the layered media in function of L

4.2 The sugar box

In this case, the media is composed of porous square box surrounded by some fractures
(see Figure 8). We have just to study the mean of the exit time for some particles launched
with uniform distribution on a square of size L x L. The value of & computed by Warren
and Root [WR63] is & = 28.44/L*. When L = 1, the theoretical value of the exit time is

{t) = 0.0351.

Experiments in Table 3 show that this algorithm also provides some good results. Fur-
thermore, the average number of steps is close to 4, as we might expect.
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Figure 9: A non-trivial fissures net

Simulations | 10%-4; 102-Zy 10%-%Z3 10%-%3 10%-%5 | 102 - ms5 | 10° . o3
n= 1,000 | 3.36 3.51 3.63 3.45 3.48 3.49 1.00
n= 2,000 | 3.39 3.61 3.35 3.54 3.45 3.47 1.08
n= 5,000 | 3.53 3.59 3.52 3.53 3.51 3.54 0.29
n=10,000 | 3.49 3.56 3.56 3.41 349 | 3.50 0.63

Table 3: Mean of n experiments for the sugar box with L = 1 and a, = 1. We set
ms = (Zl +"'+‘t_5)/5 and o5 =Sd(fl,...,25).

Table 4 shows that the dependence in the size L of the sugar box is kept.

L] o | 1/ [10®x1
28.44 | 30.23 | 3.308
7.11| 6.74 | 14.827
3.16 | 3.35 | 29.832
1.78 | 1.87| 53.526
1.14 | 1.13 | 88.816

[ B R

Table 4: Five experiments for 1,000 simulations in the sugar box in function of L

4.3 A non trivial case

In this case, the fissures net is more complex: see Figure 9. In [CFL*00], the exchange
coefficient is computed using a finite-volume method, and when L = 1 and an = 1, its
value is

Ofv.m. = 35.03.

* We have to note that the model proposed in [CFL*00] is more complex than our, since
.the width of the fissure is not assume to be equal to 0, and the diffusion coefficient a; in

the fissure is not assumed to be infinite.
Using the random walk method proposed in [NE98b, NEQO1, NEL99], the same au-
thors have found a value

Orw, = 34.18
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for this geometry [NE98a]. Here again, the width of the fissures is not neglected.
With 20,000 experiments with the conditions L = 1 and a, = 1, we found a value of

- 1
t=10.028 and o = 3= 35.70. (10)

The average number of steps is 7.4, with a standard deviation of 6.9. Our value of o is
close to the value of the exchange coefficients given by the other methods.

A The algorithm in pseudo-language

Algorithm 2 Simulation of the hitting time and position of the fissures
S1  particle (¢, P) in the matrix
for (i€ F) do
H; + orthogonal projection of P on (4;B;)
(5,' — d(P, [A,‘, B,])
end for
J + Argmin{d;;i € F}
C + square(P, H;)
if (aside of C C [A4;, B;]) then
exit_possible < true
for (i€ F; & <v26;) do
if (CN[A;, B;]) then
C <+ square_diag(P, H;)
exit_possible ¢« false
end if
end for
else if
C + square_diag(P, H;)
exit_possible ¢+ false
end if
(7, P') « exit_from_square(C)
if [ (exit_possible) and (P’ €[A;, B;]) 1 then
return (¢t + 7, P')
else if
(&, P)« (t+7,P)
goto S1
end if

The following functions are used in Algorithm 2:

Square(P, H): returns a square whose center is P and for which the the middle point of
© some edge is H. :

Square diag(P, H): returns a square whose center is P and for which the point H is
one of its corner.



142 Fabien Campillo and Antoine Lejay

ExitFromSquare(C): returns the exit time at which the Brownian particle at a given
speed starting from the center of C' goes out from the square C. It also returns the
corresponding position.

B Double porosity model and diffusion process

We assume that the media is periodic, and we denote by Q a periodic cell. In fact, we
identify the whole space with Q. This means that each function is seen as a periodic
functions. We denote by (), the normalized average on

{fla= Meas

B.1 The auto-correlation function of the presence of the particles
in the fissures

Let A= (a(z) 32 ) be the self-adjoint operator with domain

Dom(A) = {u periodic ; (lu]“’)Q +{|Vul*), < 400 and Au € L*(Q2)}.

This self-adjoint operator is the infinitesimal generator of a continuous strong Markov
process X. This process may be constructed with the help of the Dmchlet form theory
[FOT94, MR91] (see also {LEJ00)).

Lemma 1. The process X is stationary and ergodic with respect to the normalized Lebesque
measure {(dz) = dz/ Meas Q.

Proof. The resolvent of the self-adjoint operator L is compact. With the Fredholm al-
ternative, the space of solutions of Lu = 0 is a finite-dimensional space. The maximum
principle forbid that a periodic solution to Lu = 0 to be not constant. Hence, the con-
stants are the only periodic harmonic functions for L, and then also for its adjoint L* = L.
The Lemma is then proved, since £ is the unique invariant probability for X. |

Let us define by e; the process

E(t)" 1, ifX; e,
7 %0, X eq.

The auto-correlation function of &; under P, = fn £(d)P, is

Re(T) = By [es(t + T)ec(t)] = Pe [Xr € Qg5 Xg € ]

1 ; .
= Mea.sQ/Qp(T’ z)1g,(z)dz

if p is the solution to (1) with the initial condition p(0, z) = 1q,(z).
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B.2 The double porosity model

Even in non-permanent regime, the double porosity model is a system of two coupled
equations

@% =aGAP+Gx g(Pm - P)+ 8, ;
8P, A (11)
@mw = amAPm -G * éz(Pm - lpf) + Sm,

The terms Sy, and St are the averaging of the source term. The term G = G(¢) represents
the exchange of fluid between the fissures and the matrix. We assume that this term does
not depend on the space variable.

We assume that the fluid is uniformly distributed on the fissure. This mean that the
source term is equal to 1g,(z)do(t). Hence,

(Sm(t))q =0 and (S(t))q = Pedo(t).

Using the periodicity, the averaging over Q of the terms AP; and AP, are equal to 0.
Hence, by averaging the system (11), we obtain

d
q; —_
fa

Ba sy (Puda () = ~G% S ((Paba ~ (PO0)(D)

(Pa () = G S (Pala — (F)a)(t) + 2utu(t), )
12

The normalized average of P; over § is the normalized average of the pressure on the
fissures: We also remark that ‘

(P)g (T) = ——

dz.
Meas Q¢ [2; p(T,z)dz

Hence, with our initial condition,
- ,
(P)o (T) = Ee ee(T)lee0) = 1] = P42 (13

The Laplace transform operator £ may be used in (12) to solve explicitly (P),, and we
find

®¢(Pm + LG(5))

L{P)g(s) = 5(®n®; + LG(s))

Let us define the exchange function

0,0+ LG(s) &

f(s) = m so that £ (Pf)Q (S) = TSTS)

~In the permanent regime, the function G is equal to alz+; so that

D Pst+a

b.s+a (14)

f(s)
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If C(t) is the function

_ (P (t)— _ % (1
Ct) = . then LC(s) = 5%, \ 703 1}.
We remark that ,
+o0
lim £LC(s) = C(t)dt = q’“f‘.

0

With (13), we have then proved that the coefficient @ may be computed by the formula

o= 00t (15)
[ (Re(t) — @2) dt

B.3 A first exit time interpretation

Heuristically, the probability that a particle in the interface between the matrix and the
fissure goes to the fissure is

Vas
V@ + /am
(see [CL]). Hence, if the ratio ag/ay is large enough, we may assume that the particles
enter into the fissures net once they have been reached. In fact, this is not really exact
because the trajectory of the particle is very irregular, but the probability that the particle

is in the fissure a short time after reaching it is close to one.
Let us denote by 7 the first hitting time of the fissures

T=inf{t 2 0; X; € U}.
We make the following assumptions:
(H1) The ratio a¢/ay is very large.

(H2) The distribution of the particle on the interface between the matrix and the fissures
is uniform given the first hitting time. For that, the particles are initially uniformly
distributed on the matrix.

(H3) The fissures are very thin. So that with (H2) and (H1), we may assume that the
particles are uniformly distributed in the fissures once they have been reached.

With theses hypotheses, we may then assume that

]'Qf (:L‘)

Pe[X; € dz, 7 € dt|Xo € Q] 2 Py [r € dt[Xp € Q] Meas
£

dz. (16)

Let us denote by Q(t) the density of the law of the first hitting time when the particle
“~are initially uniformly distributed on the matrix:

/TQ(t) dt =P, [r < T|Xo € Q.
0
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So, with (16),

B, [Ef(T)lXo < Qm] ~ ATEL {E(T - t)IXO € Qf] Q(t) dt
= (Pr)q * Q(T).

(17)

It is clear that
E; [e(T)] = ®¢ = By [e¢(T)e¢(0)] + ®mEy [e5(T)]e£(0) = 0].
The Laplace transform of the previous equation and (17) leads to
f(8) = & + ,LQ(s) for any s > 0.

If the exchange function is solution to (14), then df/ds(0) = —®Z /a. We also know that
LG(0) =1 and

dLQ@

ds

Hence o = @, /E, [r|Xo € Q).

With the approximation that the contrast between the fissures and the matrix is
infinite, the exchange coefficient o is proportional to the inverse of the average of the first
hitting time of the fractures for particles initially uniformly distributed on the matrix.

(0) = ~E, []Xo € Q.

References

[CFL*00] Y. CAILLABET, P. FABRIE, P. LANDEREAU, B. NETINGER, and M. QUIN-
TARD. Implementation of a finite-volume method for the determination of
effective parameters in fissured porous media. Numer. Methods Partial Differ-
ential Equations, vol. 16, n°2, pp. 237-263, 2000.

[CL) F. CamPILLO, A. LEJAY. Law of a diffusion in a fissured domain and Monte
" Carlo simulation. In preparation.

[FOT94] M. FUKUSHIMA, Y. OSHIMA, and M. TAKEDA. Dirichlet Forms and Symmetric
Markov Process. De Gruyter, 1994.

[GOO087] B. GAVEAU, M. OKADA, and T. OKADA. Second order differential operators
and Dirichlet integrals with singular coefficients. I: Functional calculus of one-
dimensional operators. Téhoku Math. J., vol. I1(39), pp. 465-504, 1987.

[LEJOO] A. LEJAY. Méthodes probabilistes pour I'homogénéisation des opérateurs sous
forme-divergence : cas linéaires et semi-linéaires. PhD thesis, Université de
Provence, Marseilles, France, 2000.

'

V[MCCQO]’ J.F. McCARTHY. Effective permeability of sandstone—shale reservoirs by ran-
" dom walk method. J. Phys. A: Math. Gen., vol. 23, pp. L445-1451, 1990.

[McC91] J.F. MCCARTHY. Analytical models of the effective permeability of sand-shale
reservoirs. Geophys. J. Int., vol. 105, pp. 513-527, 1991.



146 Fabien Campillo and Antoine Lejay

[McC93a] J.F. McCARTHY. Continuous-time random walks on random media. J. Phys.
A: Math. Gen., vol. 26, pp. 24952503, 1993.

[McC93b] J.F. MCCARTHY. Reservoir characterization: Efficient random-walk methods
for upscaling and image selection. In Proceedings of the SPE Asia Pacific Oil
& Gas Conference & Ezhibition. Singapore, 8~10 February, pp. 159-171, 1993.

[MD92] M. MASTRANGELO, D. DEHEN. Opérateurs différentiels paraboliques & co-
efficients continus par morceaux et admettant un drift généralisé. Bull Sci.
Math., vol. 116, pp. 67-93, 1992. 2¢™° série.

[MR91]  Z. Ma, M. ROCKNER. Introduction to the Theory of (non-symmetric) Dirichlet
Forms. Springer Verlag, 1991. '

[MT99] G.N. MILSTEIN, M.V. TRETYAKOV. Simulation of a space~time bounded dif-
fusion. Ann. Appl. Probab., vol. 9, n°3, pp. 732-779, 1999.

[NE96] B. NETINGER, T. ESTEBENET. Calcul de la perméabilité équivalente et du
terme d’échange de milieux fissurés par une méthode de marches aléatoires.
Technical Report, Institut Frangais du Pétrole, May 1996.

[NE97] B. NETINGER and T. ESTEBENET. Mise & I'échelle de milieux fissurés par une
méthode de marches aléatoires sur des maillages flexibles. Technical Report,
Institut Frangais du Pétrole, May 1997.

[NE98a] B. NETINGER and T. ESTEBENET. Application of random walk methods on
unstructured grids to up-scale fractured reservoirs. ECMOR VI Conf, Scotland,
1998.

[NE98b] B. N@ETINGER and T. ESTEBENET. Up scaling of fractured media using
continuous-time random walks methods. To appear.

[NEL99] B. NETINGER, T. ESTEBENET and P. LANDEREAU. A direct determination of
the transient exchange term of fractured media using a continuous time random
walk method. To appear.

A

[NEQO1] B.NGETINGER, T. ESTEBENET and M. QUINTARD. Up-scaling flow in fractured
media: equivalence between the large scale averaging theory and the continuous
time random walk method. Trans. Porous Media, vol. 43, n°3, pp. 581-596,
2001. '

[POR79a] N.I. PorRTENKO. Diffusion process with generalized drift coefficient. Theory
Probab. Appl., vol. 24, n°1, pp. 62-78, 1979.

[POR79b] N.I. PORTENKO. Stochastic Differential Equations with generalized drift vec-
' tor. Theory Probab. Appl., vol. 24, n°2, pp. 338-353, 1979.

[PT85] E. PARDOUX and D. TaLAY. Discretization and simulation of stochastic dif-
ferential equations. Acta Appl. Math., vol. 3, n°23, 1985.



A Monte Carlo method without grid for a fractured porous domain model 147

[QW963]

[QW96b]

[REM99)]

[STRSS]

[WR63]

M. QUINTARD and S. WHITAKER. Transport in chemically and mechanically
heterogeous porous media. I: Theoritical development of region-averaged equa-
tions for sligthly compressible single-phase flow. Adv. Water Ressources, vol. 19,
n°l, pp. 29-47, 1996.

M. QUINTARD and S. WHITAKER. Transport in chemically and mechanically
heterogeous porous media. II: Comparisons with numerical experiments for
slightly compressible single-phase flow. Adv. Water Ressources, vol. 19, pp. 49-
60, 1996.

E. REMY. Homogénéisation d’opérateurs auz différences : approches analytique
et probabiliste. PhD thesis, Université de Provence, Marseilles, France, 1999.

D.W. STRoOCK. Diffusion semigroups corresponding to uniformly elliptic di-
vergence form operator. In Séminaire de Probabilités XXII, vol. 1321 of Lecture
Notes in Mathematics, pp. 316-347. Springer Verlag, 1988.

J.E. WARREN and P.J. ROOT. The behavior of naturally fractured reservoirs.
The Society of Petroleum Engineers Journal, vol. 3, n°3, pp. 245-255, 1963.



