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Abstract

We consider a stochastic differential equation with linear
feedback control :

L
dX; = (Ao + pBo) Xy dt + Y (A1 + p By) Xy odWi(t)
=1

where p € R is a one—dimensional feedback gain matrix.
The problem is to find an online algorithm which adjust
the parameter p in order to stabilize the system.

We propose a stochastic gradient method which mini-
mize the Lyapunov exponent A, associated with the so-
lution of the SDE with parameter p. We present some
simulation tests.

Key words : stochastic system, stochastic gradient, stabi-

lization.

1 Preliminaries

We consider the following linear stochastic differential e-
quation in R?

L
dX; = (Ao+pBo) Xy dt+> (Ai+pBr) Xy odWi(t) , (1)
=1

where Xy = xz9 # 0, A; and B; are d x d matrices,
Wi,...,Wr are independent standard Wiener processes.
Here “odW?” (resp. “dW?) refer to the Stratonovich (re-
sp. It6) stochastic integral.

We denote

APE A +pBy, 1=0,...,L.

*ECC95, Roma.

We define the Lyapunov exponent of the solution of (1)

starting at zo with parameter p

Aolao) 2 Jim < og IX,]] (2)
Oseledec’s multiplicative ergodic theorem [8] states that
the limit (2) exists with probability one and that there
are d fixed numbers Ay > --- > Ay — called the Lyapunov
exponents of (1) — such that the random variable A, ()
takes on only these values (see [1] for a review). Moreover,
(1) is exponentially stable with probability one if and only
if ;y <0.

Let S9! = {z € R%;||z|| = 1} denote the unit sphere
of R?. We can define the projection of X; onto the sphere
by

U 21X X

Uy is the solution of the following SDE on S4—1

dUy = h(A5,Up)dt + Y1, h(A?,Uy) odWi(t) ,
ay —1
Uo = wuo = |zl ™" 20
3)
where A
h(Cyu) =Cu— (Cu,u)u . (4)

Here (z,y) is the scalar product on R? and ||z||* = (z, z).
Moreover,

t
X = ||xo||><exp{ / a(p, U,) ds
0

L t
> pl<p,Us)dW,<s)} (5)
=1 0

with
4 p
pl(pau) = (Al U,U), l:07"'aLa
A1
sl 2 2SI w,w)
=1
+ 1AL ull® — 2(Af u,u)?]

e

Q(Pa U) pO(p’ u) +p6(p7 ’LL) .



For each matrix M, h(M,—u) = —h(M,u), so that
h(M,-) can be viewed as a vector field on the projective
space P?~! (obtained from S?~! by identifying « and
—u). Therefore (3) can be considered as a stochastic
differential equation on P?~! and (5) is still valid with
this definition.

We make the following

Hypothesis 1.1 For allu € P! and pe R
dim Lie Algebra{h(A},-);1=0,...,L}(u)=1.
Theorem 1.2 Under Hypothesis 1.1, for oll p € R

(i) The diffusion process Uy admits o unique invariant
probability measure py(p,du). Moreover py(p,du)
has a C* density py(p,u) with respect to the
Lebesgue measure on P4~ which solves the Fokker—
Planck equation

[£5pu(p,)](u) =0,

where L, 1is the infinitesimal generator associated
with Equation (3).

Yu e pi—1 |

The number

A
M2 [ o) o)

is equal to the top Lyapunov exponent A;.
(iii) For allmg € R, g # 0, \,(z0) = A, with probability
one. When X\, < 0, the system (1) is exponentially
stable with probability one.

Proof See [3].

Proposition 1.3 Under Hypothesis 1.1, the application
R>p= A, € R is continuous.

Proof We give here a sketch of the proof, for details
see [6]. Let suppose, for sake of simplicity, that B; = 0
for l =1,...,L (i.e. the gain matrix parameter act only
on the drift coefficient).

First, using the fact that the coefficient h(M,-) are
globally Lipschitz on P4~!, we have that for all ¢t > 0,
there exist Cy < 0o, such that for all p1, p2 € R

1,u 2,u 2 2
sup E|U" -U; < Ct |lpr — p2lI”

uepd-1

where U** denote the solution of (3) with parameter p;
and starting at point w.

Then, let p, — p as n — co. We want to prove that
Ap, = Ap asm — oo. Let U (resp. U;”") denote the
solution of Equation (3) with control matrix p (resp. pn)
and starting at point u. We have

lim sup E|UM —UZ|*=0.

n—oo ’U/EPd71

(6)

This last property allows us to prove that uy(p,du) is
the weak limit of py (pn,du).
Finally,

|Apn

Aol
< ‘/ q(pn, ) pu (pn, du)
pd-1

— / q(p, u) pu(p, du)
Pd* 1

< sup |g(pn,u) — q(p,u)]
uepd—1

+

[ 1060 b0 (pns ) = o, )]

which tends to 0. O

We deduce from Proposition 1.3 that D 2 {MAip e R}
is a connected interval of R.

Definition 1.4 System (1) is said to be stabilizable (re-
sp. mnon stabilizable) if D N [—00,0[# @ (resp. DN
[—00,0[=10).
2 Special case : d =2
We introduce the process 6; defined by
[ cosb;

U = ( sin 6, ) )
The process 6; take is values in [0, 7] which can be iden-
tified to P!.

(7)

.

We present two examples of stabilizable and non sta-
bilizable systems (cf. [6] for more details).

Example 2.1 (Stabilizable system) We consider the

following SDE
-1 0
( 0 —1+p ) Xedt

0 »p

(0

In this case it is easy to prove that the Lyapunov exponent
18

dX; =

)Xt odW (t) .

Ap=-—1 +p/07r sin?(8) v(p, db) , (8)



where v(p,df) denote the invariant measure associated
with the process 6;. Then, in [6], we prove that A\, — —00
as p — —oo. Which proves that the system is stabilizable.
O

Example 2.2 (Unstabilizable system) We consider
the following SDE
) Xedt + (

1 0
ax, = ( 0 1+p

In this case, in [6] we prove that A\, > 1, for all p, so that

the system is not stabilizable. O

0 p

0 b )Xt odW (t) .

3 Gradient of the Lyapunov expo-
nent

In this section we restrict ourself to the two—dimensional
case (i.e. d = 2) with one standard real Wiener input
process (i.e. L =1). We use the notation of the previous
section. Throughout this section, p is fixed. Equation (1)

reads
dX; = Ag X dt + Ai) X; odWy (9)

where Xog = 29 # 0 € R? (here W is a standard re-
al Brownian motion). We know that the system (1) is
exponentially stable with probability one if and only if
Ap < 0. In order to find p which minimize A\, we can use
a gradient algorithm.

The next step is to derive the derivative of A, with
respect to p. Let

G2 50
We know that under Hypothesis 1.1,
T
Ap = lirqglzagés. T ), q(p,Uy) dt .
Let N

Vt:a—p

(which is well defined because all coefficients of Equation
(3) are smooth enough) and the couple

U,
Zté(v:).

In this section we want show that, under certain condi-
tions, the process Z; admits a unique invariant measure

pz(p, du, dv).
Which will imply that

T—co

T
G(p) = lim-a.s. %/ Qp, Us, Vi) dt
0

where

A O 0
Q(p,u,v) = B q(p,u) + " q(p,v) .

We define & the derivative with respect to p of the
process §; defined by (7).

A0

=9, . 1
&2 5t (10)
Process 6, is solution of the following SDE
Let
02 D har0) and £200) 2 Znar,o)
k3 60 1 ? 1 ap 1 ?

for i =0, 1. From (11), we get

(12)
We define ¢, , as the fundamental solution associated
with Equation (12), that is

d(pt = Fé’(ﬁt) Pt dt =+ Ff(ﬁt) Pt Oth ) <ps,s = I . (13)

We denote ¢, 2 V0. Ps, is given by

t t
©t,s = €Xp (/ Fy(8,)dr +/ Fr(6,) odWr) .
Hypothesis 3.1 There exist a < 0 such that

1
lirtnfa.s. : log |lpt]| = « -

Proposition 3.2 Under hypotheses 1.1 and 3.1, Equa-
tion (12) admits a unique stationary solution.

Proof The proof of this result is technical and will be
presented elsewhere. O

This result imply that under Hypotheses 1.1 and 3.1,
the process Z; = (U, Vi) (or the process (6;,&:)) admits
a unique invariant measure pz(p, du, dv). So we can have
the following representation for G(p)

T
G = tmas. [ QUL
0

T—oo T

/fca(p,u,w);iz<p,du,dv). (14)

4 Stabilization algorithm

Suppose that System (1) is stabilizable in the sense given
in section 1. We can try to find a parameter p such that
Ap < 0 and the more this term is negative, the more
System (1) will be stable. So a natural idea is to use a
gradient algorithm which minimize A,.

Prt1 < pn — Y G(pn) -

where 7, > 0 is a decreasing gain parameter. Of course,
this algorithm is not useful in practice because G(pn)
cannot be computed explicitly. We present now a way to
approximate such an expression.



5 Implementation

Let A be a time step. Given p,,, we simulate the processes
U, and V; with fixed parameter p,, fort € [(n—1) A,nA),
then we use the following update rule

Pn+1 = Pn—"Un é(pn) , n=0,2,..., pogiven, (15)
where
- A1 [tDA L

Where (U™, V") is given by “freezing” parameter p at
the value p, over the interval ¢t € [n A, (n + 1) A], i.e. it
is the solution of (we explicitly denote the dependency
with respect to parameter p)

dUf = h(AL,UP)dt+ h(AL,UF) odW, (17)
dvy = {6(UF)+ LoUL, V)Y dt
HEWUE) + LY UL, VL)Y odW,  (18)

for (n —1)A <t <nA, p=p, and initial conditions

U(pn—l)A U(nn 11)A ) V(Z—I)A = V(Z 11)A )
where
e v 2 Tnanupn vy
0
ewry & Lpuarur
z(Ut) (9p ( zJUt)7
for i =0, 1.

For simulation, we discretize Equations (17,18) in time
using a Milshtein scheme [10]. This simulation is achieved
in two steps :

1st step We simulate (X7,Y}") for t € [nA,(n + 1)A[
with p = p,. These processes are solution of the following
It6—sense system :

1
ixe = [Ag + 5(,4';)2] XP dt + AP XP dWW,
ayf = S{(X{,YY)dt+[AVY) + By X[]dW,
where

A 1
Spxe) 2 g pap?| v
1
+§(A1 B; + B1 A1) X}
+(Bo +pBY) X{ .

Let X, and Y, be the approximations of X?3 and Y’z
respectively. We get :

Xny1 — Xp+ A" X, AW, + A" X, A

1
+5 (Afn )2 Xn (AWn)z
Yor1 < Yo +[A Y + By XA AW,
+ |AS" Y, + %BlAan+BoXn A
1
+§ [(Af") Yo+ A" B1 X ] (AW,)?
where AW, 2 W,

sian noise.

Wi, ~ N(0,A) is a white Gaus-

n+l

2nd step We compute (U,,V,), the approximation of

(UPn,VFr), from (Xf»,Y/r) using a projection tech-
nique :
X o Yae (Un V)T
Upn ¢ 7=, V, <— -
T 1%l

We end up with the following algorithm :

- 'Yn Q(Pn, Una Vn) )

po given. For practical implementation we use the stan-
dard following gain coefficient :

b

max(1,n — ng)

Pn+1 = Pn TL=0,2,...,

Yn=C+

where ¢ > 0, b > 0, et ng > 1 are given.

6 Numerical simulation

We present three examples. In each case, for the initial
value of p the system is unstable (i.e. A, > 0), but using
the proposed algorithm we can tune parameter p up, in
such way that process X stabilize.

6.1 Example 1

dX} =
dX}? =

—[14p| Xtdt —[4+p] X? 0 dW (),
[2—p| X7 dt+[4+p) X} 0dW(t) .

Stochastic gradient algorithm parameters :

no =2.10%, ¢=107"°, b=4.10"% py = 0.5
6.2 Example 2
dX; = [2+0.1p]X/}dt
+H-2X2+0.01pX}] 0dW (),
dX; = [X] —-5X7]dt+[X]+0.01pX]] odW(t) .

Stochastic gradient algorithm parameters :

no =105 ¢=9"% b="7.10"2, py = 200 .
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Figure 1: Example 1 : Graph n — ||X'n| .

Figure 3: Example 2 : Graph n — ||X'n||
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Figure 2: Example 1 : Graph n — ), (approximation of Figure 4: Example 2 : Graph n — A, (approximation of
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Example 3 : Graph n — A, (approximation of

6.3 Exemple 3

dX} = [1+0.1p]X}dt
+[0.1 X2 4+ 0.01 pX}] 0 dW (2) ,
dX? = —2X2dt+[0.1X}+0.01pX?] odW(t) .

Stochastic gradient algorithm parameters :

ng =2.10%,¢c=1,b=3, py = 100 .
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