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1 Introduction

The stability properties of linear deterministic systems X, = AXy, Xo =z is well
known. We can now suppose that the matrix A is subject to a Gaussian white
noise perturbation 7, i.e. the previous systems reads X; = [Ao + Elel A Xq,
Xo =z # 0, or as a Stratonovich stochastic differential equation (SDE)! :

L
dXy= Ao Xpdt+ Y A Xy odW/, Xo== (1)
=1
where W is a standard Brownian motion. Point 0 is an equilibrium state of

Equation (1). A natural idea to “stabilise” system (1) is to introduce a linear
feedback control, hence we get :

L
dX; = (Ao + Bop) X;dt +» (A +Bip) Xy 0odW} , Xo=1. (2)
=1

We note : A7 2 Aj+pB; (1=0,...,L). The Lyapunov exponent of (2) starting
at z¢ with parameter p is defined by

VAN, _
Mp(o) £ lim " log ]| X,| - 3)

1We can also consider non linear SED’s : dX; = f(X;)dt + g(X¢) o dW, Xo = x (where
f(0) and g¢(0) are zero) for which 0 is also an equilibrium state. The stability of non linear
sytem has been well studied. The first results concerning the stability of non linear systems
were given by Lyapunov. R.S. Bucy [7] stated that the “stochastic Lyapunov function” should
be a supermartingale (see also Wonham [20]). Different books present this problem, but the
main reference is Khasminskii [13] (which summarises all his past works). There are alternative
approaches like Haussmann [12], Curtain [9].

One of the first problem is to define the notion of stability in a stochastic context. This notion
is quite natural in the deterministic case, in the stochastic case many possibilities come to mind :
pathwise stability, stability on the moments, weak stability (i.e. the probability for the process
to be in a centred ball of a given diameter goes to zero as the times converges to infinity) etc.

Here, we focus on linear SED’s (1). A huge amount of results are available in this context :
proceedings Arnold [3], Arnold-Crauel-Eckman [1] and the review paper Arnold [2] summarise them.



Oseledec’s multiplicative ergodic theorem states that the limit (3) exists with
probability one and that there are d fixed numbers A\; > --- > \; — called the
Lyapunov exponents of (2) — such that the random variable A,(zo) takes on only
these values (see [1] for a review). Moreover, (2) is exponentially stable with
probability one if and only if A\; < 0.

We define the projection of X; onto the sphere by

A - 1A
Uy 21X ™" Xy € ST 2 {z e RY |z =1} .
U, is the solution of the following SDE on S9!
_ p $ P _ . A -1
dU; = h(A§, Uy dt + Y h(Af,Uy) odWi(t) , Uo =uo = |zl ™ 2o (4)
=1

where h(C,u) 2C0u-— [Cu)*wu, and ||z||* = * z. Moreover

1Xel| = [|zo|| x efola(pUs) ds+ iy prlpUs) dW;] (5)
with
A L
2
po(p,u) = %Z[((A{))2u,u) + [IA7 wll” — 2(Af u,u)?,
=1

A p A /

n(p,u) = (Afu,u), 1=0,....,L,  q(p,u) =po(p,u)+py(p,u) -

For each matrix M, h(M,—u) = —h(M,u), so that h(M,-) can be viewed as
a vector field on the projective space P?~! (obtained from S¢~! by identifying u
and —u). Therefore (4) can be considered as a stochastic differential equation on
P~ and (5) is still valid with this definition.

Hypothesis 1.1 For allu € P4 and pe R
dim Lie Algebra{h(4},-);1=1,...,L}(u)=d—1.

Theorem 1.2 (Proof in [3]) Under Hypothesis 1.1, for allp € R :

The diffusion process U admits a unigue invariant probability measure py (p, du)
which has a C™, strictly positive density py (p,u) with respect to the Lebesgue mea-
sure on P4~ solution of the following Fokker—Planck equation (£}, pu(p,-)](u) =0,

Vu € P41, where L, is the infinitesimal generator associated with Equation (4).

The number A, = de_l q(p,u) pu(p,du) is equal to the top Lyapunov exponent
AL

For all zy € R, 29 # 0, A\p(w0) = A, a.s. When X\, < 0, the system (2) is
exponentially stable with probability one.

Proposition 1.3 (Proof in [8]) Under Hypothesis 1.1, the application R 5 p —
Ap € R is continuous.

We deduce from this proposition that D 2 {Ap;p € R} is a connected interval of
R. By definition, we will say that the system (2) is said to be stabilisable (resp.
non stabilisable) if DN [—00,0[# @ (resp. D N [—o0,0[= 0).



2 Gradient of the Lyapunov exponent

In this section we restrict ourself to the case of one standard real Wiener input
process (i.e. L = 1). We use the notation of the previous section. Throughout
this section, p is fixed. Equation (2) reads

dXtZAgXtdt—FAth Oth ) X0=1'0750, (6)

This system is exponentially stable with probability one if and only if A, < 0. In
order to find p which minimise A\, we can use a gradient algorithm.
The next step is to derive the derivative of A, with respect to p :

A
G(p) £ 0,/0p .
We know that under Hypothesis 1.1 : A\, = lim-a.s.7oc T -1 fo q(p,U;) dt. Be-
cause all coefficients of Equation (4) are smooth enough, we can define :
V; 20U,/0p and Z, 2 [U,,V)]*

In this section we want show that, under certain conditions, the process Z; admits
a unique invariant measure pz(p, du,dv). Which will imply that

s 0q(p,u) aq(p,U) ’
Op ou

In the two—dimensional case (i.e. d = 2), let 6; = (cos(Uy), sin(Uy))* and

G(p) = lim as.T" /Qp,Ut,Vt) | with Q(p,u,v) 2

& 2 06:/0p . (7
Process 6, is solution of the following SDE
d0t = ]’L(Ag, Ht) dt + h(A’l), 0,5) Oth . (8)

Let F”(8) 2 Oh(A?,0)/86 and f£(8) £ Oh(A?,6)/8p, for i = 0,1, so we get
dée = [Fg (01) & + f§(6)] dt + [FY (6:) & + £ (64)] odW . 9)

Let o5 be the fundamental solution of Equation (9), and ¢ 2 Pt,0-

Hypothesis 2.1 There exist a < 0 such that t~1 log ||| = « a.s. whent — oco.

Proposition 2.2 Under hypotheses 1.1 and 2.1, Equation (9) admits a unique
stationary solution.

The proof of this result is technical and will be presented elsewhere.

This result imply that under Hypotheses 1.1 and 2.1, the process Z; = (U, Vi)
admits a unique invariant measure pz(p,du,dv). So we can have the following
representation for G(p)

G(p) = lim a.s. T~ /Qp,Ut,Vt ydt = /Qp,uv)uz(p,dudv).



3 Stabilisation algorithm

Suppose that System (2) is stabilisable in the sense given in section 1. We can try
to find a parameter p such that A, < 0 and the more this term is negative, the
more System (2) will be stable. So a natural idea is to use a gradient algorithm
which minimises A, : pny1 ¢ pn — ¥n G(pn) Where v, > 0 is a decreasing gain
parameter. Of course, this algorithm is not useful in practice because G(p,,) cannot
be computed explicitly. We present now a way to approximate such an expression.
Stabilisation techniques derived from Lyapunov’s approach are also avalaible?.
Let A be a time step. Given p,, we simulate the processes U; and V; with fixed
parameter p, for t € [n A, (n + 1) A), then we use the following update rule

Pn+1 = Pn — In G(pn) ;, n20,..., po given, (10)
where G (pn) 2t f(ZH)A Qlpn, U7, V™) dt.

n.
Where (U™, V") is given by “freezing” parameter p at the value p, over the
interval t € [nA,(n + 1) A], i.e. it is the solution of (we explicitly denote the
dependency with respect to parameter p)

dUf = h(AD,UF)dt+ h(AL,Uf) odW,, (11)
avf = [GUL) + Lo(Uf, V)l dt + [61(UF) + LY (UL, V)] 0 dWy ;- (12)

for nA <t < (n+1)A, p= p, and initial conditions U?, = U\, V/\ = V74,
where,for i = 0,1, L/(U?, V) £ 0h(A?,UP)/du VF and £2(UF) = dh(A?,U?)/dp.

The convergence properties of such algorithms were studied by many authors3.
Given a certain time-space scaling defined with the gain sequence 7, , the trajec-

tories of {pn }nen converge to the trajectories of the following ODE :

pt) = —h(p(t)), teR. (13)

For simulation, we discretise Equations (11,12) in time using a Milshtein scheme :

st step We simulate (X/,Y/) for t € [nA, (n + 1)A[ with p = p,, by :
dX{ = [Af+ (AN X! dt + AL X[ dW,
ayy = S{(X[,Y[)dt+ [AYYS + By X[1dW, ,
SP(XP,YP) 2 [AL+ L(A9)?] Y + (A, By + By Ay) X! + (Bo + p B2) X/ .
Let X,, and Y,, be the approximations of X P and )7:5 respectively. We get :
Xop1 & Xo+ A" Xpw, + A X A+ (A1) X, w?

n
Vog1 « Yo +[A Y + By XErwp + [Af" Vi + 3 By A" X, + By X, ] A
+1 [(A7")? Y, + AP B X, w?

A . . : :
where w, = Wy, ,, — Wy, ~N(0,A) is a white Gaussian noise.

2See Florchinger [10]. Other approaches by Mao [16], Kozin-Zhang [14], Willems-Willems [19],
Gao-Ahmed [11], Baxendale [4, 5] treat the moment stability properties.
3Like Kushner-Clark [15], Benveniste-Métivier-Priouret [6] etc.
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Figure 1: Example 1 : Graph p — A(p) (left). Graph n — p,, (right).

2nd step We compute (Upy1,Vni1), the approximation of (ﬁ(p;-i-l)A’V(ill)A)’
from (X(n + 1), Y(n + 1)) :

Un+1 — “Xn+1H_1 Xn+1 ) Vn+1 — ||)Zvn+1||_1 [Yn+1 - (Un+17Yn+l) 0n+1] .

We end up with the following algorithm :

Pn+1 = Pn — In Q(PmUn-H’ Vn—i-l) , n>0,

po given. For practical implementation we use the standard following gain coeffi-
cient : v, = ¢+ b/ max(1,n — ng) where ¢ >0, b > 0, et ng > 1 are given.

For this algorithm we also use a averaging technique proposed by Polyak-
Juditsky [18].

4 Numerical simulation
We present two examples where the initial value of p the system is unstable (i.e.

Apo > 0), but using the proposed algorithm we can tune parameter p up in such
way that process X stabilises.

Example 1
dX} = [2+0.1p)X}dt+[-2X7?+0.01pX}] odW;,
dX} = [X}-5X7)dt+[X} +0.01pX7] odW,; .

The stochastic gradient algorithm parameters are : ng = 10%, ¢ = 1072, b =
1, po = 200.
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Figure 2: Example 1 : Graph n — |X,,| (left). Graph n — X\, ~ A(p,) (right).
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Figure 3: Example 2 : Graph p — A(p) (left). Graph n +— p, (right).

Example 2
dX} = [1+0.1p)X}dt+[0.1X7+0.01pX}] odW,,
dX? = -2X2dt+[0.1X}+0.01pX7?] odW, .

This system does not satisfy Conditions 1.1 for p = p* = —30 and 8 = 7/4. The
stochastic gradient algorithm parameters are : ng = 2.10%, ¢ =1, b= 0.7, po =
100.

References

[1] L. ARNOLD. Stabilization by noise revisited. Zeitschrift fir angewandte
Mathematik und Mechanik, 70(7):235-246, 1990.



-5
60 |
40 H ] -10

20 L L L L L L L L L
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
x100 X100

Figure 4: Example 2 : Graph n — |X,,| (left). Graph n — X\, ~ A(p,) (right).
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