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Abstract /o [{] we proscnied a nunicrical algovithm for the com- For cach ) € ©. we consider the following long tinie average
1 i i E o > i)

putalion of the optimal [eedback law in an ergodic stochastic op-
timal control problem. This mclhod. bascd on the diserclization
of the associaled Hamilton -Jacobi- Bellman cqualion. can be uscd
only in low dimension (2.4,
lighcr diniensional problcms. we propose here lo use a stochastic
gradical algorithm in order o find the optimal foedback in a given
subeluss of parametvized controls. s is ] we apply these toeh-
niques to the control of scmi-active suspcnsions for road rehicle.

L this paper we consider numerical procedures for stochastic
control problems. Given a real case study (here we consider semi
active control of vehicle suspensions) we can nsge different mod-
clization. For low dimensional modclization. we can pretend o
use optimal methods @ we discretize the Hamilton Jacobi -Bellman
equation (this approach is proposed in [4]). In higher dimension
this approacltis cumbersome or even impossible to implement. in
this caze we can look for the optimal feedback in a given subclass
of parametrized controls using a stochastic gradient algorithn.
The ainy of this paper is 1o compute the stochastic gradient in the
simplest two- dimensional model relevant in onr application.

In section 1 we introduce the stochastic control problem of
ergodic type in IR? motivated by the application to the control of
suspension systems [3].

I section 2. we derive the stochastic gradient for the above
probleni.

1 A stochastic control problem

1.1 The problem

Let {X(0):7 > 0} be the solution of the following stochastic SYs-
tem in IR?

dXH0) =
dXA0) =

XF0ydr . (1)
= (0. X0)) XE0) + N () (2)
+5 sign(,\*f(/)))] di + o iy,

where
o S5 are strictly positives constants.
o W is a standard hrownian motion.

o u(f)..r) is a feedback control parametrized by ¢ € © (O ix an
open set of IR, u(f. ) takes values in {7 = [ni.uy]. 0 <
ty <y < XL
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or G oinoa paralldd compuicr).  For

cost functional

A
0) érllll?k /U FL0.X,(0)) dr (3)

S

with ,
)12

J(0.0) & [u(()..z') 4 3t 4 v sign(?)

A class of feedback controls Let Z{ denote the set of [eedback

functions u(0..r) such that
¢ 0 O X IR = U= iy wl.
o Vo € R0 — w(0.0)is (7.
o W0 E Q. — ull.r)a?is (M on IR x IR\ {0}

This last condition allows u to be discontinuons at 2 = 0. it is the
case for the optimal control computed which we have computed
in a previous work [1].

In (2) we group the nonlinecar terms : we define

2

alf.r) = —u(f.r)a? — 5 sign(a?) .

then the system (1), (2) reads

dx} =
X} =

XPdt . -
~-3X}dt+a(8.X,)dl + 5 dWT, . (3)

Note that a(f.x) is (" on IR x R\ {0}. and it is discontinnons in
r? =0 with a jump of amplitude ~2 .

1.2 An example: a semi-active suspension

system

In thisx section we present a damping control method for a non-
lincar suspension of road vehicle (comprising a spring. « shock
absorber. a mass. and taking into account the dev friction. of,
figure 1), The aim is to improve the ride comfort.

Among alternatives 1o classical suspension systems {passive
systems) we distinguish between active and semi active toch-
niques. An active suspension system consists i force clenients in
addition 10 a spring and a damper assembly. Force clements con-
tinnonsh vary the force according 1o some control law. In general.
an active system is expensive. complicated. and requives an exter-
nal power source 5] In contrast. a semi-active system requires

no hydrandic power supply. and its hardware implementation is

simpler and cheaper than a fully active svstem. A semi active
suspension system acts only on damping or spring laws. so it can

only dissipate or store energy.
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m

C=—control

a absolute displacement of niass e

y  absolute displacement (y =« —«¢)

¢ stochastic input (surlace road acceleration)

m SPrimg mass

¢ shock-absorber damping constant (controfled)
gy spring constant

I ey friction constant

Iigire 1: One degree-of-freedom model.

Here we consider a system with controb on the damping law.
the forees in the damper are generated by modulating its ovifice
for fiid flow [1.8]. We nse the simplest model which consists in a
one degree of-(reedom model.

The equation of motion for a one degree of-freedon model is
(¢l figure | Tor the exact definition of the terms)

i i kg 4 Fysign(g) = —m (6)

¢ denotes the input acceleration. ‘The restoring force key +
Fysign(y). has a linear part kyy. and a nonlinear part I sign(y)
which describes the dry friction force. The damping force is ¢y
where ¢ > 0 is the instantancous damping coefficient (the control
is acting on this term).

The problem is to compute a feedback law ¢ = ¢(y. i) such that
the solution of the system (6) minimizes a criterion -~ related to
the vibration comfort

| L. R
J(u) 2 l||_|‘n\ 7 I -/u (o dl = ]]}i_n; 7 I /u i+ (7 dn

i is supposed Lo be a white Gaussian noise process, (o=
—adWW/di where 1 s a standard Wiener process.

Zoand X -é— ( 'l{ ) .
n Y

cquation (6) can be rewritten as (4). (5).

Using

—

I ks

H m

1.3 The “optimal” approach

I'his approach — presented in (4] - consists in discretizing the
Hamilton- Jacobi-Bellman (11JB) cquation associated with the er-
godic stochastic control problem for the diffusion (1). (2) with
the costs [unction (3) (but now the feedback [unction « is not
paramctrized)

The LB equation is o the form

min (L' e(x)+ f(ea))=p. Vo€ R?
wefniuz]

where ¢+ IR? = IR is delined up to an additive constant. pis a
constant and £ is the infinitesimal generator associated with the
diffusion provess (1) (2) (with «(f.r) replaced by v € .

2 Stochastic approximation
algorithms

The problem is to find § which minimizes the cost function (3).
In [4] we have already proved that the cost function is of the form

J() = ./mz FUO0.2) i (d) (7)

where g is the invariant measure of the process X;(0). As noted
by Ladelli [6]. the gradient of J(8) is not equal to

I (0.0 i (d)
It is possible to use a Kiefer-\Vollowitz-type algorithm in order
to minimize J(0). thus avoiding the computation of the gradient
of J. However, it scems that stochastic gradient algorithms often
converge [aster than Kieler-Wollowitz algorithms. Motivated by
this remark. we shall compute here the gradient of J{0). which
involves dilferentiating X, (8).

2.1 The gradient process

Lemma 2.1 Xy(0) is differenliable w.rd.  paramcler 0; (i =

- A O
i 0) = =—X .
Yi(i.0) a0, Xi(0)
Y(1.0) is solulion of the following system
o _ Y. 0) .
dY(i.0)y = ( I di (8)

0
. . . ]
*( a0 (0. X,(8)) + a0, X,(0)) Yili. 0) ) “
) .
+< v ) Y2(i.0)dL; .
=%
with Yy = 0. and [ is the local time of X* in 0. We note

Vi(0) = [Vi(L0)] - Yild.0)]

Proof In the case of smooth coefficients. the result is essentially

well known (see e.g. Stroock [7] where detivatives ave computed

with respect to the initial condition). The discontinuity of the sign

[nction gives rise here to a local time term. n
Fquation (8) reads

i

dYi(i.0) = A(0.X(9))

Yi(i.0) dt
LB, X,0)) Y,

(
Y0y dLy + CGE0.X,(0)) di .
with

. 0 1
AW-X(0)) 0,1 (0. X,(0)) n-_,.z(o._x‘i(()))>

>
TN

|

&

= +

[l
TN
o <

|
[
)
~—

B(0.X(0))

P . A 0
. 0.X(09)) = (noi(O,X,(()))>

Lot @,(0) be the fundamental solution of this last ecquation

dD,(0) = A0 X,(0)) 2,(0) dt (9)
FB0, XA0) b(0) dLy . dy(0) =1 .

We have

1
Vi 0) = ©i(0) Yoli.0) + q»,(())/ QL (0)" LI 0.X,(0)) d .
JO
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2.2 Asymptotic properties of (.\,(#).Y;(6))

In [4] we showed that X,(0) admits an invariant measure 3. We
extend the process X (0) for all £ € IR. such that it is stationary
and g is the law of X,(0) for all / € IR, We can then solve
equation (9) and define $,(#) for all 1 € IR.
that the Markov process (X;(0). Y(#)) posse
measure jig il the following integral converges

It is casily seen
s a unique invariant

a.s.
0
/ (0) CUL0. N (0))dl .

A sullicient condition for that lact is that there exists A < 0 such
that

. | -
limsup = log "l’_,(ﬂ) )H < Aas.
(= 1
Checking this amounts to checking that
. | .
lim sup n log ()] <\ as.
{—n

Lemma 2.2 Suppose thal for all (0..)

u(f.x) + P ue () > 2.
0 < u(@.0) + 2w (0. 0) — upn{0.0)) < 2\/7 .

Then there exists X < 0 such that

!
limsup n log |(0)] <X as.
f—x

Proof Because of the form of the matrix 3 appearing in (9). it
suffices to prove the result when (9) is replaced by the equation

Ny .
90N _ 0. x 0 00(0)
di
where A = AAAT A being an invertible matrix to be chosen

below. It follows from the theory of Lyapimov exponents (see c.g.
Arnold. Kleimann. Ocljeklaus [2]) that

1
limsup — log [®,(0)] < sup o (;\(l).‘r))
t=—z ! rell?

where o(A) denotes the largest cigenvalue of (A + 47)/2. The
result follows from routine calculations if we choose

L (V).

| |

Note that the assumiptions of the lemma seem to be very rea-
sonable i the case of our practical application.  In any casc.
0 < u < 2/ is a known stability condition for our problem.
and we know [rom previons study that o and its derivatives take

large values only when 3] is sinall.
2.3 The gradient of the cost functional
Lemma 2.3

l o

N J(0) = ‘/l_im T I / FLONAD) Y (0))dl . (10
—_ 0
= / (0. gy palda.dy)
U2

where

PO g) R Ju0.0)+ [(0.0)y

Proof Suppose for the simplicity of the notations that ¢ is scalar.
[t suffices to show that. the pair (X(6).1;(8)) being understood
as a stationary process. the following quantity tends to zero as
=0

. (./’(0 + h X0+ 0)) - F(0..X((0))

I3 ; - 1-“(:9..\}(())4)',(!))))

- /“ [F(0 + wh. X(0 + wh). Y (0 + u b))
CF(0.X(0).Y:(0))] du .

This follows from the continuity of yg with respect to 0. u

2.4 Stochastic gradient algorithm

[ order to minimize (7). we want to find 0° € © such that
hO™) =0 ()

where

h(0) é/

F(0.x.y) poldr. dy) (12)
m]xm?xd
is the gradient of (7).

Given N > 0 and 1, 2 n Al we solve equations (1).(2).(R)
with

=0, fort, <t <.
and 0, is given by
Ogr = 0y — py F(0,.X,,(0,).37,(0,)) (13)

where the sequence of positive gains {p,} satislies appropriate
conditions.

3 Conclusion

We have shown how to compute the gradient {or the implementa-
tion of a stochastic gradient algorithm. aimed at solving an optimal
stochastic ergodic control problem. We shall give conditions for
the convergence of the algorithm and present nunierical results in
a forthcoming publication.
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