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INTRODUCTION

Mon travail s’articule autour de trois thémes de recherche en probabilité :

A- les phénoménes de coagulation régis par les équations de Smoluchowski,
B
C

une méthode d’approximation de diffusions irréguliéres par le schéma d’Euler,

I’amplitude du mouvement brownien avec dérive.

Ces trois sujets étant indépendants, je vais les introduire séparément.

A : Phénoménes de coagulation

Cette partie traite des résultats obtenus par des méthodes probabilistes sur les
solutions des équations de coagulation de Smoluchowski. Il s’agit d’équations déter-
ministes. L’utilisation des probabilités pour étudier certaines E.D.P. est bien souvent
une méthode simple et rapide: elle permet de retrouver des résultats connus et d’en
montrer d’autres qui n’étaient que conjectures pour les analystes [36]. Le dernier
chapitre de cette partie explicitera un algorithme de simulation des solutions de ces
E.D.P. dans un cadre assez large.

Les équations de coagulation de Smoluchowski décrivent de nombreux phénomeé-

nes de coalescence aussi bien physiques que chimiques. Ils modélisent, par exemple,
la formation des gouttes d’eau dans ’atmosphére, la formation des étoiles et des pla-
nétes ou encore la polymérisation en chimie. C’est dans ce dernier cadre que nous
choisissons de les présenter :
Considérons un récipient dans lequel on souhaite observer une réaction de poly-
mérisation. Pour nous, un polymeére est un assemblage de monomeéres qui sont des
particules identiques. Le polymére est caractérisé par le nombre de monoméres qui
le forment. La géométrie de cet assemblage n’est pas prise en compte. Lorsque des
particules sont assez proches, elles peuvent se lier pour former un polymeére de taille
plus grande. Les hypothéses faites sur cette réaction sont:

1. Le mélange est spatialement homogene.

2. Les réactions ne font intervenir que deux polyméres pour en donner un troi-
sieme.

3. La masse du polymére aprés la réaction est égale a la somme des masses des
deux polymeéres qui le constituent.

La premiére hypothése nous permet de décrire le comportement dans une unité de
volume. La troisiéme nous donne une information essentielle, la conservation de la



masse. Le nombre de particules est toujours suffisamment grand pour étre supposé
infini. La proportion du nombre de particules de taille donnée k parmi le nombre
total de particules est notée n(k,t) et dépend du temps ¢.

Notons P; un polymeére générique de longueur j. Les réactions autorisées sont
celles de la forme: P; se lie avec P, pour donner Py ;. Ce type de réaction se fait
de maniére proportionnelle au nombre de particules de taille j et k présentes dans
le récipient a 'instant considéré. La constante de proportionnalité est notée K(j,k)
et appelée noyau de coagulation. Ce noyau K est supposé indépendant du temps et
symétrique en j et k.

Ceci permet, d’écrire les équations de coagulation de Smoluchowski. Pour tout £ > 1:

Dlht) = 3 37 Kk = nGnlk — )~ n(kt) S KRG
j=1 i=1 (5D)

n(k,0) = ngo(k)

ol ng représente la condition initiale.

L’évolution temporelle de n(k,t) fait intervenir deux sommes. Dans la premiére,
on tient compte de la création de particules de taille k& aprés la coagulation de deux
particules de tailles plus petites; le facteur % provient de la symétrie du probléme.
La seconde somme décrit la disparition de particules de taille £ qui se lient avec
d’autres particules pour former un polymeére de taille plus grande.

(SD) est ainsi un systéme infini d’équations non-linéaires toutes liées. Notons
que ces équations sont purement déterministes et que I'existence de solutions n’est,
en général, pas évident. De nombreux travaux déterministes traitent de ce sujet.
Récemment, Aldous a rassemblé les résultats obtenus au moyen d’outils probabilistes
et a formulé un certain nombre de problémes ouverts [1]

Lorsque la taille des particules n’est plus restreinte a étre un multiple de la taille
d’un monomére mais devient une variable réelle x, nous obtenons les équations
continues qui généralisent naturellement (SD). Pour tout x € Ry :

Gt =5 | Kl —wntante = pdy = n(ed) [ Koy

n(x,0) = no(x)
(5C)
Dans le premier chapitre, un travail effectué en collaboration avec Madalina

DEACONU, nous étudions des propriétés de solutions de (SD) et (SC) pour trois
noyaux particuliers:

e Le noyau constant: V (k,j) € N* x N* | K(j,k) = 1.

4



e Le noyau additif: V (k,j) € N* x N* | K(j5,k) =75+ k.
e Le noyau multiplicatif: V (k,j) € N* x N* | K(j,k) = jk.

Ces trois noyaux ont I’avantage de permettre des calculs explicites.

Dans le cas particulier ou la condition initiale ng est la masse de Dirac en 1
(no(k) = 61(k)), on peut obtenir les solutions exactes pour ces trois noyaux. Cette
condition initiale correspond & la présence uniquement de monoméres dans le ré-
cipient au début de la polymérisation. Nous retrouvons les solutions exactes grace
a une interprétation probabiliste de ces équations. Nous avons également su lier
les solutions des équations de Smoluchowski a la population totale d’un processus
de branchement de type Galton-Watson. Grace a cela, nous établissons une cor-
respondance entre les solutions des équations de coagulation de Smoluchowski avec
noyau additif et celles avec noyau multiplicatif, sans restriction sur les conditions
initiales. Ce résultat important permet d’obtenir les propriétés pour les deux noyaux
lorsqu’elles ne sont pas aisées & prouver directement.

Nous décrivons par ailleurs le comportement asymptotique des solutions de (SC'),
toujours pour les noyaux constant, additif et multiplicatif. Aprés une bonne renor-
malisation, nous montrons que les solutions convergent vers une variable aléatoire,
la limite dépendant peu de la condition initiale (uniquement par ses premiers mo-
ments). L’ensemble de ces résultats constitue le Chapitre 1.

Le Chapitre 2 a fait 'objet d’'une publication a la suite de la conférence in-
ternationale Monte Carlo 2000. Dans ce court travail, (en collaboration avec Mada-
lina DEACONU), nous montrons comment ’on peut exploiter notre correspondance
entre les solutions liées aux noyaux additif et multiplicatif au travers des solutions
a valeur mesure, données par Norris [52], [53].

Les Chapitres 3 et 4 sont le fruit d’un travail en collaboration avec Madalina
DEACONU et Nicolas FOURNIER.
Tout comme dans le Chapitre 1, nous nous intéressons a une forme faible de solutions
des équations de coagulation de Smoluchowski.

Une propriété physique trés importante des solutions de (SD) et (SC) que nous
étudions est qu’elles conservent la masse: pour toute solution de (SC'), jusqu’a un
instant 7y, on a, pour tout t € [0,7p]:

/xn(m,t)dx:/ zn(z,0) dx.
Ry Ry

De méme, pour toute solution de (SD), il existe un instant Tj tel que pour tout

t € [0,To]:
> kn(kt) = kn(k,0).

k>1 k>1



De ce fait, la quantité

Qi(dx) = Z kn(kt)ok(dz) resp. Qu(dr) = xn(x,t)dx

k>1

est une mesure de probabilité sur R.

Cette notation permet de traiter ensemble les problémes (SC) et (SD) de la
maniére suivante : nous dirons que la famille de probabilités (Q):cjo,7[ est solution
faible de I'équation (M S) si pour toute fonction test ¢ € Ci(R,) et pour tout
t € [0,To[, on a:

| vdin = [ o)

+/Ot /R+ /Hh [p(z +y) — p()] K(;’y) Q. (dy)Q,(dz)ds.

Nous réussissons ainsi a établir un lien entre les équations de Smoluchowski et
les processus vérifiant 1’équation différentielle stochastique a sauts, dirigée par un
processus de Poisson :

t 1 00
X, =X, + / / / Xs(a)ll{ <K(XS_7;(S_(Q))}N(ds,da,dz). (EDS)
0 Jo Jo GRS )

X57<a)

Le processus X vit sur 'espace de probabilité (2,F P) alors que X est un pro-
cessus sur l'espace de probabilité auxiliaire [0,1] muni de la mesure (de probabilité)
de Lebesgue.

On cherche les solutions de (EDS) telles que les processus X et X aient méme
loi. La quantité N(w,dt,da,dz) est une mesure de Poisson sur [0,7p[x[0,1] x R, de
mesure d’intensité dt da dz et est indépendante de X|.

Le lien entre les solutions de cette équation et les équations de coagulation de
Smoluchowski est le suivant: toute solution (X,X) de cette équation est telle que
les marginales temporelles @); de X sont solutions de (MS):

Qr = L(Xy).

Dans le Chapitre 3, I'équation (ED.S) est étudiée (existence des solutions, unicité,
propriétés trajectorielles). Dés a présent, nous pouvons expliquer le comportement
des solutions de (EDS). Nous partons d’une variable aléatoire distribuée suivant la
loi Xy. Le role de la mesure de Poisson est le suivant : a des instants aléatoires, nous
choisissons une particule au hasard dans la solution - c’est le choix de a - et un
niveau z. La particule X;(«) se colle ou non sur la particule que 'on observe suivant
la valeur du niveau z. L’indicatrice dans cette E.D.S. non linéaire est un controle de
la coagulation en fonction du noyau.



Dans le Chapitre 4, les résultats (théoriques) du Chapitre 3 sont utilisés pour
approcher les solutions des équations de Smoluchowski par un systéme de particules.
Nous prouvons la convergence du systéme de particules et montrons qu’il est parfai-
tement simulable dés que la condition initiale I’est. Nous présentons également des
résultats numériques qui valident 1’étude.

De plus, un théoréme de la limite centrale est démontré sous les hypothéses
suivantes :

e () a un moment d’ordre 2 fini.
e () a son support inclus dans N.
e Le noyau K est borné.

Les résultats numériques laissent a penser que le champ d’application du théoréme
est plus large et que chacune de ces hypothéses peut étre affaiblie.

B : Approximation de diffusions irréguliéres

Dans la deuxiéme partie de ce travail, en collaboration avec Jean-Sébastien
GIET, nous étudions la validité du schéma d’Euler pour approcher des diffusions
irréguliéres.

La quantité que l'on souhaite estimer est :

E / L pxds

lorsque X est une diffusion réguliére, f une fonction quelconque (mesurable et bor-
née) et T un temps fixe déterministe.

L’apport des processus stochastiques dans la résolution des E.D.P. est bien connu.
Commencons par rappeler I'exemple de 1’équation de la chaleur:

—
)
SE
=
&
|
N[

Au(t,r)
u(0,2) = wo(x),

oll ug est une fonction continue. La solution s’exprime sous la forme:
u(t,r) = E{ug (x + By)}
oll B est un mouvement brownien issu de 0.

Lorsque 'on considére une diffusion X solution de I’équation :

¢ ¢
X, =Xo+ / o(Xs)dBs + / b(Xs)ds.
0 0

7



La fonction u(t,x) = E {uo(X})} est solution de 'E.D.P. (équation de la chaleur
généralisée) :

ot
u(0,x) = wo(x)

Le lien entre la diffusion X et 'opérateur A intervenant dans 'E.D.P. est:

{@(t,x) — Au(t,z)

Donnons ici un exemple d’E.D.P. pour laquelle la solution fait intervenir une
fonctionnelle de la totalité de la trajectoire d’un processus stochastique: le probléme
de Cauchy avec potentiel r et Lagrangien g, qui est une extension de I’équation de
la chaleur:

ou

{ Slta) = Au(t) - r(o)ulte) + g(z)
w(0,x) = uo(x)

ol les fonctions r et g sont continues; r est de plus supposée minorée.

La formule de Feynman-Kac permet d’exprimer la solution du probléme de Cau-
chy sous la forme suivante :

u(ta) = E{ug(Xf)exp (— /0 ) ds)
+/Otg(Xg)eXp (_ /Oer(Xf) ds) de}.

L’approximation des solutions de ’équation de la chaleur généralisée grace a son
interprétation probabiliste a déja été étudiée. Par exemple, Talay et Tubaro [61],
Bally et Talay [6], [5] donnent un développement de I’erreur commise en approchant
E{f(X7)} par E{f(Xr)} ou X désigne I'approximation de X obtenue par le schéma
d’Euler.

T est un temps fixé, X est une diffusion réguliére et f est une fonction réguliére
dans [61], seulement mesurable bornée dans [6] et [5].

Précisons maintenant le cadre dans lequel notre travail est effectué:

e X est solution de I'équation :

t t
Xt:XOJr/ J(Xs)st+/ b(X,) ds.
0 0

e o et b sont des fonctions C°.
e o', 0", V, V" sont des fonctions bornées.



e La diffusion est uniformément elliptique, on note a = oo’ :
« 2
I e R t.q. VE£ 0, a(x)§ = l[¢]]
e f est une fonction mesurable et bornée.

Nous pouvons formuler différemment ce probléme en augmentant la dimension de
la diffusion :

(EDS,)

dX, = o(X,) dB, + b(X,) dt
dY, = f(X,)dt

Ainsi écrit, le but de ce travail est d’approcher E(Y7), Y étant ici une diffusion
wrréguliere.

Les résultats connus pour la méthode de discrétisation par le schéma d’Euler
s’appliquent si la fonction f est elle-méme réguliére. La diffusion (X;,Y;) est alors
aussi et 'approximation de E(Y7) par le schéma d’Euler converge vers E(Yr) & une
vitesse d’ordre % ol % est le pas de discrétisation.

Ici, nous étendons ce résultat pour f mesurable bornée quelconque :

([ o) 52 (<4 (5)

désigne 'approximation de X obtenue par le schéma d’Euler de pas %

K
< =

n

r
n

X
T
Pour estimer E/ f(Xs) ds, on rencontre 3 types de problémes:
0

e [’espérance est approchée par une méthode de Monte-Carlo classique: on ef-
fectue un grand nombre de réalisations et on en prend la moyenne. Nous ne
développons pas davantage cette partie dont les résultats sont connus.

e La diffusion n’est connue qu’en tant que solution de I'E.D.S. et nous sommes
donc amenés a 'approcher. Nous avons privilégié I'approximation par le sché-
ma d’Euler assez facile a mettre en oeuvre.

e La totalité de la trajectoire de I'approximation par le schéma d’Euler n’est pas
connue or nous devons en calculer I'intégrale sur [0,7']. Nous remplagons cette
intégrale par les sommes de Riemann associées.

n

C’est ainsi que nous approchons E (fOT f(Xy) ds) par 2> " Ef (X% (%))

Notons ici que lorsque la fonction f est réguliére, nous avons vu que le probléme
se raméne a estimer E(Y7) pour (X ,Y) solution de (EDSs). Dans ce cas, I’approxi-

mation donnée par le schéma d’Euler est précisément : %2?21 Ef (X% (%))

9



Nous avons découpé I'erreur commise en deux parts: I'une vient des sommes de
Riemann, 'autre du schéma d’Euler.

([ 1w) -2 () -
E (/OTf(XS)d5> _ %él@f (x:)
13w () - dye (6 (1))

+

Pour majorer la premiére erreur, nous utilisons essentiellement la régularité de
la diffusion X et la propriété pour f d’étre bornée.

Pour majorer la seconde partie, la technique utilisée repose sur une idée de Kurtz
et Protter consistant a introduire la famille d’approximations de X (X?°(¢),0 <t <
T') définie ainsi:

e ) désigne le pas de discrétisation.
o X°(t) = X°(t) pour t € [0,r].
o XI(t) = XX20) () pour t € [r,T).

La diffusion X? est donnée par le schéma d’Euler jusqu’a I'instant r puis est gou-
vernée par les coefficients o et b entre r et T'.

Ainsi XJ(.) = X et Xo(.) = X°(.).

La différence ¢(X°(.)) — ¢(X.) peut donc étre vue comme l'intégrale :

T ) B
| ety

pour tout fonctionnelle ¢ de la trajectoire.

C: Amplitude du mouvement brownien avec dérive

Cette derniére partie de ma thése a fait I'objet d’une collaboration avec Pierre
VALLOIS, un de mes directeurs de thése. Le mouvement brownien avec dérive
constante est un objet qui apparait naturellement dans un certain nombres de pro-
blémes comme, par exemple, en mathématiques financiéres. En effet, le logarithme

10



du cours d’un actif qui suit le modéle de Black et Scholes est précisément un mou-
vement brownien avec dérive.

L’étude des fluctuations des cours dans ce modéle améne & s’intéresser aux ampli-
tudes de ce processus.

On définit 'amplitude A; par:

Ay = sup {Bs + 0s} — Sér[%ft] {B; + s}

s€[0,t]

Dans ce travail, nous donnons une description des trajectoires du mouvement
brownien avec dérive en le « décomposant » suivant ses extremums successifs. La
quantité B; + 0t est presque sirement minorée (resp. majorée) si 6 > 0 (resp. 0 < 0).
On note —5 le minimum (resp. S; le maximum) absolu de B;+4t sur une trajectoire
et p; le dernier instant ou il est atteint. Nous retrouvons au moyen d’une technique
de grossissement de filtration un résultat de Williams [66] qui décrit :

e La loi de S;.

e Conditionnellement & S7 = x1,

—laloide (B, +0t,0<t<p),

— laloi de (B, + 0t ,t > py).
Notre technique permet de poursuivre cette décomposition : sur [0,p1] , By + 0t est
presque sirement majoré (resp. minoré). On note S, ’extremum correspondant et py
le dernier instant ou il est atteint. Nous obtenons alors (toujours conditionnellement
as =ux):

e La loi de S,.

e Conditionnellement & Sy = x»,

— laloide (B;+0t,0<t<py),
—laloide (B, + 6t , ps <t < py).

Et nous poursuivons cette décomposition.

Nous décrivons complétement les trajectoires a ’aide des lois des extremums suc-
cessifs, du mouvement brownien avec dérive et de la diffusion Z(, solution positive
de I’équation différentielle stochastique suivante :

¢
ZO(t) = B, + 5/ coth (5Z(5)(s)) ds.
0

En particulier nous obtenons la loi des n-uples (A;,A4s, - ,A,) ot Ay = Sk + Ski1-
Proposition (Ay, -+ ,A,) a pour densité :
5 ﬁ e(=DFsay | o(=1)"20an _ + (_1)n+125an]1
e sh(day) sh? da,, {0San=ar}

Nous obtenons également une représentation plus probabiliste de ses variables
aléatoires :

11



Proposition

P(—2045) U((=1)"+1204,)
20A1),——F—=,- - = (Uy,Us,--- U,
(@D( 1)7w<_25A1)7 7w((_1)n+12514n71) ( 1,Y2, ) )
ot Uy,Us, - - U, sont des variables aléatoires indépendantes uniformes sur [0,1], et
er —1—x
Y=t

Fiag. 1 - Bt+5t
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Smoluchowski’s Coagulation
Equation: Probabilistic
Interpretation of Solutions for
Constant, Additive and
Multiplicative Kernels

Une grande partie de ce chapitre a fait ['objet d’une publication & Annali della
Scuola Normale Superiore di Pisa, Serie IV, Vol. XXIX (3): 549-580, 2000.

Abstract

This paper is devoted to the study of the Smoluchowski’s coagulation
equation, discrete and continuous version, for the case of constant, ad-
ditive and multiplicative kernels. Even though, for the discrete case the
results stated in this work are not new, our approach allows the simplifi-
cation of existing proofs. For the continuous case we obtain new results:
a connection between the solutions of the additive and multiplicative
cases and renormalisation theorems which show that after a convenient
scaling, the solution converges to a limit which depends on the initial
condition only through its moments of order 1, 2 and 3.

Key Words: Smoluchowski’s coagulation equation, branching processes, stochastic pro-
cesses, partial differential equations, Laplace transform.

AMS 2000 subject classification: 60J80, 44A10
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Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

1.1 Introduction

1.1.1 Paper’s Plan

The aim of this paper is to provide a probabilistic representation for some solu-
tions of the Smoluchowski’s coagulation equation.
In the introduction we give the heuristic motivation of this problem. Afterwards we
furnish a survey of some results that we can find in the literature on the Smolu-
chowski’s equation, without any intention of being exhaustive, but by pointing out
the results obtained by using probabilistic methods. For a more detailed survey we
refer to Aldous ([1]).
The two following parts discuss three particular kernels: constant, additive and mul-
tiplicative. This choice for the kernel allows the development of the computation.
The second part recalls briefly some known results on the discrete case for this three
particular kernels. We obtain the explicit form of these solutions via branching pro-
cesses. The results we give on this part are not new but our approach allows the
simplification of existing proofs.
The last part deals with the continuous case. We express here our main results: a
transformation which connects the solution of the additive case with the one of the
multiplicative case (theorems 1.3.9 and 1.3.11), and some renormalisation theorems
(theorems 1.3.6, 1.3.20 and 1.3.24). These last theorems insure the convergence of
the solution to a limit, which depends weakly on the initial condition.

1.1.2 Heuristic Motivation of the Problem

The Smoluchowski’s coagulation equation models various kind of phenomena as
for example: in chemistry (polymerisation), in physics (aggregation of colloidal par-
ticles), in astrophysics (formation of stars and planets), in engineering (behaviour
of fuel mixtures in engines), in genetics, in random graphs theory etc.

In order to fix the ideas, we present the appearance of this equation, in polymerisa-
tion.

For k € N*, let P, denote a polymer of mass k, that is a set of k identical particles
(monomers). As time advances, the polymers evolve and, if they are sufficiently
close, there is some chance that they merge into a single polymer whose mass equals
the sum of the two polymers’ masses which take part in this binary reaction. By
convention, we admit only binary reactions. This phenomenon is called coalescence
and we write formally

Py + P; — Pryj,

for the coalescence of a polymer of mass k with a polymer of mass j.
Let n(k,t) denote the average number of polymers of mass k per unit volume, at
time ¢. The expression kn(k,t) denotes the part of mass consisting on polymers of
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1.1. Introduction

length k, per unit volume.

It is thus natural to consider that the coalescence phenomenon (P, + P; — Piyj),
is proportional to n(k,t) n(j,t) with a proportionality constant K (k,j), called coa-
lescence kernel.

In the sequel we employ for the discrete case letters i, j, k... while for the continuous
case we use x,, 2 .... Furthermore, throughout this paper, time ¢ is always conti-
nuous, discrete and continuous refer to polymers’ masses.

Hereafter (discrete and continuous case), the coagulation kernel K will satisfy the
following hypothesis:

(H,) K is positive i.e., K : (N*)? or (R} )? — Ry,
and
(H,) K is symmetric i.e., K(1,j) = K(j,i).

The Smoluchowski’s coagulation equation, in the discrete case, is the equation on
n(k,t), for k € N*. Tt is usually written on the following form

n (k.t) ZK (.k — J)n(Gt)n(k — jt) — n(kt) ; K@kmGt)  gpy
This system describes a non linear evolution equation of infinite dimension, with
initial condition (ng(k))r>1. Due to the presence of the infinite series, (SD) is not a
classical initial value problem for a system of non linear ordinary differential equa-
tions, and even the existence of a local solution is not guaranteed by the theory of
ordinary differential equations. According to the form of the coalescence kernel K
and the one of the initial condition, we obtain or not solutions for this system. In
the first line of (SD), the first term on the right hand side describes the creation of
polymers of mass k by coagulation of polymers of mass j and k£ — 7. The coeflicient %
is due to the fact that K is symmetric. The second term corresponds to the depletion
of polymers of mass k after coalescence with other polymers.
The notion of solution will be given in the following section (definitions 1.1.1, 1.1.2
for the discrete case and definitions 1.1.3, 1.1.4 for the continuous case).
The continuous analogue of the equation (SD) can be written naturally

it [ K (v = (e = ydy = n(ed) [ Keanwday g0

n(x,0) = no(x).

1.1.3 Some Known Results

The references, while numerous, are not intended to be complete, except that we
have sought to represent the major direction of research from a probabilistic point
of view. In this study on the Smoluchowski’s coagulation equation we consider three
kernels : constant, additive and multiplicative.

17



Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

1.1.3.1 Analysis of the Discrete Case

Let us consider the discrete case. Introduce first of all the notion of weak solution
for the system (SD) (we can find this definition for example in Laurencot ([43])).

Definition 1.1.1 Let T' € (0,00] and (no(k))r>1 be a sequence of positive real
numbers. We call weak solution of the system (SD) on [0,T), a sequence of nonne-
gative continuous functions such that, for allt € (0,T) and k > 1:

(a) n(k,.) € C([0,T]) and > K(jk)n(jt) € L'(0.t),

and =
(t)
) =nalh) + [ (53T GE = Gl - ) =nle) YK G Gs)) s

For our study we shall consider rather the notion of strong solution.

Definition 1.1.2 Let T € (0,00] and (no(k))r>1 be a sequence of positive real
numbers. We call strong solution of (SD) on [0,T'), a sequence of positive functions
such that, for allt € (0,T) and k > 1: the derivative of n(k,t) with respect to t

erists, ZK(j,k) n(j,t) < oo and (SD) is verified.

J=1

A global solution is a solution with 7" = oo. The solution will be called local in the
opposite case.

Hereafter, we denote by C' a constant whose value changes from line to line.

Let us make the following remark. Formal computations give

d oo
%;kn(k,t) = 0. (1.1)

Therefore it is natural to ask if (1.1) is preserved on time. From a physical point of
view the equality (1.1) is equivalent to the conservation of the mass for the system
(SD). As far as (1.1) is true we have

ikn(k,t) = ikn(k,O). (1.2)

The first moment for which (1.2) is not longer valid is called gelification time and is
defined by

Tyer = inf{t > 0; i kn(k,t) < io: kn(k,0)}. (1.3)

k=1
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1.1. Introduction

In polymerisation this time corresponds to the appearance of an infinite polymer
called gel (and is equivalent to mass removal). From a physical point of view the
gelation phenomenon might be interpreted as follows: the process of formation of
large polymers takes place at sufficiently large rate so that a part of monomers is
transfered to larger and larger polymers, and eventually gives rise to a huge polymer
called gel. This gel can be regarded as a polymer formed by an infinite number of
monomers so it is not accounted into (SD).

Let us introduce also, the space of real positive sequences defined by

i=1

Constant Kernels
In 1916 Smoluchowski ([56]) studied (SD) for the constant kernel and gave an ex-
plicit solution. More generally, Melzak ([51]) proved that, for

K(ij)<C, for ij>1 and C >0, (1.5)

one can obtain existence and uniqueness of a global solution for (SD), for any initial
condition in .

Additive Kernels
Ball and Carr ([4]) were interested on kernels satisfying

K(ij) < Cli+j), i,j>1. (1.6)

They got the existence of a global solution for (SD), which conserves the mass, for
any initial condition from E. In order to get uniqueness of this solution we have

either to impose
K(i.j) < OV, (1.7)

or to restrict the class of initial conditions to E. This last situation was treated by
Heilmann ([33]). For kernels satisfying the inequality (1.6) and with initial condition
(n(k,0))k>1, from E, such that

ik%(k,(}) < 00, (1.8)

Heilmann ([33]) proved the existence and uniqueness of a global solution for (SD),
which satisfies for all T € [0, 4+ o)

sup Zszn(ki) < 00. (1.9)
tel0,7]

Previously, the case K (i,j) = C(i + j) was considered by Golovin ([28]).
For "additive" kernels K of the form

K (i,j) = i® 4 j° (1.10)
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Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

with a > 1, Carr and da Costa (|8]) proved that there is no solution (even local)
of (SD). This result holds for any initial condition in F, different from the 0 function.

Multiplicative Kernels
The case of the kernel K (i,j) = i j under the initial condition n(k,0) = 6;(k), for all
k € N*, was treated by McLeod ([48]). This initial condition insures that, at t = 0,
there are only monomers. McLeod deduced the existence and uniqueness of a local
solution for all ¢ € [0,1) verifying
sup Zk’Qn(k,s) < 00, vt € (0,1). (1.11)
s€(0,t] .4
For the same kernel and under the same initial condition, Kokholm ([40]) proved
the existence of an unique global solution for (SD), satistying for all T" € [0, + o0)

[e.e]

sup Zlm(k,t) < 00. (1.12)
t€l0,7] 3

This solution is given by

A
t" e for t € [0,1]
_ ] (k=1
n(kat) - k,k—?) e—t
_ for te|l )
= or tel,+o00)
Leyvraz and Tschudi ([45]), obtained a more general result. More precisely, for

any solution of (SD), when it exists, cannot satisfy the mass conservation for all t.
Furthermore, for the initial condition n(k,0) = §;(k) they constructed a solution for

which :
1 for t<1

Zk”(k’t>:{ Do i1
k=1 n

Obviously, in this particular case T,; = 1. Their result explains also the local solution
obtained previously by McLeod (]48]).

Furthermore, Leyvraz ([44]) treated the case K (i,j) = i®j%, and proved that for all
« € (3, 1], there exists an initial condition such that Ty, = 0 (that is the total mass
decreases from the beginning).

Several works in the literature were concentrated on kernels which combine the
additive, constant and multiplicative kernels, of the following form :

K(i,j) = A+ B(i + j) + Cij, (1.14)
where A, B and C' are given constants.
For these kernels, the existence of a solution for the Smoluchowski’s coagulation
equation was obtained by using various techniques : Flory ([21], [22], [23]) and Spouge

([58], [59]), from a combinatorial point of view, Gordon (|29]) and Spouge (|57]), by
using branching processes.
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1.1. Introduction

1.1.3.2 Analysis of the Continuous Case

Let us introduce first the notion of weak solution in the continuous case.

Definition 1.1.3 Let T € (0,00 and (no(x)).>0 be a positive real function. We
call weak solution of (SC) on [0,T), a set of continuous and positive functions sa-
tisfying, for allt € (0,T) and x > 0

(a) n(x,.) € C([0,T]) and /000 K(z,y)n(y,t)dy € L'(0,t)
and
(b)

n(x,t) = no(z)

v/ ( K = it = po)dy-nas) [ Kwny.d)ds

The notion of strong solution becomes then:

Definition 1.1.4 Let T € (0,00] and (n(x,0)).>0 be a real positive function. We
call strong solution of (SC) on [0,T'), a set of positive and continuous functions such
that, for all t € (0,T) and x > 0: the derivative with respect to t of n(x,t) exists,

K(z,y)n(yt)dy < oo and (SC) is verified.
0

For the additive, constant and multiplicative kernels, in the continuous case, the
uniqueness is far of being obvious. We can obtain it for some special kernels, as for
example, those satisfying ([1])

K(zy) <C(l4+z+vy), (1.15)

More precisely, if the condition (C})

/ n(z,t)de < oo, / zn(z,t)dr =1 and / z*n(z,t)dr < oo, (Ch)
0 0 0

is satisfied for ¢ = 0, then the solution of the continuous Smoluchowski’s coagulation
equation (SC), exists and is unique. Furthermore (C;) is valid for all ¢ € [0,00).
The work of Drake ([12]) and Aldous ([1]) gave examples of kernels K which have
appeared in physics and chemistry. The model initially proposed by Smoluchowski
([56]) in 1916 had a kernel of the form

1

K(zy) = C(x5 +y3)(z75 +y75), (1.16)

and corresponds to a coagulation controled by the Brownian diffusion.
Ernst, Ziff and Hendricks ([16]) gave in their paper the construction of a solution
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Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

for (SC) after the gelification time, for kernels admitting a finite gelification time,
of the form

1
K(zy) = (zy)*, with 5 <a <1. (1.17)
For kernels of the form
K(z,y) = A+ B(z +y) + Cuxy, (1.18)

Spouge ([60]) studied the "critical” time
t. = inf{t; / 2 n(z,t)dr < oo}, (1.19)
0

and proved that it corresponds to a critical branching process. Times ¢t > t. corres-
pond to super-critical branching processes.

1.1.3.3 Probabilistic Approach for the Smoluchowski’s Coagulation Equa-
tion

Many authors have treated the Smoluchowski’s coagulation equation by using
probabilistic methods.
In his paper, Aldous ([1]) made a survey of the present situation for (SD) and (SC')
from a probabilistic point of view. He brought also to the fore some open problems
which can be solved by using probabilistic methods.
Lang and Nguyen ([42]) used the propagation of chaos method in order to prove
the convergence of an infinite particles system, directed by 3 dimensional Brownian
Motions, to the initial model of coagulation proposed by Smoluchowski (|56]).
Recently, Jeon ([36]) approached the solution of a more general equation than (SD),
in that, we have also the fragmentation of polymers, by a sequence of finite Markov
chains. Jeon gave a general result. More precisely, if we have

1
K(i,j) > (ij)°, with a € (5,1>, (1.20)
and furthermore
Kl
i BGD (1.21)
i+j—00 1]

then we have gelification in finite time (7} < 00), for a large class of initial condi-
tions. This result was generalised to the continuous situation by Norris ([52]).

The equation for the kernel K(i,7) = ij can be connected to studies on coagulation
via random graphs and forests ([1], [17]).

Another interesting direction in the present study of the Smoluchowski’s coagulation
equation is the approximation of the solution by using Monte Carlo methods ([32],

13]).
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1.2. Connection Between the Discrete Smoluchowski’s Equ and Branching Processes

1.2 Connection Between the Discrete Smoluchows-
ki’s Coagulation Equation (SD) and Branching
Processes

Let us consider the discrete Smoluchowski’s coagulation equation (SD). We are
going to study three coagulation kernels K : constant, additive and multiplicative.
The initial condition that we consider for these three cases is n(k,0) = 01(k). It
corresponds to an initial configuration in which there are only monomers. In the
sequel we shall use the notion of solution in the sense of strong solution, given in
the definition 1.1.2.

For each one of these cases we shall emphasise a connection between the solution
n(k,t) of (SD) and a branching process. This allows to obtain explicit solutions
(corollaries 1.2.3, 1.2.5 and 1.2.7). The choice of this initial condition is essential
and it corresponds, for the branching process, to the fact that it has one ancestor.

On one hand, our results are not new, we can find them for example in Aldous
([1]). On the other hand, our approach is new and consists in using generating
functions, which allow the simplification of existing proofs. The goal of this section
is to exhibit clearly the breadth and importance of branching processes in the study
of the discrete Smoluchowski’s coagulation equation.

A formal calculation allows the following remark.

Lemma 1.2.1 Before the gelification time (t < Ty ), we have for (SD)

d o
EZlm(k,t) = 0. (1.22)
k=1
By re-normalising the initial condition, we can always suppose that

ikn(k,t) —1. (1.23)

1.2.1 Discrete Coagulation Equation with K(i,j) =i j

For this particular case the equation (SD) can be written

Gk = fin(itin(k — jt) — kn(k,t) Y jn(jt) (SD+)

J=1

The choice of this initial condition corresponds to consider that at ¢ = 0 we have
only monomers. It is essential for the results which follow. We have T, = 1 (cf.
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Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

Leyvraz and Tschudi ([45])), and we shall consider only ¢ < T,. By using lemma
1.2.1, we have the conservation of mass

D kn(kt) =) kn(k0)=1, Vt<Tu=1. (1.24)
k=1 k=1
Let us denote by
p(k.t) = kn(k,t), (1.25)

such that (p(k,t))k>1 form a probability distribution on N*. The generating function
of this probability,

G(t,s) = pkt)s*, |s| <1, (1.26)
k=1
verifies

Proposition 1.2.2 The function G, given by (1.26), is the unique solution of
the non linear partial differential equation

oG 5 0G? 0
(t78) -5 (ta ) S (t,S)
G(0,s) = s,

forallt <1 =T, and |s| < 1.

The proof of this proposition is obvious in view of the equation (SDx), on n(k,t).
The solution of the equation (1.27) is also the generating function of the total popu-
lation of a particular branching process. Indeed, let us consider a branching process
with one ancestor and offspring distribution a Poisson distribution of parameter t.
Denote by X, its total population. We consider the situation X; < oo which is
equivalent with ¢ < 1 (by using classical properties of branching processes). The
generating function of X, satisfies the equation (1.27). We remark that on one hand,
from a probabilistic point of view, ¢ = 1 is a critical time in that, for ¢ > 1 the
probability that the total population of the branching process be finite is strictly
less than 1 (that is P{X; < oo} < 1). On the other hand, for the Smoluchowski’s
coagulation equation (SDx), this time is the gelification time. It becomes thus na-
tural to consider for both cases ¢ < 1.

The equality (via uniqueness), of these two generating functions allows us to ex-
press the solution of (SDx)

Corollary 1.2.3 Fort <1, the solution of the equation (SDx), is given by :

n(l@t) = 12 m

= — —kt * 1.2
k(k—l)!e .VkeN (1.28)
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Proof This result follows immediately from a remarkable property of branching
processes, which connects the law of the total population to the law of the offspring
(Athreya and Ney ([2])). More precisely, if X; denotes the total population of the
previous branching process, we have

1
fu&zkyzgmnkan+nk:k—n,

where Y;' are i.i.d. random variables having a Poisson distribution of parameter t.
Thus, we have obtained for the total population X, a Borel distribution of parameter
t. O

The previous corollary implicitly gives an existence and uniqueness result for the
solution of the equation (S Dx). We observe that, the connection between the solution
of (SDx) and the branching process with one ancestor and offspring distribution a
Poisson distribution of parameter ¢, denoted by P(t), allows to find the explicit form
for the solution of (SDx), by using a generating function argument.

1.2.2 Discrete Coagulation Equation with K(i,j) =i+ j

The form of the equation (SD) becomes in this case

k—1 9]
d k
—nkt—— n(y k—jt)—kn(k}t) n(j,t) — n(k,t
St DoIER

Jj=

n(k,0) = 6,(k), k > 1.

We have now T}; = 0o and the solution will be defined on the real positive line. By
summing over k in (SD+) we deduce

n(k,t) =e". (1.29)
k=1

This leads us to choose the normalisation
p(k,t) = en(k,t). (1.30)

The generating function associated with (p(k,t))g>1
=> plkt)s*, |s| <1, (1.31)
k=1

satisfies

Proposition 1.2.4 The function G(t,s), given by (1.31), is the unique solution
of the following partial differential equation :

oG 0G

—(t,s) = se " (G(t,s) — 1) —(t,5)

élea) =1 > (132
G(0,s) = s
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for all't € [0, 4+ 00) and |s| < 1.

We don’t prove this proposition. It follows easily from the equation (SD+). Let
us construct a branching process for which the generating function of its total po-
pulation is GG. In order to do this, consider a branching process with one ancestor
and offspring distribution a Poisson distribution of parameter 1 — e~% ¢ > 0. The
generating function of its total population X;, is the unique solution of (1.32). Clas-
sical results on branching processes allow to express the distribution of X;. We can
deduce thus the solution of the equation (SD+):

Corollary 1.2.5 The solution n(k,t) of the equation (SD+), is given by

k, 1— —t\\k—1 _,
(k(1 =€) e te *1=) L >1,t>0. (1.33)

1
k) = Lo

Let us also remark that the previous corollary furnishes an existence and uniqueness
result for the solution of (SD+).

1.2.3 Discrete Coagulation Equation with K(i,j) =1

The equation (SD) can be written in this case

k—1

n(jtn(k = jit) = n(kt) 3 n(j.t) (SD1)

1 7j=1
k> 1.

This leads us to consider
t
p(k,t) = (1 + 5) n(k,t), (1.34)

such that (p(k,t))r>1 form a probability distribution. The generating function asso-
ciated with this probability :

G(t,s) =Y plkt)s*, [s| <1, (1.35)
k=1

satisfies the following equation :
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1.2. Connection Between the Discrete Smoluchowski’s Equ and Branching Processes

Proposition 1.2.6 The function G, given in (1.35), is the unique solution of
the partial differential equation

o (1.36)

for all t € [0, + 00) and |s| < 1.

Again we observe that the proof of this result is obvious in view of the equation
(SD1). Associate with G a branching process. While we are on the subject, consider
a branching process with one ancestor and offspring distribution a Bernoulli distri-

t
bution of parameter p; = S Denote by X, its total population. The generating

function of X; is solution of (1.36) and, by uniqueness, we are able to express n(k,t)
with respect to P(X; = k). This remark gives us the form of the solution of the
Smoluchowski’s coagulation equation for K(i,7) = 1.

Corollary 1.2.7 The solution n(k,t) of the equation (SD1), is given by

n(kt) = <1+ %) B ( ! )kl, E>1,>0. (1.37)

t+1

Remark 1.2.8 In the three preceding sections, the choice of the initial condition
n(k,0) = d1(k) is essential in order to be able to use properties of branching processes
with one ancestor.

Let us denote by P(A) a Poisson distribution of parameter A and by B(\) a Bernoulli
distribution of parameter A. We use the following scheme to summarise the results
for the discrete case

K (k.j) n(k,t) Tyer | Offspring distribution
BEGHRCO R D
k+j %(k(l(k_f ;))‘)“ TteT1mT | oo P(l—e™)
kj %% e M 1 P(t)
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Chapitre 1. Smoluchowski’s Eq. : probabilistic interpretation for particular kernels

Remark 1.2.9 We have presented in this section a simple manner which allows

to obtain a probabilistic representation of solutions for the equation (SD), by making
use of the PDEs verified by a generating function associated with (SD).
Our approach gives a construction for each fixed time ¢. We refer to the Aldous’ paper
([1]) for a dynamic construction in ¢, via processes for the constant, additive and
multiplicative coalescence (see section 3, constructions 5, 6 and 8 of his paper). Jeon
([36]) gives also an interesting construction for a general coagulation-fragmentation
equation as a limit of a sequence of finite state Markov chains.

1.3 Continuous Smoluchowski’s Coagulation
Equation (SC)

We shall now be interested on the Smoluchowski’s coagulation equation (SC),
for which the mass is a continuous parameter. First of all we present some general
results for (SC'), which are independent from the kernel K. Part of these results
(proposition 1.3.1), are taken from Aldous ([1]).

Afterwards, as for the discrete case we shall consider the constant, additive and
multiplicative kernels.

The aim of this part is to present some new results, more precisely : a duality result
connecting the solutions of the multiplicative case with those of the additive case
(theorems 1.3.9 and 1.3.11) and also some renormalisation theorems (theorems 1.3.6,
1.3.20 and 1.3.24), which insure the convergence of the solution, for a large class of
initial conditions, to a limit, which depends weakly on the initial condition.

1.3.1 General Results for (SC)

Hereafter we shall use for solution the notion of strong solution introduced in
definition 1.1.4.

Proposition 1.3.1 Let K be a symmelric and positive kernel and n(x,t) be the
solution of (SC). Denote, fori € N

Gi(t) = /0 N ain(x,t) de.

When these expressions are well defined, ¢y is non-increasing, ¢1 is constant and ¢,
18 ncreasing. Furthermore

Pp(t) = —% /000 /000 K(zy)n(z,t)n(y,t) dy dz. (1.38)

These results can be found for example in Dubovskii ([13]). We shall usually consider,
for normalisation reasons

¢1(0) = ¢1(t) = 1. (1.39)
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

Let us denote
p(z,t) = xn(xt), x > 0,1 > 0. (1.40)

By using (1.39), (p(z,t)). is the probability density of a positive random variable.
We have the following characterisation :

Proposition 1.3.2 Let X; be a positive random variable of density p(zt) =
zn(z,t) and X; a random variable independent from X, and with same distribution.
Then n(z,t) is solution of (SC), if and only if

d

(s = (f(Xt + X)) — (X))

Xi

K(Xg@) , (1.41)
for all smooth functions f.

Remark 1.3.3 It suffices for example to consider f derivable, with compact
support.

Proof Let us evaluate

d © 9
7PV (X) = /0 f(fc)a—];(a:,t) dz
= /000 %f(x) /D"”n(y,t)n(x —y)K(yx —y) dy dz
- /OOO f(x)zn(x,t) /OOO K(x,y)n(y,t) dy dz.

By using the variable change

() =)
) Y
in the first term on the right hand, we deduce

Se) = | ) / T 0 gyt ) dy da

_/OOO /OOO xf(x)K(x,y)n(xt)n(y,t) dy dx

— /OOO /OOO (f(x + y; — f(x)) K (z,y)p(z,t)p(y,t) dy dz.

For the last equality we used the symmetry of K. This ends the proof of the propo-
sition. ]

29
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1.3.2 Continuous Coagulation Equation with Constant Ker-
nel

For the constant kernel, a time normalisation is more interesting than the mass
normalisation that we have announced in the general case. For this case we shall use
this normalisation.

Let us first remark that the result in (1.15) applies in particular for constant and
additive kernels, once the initial condition satisfies (Cp). We can deduce thus an
existence and uniqueness result for the solution of (SC1) and (SC+).

The equation (SC) becomes, for K(z,y) =1

1 xT o0
Znlet) =5 [ ntponte =y dy—ntea) [ a0y
t 0 0 (SC1)
n(z,0) = no(x).
For the same kernel, the differential equation (1.38), can be written
2
syt =~ 2, (1.42)
We obtain
2
)= —
bo(?) t+ o
where o > 0 is given by
2
a= :
¢0(0)
Let us denote by
t
plat) = L n(et) (1.43)

such that (p(z,t)).>0 is the probability distribution of a positive random variable.
There is a similar result to the proposition 1.3.2 and it writes, for this particular
case

Proposition 1.3.4 Let X; denote a random wvariable with probability density
p(z,t) given by (1.43), and X; an independent copy of X;. Then, n(x,t) is solution
of (SC1) if and only if, for any smooth function f we have :

d 1

ZE(J(X0) = ——(B(/ (X, + X)) = B (X)), (1.44)
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

Proof We proceed as for the proof of the proposition 1.3.2. Let us evaluate

EEUQH]Z
= %/OOO f(z)n(z,t) dr + tJ;a /0°° f(Qx) (/Ow n(y,t)n(z — y,t) dy) de
Zf—i_Oé/ f(x xtdx/oon(y’t)dy

:__/ flx :Btda:+—/ / flz+y)n(yt)n(z,t) dy de

t+a/ / fla+y)ply.t)p (mt)dydx__/ fx

This achieves the proof. 0

This result allows us to describe entirely, for any initial condition, the solution
of the Smoluchowski’s coagulation equation with constant kernel, (SC1).

Theorem 1.3.5 Let T; be a random variable of geometric law, with parameter
t

t+ «

i.e.

t+oa \t+«

Let (Y;)i>1 denote a sequence of i.i.d. random variables having same law as Xo, of
probability density p(x,0), and independent from T;.

Define
Tt
=) Y,
i=1

and denote by p(x,t) the distribution of the random variable X;. Then

Vk>1, P(T,=k) = —— (L)“ . (1.45)

2
n(zx,t) = ——plx,t),
(08) = ——plat)
1s the solution of the Smoluchowski’s coagulation equation corresponding to the
constant kernel (SC1).

Proof We prove this result by using Laplace transforms. Let us apply the equation
(1.44) with fy(z) = e **. Denote by ¥(\t) = E(e ), the Laplace transform of
X; and by g(A) = ¥(A,0), the Laplace transform of the initial condition. We deduce

0 1

SO = H—&(¢2(A7t) — (A1) (1.46)

P(A,0) = g(A).
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After integration we get
1 1
t+a)b(\t) t+a

where d()) is a function depending only on A\. We obtain so the form of the Laplace
transform

+d(N), (1.47)

1
YD) = (t+ a)d(\) + 1 (1.48)
under the initial condition
1
»(A0) =g(\) = adN 1 (1.49)

Let us also remark that the equation (1.47) insures that
(t+a)dN\)+1#0.

From (1.49) we deduce the expression of d

dN) = (le) - 1) é (1.50)

By reporting in (1.48) the form of d found in (1.50), we obtain for ¢ the following
formula:

B ag(\) O ag
VA = T e om0 Gr el gy Y

t+a t+a

As g(\) < 1, we can expand in integer series this expression and obtain

v = 29 > (t%a) ), (1.52)

g(\) being a Laplace transform it is not difficult to verify that ¢ (\t) is also a
Laplace transform (we can use the structure of ¢ in terms of convolution). We have
thus construct a solution of (1.46); more precisely, the equation (1.44) is satisfied
for all exponential functions fy(z) = e~**. This family is sufficiently large in order
that (1.44) be verified by all smooth functions. This ends the proof of the theorem
1.3.5, because the equation (1.44) is nothing else that the integral version of the
Smoluchowski’s coagulation equation (SC1). O

Let us focus now on the asymptotic behaviour of the random variables introduced
in the theorem 1.3.5.

Theorem 1.3.6 Consider the notations of theorem 1.5.5. For any random va-
riable Xy with probability density p(x,0) = §n(z,0), we have, independently of the
wnitial condition and for all fized t

d
aXt Q R,

a g—0 2

where R; is the square of a two-dimensional Bessel process starting from the origin.
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

Proof We shall prove this convergence by using Laplace transforms. Let us remark
first that, if the initial condition has a first order moment, we can write

g(\) = E(e %) =1 - E(Xy) + o(\).
We obtain, by using (1.51)
ag(Aa)
Lta—Ltg(la)
a(l+o(1))

Lta—L(1—Xa% +o(a))

1+ 0(1)
1+ 2 +0(1)

t
w()‘ava) =

By letting a goes to zero we obtain the result of the theorem. 0

Remark 1.3.7 R; "corresponds" to the solution of (SC1) with initial condition
a Dirac mass, dp. Consequently, for any initial condition, the scaled solution of the
continuous Smoluchowski’s coagulation equation, with constant kernel, converges to
the solution of (SC1), with initial condition the Dirac mass.

By applying known results on the density of the square of a Bessel process, we
deduce an exact solution for the Smoluchowski’s coagulation equation (SC'1)

n(@d) = = oxp (-2—“’) | (1.53)

12 t

1.3.3 Additive and Multiplicative Kernels for the Continuous
Coagulation Equation

We shall prove in this section that the solutions of the additive and multiplicative
kernels are connected. We make first some remarks that simplify these equations.
We will suppose in what follows, that

¢1(0) = /000 zn(z,0)dr = 1. (1.54)

In the sequel we will denote by ﬁ(m,t) (respectively ;L(ilﬁ,t)), a solution for the Smo-
luchowski’s coagulation equation with additive kernel (respectively multiplicative).

Remark 1.3.8 For the additive kernel K(x,y) = x + y, the equation (1.38)
becomes

Po(t) = —¢o(t) and so ¢o(t) = Be™,
where

8= ¢o(0) = /0 " h(w0) d.
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The equation (SC) can be written in this case

+ xT oo
Srea) = 3 [ e -ty —chire) [0 dy - it
0, 0
= 5 | At - ) dy — aii(e)pe i
0
| 7(x,0) = o).

(SC+)

Let us also write the equation (SC) for the multiplicative kernel.

8* ]. z * * * > *
St = 5 | vle =it - g0 dy - aied) [ vt dy
1 09: 0

= 5 [ vl —y)n(ytn(e —y.t)dy — zn(x.t)
0
n(z,0) = nelx).

(SCx)
We can now express the connection between the solutions of the equations (SC'+)
and (SCx).

Theorem 1.3.9 Let ﬁ(x,t) denote a solution of the Smoluchowski’s coagulation

equation with additive kernel (SC+), and initial condition ﬁo(x). Then n(z,t) is a
solution for the equation with multiplicative kernel (SCx), where we have denoted

by

i) = —— 1y (x —In(1— %)) Nt <T, (1.55)

Proof We remark first that the initial condition (1.54), that we usually impose,
is really satisfied for n. We have

o0 " 1 [e.e]
/ zn(z,0)de = = / 7_’;(13,0) dx
0 1T 0



1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

We prove now that n satisfies the Smoluchowski’s equation (SC%). We have

%ﬁ(:g,t) _ ﬁéﬁ(m, In(1 - %)) + ﬁi%ﬁ(;ﬁ, Cn(1— L)
1 1+ t
_ @;?@, ) i1 - 7)
+§m5/0 oy, — (1 = )(e =y, ~ In(1 = ) dy
—;lﬁ(x —In(1— i))
(T —t)2z T

_ﬁﬁ(x, —In(1 — %)) /000 ﬁ(y, —In(1 — %)) dy,

because 7 is solution of (SC+). We conclude that

0 « 1

Griet) =5 | v = uitut)ite - ) dy - ai(e.),

Here we have used that for the additive solution

/ %(y,t) dy =Te " with T = / ﬁ(m,O) dx.
0 0

This ends the proof of the theorem 1.3.9. O

Remark 1.3.10 The transformation in theorem 1.3.9 emphasises a finite time
existence interval for the solution in the multiplicative case. We find thus already
known results for this kernel (7, < oo, Norris ([52]))

We have also the inverse transformation.

Theorem 1.3.11 Ifﬁ(az,t) s a solution of the Smoluchowski’s coagulation equa-

tion with multiplicative kernel (SCx) and initial condition no(x), then ﬁ(m,t) is a
solution of the Smoluchowski’s equation with additive kernel (SC+), where we have
denoted by :

ﬁ(x,t) = xTe_tﬁ(x,T(l —e™)

% —1
and T = (/ 22 no(z) da:> .
0

Proof The proof of this theorem is similar to the one of the theorem 1.3.9. The
choice of T insures that (1.54) is satisfied, i.e.

/ xﬁ(m,()) = 1.
0
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OJ

Remark 1.3.12 These transformations (theorems 1.3.9 and 1.3.11), apply also
to the discrete case. It suffices to replace integrals by sums.

1.3.3.1 Existence of Solutions for (SC+) and (SCx)

The aim of this part is to prove existence of solutions for (SC+) and (SCx)
by employing probabilistic methods and the preceding transformations. We shall
first recall an existence result which can be found for example in Dubovskii ([13]).
Consider the equation (SCx). We have

Theorem 1.3.13 For any initial condition n(x,0), z > 0 which satisfies

o0

m*z(x,()) dr =1 and 0 < / xzﬁ(x,()) dr < oo, there exists an unique solution

0 0
of (SCx) defined for t € [0,T) where

T = (/OOO 22n(z,0) dx) _1.

Proof The aim of what follows is to prove this theorem by using probabilistic
techniques. In order to obtain this result, we apply the proposition 1.3.2 on this
particular case. We deduce that

d .
EE(f(Xt)) = E((f(Xi + Xp) — f(X4))Xy), (1.56)
where X; has density xﬁ(ac,t) and X, is an independent copy of the random variable
X;. We apply the equation (1.56) to functions of the form fy(z) = e~**. Denote by
w(A\t) =F (e_AXt) the Laplace transform of X;. v satisfies the non linear hyperbolic
partial differential equation :

0 0
{ 56 = 1=¥)5¢ (1.57)
Y(A,0) = g(N).

We will construct a solution for this equation under the initial condition

»(A0) = /000 e Mrn(z,0) de

and prove that it conserves, for all ¢, the property of being a Laplace transform once
that g(A\) = ¢(\,0) is a Laplace transform.

1
7ol
P(Ao + (9(Ao) = D)tt) = g(Xo) (1.58)

Let us denote, for t € [O, -
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

Remark 1.3.14 Similar techniques, based on Laplace transform, have been
used by Ernst, Ziff and Hendricks ([16]) for the multiplicative kernel, in order to

find the expression of xﬁ(x,t)da: beyond the gelification time.
0

Proposition 1.3.15 The function ¢ defined by (1.58) is a solution of the partial
differential equation (1.57).

Proof This proposition doesn’t really need a proof. By construction the result is
true. Indeed, we constructed this solution by using the level sets of the equation
(1.57). O

We want to prove that 1 (\,t), solution of (1.57), is a Laplace transform. We shall
use the Karamata theorem (cf. ([18]), p. 439). In order to apply it we need some
auxiliary results (lemmas 1.3.16 and 1.3.17).

Lemma 1.3.16 The function 1, solution of (1.57), is completely monotone, that
18
8’%

Vk >0, (—1)* 3 2

> 0. (1.59)

Proof The proof will be done by recurrence on k: the result is true for kK = 0, by
construction of .

k
Let us denote by fi(t) = %(A(t),t) where A(t) = Ao + (g(Xo) — 1)t.
We suppose that :
Vi€ [Lk—1], (=1)7f;(t) > 0. (1.60)
We get then:
ok+1 Hk+1
JL(E) = N ()5 00 + 5 (A 1)), (1.61)

By taking the derivative in the equation (1.57), k times with respect to A\, we obtain

ak+1¢ o+l k k k—i+1
o An=(1- w<m>>w+lww>—;() G ) S (). (162)

This gives, by using (1.61) and recalling that we are on a level set (1 — ¥(A(¢),t) +
X(t) = 0)

k—1 k—j+1
O ==+ Z 00000 -3 (5) So v S0
A (1.63)

SR DA () - (’“.)fj<t>fk+l_j<t>.
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We remark now that each term in the previous sum has same sign as (—1)**1, by the
recurrence hypothesis (1.60). In conclusion, we have a first order partial differential
equation, that is:

u'(t) = a(t)u(t) + b(t) (1.64)

with u(0) and b(t) of same sign.
In this case, the sign of u(t) is conserved, for all ¢ in the definition domain of the

function u, solution of the equation (1.64). O
Furthermore :
1
Lemma 1.3.17 For allt € [O, - = {, we have
g'(0)
lim ¢ (\t) = 1.

A—0

Proof We calculate the ordinate of the intersection between the level set and the
axis A = 0. Call ty(Xg) the intersection point of the level set passing through the
point (Ag,0), with this axis. We have

L
I- 9()\0).

By taking derivatives in this expression we get

11— g()\o) - )\09’()\0)
(1=g(X))?*

This last expression is obviously positive (g(\) is a Laplace transform). Thus £5(\o)

1
- in 0. We deduce that, for all ¢t €
9'(0)

to()\o) —

to(Ao) =

is increasing (see the picture) and equals —

sl

lim (A t) = 1.

A—0

O

The results of lemmas 1.3.16 and 1.3.17 prove (by the Karamata theorem, ([18]),
p. 439) the following proposition :

1
Proposition 1.3.18 For allt € [0, - - , Y 1s the Laplace transform of a

ol

probability density.

By using the resolution of the partial differential equation satisfied by the Laplace
transform, we have proved that the equation (1.56) is true for all exponential func-
tions f\(z) = e~**. This family forms a large family of functions and the equation
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

Fi1a. 1.1 — Behaviour of to(Ao)

will be satisfied by all smooth functions. On the other hand this equation is the in-
tegral form of the Smoluchowski’s coagulation equation (SC). This ends the proof
of the theorem 1.3.13. U

Let us note now the consequence of theorems 1.3.13 and 1.3.11.

Corollary 1.3.19 For any initial condition ;FL(:E,O), x > 0 satisfying

/ xﬁ(az,O) dr =1,
0

there exists an unique solution of (SC+) defined for all t € [0, + oo].

1.3.3.2 Convergence of Solutions

In the last part we state the renormalisation theorems. More precisely, we shall
see now that the solutions of (SC+) have the same asymptotic behaviour under
initial conditions not too restrictive. Let us state this theorem:

Theorem 1.3.20 For ;’rL(a:,t) solution of the Smoluchowski’s coagulation equa-

tion with additive kernel (SC+), let us denote by E(m,t) = xﬁ(x,t).
o 2k)!
We suppose that my(0) = / x%(m,O) dr < C’k%. We have then, for fix t :
0 .

d
CLQ‘XlogL Q) Rae, (165)

a a—0

where R, denotes the square of the one-dimensional Bessel process started at the

origin and Ay = my(0) = / xﬁ(m,O) dr = / x#z(x,()) dx.
0 0
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Remark 1.3.21 The condition of this theorem on the initial condition is satis-
fied by all random variables whose moments are dominated by the moments of the
square of a Gaussian random variable. This is true for example for random variables
having compact support.

Proof In order to make the proof we need some auxiliary results and remarks.
Proposition 1.3.2 gives in this particular case, the following result : for X; a random
variable with probability density p(z,t) and f a smooth function, we have

d

X, + X,
G Ef(X) =E (*

t

(f(X+ Xt) - f(Xt>>> ) (1.66)

where X, denotes an independent copy of the random variable Xj.

To get existence we used functions f of the form e **. Another way to treat the
problem is to find the moments of X;, by using a recurrence formula.

Let us apply formula (1.66) for power functions fi(z) = z*. Denote by

my(t) = /000 2 h(a,t) dr. (1.67)

For fi(xz) = x, (1.66) writes
mi(t) = 2my(t),
that is
my(t) = Aje? where A} = m,(0).

k

Furthermore, by using (1.66) for fi(z) = ", we obtain

k+1

() = 6+ sty + 3 ()

=1

)t ) (1.65)

Simple computation for first order moments gives

mq (t) = A162t, Al - m1(0>7
mg(t) = 3A1264t + A263t, AQ = mQ(O) — 3A%,
mg(t> = 15A13€6t + 10A1A2€5t + A3€4t, Ag = m3(0> — 1514? — 10A1A2

These results and formula (1.68) allow us to obtain the general form of my.

Lemma 1.3.22 For all integer k, my(logt) is a polynomial on t of degree 2k,

(2k)!

with valuation greater or equal to k + 1 and dominating coefficient : 2k—k'A’f, where
A1 == ml(O) .

Proof We have already test this result for £ = 1 (and even for k£ = 0). Suppose
it valid until £ — 1 and solve the equation (1.68) by using the method of constant

variation. We obtain
mg(t) = BV (1), (1.69)
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1.3. Continuous Smoluchowski’s Coagulation Equation (SC)

where I'(¢) is such that:

k—1

DI (4 ( k T I ) i (E)myg—;(t). (1.70)

Jj=1

By using the recurrence hypothesis, I'(logt) is a polynomial of degree k — 1 and

AR SR (k1 (29)!(2k — 25)!
dominating coefficient =L E + ( ],) ( : J) .

2k =\ J (k= j)!
We can prove also the following result (see lemma 1.4.1, given in the appendix) :

< (k1 (25)1(2k — 25)! (2k)!
Z( | ) L= (k= 1)

=\ 7 k=)t

We deduce that I'(log t) is a polynomial on ¢ of degree k—1 and dominating coefficient

(2K)!
7] A7. This ends the proof. O

Let us write down the Laplace transform of the random variable X;.

YA =) %mk(t). (1.71)

k>0

Evaluate this function at (Aa?,log £).

_ k 2k
w()\a2710g2) — Z(l)%mk(log 2). (1.72)

k>0

By using the result in lemma 1.3.22 we can remark that, each term of this series
satisfies

lim Sl A (1.73)

We shall prove that we can consider the limit as a goes to 0 in the sum of (1.72). In
order to obtain this convergence, we need the following result :

lim (()\az)kmk(log 2)) _ o 2R)

Lemma 1.3.23 For any initial condition of the Smoluchowski’s coagulation equa-

2k
tion (SC+), such that my(0) < Ck( ) for fized C and for all k, we have

2k)!
my(t) < C’“%e%t, vt > 0.

Proof We shall use the same method as the one used in order to obtain the form
of mg. We get from (1.69) and (1.70)

F/(t> < Ok (2k>!e(k71)t'

ST 17 (1.74)
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We have also .
I'(t) =T(0) +/ IM(s)ds,
0

which yields

| |
I'(t) < C”“—<2:')'e(k_l)t +I'(0) — —<2:|>'C’“,

and I"(0) = mg(0). The result is then proved. O

Lemma 1.3.23 insures the normal convergence, with respect to a, of the series
2

t 4Nt
appearing in the expression of ¥(Aa? log —) (see (1.72)), as soon as el < 1. We
a

can now conclude the proof of the theorem 1.3.20.

By using the previous normal convergence, we easily deduce

, t (2k)! (—1)" A R \k¢2E 1
lim v (\a?, log —) = = . 1.75
This last limit is also the Laplace transform of the square of a one-dimensional Bessel
process starting from the origin. 0

As in the previous section, this convergence allows us to find a particular solution
of (SC+):

3 x —2t
ety 2e 3¢

1
ni(x,t) = NG

We can obtain other solutions by scaling, more precisely, consider

1 x
na, (Z’,t) = ﬁnl A—l,t
1

1 1, 3 __a
na,(z,t) = e trTze 2A1¢

VAV

S0
—2t

is a solution of (SC+).
Let us also express the similar result for the solutions of (SCx). By using theorem
1.3.9 we have

Theorem 1.3.24 Let ;L(C(,’,t) be a solution of the Smoluchowski’s coagulation
equation with multiplicative kernel (SCx). Let

]*)(a:,t) = 2% (T — t);z(:v,t),
and denote by Y; a random variable with probability density Z*Q(x,t).

(2F)!

We suppose also that my(0) = / xk]*)(m,O) dr < C’kT, where
0 .

T= (/OOO 2?n(z,0) dx) _1.
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1.4. Appendix

Then, by fixing t, we have :
(1 t) 0 1t27 (1 )

where

Ay —/ wp(2,0)dx —T/ 2*n(z,0) dx
0 0

and Ry is the square of a one-dimensional Bessel process, starting at the origin.

We conclude our study by making two remarks:

Remark 1.3.25 We mention that Van Dongen and Ernst ([65]) analysed the
long time behaviour in the discrete case. Part of their approach is rather intuitive.
See also the section 2.4 of Aldous’ paper ([1]) for a presentation on self similarity
results for the solution of Smoluchowski’s coagulation equation. We emphasise that
our previous theorem proves that, any given solution converges, after employing a
good scaling, to a self-similar solution of the equation. At our knowledge this result,
stated on the previous form, is new.

Remark 1.3.26 The preceding normalisation theorems are true for fix t. It

could be interesting and probably very difficult to obtain them in terms of processes.

Let us write in the following schema the solutions we got for the continuous case
(by using Laplace transforms) :

K(z,y) n(z,t) t

1 —exp(—) 0<t<oo

—t BYEANE
Tty e exp(—e —>—§ —00 <t <00
€2

T ———exp | —— —oco<t<O
Y V2r 3 p( 2)

1.4 Appendix

We shall prove now the result we used in the proof of lemma 1.3.22.
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Lemma 1.4.1 For any integer k > 2, we have the following identity :

Lk 1 (29)1(2k — 2§)! 2%k)!
;< j )UJ')!((k—j)!J) == )(k_!>' (177)

Proof

This result can be obtained by recurrence. We present here a probabilistic proof,
communicated by P. Chassaing.

The equality (1.4.1) can be written in the equivalent form

B L)y o

J=0

Let us consider equiprobable paths w = (Sy(w), -+ ,S2k+1(w)) such that Sy = 0,
Spi1 = S, £ 1. There are (lejl) such paths of length 2k + 1 having So;q(w) = 1
(k descents in 2k + 1 steps). For each path w such that Sgpii(w) = 1, we note
T = max{0 < n < 2k/S,(w) = 0} the last instant where the path is 0 (this place
exists and T is even). The number of paths for which 7' = 2j, equals the product
of the number of paths which go from 0 to 0 in 2j steps (they are (2]‘7)), with the
number of paths having length 2k — 2541 which go from 0 to 1, without any 0 value
(they are as much as Bernoulli excursions of length 2(k — j + 1), i.e. Cj_; where C,,

denotes the n' Catalan’s number).

Fi1G. 1.2 — Path description

Let us recall the value for the Catalan’s number :

(2n)!

Doing the sum over all possible values of j yields the identity (1.78). This ends the
proof of the lemma. O
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2

A generalization of the Connection
Between the Additive and
Multiplicative Solutions for the
Smoluchowski’s Coagulation
Equation

Ce chapitre a été publié a Monte Carlo Methods and Applications,
Vol.7, No.1-2: 11-147, 2001.

Abstract This study will reformulate part of our previous results ([10]) obtained for the
Smoluchowski’s coagulation equation for the additive, multiplicative and constant kernels
for fixed time, in terms of measures. In order to obtain this, we use a construction intro-
duced by Norris ([52]).

Key Words: Smoluchowski’s coagulation equation, stochastic processes, partial differen-
tial equations.

AMS 2000 subject classification: 60J80, 44A10

2.1 Introduction

Let us consider the coagulation phenomenon described as follows. Consider a
large system of particles and allow only the coagulation of particles in pairs. For
physical reasons, the rate at which pairs of particles aggregate depends on some
positive parameter associated with each particles, such as mass or size.

We can write down the continuous Smoluchowski’s coagulation equation in the fol-
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Chapitre 2. Generalization of the Connection Between Additive and Multiplicative kernels

lowing form :

0

an(l«t /ny— n(y,t)n(z — y,t)dy

n(x,t) / K(zy)n(y,t)dy (5C)
n(x,0) = no(x).

where K : RY — R is a symmetric kernel and n(z,t) denotes the average number
of particles with mass [z, z + dz| per unit volume.

In the equation (SC) the first term on the right corresponds to the creation of
particles of mass = while the second stands for the disappearance of particles of
mass x after coagulation with other particles.

2.1.1 Norris results and construction

We shall present here the construction and some of results in Norris ([52]).

Let K : (R%)* — R, be a symmetric measurable function and M the space of
signed Radon measures on R* . Denote by M™* the set of non negative measures on
M. Let p € M™ be such that, for every compact set B C R? :

/B /Ooo K () (d)u(dy) < oc.

For such p we consider the following weak form of the Smoluchowski’s coagulation
equation :

t
[ = o +/ L(ps)ds, (SCW)
0
where L(u) € M is defined by the relation

<t >=3 [ [ Gt - 10 - o)K@y, @)

for all bounded measurable functions f of compact support.

Definition 2.1.1 We call local solution of (SCW) any map t — p : [0,T) —
Mt such that :

(i) [ alemn(do) < oc

0
(ii) For all B C R% compact, the map t — p,(B) : [0,T) — [0,00) is measurable.
(iii) For allt <T and B C R compact

/Ot/B/OOO K (z,y)ps(dr) ps(dy)ds < oo.

(iv) For all measurable function f with compact support and for f(x) = xl,<1y and
forallt <T

| st@mtan = [ st
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2.1. Introduction

wy [ [ [0 - ) - SR

For T'= oo we have a solution.
We make also the following hypothesis on K

K(z,y) < p(x)p(y), Yoy € R, (2.2)

where ¢ : R% +— R* is a continuous sub-linear function (that is p(Az) < Ap(z), for
all z € RY and A > 1).
Further hypothesis

/000 o(x)po(dr) < 0. (2.3)

Any local solution such that

/ / x)ps(dr)ds < oo, (2.4)
is called strong solution.

Under assumptions (2.2) and (2.3), Norris ([52]) proved that, starting from pug, we
have uniqueness of a strong solution.
If p(z) > ex for all x and some £ > 0, then any strong solution is conservative.

If ©*(x)po(dz) < oo then there exists a unique maximal strong solution (£ )s<¢(uo)
0

fe'e) -1
shere ) > ([ ohatan))

0
Furthermore, if ¢* is sub-linear or K(z,y) < ¢(z) + ¢(y), for all z,y € R% then
(ko) =

Markov process associated with (SCW)

We shall introduce now a particle system connected to the Smoluchowski’s coagu-
lation equation.

Let X, be a finite, integer valued measure on R*

for some x1,...,2, € RY. X is a system of m particles labelled by their masses.
We construct a Markov process (X;);>¢ of finite, integer valued measures on R* as
follows : for each pair ¢ < j take 7;; an independent exponential random Varlable of
parameter K (x;,z;) and define

T = minT;;.

1<j

Set Xy = Xp for t <T and, if T = T}; set

XT — X() + (5$i+xj - (533

3

— 4,
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Chapitre 2. Generalization of the Connection Between Additive and Multiplicative kernels

and then begin the construction afresh from Xrp.

In the process described above each pair of particles {z;,z;} coalesces at a rate
K(z;,x;) to form a new particle x; + ;. We call (X,);>¢ a stochastic coalescent with
coagulation kernel K.

Let d be a metric on M such that_

(a) d(pn,p) — 0 if and only if/ f(z)pn(dz) — / f(z)p(dz), for all bounded
continuous functions f : R% ]R(.) ’

(b) d(p.p') < [l — /||, for all pp’ € M.

When we consider f of bounded support we obtain a weaker topology, also metri-
zable, and we denote by dy some compatible metric with dy < d.

We have the following weak convergence result :

Theorem 2.1.2 (see Norris ([52]), theorem 4.1)
Let K : RY x RY — [0,00) be a symmelric continuous function and iy a measure
on RY.. Assume that for ¢ : RY — R% continuous and sublinear we have

K(zy) < o(x)p(y), YoyecRY

K

Sulel Sk L 2A— |
(2,y)—(00,00) () p(y)

Assume also that / o(x)po(dr) < oo.
0

Let (X]')i>0 be a sequence of stochastic coalescents with coagulation kernel K. Set

o
X ==X
n

t
n

and suppose that .
T}g{)lo do(pX¢'s o) =0

and that, for some constant C' < oo and for all n

/ o(x)dX} < C.
0

Then the sequence of laws of eX™ on D([0,00),(M,dy)) is tight. Moreover, for any
weak limit point ¢ X, almost surely, (X;)i>o is a solution of Smoluchowski’s coagu-
lation equation (SCW). In particular, this equation has at least one solution.

2.2 Connection between the additive and multipli-
cative case in terms of measures

Let us denote by (SCW+) and (SCW) the weak form for the Smoluchowski’s
coagulation equation for K (z,y) = z+y and K (x,y) = zy respectively. The previous
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results from Norris ([52]) apply with ¢(z) = 2. We express in the following theorem
the connection between the additive and the multiplicative kernels.

Theorem 2.2.1 Let X, be solution for the multiplicative equation with initial
condition Xo. Then Y; defined as

dYy(z) = 2Te ' dXp(_c-t)(z) (2.5)

0 -1
is solution for the additive equation (SCW+), where T' = (/ xQdXo(x)) :
0

Proof We remark first of all that X; and Y; are obtained as weak limit points of
the corresponding coalescents. As X; is solution for K (x,y) = xy we have, by using
definition 2.1, that for any function f with compact support

| s@axio) = [ rwixto )
/ ds/ / fl@+y) — flx) — f(y)zydX(z)dX,(y). (2.6)

We shall prove that we can write a similar formula for a function of the form ¢(¢,z) =
a(t) f(x). In order to make rigorous the calculus to follow, we have to prove that we
can use time-dependent test functions. We can justify this by using a result due to
Norris (see proposition 2.3. in [52]).

First remark that, for any smooth functions «(t), 3(t) we have, after integration by

parts
t)/otﬁ(s)ds:/ot (s)B(s ds+/ /5 duds. (2.7)

Let us also denote, in order to simplify notations

- [7 [ U0 - 10 - opmax.wax). 2s)

With this notation equation (2.6) writes

/f VAX, (2 /f JAXo(x /Ff(s)ds. (2.9)
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Multiplying equality (2.9) by a(t) and using (2.7) one gets

Recall that g(t,z) = a(t)f(x) so the last equality writes

/OOO g(t,x)dX(x) = /OOO 9(0.2)dXo(x)

+% /t ds /OO /Oo(g(s,ﬁy) = 9(s,7) = g(s,y))ryd Xs(2)dX(y) ~ (2.11)

/ds/ (s,2)dX(

Apply first the equality (2.11) for g(t,z) = (T' —t) f(z). This yields

/D (T - ) f(a)dXo() = / T (@)dXo()

by [@=sits [7 [T (a4 - 160 - XX
_/Otds/ooo F(@)dX, ()

(2.12)
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Replacing ¢t by T(1 — e™") in (2.12) we get

/OO Te ' f(2)dXpa—e—(z) = /OO Tf(x)dXo(z)

0 0

1

T(1—e™?) 00 poo
s @ [T [ G - s - ).

-/ R [ rwixo
(2.13)

Make in the last two terms on the right side of (2.13) the change of variable s =
T(1—e ™). This gives 0 < u <t and

/OO Te_tf(x)dXT(l_e—t)(:E) = /Oo Tf(x)dXo(x)

0 0

+T? /Oe_zud% /0 (f(z+y) = f(2) = fW)rydXea—ev)(2)dXr0-c-0)(y)

_/ Te “du /OO f(l’)dXT(l_e—u)(:L').
0 0

(2.14)
Further, apply (2.14) to f(z) = zh(x).

/000 Te 'ah(x)dXpq e (z) = /000 Txh(x)dXo(x)
5 [ e [ Lot uhtat)=oh(a) —phhydXrg o ofa Xr o)

- [ 7o [ b))
(2.15)
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Replace now dY;(x) = 2Te 'dXr@_.—)(x) (as asked in the theorem) to obtain

| n@avio) = [ nwpvico

+%/0 ds /Ooo /Ooo(h($ +y) = h(z) — h(y))(x + y)dYs(z)dY,(y)

/ds/ / (xh(y) + yh(z))dY,(2)dYs(y /d/ () (2.16)
Lrosin ool

/ ds / / Bz + ) — h(z) — h(y)) (& + y)dYs(2)dYa(y).

Once we have proved that
/ zdYy(z) =1, Vt < T (2.17)
0
we can conclude from (2.16) that

/0 " h@)dYi(z) = / " h(@)dYo(a)
(2.18)

which shows that Y; defined by using X, is a solution for the additive kernel. Let us
prove that (2.17) holds. Evaluate (2.6) for f(z) = 22

0o 00 t 00 2
/ r2dX,(r) = / 2dXo () +/ (/ :deXs(x)> ds. (2.19)
0 0 o \Jo
% -1
Recalling that 7' = (/ :1:2dX0(:1:)> , we get
0
o 1
my(t) == / ?dX(r) = ——, Vt<T. (2.20)
. Tt

Introducing (2.20) into (2.17) yields
/ zdYy(z) = Te_t/ T2 d X7 (1 ety ()
0 0
=mi(T(1—e")Te™
= 1.

(2.21)
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This ends the proof of the theorem 2.2.1.
We can refer to the paper of Norris ([53]) for much more on the multiplicative kernel.
O

There is a similar result once we know the additive solution. More precisely

Theorem 2.2.2 LetY; be solution of the additive equation with initial condition
Yo. Then X, given by

1 1
dXt(Z‘) = ﬁ;dy—ln(l—%)<x)7 Vt < T (222)

is solution for the multiplicative equation (SCW), where T = / dYy(z).
0
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3

A pure jump Markov process
assoclated with Smoluchowski’s
coagulation equation

Ce chapitre est soumis a Annals of Probability

Abstract

The Smoluchowski coagulation equation models the evolution of the den-
sity n(z,t) of the particles of size (or mass) z at the instant ¢ > 0 for a system in
which a coalescence phenomenon occurs. Two versions of this equation exist :
the case of discrete sizes (when z € N*) and the case of continuous sizes (when
x € R*).

The aim of the present paper is to construct a stochastic process, whose law is
the solution of the Smoluchowski’s coagulation equation. This approach is at
our knowledge the first in this direction, in that, for the first time the solution
of Smoluchowski’s coagulation equation is obtained as the law of a stochastic
process.

We first introduce a modified equation, dealing with the evolution of the re-
partition Q¢(dz) of the mass in the system. The advantage we take on this is
that we can do an unified study for both continuous and discrete models.
The integro-partial-differential equation satisfied by {Q:}+>0 can be interpre-
ted as the evolution equation of the time marginals of a Markov pure jump
process. At this end we introduce a nonlinear Poisson driven stochastic diffe-
rential equation related to the Smoluchowski equation in the following way : if
X, satisfies this stochastic equation, then the law of X; satisfies the modified
Smoluchowski equation. Existence, uniqueness, and pathwise behaviour of a
solution to this S.D.E. are studied.

Key words: Smoluchowski’s coagulation equations, nonlinear stochastic differen-
tial equations, Poisson measures.

MSC 2000: 60H30, 60K35, 60J75.
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3.1 Introduction

Smoluchowski’s coagulation equation governs various phenomenons as for example :
polymerisation, aggregation of colloidal particles, formation of stars and planets, be-
haviour of fuel mixtures in engines etc.

We describe this equation as modelling the polymerisation phenomenon.

For k € N*, let P, denote a polymer of mass k, that is a set of k identical particles
(monomers). As time advances, the polymers evolve and, if they are sufficiently
close, there is some chance that they merge into a single polymer whose mass equals
the sum of the two polymers’ masses which take part in this binary reaction. We
admit here only binary reactions.

Denote by n(k,t) the average number of polymers of mass k per unit volume, at time
t so kn(k,t) stands for the part of mass consisting on polymers of length &, per unit
volume. The coalescence phenomenon of a polymer of mass k with a polymer of mass
J, can be written formally as P, + P; — Py, and is proportional to n(k.t) n(j,t)
with a proportionality constant K (k,j), called coalescence kernel.

Throughout this paper, time ¢ is always continuous, discrete and continuous refer
to polymers’ masses.

Hereafter (discrete and continuous case), the coagulation kernel K will satisfy the
following hypothesis: K is positive (i.e., K : (N*)? or (R;)* — R, ) and symmetric
(i.e., K(i,j) = K(j,i)).

The Smoluchowski coagulation equation, in the discrete case, is the equation on
n(k,t), for k € N*. It writes:

/

N

-1

K(jk = g)n(gt)n(k = jit)

k.t) i K(j.k)n(jt) (SD)

DO | —

d

<.
Il

n(k,0) = no(k).

This system describes a non linear evolution equation of infinite dimension, with
initial condition (ng(k))g>1. In the first line of (SD), the first term on the right
hand side describes the creation of polymers of mass k£ by coagulation of polymers
of mass j and k — j. The coefﬁment = is due to the fact that K is symmetric. The
second term corresponds to the depletlon of polymers of mass k after coalescence
with other polymers.

The continuous analog of the equation (SD) can be written naturally :

Q%@ﬂ = /ny—w (y,t)n(x — y,t)dy

ot
xt/ K(zy)n(y,t)dy (SC)

(

L n(z,0) = ng(x)
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for all x € R,.

We present briefly some recent results on the existence and uniqueness for the Smo-
luchowski coagulation equation, obtained by employing a probabilistic approach.
These results furnish answers to some phenomenon that seems to be accepted as
granted by the physicists.

A detailed survey on the present situation of the research on this equation is provi-
ded in Aldous [1].

In the discrete case few situations allow to conclude to the existence and uniqueness
of the solution of (SD). If the kernel K satisfies:

K(ij) <Ci+j), i,j=1 (3.1)
and the initial condition is such that Z kn(k,0) < oo then existence (see Ball and
k=1

Carr [4]) and uniqueness (see Heilmann [33]) are known.

Jeon [36] approached the solution of a more general equation than (SD), in that,
we have also the fragmentation of polymers, by a sequence of finite Markov chains.
Jeon gave a general result about the gelification time Ty, i.e. the first instant when
particles of infinite mass appear. More precisely, if we have

K(ij) > (ij)*, with a € ]%1[ (3.2)

and furthermore

K(ii
lim (,Z,’j)
i+j—00 1)

=0 (3.3)

then we have gelification in finite time (7} < 00), for a large class of initial condi-
tions.
For the continuous case, Aldous [1], states hypotheses which insure existence and
uniqueness of the solution of the Smoluchowski coagulation equation. More precisely
existence and uniqueness hold for (SC) if the kernel K satisfies, for all z and y in
R, :

K(zy) <C(l+z+y) (3.4)

and the initial condition is such that
o0 o0
/ n(z,0)dr < co and / 2*n(z,0)dr < oo (3.5)
0 0
and furthermore we have conservation of mass
oo
/ zn(z,0)dr = 1. (3.6)
0
Our conditions will be less restrictive because we don’t need to impose

/00 n(z,0)dzr < co. (3.7)
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Chapitre 3. A pure jump Markov process associated with Smoluchowski’s equation

Norris [52], [53] obtains recently some new results on (SC) by generalising to the
continuous case the results in Jeon [36]. Norris has two kinds of hypotheses :

either @ — 0 as (z,y) — ©

or K(z,y) < ¢(z)e(y) where ¢ : Ry — R is sub-linear and [~ ¢*(2)n(0,2)dz < co.
Under one of this conditions he proved existence and uniqueness of the solution of
(SC). The last hypothesis includes the case where K(x,y) explodes as x +— 0 or
y — 0 and allows also to obtain uniqueness in some cases when the initial condition
has no second, or even first, moment. These results are also interesting because one
needs no local regularity on K.

Norris constructs a sequence of stochastic processes which converges to a determi-
nistic limit which is a solution of (SC).

Deaconu and Tanré [10] furnish a probabilistic interpretation for the additive, mul-
tiplicative and constant kernels in both discrete and continuous cases. They find a
duality between the additive and multiplicative solutions which permits to obtain
the results for one of this solutions by those on the other one. They have also pre-
sented a « long time behaviour » for the solution.

Our approach of (SC) or (SD) is new and purely stochastic. We construct a pure
jump stochastic process (X;);>o whose law is the solution of the Smoluchowski coa-
gulation equation in the following sense: in the discrete case, P[X; = k] = kn(k,t)
for all ¢ > 0 and all k& € N*, while in the continuous case, P[X; € dx] = zn(z,t)dx
for all t > 0. For each w, X;(w) may be seen as the evolution of the size of one
« mean » particle in the system.

The jump process satisfies a non linear Poisson driven stochastic differential equa-
tion.

This approach is strongly inspired by probabilistic works on the Boltzmann equa-
tion. The Boltzmann equation deals with the distribution of the speeds in a gas, and
can be related to the Smoluchowski equation for two reasons: first, it concerns the
evolution of the « density of particles of speed v at the instant ¢ », while the Smolu-
chowski equation deals with the « density of particles of mass x at the instant ¢ ».
Second, the phenomenon is discontinuous: in each case, a particle moves instantly
from a mass = (or a speed v) to a new mass z’ (or a speed v') after a coagulation
(or a collision).

Let us first mention Tanaka [63], who first introduced a non linear jump process
in order to study the Boltzmann equation of Maxwell molecules. Many new results
about this equation has been obtained thanks to this approach, as regularity, posi-
tivity, and numerical approximation : Desvillettes, Graham and Méléard [11], [31],
have initiated a new way for studying non linear P.D.E.s, by using recent probabi-
listic tools, such as Malliavin Calculus and propagation of chaos.

Very recently, Tanaka’s approach has been extended, in Fournier, Méléard [25], [26],
to the case of non Maxwell molecules, which is technically much less easy. We follow
essentially here the approach of [25]. We will transpose it here in order to give a
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probabilistic interpretation to the Smoluchowski equations.

The main fact that makes the Maxwell molecules easy is that the rate of collisions
of a particle does not depend on its speed, which is not the case for non Maxwell
molecules. In the Smoluchowski equation, the « rate of coagulation » of a particle
depends on its size.

We get rid of this problem by using a sort of « reject » procedure: as in [25], there
is, in our stochastic equation, an indicator function which allows to control the rate
of coagulation.

Let us finally describe the plan of the present paper.

In Section 3.2, we introduce our notations, we state a modified Smoluchowski equa-
tion (M S) which allows to study equations (SC') and (SD) together. This equation
(MS) describes the evolution of the repartition Q.(dz) (either discrete or conti-
nuous) of the sizes: for each ¢, Q); is a probability measure on RY. Afterwards we
relate (M S) to a nonlinear martingale problem (M P): for @ a solution to (M P),
its time marginals @), satisfy the modified Smoluchowski equation (M S). We finally
exhibit a non linear Poisson driven stochastic differential equation (SDE), which
gives a pathwise representation of (MP). If X; satisfies (SDE), then its law is a
solution to (M P). Notice that X; can be seen as the evolution of a particle chosen
randomly in the system, which coagulates randomly with other particles also chosen
randomly. In other words, X; is the evolution of the mass of a « mean particle ». In
Section 3.3, we state and prove an existence result for (SDFE), under quite general
assumptions. The pathwise properties of the solution to (SDFE) are briefly discussed
in Section 3.4. Section 3.5 deals with uniqueness results for (SDFE). In Section 3.6,
we study the case where K(z,y) = zy. This case drives to very simple computa-
tions, and the results we obtain are of course easy and satisfactory. The last section
contains an appendix which includes some useful classical results.

In the sequel A and B stand for universal constants whose values may change from
line to line.

A forthcoming paper will present a stochastic particle system associated with the
process constructed in the present paper, which will permit to solve numerically the
Smoluchowski’s coagulation equation.

3.2 Framework

Our probabilistic approach is based on the following remark: there is conser-
vation of mass in (SC) and (SD). This means in the discrete case that a solution
(n(k,t))i>o0ken+ of (SD) will satisfy until a time T < oo,

for all t € [0,T5[, Y kn(kt) =1 (3.8)

k>1
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and in the continuous one that a solution (n(2,t));>0zers of (SC) will satisfy until
a time Ty < oo,

for all ¢ € (0,73, / en(et)de = 1. (3.9)
0
Thus, either in the discrete or continuous case, the quantity
Qu(dz) =) " kn(kt)or(dz) or Q(dr)=xn(xt)dx (3.10)
k>1

(where d;, denotes the Dirac mass at k) is a probability measure on R, for all
t € [0,7o[
Let us first define the weak solution for (SC) (or (SD)).

Definition 3.2.1 We say that n(z,t)z 01 45 a weak solution of (SC) on [0,Tp]
if for all test function p € C§(Ry) and all t € [0,Ty] we have

/R o(z)n(z,t) de = / o(z)n(x,0) dz

R4

v [as | @] [ oo = vty -y
_ /R n(z,s)n(y,s) K (z,y)dy| dz. (3.11)

For any t, Q;(dx) can be seen as the repartition of the mass of the particles at
instant ¢. This leads us to define a modified Smoluchowski equation. We begin with
some notations.

Notation 3.2.2 1. We denote by Py the set of probability measures (Q on R,

such that
Q000 =1 / 2Q(dx) < oo. (3.12)
R4
2. Let Qo € P1. We denote by
n ot
HQ():{ZQSZ-; x; € Supp Qo,neN*} . (3.13)
i=1

Notice that Hg, is a closed subset of Ry which contains the support of Q.

Since () is the repartition of the sizes of the particles in the initial system, Hg,
simply represents the smallest closed subset of R in which the sizes of the particles
will always take their values.

Definition 3.2.3 Let Qg be a probability measure on Ry belonging to Py and let
To < co. We will say that (Qi(dx)) i, i o weak solution to (MS) on [0,To[ with
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3.2. Framework

witial condition Qq if
for all t € [0,Ty], Supp Q; C Hg, and Q; € Py, and for all p € CH(Ry) and all
t € 10,15,

| eadin = [ o)

+/0 /R+ /ﬂh [o(z +y) — ¢(z)) K(;ay)Qs(dy)Qs(dx)dg. (3.14)

It is obvious the procedure to pass from (SC) to (MS). It suffices to multiply
by ¢(x) and integrate over R,. This definition allows us to consider together both
discrete and continuous cases. To make this assertion clear, let us state the following
result :

Proposition 3.2.4 Let (Qi(dx)) o7, be a weak solution to (MS), with initial
condition Qg € Py, for some T < 0.

1. If Supp Qo C N*, then clearly Hg, C N*. Thus for all t € [0,T5], Supp Q; C
N*, and we can write QQ; as:

Qi(dx) = Zak(t) Op(dx) where ay(t) = Qi({k}). (3.15)

k>1

Then, the function n(k,t) = ax(t)/k is a solution to (SD) on [0,To[, with initial
condition no(k) = a(0)/k

2. Assume now that for all t € [0,To[, the probability measure @Q; is absolutely
continuous with respect to the Lebesgue measure on Ri. We can thus write
Qo(dx) = fo(z)dx and for any t €]0,Ty[, Qi(dx) = f(x,t) dz. Then n(x,t) =
f(z,t)/x is a weak solution to (SC) on [0,Ty[, with initial condition ny(z) =
fo(z)/x.

3. Other cases, as mized cases, are contained in (MS).

Notice that the assumption Qg € P; simply means that the initial condition to
the Smoluchowski equation admits a moment of order 2: in the discrete case this
writes Y, k*ng(k) < oo, while in the continuous case we have, [ z?ng(z)dz < co.

Proof 1. Since Qi(dr) = ;o ax(t) ox(dr), with ax(t) = kn(kt), is a weak
solution to (MS), we may apply (3.14) with ¢i(z) € CL(R%) such that for some
k>1

Oifx ¢ [k—1k+1]

Pr) =19 (3.16)
We obtain :
a(t) _ aw(0) | "1 K(i.j)
E .k * 0 EZQZ'(S)ZO‘J‘(S) [H{H-j:k}_]l{z‘:k}] ; ds  (3.17)
i1 J>1
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and thus

(3.18)

where the last equality comes from the facts that «;(s) = in(i,s) and K(i,7) is a

symmetric kernel.

2. We now assume that Q(dz) = f(x,t)dz for all t € [0,Ty[; let ¢ € CHRY).
Let ¢(x) = ¢(x)/x. Applying (3.14) to 1, we obtain Qo(dz) = f(x,0)dz = xny(z)dz

and :

/ o) <xt>dx—/R+so< 2)no(x) da

plrt+y) K ,y)
f(x,s)f(y,s) dvdyds
_/ / / ﬂﬂf(f'%!ﬁ)f(y,s) drdyds.
0 Ry JR4 xXr Y
Using a symmetry argument, we obtain :
Pz +y) ,y)
I = // / f(x,s)f(y,s) dxdyds
Ry JR, r+y ( ) ( )

_ % / / /ﬂh¢<x+y>K<x,y>f<x,s>f<y,s>

(3/(371—1- Y) * x(xl_i_ y)) dxdyds

— %/Ot /}R+ /]R+ o(x + y) K (z,y)n(z,s)n(y,s)dzdyds.
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3.2. Framework

Using the substitution 2’ = x + ¥y, ¥’ = y, we obtain:

1 t z’
I= —/ / dx’/ dy'o(y" YK (2" — ' .y )n(z' — o ,s)n(y,s)ds.
2 )0 Jr, 0

(3.21)

We have proved that for any ¢ € CHR?),

| com@nde= [ om0
t 1 T
+/ dS/ () [5/ n(z = y.s)n(y,s) K (z —y.y)dy
0 R, 0
- [ sty Kea)dy] do (3.22)
R

which is the definition of a weak solution for (SC'). This ends the proof. O

Equation (MS) has to be understood as the evolution equation of the time
marginals of a pure jump Markov process. In order to exploit this remark, we will
associate to (M S) a martingale problem. We begin with some notations.

Notation 3.2.5 Let Ty < co and Qo € P, be fized. We denote by D'([0,To[, Hg,)
the set of positive increasing cadlag functions from [0,To] to Hg,. We denote by
P[0, Ty, Hg,) the set of probability measures Q on D' ([0,Ty], Hp,) such that

Q ({z € DV([0,To], Hg,) ; z(0) > 0}) =1 (3.23)

and for all t < Ty,

/ +(1)Q(dx) = / sup #(s) | Q(de) < 00, (3.24)
zeDT([0,Tp], HQO) zeDT([0,Tp], HQO) s€[0,t]

The last equality comes naturally from the fact that x(t) is increasing.

Definition 3.2.6 Let Ty < oo, and Qo € Py be fized. Consider
Q € PI([0,To], Ho,). Let Z be the canonical process of D([0,Ty, Hg,). We say that
Q 1is a solution to the martingale problem (M P) on [0,Ty| if for all ¢ € CL(R,) and
t e [0,1y],

K(Zsy)

o(Z) — p(Z0) - / / G2+ 9) — 2] dds (329

18 a Q—martingale, where Qg denotes the law of Zs under Q).
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Taking expectations in (3.25), we obtain the following remark :

Remark 3.2.7 Let Q) be a solution to the martingale problem (M P) on [0,T}].
For t € [0,Ty[, let Q; be its time marginal. Then (Qy)icpo,r,[ 5 o weak solution of
(MS) with initial condition Q.

We are now seeking for a pathwise representation of the martingale problem
(M P). To this aim, let us introduce some notations. The main ideas of the following
notations and definition are taken from Tanaka [63].

Notation 3.2.8 1. We consider two probability spaces: (Q,F P) is an abs-
tract space and ([0,1],B[0,1],da) is an auziliary space (here, do denotes the
Lebesgue measure). In order to avoid confusion, the expectation on [0,1] will
be denoted E,, the laws L, the processes will be said to be a-processes, etc.

2. Let Ty < oo and Qg € P1 be fixzed. An increasing positive cadlag process
(Xt(w))eepo,mo[ is said to belong to LY Hg,) if its law belongs to P} ([0,To[, Hg,)-
In the same way, an increasing positive cadlag a-process (Xt(x))te[O,To[ is said
to belong to L1™'( Hg,)-a if its a-law belongs to PL([0,To], Ho,)-

Definition 3.2.9 Let Ty < oo and Qo € Py be fized. We say that (Xy,X,X,N)
is a solution to the problem (SDE) on [0,Ty] if:

1. Xo:Q — Ry is a random variable whose law is Q.

2. Xy(w) : [0,To[xQ — Ry is a LTT( He,)-process

3. Xi(a) : [0,To[x[0,1] — Ry is a LTT( Hg,)-a-process.

4. N(w,dt.da,dz) is a Poisson measure on [0,To[x[0,1] x Ry with intensity mea-
sure dt dadz and is independent of X,.

5. X and X have the same law on their respective probability spaces :
L(X) = Lo(X) (this equality holds in P} ([0,To[, Hg,))-

6. Finally, the following S.D.E. is satisfied on [0,Ty] :

t 1 00
Xy = Xo + / / / XS_(oz)]l{ <K<XSXs(a))}N(ds,doz,dz). (3.26)
o Jo Jo AT X ()

Xs— (o)

The motivation of this definition is the following:

Proposition 3.2.10 Let (Xo,X,X,N) be a solution to (SDE) on [0,Ty[. Then
the law L(X) = Lo(X) satisfies the martingale problem (MP) on [0,Ty[ with initial
condition Qo = L(Xo). Hence {L(X)}eepo,ry| 95 @ solution to the modified Smolu-
chowski equation (M S) with initial condition Q.

Before proving rigorously this result, we explain its main intuition: why is it

natural to choose (X;) satisfying (SDE), in order to obtain a stochastic process
whose law satisfies the modified Smoluchowski equation (MS)?
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3.2. Framework

We wish that the law @Q; of X; describes the evolution of the repartition particles’
masses in the system. A natural way to do this is to choose one particle randomly,
and to use a random (but natural) coagulation dynamic. Thus, X; should be un-
derstood as the evolution of the size of a sort of « mean » particle. Of course, X
has to follow the initial distribution . Then, at some random instants, which are
typically Poissonian instants (for Markovian reasons), coalescence phenomenons oc-
cur. Let 7 be one of these instants. We choose another particle, randomly, and we
denote by X, (o) its size. Then we describe the coagulation as X, = X._ + X, (a).
The indicator function in (3.26) allows to control the frequency of the coagulations.
Thus, from a time-evolution point of view, X mimics randomly the evolution of the
size of one particle, thus its law is given by the (deterministic) « true » repartition
of the sizes in the system at the instant ¢, which is exactly the solution of (M.S).
For fixed ¢, X; may be understood as a random variable representing the following
experience : we choose randomly one particle in the system, at the instant ¢, (accor-
ding to an « uniform law »), and we denote by X; its size.

Let us now prove Proposition 3.2.10.

Proof Let ¢ be a C}(R,) function. Then for all ¢ € [0,T],

P(Xy) = o(Xo) + ) [p(Xs) — (X)) (3.27)
= QO(XO) + \/0 /0 /0 [90 (Xs— + Xs— (a)ﬂ{zg K<X§“{Sf{(z)(a))}) - @(X8—>]
N(ds,do,dz)

oo [ [ [ (e 4 Kete)) -] frems s o)

Hence:

My = (X:) — »(Xo) (3.28)

_ /Ot/ol /OOO [gp <Xs +)~(5(Oé)> - SO(XS)} ]l{zg RN dz do ds

can be written as a stochastic integral with respect to the compensated Poisson
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measure, and thus is a martingale. But

M{ = o(Xi) — p(Xo) (3.29)

t
. / .
0
K(Xs,y)

_ wxa—wxw—%&@[wXﬁw»wmm—ir—@w@w

(M&+&@%w@@5glﬂmps

where Q, = L, (X,) = £(X,). We have proved that £(X) satisfies (M P) on [0,T5[. O

Let us now state hypotheses which will allow to prove existence results for
(SDE). In the sequel, we will always suppose that the coagulation kernel K sa-
tisfies the following hypothesis:

(Hp): The initial condition ()y belongs to P;. The symmetric kernel K :
Ry x Ry — Ry is locally Lipschitz continuous on ( Hg,)?, and satisfies,
for some constant C' < oo,

K(z,y) < C(1+z +y+ 27, (3.30)

Two different cases will appear according with 5= 1/2 or § = 1. We will always
prove the results for the case 3 = 1 the other one being similar and easier to treat.
Let us also remark that all results for = 1/2 apply also for 0 < 8 < 1/2 and
similarly the ones for § =1 are true for 1/2 < 5 < 1.

Notice that in the discrete case, H, is contained in N*, so that we don’t need the
local Lipschitz continuity condition.

3.3 [Existence results for (SDF)

The aim of this section is to prove the following result.

Theorem 3.3.1 Let Qo € Py satisfy [ 1*Qo(dx) < oco. Assume (Hg).
1. If B = 1/2 then there exists a solution (Xo,X,X ,N) to (SDE), on [0,Ty[, where

TO = OQ.
2. If B = 1 then there exists a solution (Xo,X,X,N) to (SDE), on [0,Ty|, where
Ty = 1/C(1 + E(Xy)).

Remark 3.3.2 From now on we state that under (Hg) if 5 =1/2 then Ty = oo
and if =1 we put Ty = 1/C(1 + E(Xy)).
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Thus, under (Hp), if § = 1/2 we obtain an existence result on [0,00[. This is not
the case if 5 = 1, but this is not a limitation. It is classical that for § = 1, there may
be a gelification time : for example, in the discrete case, Jeon has proved in [36] that
if K(z,y) > 2°y® for some 3 €]1/2,1], then a solution n(k,t) to (SD) will satisfy

Tyer = inf {t >0; Zkzn(k’,t) = oo} < 00 (3.31)

k>1

which writes, with our notations,
Ty =1inf{t > 0; E(X;) = 00} < 0. (3.32)

It is thus clear that an existence result on [0,00[ can not be proved under the general
assumption (Hpg) for § = 1.

Finally, notice that for § = 1, T, = 1/C(1 + E(Xy)) is not the exact gelification
time, except if K(x,y) = C(1 + x + y + xy): since we only assume an upper bound
on K, we are able only to prove an existence result for (SDE) on [0,Tp[, for some
To < Tye- We however will give exact gelification times corresponding to a class
of coagulation kernels for which explicit computations are easy. In such cases, our
existence result will easily extend to [0,7¢].

Technically, Theorem 3.3.1 is not easy to prove, because the coefficients of (SDFE)

are not globally Lipschitz continuous. Due to the nonlinearity, a direct construction
is difficult. Thus, in a first proposition, we prove a result, which combined with
Proposition 3.2.10 shows that the existence (resp. uniqueness in law) for (SDFE)
is equivalent to existence (resp. uniqueness) for (M P). It will thus be sufficient to
prove an existence result for (M P).
Next, we use a cutoff procedure, which transforms the coefficients of our equation
globally Lipschitz continuous: we obtain the existence of a solution X°¢ to a cutoff
equation (SDFE).. Then we prove tightness and uniform integrability results, which
allow to prove that the family £(X*¢) has limiting points, and that these limiting
points satisfy (M P).

As said previously, we begin with a proposition, which, combined with Proposi-
tion 3.2.10, shows a sort of equivalence between (M P) and (SDE).

Proposition 3.3.3 Let Qg belong to Py. Assume that Q € P)([0,To[, Ho,) is a
solution to (M P) with initial condition Qo € Py on [0,To[ for some Ty < oco.
Consider any L1"'( Heq,)-a-process X such that Lo(X) = Q. Consider also the
canonical process Z of D1([0,To[, Hg,)). Then there exists, on an enlarged probabilily
space (from the canonical one), a Poisson measure N(w,dt,da,dz), independent of
Zy (all of this under Q), such that (Zo,Z,X,N) is a solution to (SDE) (still under

Q).

67



Chapitre 3. A pure jump Markov process associated with Smoluchowski’s equation

Proof It follows from (M P), since L (X,) = Q, for all s, that for any ¢ € CHR,),
MY = o(Zi) — v(Zo) (3.33)

/ / X)) - o(Z.)] ”?T)Z;”da s

= ¢(Z1) = (%)

t 1 00
_/ / / {90 (Zs +Xs(a)]1{z<w}) — @(ZS)} dzdods
0o Jo Jo NN

is a martingale under ). Applying this result with ¢(z) = z, we deduce that

Zt ZO + Mt / / / X < K(Zs.Xs(a) Xs(a)) dzdo ds (334)

X.s((’)

where M, is a martingale (under Q). This decomposition is unique, in the sense that
it Z, = Zy+ L, + F,, where L, is a local martingale and F; has bounded variations,
then Lt Mt and

t 1 o'}
Ft = / / / XS(OJ)]l K(Z; Xs(a)) dzdads (335)
0 JO 0 Xs(a) }

(see Jacod-Shiryaev [35], p 43). Hence, applying the Tt formula for jump processes
(see e.g. [35]), we see that for any p € CZ(R,) and t € [0,Tp],

! / ]' ! "
o2) = wz)+ [ Yz iz [ ez an;
0 0

+ > @(Zee + DZ) — 9(Zs-) — Mo (Z,-)] (3.36)

s<t

where M€ denotes the continuous martingale part of M. A comparison with (3.33)

shows that M = 0, and hence that M is a pure jump martingale.

A second comparison between (3.33) and (3.36) shows that the compensator of the

jump measure p = Z d(s,am,) of M is the image measure of the Lebesgue measure
s<Tp

ds da dz by the map:

(s,0,2) — X, ()1 { K(Zs__js_(&))}. (3.37)

- Xs— ()

Using a representation theorem for point processes (see El Karoui, Lepeltier [39]) we
see that there exists, on an enlarged probability space, a Poisson measure N (w,dt,do,dz),
with intensity measure dt da dz, such that:

M, = /// a]l iz, %o on) N(ds,da,dz), (3.38)
Ry TR }
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N(ds,da,dz) denoting the compensated Poisson measure of N, i.e.

N(ds,da,dz) = N(ds,do,dz) — dsdadz. (3.39)
We finally obtain :
t el }
Zy = Zy +/ / X (@)y gz % @) N(ds,da,dz). (3.40)
o Jo Jr. {ZSW}

Since we work under Q and since £, (X) = Q, we deduce that (Zy,Z,X,N) satisfies
(SDE). This was our aim. O

In order to prove Theorem 3.3.1, we first consider a simpler problem with cutoff.
For @)y in P, we define a solution (Xy,X¢ X N) to (SDE). exactly in the same
way as in Definition 3.2.9, but replacing (3.26) by

t 1 o0 _ 1
X=X, +/ / / (Xj_(a) VeA —) L gxe alge @nl)y N(ds,do,dz)
0 0 0 8 {ZS s—' € S— £ }

XS (a)venl
] (3.41)
with the conditions that £(X¢) € P!([0,To[, Hg,) and that L, (X°) = £(X¢).

We begin with an important remark :

Remark 3.3.4 We need that for each ¢ > 0 and for (Xy,X¢,X°,N) a solution
to (SDE)., X¢ takes its values in Hg,. Indeed, the reqularity assumption (Hg) on
K holds only on Hg,. Hence, in (3.41), x V€ A (1/e) is only a notation, of which
the rigorous definition is, for any v € Hg,, any € > 0,

infly e Heg,; y>ec} if 0<zx<e
zVeA(lfe)=<} x if x€lel/e] (3.42)
sup{y € Hg,; y<1l/e} if 1/e <.

Of course, x A\ (1/¢) is defined in the same way. With these definitions, x Ve A (1/e)
and x A\ (1/e) belong to Hg, for any v € Hg,, € > 0.

We now prove an existence result for (SDE)..

Proposition 3.3.5 Let Qo € Py and € > 0. Assume (Hg). Let Xy be a random
variable whose law is Qo and N be a Poisson measure independent of Xo. Then there
exists a solution (X¢,X,X¢,N) to (SDE)..

Proof The proof mimics that of Tanaka, who proved in [63] a similar result in
the case of a nonlinear S.D.E. related to a Boltzmann equation (and with globally
Lipschitz coefficients). To this end, we introduce the following non-classical Picard
approximations. First, we consider the process X%¢ = X, and any a-process X0
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such that £ (X%%) = £(X0¢).
Once everything is built up to n, we set

t 1 00
. 1
Xpthe :X0+/ / / (nge(a)vm—) 1 KO AL D)
o Jo 0 IS {ZS }

™ (a)vend (3'43)
N(ds,da,dz)
and we consider any a-process X"t such that
Lo(XmHbe| X0 0 X™e) = L(X"HLe| X0 X, (3.44)

One easily checks recursively that for each n, X™*° is an L;’O’T( H g, )-process.
Let us show now that the sequence {X™°} is Cauchy in L;>'( Hg,). A simple
computation gives

t 1 00
5 1 - 1
Xl xme / / / (ng(a) VeA- =X (a)veA _)
0 0 0 < c

]l{ <K(Xn’5/\% XM (a)nl) }N(ds,dmdz)
- % (a

)vent

L (o) -

]1{2<K(X"5/\1 X (o )l )} ]l{ X" 15/\1 xn- Le )l )} N(ds,da,d2>
= z

< SR
= n— 15
XS

“(a)venl (awg/\l

Let us for example present the proof under (Hz) when 8 = 1. Then

Xpe - XxpE| < / / / X”E — X' (a) (3.46)

ll{zgg(1+2/€+1/52)}N(ds,da,dz)

1 t 1 o]
+_ ]1 XxMEAL naa ]l 1, 1
A A A {ng EAL R (o)l >} {ngxfi AL XL (A é>}

1 n—1,e
( )Veng X57 (a)\/s/\g

N(ds,da,dz).
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By setting ¢, (t) :== E | sup |X!TH — X["*

s€[0,¢]

] , we obtain, for some constant A, de-

pending only on ¢,

en(t) < A/O pn-1(s)ds (3.47)

t
—i—A/ EFE,
0

Since K is locally Lipschitz continuous on ( Hg,)?, it is clear that the map

KXPAXPT AL KXPTALXIEA L)
Xefvent Xi e vent

ds.

K(entynd)

) 3.48
VY I (348)
is globally Lipschitz continuous on ( Hg,)?. Hence, using the fact that
fol | X () — X" 12 (a)] da < p,_1(s), we obtain
¢
on(t) < A/ On-1(s) ds. (3.49)
0

We conclude, thanks to the usual Picard Lemma, that there exists a L™ ( Ho,)-
process X such that, for any 7" < oo, when n tends to infinity,

E | sup | X} = X[|| — 0. (3.50)

te[0,7)
By construction, the a-law of the sequence of processes X%, ... X™ ... is the
same as the law of the sequence X%, ... X" ... We thus deduce the existence

of an LS™1( Hg,)-a-process X< such that £,(X¢) = £(X¢), and such that for all
T < oo, when n tends to infinity,

E, | sup | X[ — f(ﬂ] — 0. (3.51)
t€[0,T
Letting n go to infinity in (3.43) concludes the proof. O

We now prove the tightness of the family {L£(X°®)}..

Lemma 3.3.6 Let Qy € P,. Assume (Hg). For § = 1/2 set Ty = oo, while for
B=1setTy=1/C (1 + fIQo(dx)), where C' is the constant which appear in the
hypothesis (Hg).

Consider a family (Xo,X¢,X¢,N) of solutions to (SDE).. Then, for all T < Ty,

sup £/

e>0 t€[0,T] e>0 t€[0,T]

sup \Xﬂ] = sup E,

sup |X’f|] < 0. (3.52)
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Furthermore, the family £L(X®) = L4(X¢) of probability measures on D' ([0,Ty[, Ho,)
is tight, and any limiting point Q) of a convergent subsequence is the law of a quasi-
left continuous process (for the definition see Jacod, Shiryaev [35] ). .

Proof Let us again prove the result under (Hg) for 5 = 1, the case of § = 1/2
being similar. We first check (3.52). Setting

fe(t) = E

s€[0,t]

sup \X§|] (3.53)

it is immediate, since the processes are positive and increasing and since for each ¢,
L,(X¢) = L(X?), that:

f-(t) = BIX;] = Ea | X;] (3.54)
A simple computation, using (3.41), yields that
t 1 - 1
£.(t) = B(Xy) +/ EE, {K (Xj AZXEA E)} ds. (3.55)
0

But since we are under (Hz) with § = 1, it is clear that
1 1
EE, [K (X; A g,X;f A g)} < C(1+2f(s) + f2(s)) = C (1 + fo(s))*.  (3.56)

Lemma 3.7.3 of the appendix, applied to the function g. = 1 + f., which is clearly
continuous thanks to (3.55) allows to conclude that for any t < Ty = 1/C(1+E(X,)),

fo(t) < 1+ BlX,)

-1 3.57
1—1t/Tp (3:57)
from which (3.52) is straightforward.
In order to obtain the tightness of the family {£(X¢)}., we use the Aldous
criterion, which is recalled in the appendix (Theorem 3.7.1).
We just have to check (for example) that for all 7" < T fixed, there exists a constant
Ar such that for all § > 0, all couple of stopping times S and S’ satisfying a.s.
0<S<S<(S+0)AT, and all €,

E\Xo — X3 < Aro (3.58)
the constant Ar being independent of ¢, §, S and S’. This is not hard. Indeed,

Sl
~ 1
| Xs — X§| = / (Xj(a) VeA —) T gxe alixe @aby) NV(ds,dadz).  (3.59)
S € {ZS Lj(i_(a)\‘/s/\% }
Hence
S/
E(X§ - X§l] = EE,

K(XQXE(O&))dS]
S

< § sup EE, [K(X;,X;)] (3.60)

s€[0,T]
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But thanks to (Hg) for 8 =1 and to (3.52) (since T < Tp),

sup EE, [K(X;,Xg)] < C sup EE, 1+X§+X§+X§X§]
s€[0,T] s€[0,T]

< Ar (3.61)

which concludes the proof. O

To prove that any limiting point @ of £(X¢) satisfies (M P), we will also need a
property of uniform integrability, which will be obtained in the next lemma.

Lemma 3.3.7 Assume that Qo € P1, and that [ 2*Qo(dx) < co. Assume (Hpg),
and following the value of B consider the associated Ty. Consider a family (Xo,X¢,X°,N)
of solutions to (SDE).. Then for all T < Ty fized,

sup E | sup ]Xﬂ2] < 0. (3.62)
e>0 t€[0,T
Proof For k € N*, we define
gt =B | sw [X7*| = B|(Xp)']. (3.63)
te[0,7)
For all t < Tj,
(X7 = (X0 + > (X +ax9)" - (x2)°) (3.64)
s<t
= (Xo)?+ > (2XZ AX: +(AXD)?)
s<t

= ()(())"’Jr/ot/o1 /OOO <2X§_ <)~(§_(a)\/€/\é> + (Xj_(a)vmé)j

ﬂ{z< K(Xg_A}:,X;‘_(a)A}:)}N(dS,da,dZ).

f(g_ (oz)\/s/\%

Hence

g5(t) = +2/0 EE, { (XE/\lXS i)} ds
[ SVe)K <X€A1X€ i)] ds (3.65)
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Let us finish the proof for (Hg) with 3 = 1, the other case being similar. Using (Hp)
with 5 = 1, the fact that £(X?®) = L,(X?) and (3.52), we obtain the existence of a
constant A7, not depending on ¢, such that for all t < T,

t
Gt < E(Xg)+30/ EE, [(XJre) (1+X§+X§+X§X;>} ds
0

< E(X3)+ Ar /Ot [1+ g5(s)] ds. (3.66)

The usual Gronwall Lemma allows to conclude. O

The following lemma, associated with Proposition 3.3.3, will conclude the proof
of Theorem 3.3.1.

Lemma 3.3.8 Let Qo belong to Py and satisfy [ 2*Qo(dx) < co. Assume (Hp)

and consider the corresponding Ty. Consider a family (XO,Xe,f(E,]\N/') of solutions to
(SDE)., and a limiting point Q of the tight family L(X¢) = L,(X®). Then Q is a
solution to (M P) on [0,To[, with initial condition Qo = L(Xo).

Proof We prove the result for § = 1. The other case is simpler. Let ) be the
limit of a sequence of Q¥ = L(X*), &, being a sequence of positive real numbers
decreasing to 0.

We have to check that for any ¢ € C}(Ry), any g1,...,q1 € Cp(R;) and any 0 <
1< < g <s<t<Iy,

(Q®Q,F)=0 (3.67)
where F' is the map from D'([0,Ty[, Hg,) x D'([0,70[, Hg,) defined by

F(zy) = gi(z(s1)) X -+ x gi(z(s1)) %

{ota0) ~ otete) - [ fotot) + y(w) - ooty D},
It is clear from the definition of the process X¢* that for any k,
(Q" @ Q" F*) =0, (3.69)

where F* is defined by :

F¥(z,y) = ga(a(s1)) x -+ x gi(a(s0)) x {¢($(t)) — o(x(s))

€k

} K(o(u) A 2 y(u) A L) |

y(u) Vep A+

€k

-/ t [Qs@w) T y(u) Ve A —) — pla(w)
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It thus suffices to prove that <Qk ® Qk,Fk> tends to (Q ® Q,F) as k tends to infi-
nity. We split the proof in two steps.

Step 1: Let us first check that, as k goes to infinity,
(Q"®Q"|F - F*[) — 0. (3.71)
By definition,

(@ © QNIF = FH) = BB [|n (X (s2)) x -+ x (X% (s0)

t i 1 K(Xe AL Xoe A L)
[ { o+ xvan D - o) R

€ X ver At
~ K(XEx X’Ek
- [ + Xer) - p(x2)] %}duu BENERP)

Hence, for some constant 4, (Q* ® Q¥,|F — F*|) is smaller than

AEEQ[/t

X+ XS Ve A ) — (X)) p(Xor 4+ Xo0) — o(XE)

XV oer A = Xer

KX Xe)dul

tlo(Xer 4 X2k Ve A1) — (X2
+AEEQ[/ o( : k €k1> P(X3F) (3.73)
. 1 - 1
'K(ng,xgk) ~K(XS A — XA ) du}
Ek Ek

= A(Iék + Jak)?

with obvious notations for 1., and J.,. Since ¢’ is bounded, we obtain, using (Hp)
for =1,

N

t
Je, < 2HSOIHOOEEa[/ (]l{Xka>i} + ]l{)z—ik>i}>

(1+ X5 + X5 4 X:;ngk)du]

t 1 . 1
< A [ {POX > )+ BLRIROGE > 2) + B L 1)
s Ek €k v Teg
—|—E(XZ’“II{XZ@L})EQ()N(?))}du. (3.74)
K
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Since the processes are increasing, and thanks to (3.52), we deduce that
J, < APXE > 1)) + E [kan{xfk>1/sk}ﬂ . (3.75)
The uniform integrability obtained in Lemma 3.3.7 allows to conclude that J;, tends

to 0.
Let us now bound I, from above. First,

t
L, < AEEQ[/ {n{X5k<€k}K(X5k’X5k>

(XE + ) — (X)) (X5 + XoF) — p(XE)

Ek Xk

+ﬂ{f<i’€>i}K(XZk Xk

PXeF+ ) = o(X3F)  p(XEk 4 Xor) — o XEr)

1 — ~
1 X&k

€k

j o

_ 1 2
= Il +1 (3.76)

EL?

with obvious notations. The second term is similar to J,,, and thus goes to 0 as k
tends to infinity. Using (Hg) with § = 1 and (3.52), we see that the first term is

smaller than

t
n o< 2A||¢,||Oo/ EE, (Voo (1+ X5 + X3t + X X20)] du
t
<A [ BEL [0+ X0+ 2L pgg ) du
t
< A/ E(l+ XM Ea(Liger ., y)du

t
< A/ P(XF < eg)du
0

< AtP(Xo < 519)

where the last inequality comes from the fact that the process X is increasing.
This goes to 0, because Xy > 0 a.s. Step 1 is finished.

Step 2: It remains to prove that as k goes to infinity,
(Q"® Q" F) — (Q®Q.F). (3.78)
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This convergence would be obvious if ' was continuous and bounded on

D'([0,To[, Hg,) x D([0,To[, Hg,), thanks to the definition of the convergence in
law. The map F' is not continuous on D'([0,Ty[, Hg,) x DI([0,To[, Hg,), but only
on C x C, where

C={zeD([0,To[, Hg,) ; Ax(s1) = ... Az(s;) = Ax(s) = Az(t) =0}. (3.79)

Thanks to Lemma 3.3.6, @ is the law of a quasi-left continuous process, thus Q(C) =
1, and hence F'is Q) ® (Q-a.e. continuous. This implies that for any positive constant
A,

(QF@Q" FAAV (-A)) — (Q@Q,F ANAV (—A)) (3.80)

because F'A AV (—A) is QQ ® Q-a.e. continuous and bounded. Thus (3.78) will hold
if we prove that

SI;P (Q" @ Q" |F|Ljpza) — 0 (3.81)
as A tends to infinity. One can check, after many but easy computations, that
(Q" @ Q" |FILpiza) < BE [X7Lixgsea] (3.82)

for some constants B and some function ((A) tending to infinity with A. The uniform
integrability obtained in Lemma 3.3.7 allows to conclude that (3.81) holds. Hence
(3.78) is valid. This concludes the proof of Step 2 and thus the proof of the lemma. [J

Let us finally give the proof of the main result of this section.

Proof of Theorem 3.3.1 Thanks to Lemma 3.3.5, there exists a solution

(X0,X¢,X¢,N) to (SDE). for each e. Due to Lemma 3.3.6, the sequence {£(X®)} is
tight, and in particular there exists a sequence ¢, decreasing to 0 such that {L£(X*®*)}
tends to some ). From Lemma 3.3.8, @) satisfies (M P). Finally, Proposition 3.3.3
allows us to build a solution (X, X, X N) to (SDE). O

3.4 Pathwise behaviour of (SDFE)

In this short section, we would like to give an idea on the pathwise properties of
X, for (X,X,X,N) a solution to (SDE). We have very few results on this topic,
and the study seems to be difficult. However, we hope that new results will arise in a
forthcoming paper. Let us begin with a remark concerning the long time behaviour.

Remark 3.4.1 Let Qg belong to Py, and satisfy [ 2*Qo(dx) < co. Let us assume
(Hp) with 8 =1/2, and let (Xo,X,X,N) be a solution to the corresponding (SDE).
A natural question s the following. Does the size of every particle in the system tend
to infinity when the time grows to infinity ¢ In other words, does X; tend to infinity
a.s. with t ¢ This result, which seems to hold in the cases where K(x,y) = 1 and
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K(z,y) = x+y (for which explicit computations are easy), is not obvious. It is clear
that a lower bound of K has to be supposed. Indeed, if we assume for example that
K (x,y) vanishes for all x,y such that xNVy > n then it is clear that a.s., 11?1 X < 00.

This comes from the fact that in such a case, if we set
T=1inf{t >0; X; >n} (3.83)
then either T = oo (and hence liant < o0) or T is finite, and then it is easily

deduced from (3.26) that lign X=X, < o0.

We are not able yet to express properly the lower bound which has to be assumed on
K.

We now present an idea about the frequency of the jumps of X;. How often does
a particle in the system coagulate?
The following result, which says that the number of jumps is finite on every compact
interval, is not a priori obvious in the continuous case.

Proposition 3.4.2 Let Qo € P; satisfy [ 2°Qo(dx) < co. Assume (Hg) and
consider the corresponding Ty. Let (Xo,X,X,N) be a solution to the corresponding
(SDE). Assume furthermore that

L Qo(dz) < o0 (3.84)
Ry ¥
which always holds in the discrete case, and which simply means, in the continuous
case, that fno )dx < oo.
Denote by J; = Y .., Liax, 201 the number of jumps of X on [0,t]. Then for all
t<Ty, E[J)] <oo.

Proof Let us again prove the result for 5 = 1. Thanks to (3.26), we see that

e / / / = ()<a>>}N<dSvd0<,dZ) (3.85)
E[Jt] = {/ // K()i;?(s)(a))}dZdOédS}

_ /EEa (X X) X)]ds. (3.86)

X,
Using (Hg) with § = 1, we obtain

and hence

t
E[J] < C/ EE, [1/5(5 + XX 1+ Xs} ds
0

< C/ E[1/X,]|+ E[X(E[1/X ]+ 1+ E[X,]] ds

< Ct[E[1/Xo] + E[X{E[1/Xo] + 1+ E[X{]] (3.87)
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where the last inequality comes from the fact that X is a.s. increasing. This last up-
per bound is clearly finite, since ¢ < Tp, and since we have assumed that E(1/X,) <
oo. The proof is complete. O

Remark 3.4.3 If we do not assume (3.84), we do not know what happens.
It however seems that in the (non explosive) case where K(x,y) = 1 and where
E(1/Xy) = oo, then X has infinitely many jumps immediately after 0, but that for
any 0 < s <t <oo, X has an a.s. finite number of jumps on [s,t].

Let us finally talk about the gelification time:
Ty =inf{t >0; E(X;) = oo}. (3.88)

This quantity, which can be seen as a L!-gelification time, has been much studied
by the analysts and physicists. It is easily deduced from Theorem 3.3.1 that under
(Hp) with B = 1/2, T,,; = oo for any initial condition (satisfying Qo € P; and
[ 2*Qo(dzx) < o).

In the case of = 1, under the same assumptions on )y, Theorem 3.3.1 yields that
Ty > Ty = 1/C(1 + [xQo(dx)). Of course, we have only proved the existence for
(SDE) on [0,Tj], because we have only assumed an upper bound for K. But in any
particular case where explicit computations can be done, solutions to (SDE) may
be built on [0, For example, the following proposition holds.

Proposition 3.4.4 Assume that Qo € Py and that [ 2*Qo(dx) < oo. Assume
that K(z,y) = A+ B(x + y) + Cxy, for some nonnegative constants A and B,
and for some C > 0. Then Theorem 3.5.1 still holds replacing Ty by Tyer, where, if

ag = foo(dI>,

1
/ ( ) =0, then Ty Clag+ B)’
2 2rC _ AC ayg+ B
2. If A =4(B* — AC) <0, then Tyy = % — =% arctan | 4C L

5. If A = 4(B? = AC) > 0, then Ty = o In (22/CR/CY,

Proof This is not hard. It suffices to replace the use of the extended Gronwall
Lemma 3.7.3 by solving classical ODEs. The result is easily understood a posteriori.
If (Xo,X,X,N) is a solution to (SDFE), one easily checks that

E[X)] = ag + /O 'EE, [K(XS,XS)} ds. (3.89)

In the present case, by setting f(t) = E[X;], one easily gets
t
ft) =ao+ / [A+2Bf(s) + Cf*(s)] ds. (3.90)
0
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This equation has an unique solution, which can be explicitly computed, and Ty,
which corresponds to its explosion time, can also be computed. We obtain the ex-
pressions given in the statement. 0

From a probabilistic point of view, the L!-gelification time is of course important,
but we want also to study the stochastic gelification time:

Ty = Inf {t > 0; X; = o0}. (3.91)

Obviously, 7, > Tye a.s. An interesting question is the following. Under which
conditions on (g and K do we have

P (Tgel > Tgel) 6]0,1[, P (Tgel > Tgel) =0or P(Tgel > Tgel) =17 (392)

In other words, are there particles of which the mass is finite (resp. infinite) at the
instant T,.;? Do all particles have a finite (resp. infinite) mass at the instant T,¢;?
We are not able to give a complete answer for the moment. Let us however state
and prove the following result.

Proposition 3.4.5 Let Qo € Py with [ 2?Qo(dx) < oo, and let us assume (Hp)
with B = 1. Assume furthermore that Ty < 0o, and that there exists a function C :
Supp Qo — R, such that for all x € Supp Q,

K(v,y)
sup
ye Hq, Yy

< ((x). (3.93)

Consider a solution (Xo,X,X,N) to (SDE). Then for any t € [0,00],
P(14e > t) > 0. (3.94)

This means in particular that there are many particles which have a finite mass at
the instant T.

Notice that (3.93) is always satisfied in the discrete case, and more generally for
any kernel satisfying (Hg) with 8 = 1 if [0,e[NSupp Qo = () for some ¢ > 0.
Notice also that (3.93) is satisfied with any initial condition, if K(z,y) < Czy for
some constant C' € R,.

Proof We will prove a much stronger result: for any ¢ > 0,
P(X; = Xo) > 0. (3.95)
To this end, we study the first jump time
Ty =inf{s>0; AX; #0}. (3.96)
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By remarking that thanks to (3.93) and (3.26),

Xo < X; < X +/ / / X (@) pocgx, N(ds,do,d?) (3.97)

we deduce that T} > Sy a.s., where

t 1 e
S1 = inf {S >0; / / / ﬂ{zSC(XO)}N(dS,da,dZ) > O} . (3.98)
0 Jo 0

Since N is a Poisson measure independent of X, the random variable

t 1 o)
/ / / ]l{zSC(XO)}N(dS,dOé,dZ) (3.99)
0 JO 0

follows, conditionally to X, a Poisson distribution of parameter

t 1 00
/ / / ]l{zgc(xo)}dsdadz = tC(XO). (3.100)
0 0 0

Hence
P(Sy >t)=E[P (S >t X,)] = E [e “X] > 0. (3.101)
Finally, we conclude that
P(1ge >1t) > P(Xy = Xo) =P(Th >t) > P(S1>t) >0 (3.102)
which was our aim. 0J

This concludes the section.

3.5 About the uniqueness for (SDE)

In this section, we deal with the uniqueness in law for (SDE), which is equivalent
to the uniqueness for (M P) (see Propositions 3.2.10 and 3.3.3). We are not able to
prove such uniqueness results by ourselves (except in the case where K(z,y) = zy,
see the next section). However, we may prove uniqueness by using the results of the
analysts. In other words, we may prove uniqueness in law for (SDFE) once we know
the uniqueness for the Smoluchowski equation.

We first consider the discrete case.

Proposition 3.5.1 Let Qo € P; satisfy [ 2°Qo(dx) < oco. Assume (Hg) and
consider the corresponding Tj.
Assume that Qo(N*) = 1, and write Qo as Y _;~; apox(dz). Set no(k) = ap/k. As-
sume that the uniqueness of a solution to (SC) with the kernel K and the initial
condition ng holds on [0,To[. Then the uniqueness of a solution Q to (M P), on [0,Ty]

holds. Hence the uniqueness in law holds for (SDE), in the sense that any solution
(X0,X,X,N) to (SDE) with L(Xo) = Qo, satisfies L(X) = Q.

81



Chapitre 3. A pure jump Markov process associated with Smoluchowski’s equation

As we will prove below a similar result in the continuous case, we just sketch the
proof.

Proof Let (X,X,X,N) be any solution to (SDE) corresponding to the initial
condition @)y and to the kernel K. It is clear that for all £ € [0,7,[, £(X;) has its sup-
port in N*, and thus can be written as Y, o, f(k,t)0x(dz). Then, n(k,t) = f(k,t)/k
satisfies (SD), thanks to Proposition 3.2.4 and Remark 3.2.7. Thus £(X;) is com-
pletely determined for each ¢ € [0,75[, since the uniqueness holds for (SD). This is
of course not sufficient, but one can conclude exactly as in the proof of Proposition
3.5.4 below. UJ

The following corollary is immediately deduced from Proposition 3.5.1 and from
Heilmann [33].

Corollary 3.5.2 Assume that Qy € Py and that [ 2*Qo(dx) < oo. Assume
also that Qg is discrete, i.e. that its support is contained in N*. Then, if K(z,y) <

C(14+z+y) for all z, y in N*, uniqueness holds for (M P), and we have uniqueness
in law for (SDE).

In order to use the results of the analysts in the continuous case, we first have to
check that for (Xo,X,X,N) a solution to (SDE), £(X,) is really a modified solution
to (SC): we have to prove that if Qg has a density, then for all ¢ > 0, the law of X,
admits a density.

Proposition 3.5.3 Assume that X > 0 is a random variable of which the law
Qo belongs to Py, and such that E(X?) < oo.
Assume (Hg) and consider the corresponding To. Assume also that Qo is absolutely
continuous w.r.t. the Lebesgue measure on R, and that K(x,y) is (not necessarily
) increasing (for example in x when y is fived).
Consider a solution (Xo,X,X ,N) to (SDE). Then for all t € [0,Ty|, the law of X,
18 also absolutely continuous w.r.t. the Lebesgue measure on R,. Hence the law of
Xy is really a weak solution to (SC), in the sense that if f(x,t) denotes the density
of Xy, then n(x,t) = f(xt)/x is a weak solution to (SC).

Proof Let us denote by fo(z) the density of the law of X,. Let ¢ €]0,7,[ be fixed.
Consider a Lebesgue-null set A. Our aim is to check that
P(X; € A) = 0. First notice that

P(X; e A) = /OOIP’(Xt € A| Xo = z) fo(x)dz
= /OOOIP(Xf € A) fo(z)dz

_ B ( /0 (X fo(x)dx) (3.103)
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where X7 is a solution, on [0,Tp|, of the following standard S.D.E. (here X is known,
is fixed and behaves as a parameter) :

t 1 )
XF=z+ / / / Xs(a)]l{ <K<Xf’;~(s(a))}N(ds,da,dz). (3.104)
o Jo Jo 2T X ()

We will prove that for almost all w, the map x — X (w) can be written as X (w) =
x4 ¢r (), for some increasing function ¢ . This will allow to conclude, thanks to
Lemma 3.7.2 of the appendix, that for almost all w,

/ T L(XT)dr = 0 (3.105)
0
thus that -
/ 1 4(XY) fo(x)dz =0 (3.106)
0

and hence, using (3.103) that P(X; € A) = 0, which was our aim.

It remains to check that for almost all w, X (w) = x+ ¢, (), for some increasing
function ¢, . It of course suffices to prove that for all x > v,
Xf—X/)>xz—y.
Let thus x > y be fixed. Consider the following stopping time:
r=inf{s € [0,To[ | XJ < X?}. (3.107)

Then it is clear that for all ¢ < 7, since K is increasing,

t 1 e’}
/ / / XS, (Oé)]l{ <K(X§”7,)~(S,(a)) }N(dS,dOé,dZ)
o Jo Jo AT X @

t 1 o
2 / / / Xsf (Oé)n{ <K(X3’j(5(a))}N(d5,dOé7dZ) (3108)
0 JO 0 S S O S

Xs—(a)
from which we deduce that for all s < T,
Xf—XV>r—y (3.109)

It remains to prove that 7 = Tj. Let us assume that for some w, 7(w) < Ty. We
deduce from (3.109) that

X - X! >x—uv. (3.110)
Hence, still using the fact that K is increasing, we obtain that, for some random

a, € 10,1], z; € [0,00],

AX?® = XT_(ozTﬂl{ CK(XE_ K (or)
ETTR e

Y % (ar
L KO X (ar)
- X7 (ar)

= AXY. (3.111)

IN

A

B

N

=
—
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We deduce that
X=X +AX >0 —y+ XL +AXY >0 —y+ XV (3.112)

which contradicts the definition of 7. O

Thanks to the previous Proposition, we are able to state the following uniqueness
result :

Proposition 3.5.4 Let Qo € Py satisfy [2*Qo(dr) < oo. Assume (Hg) and
consider the corresponding Ty. Assume also that K is increasing and satisfies the
reqularity condilion : there exists a locally bounded function ¢ on [0,00[* such that
for all x. 'y € R,

K (2y) — K(2' )| < o —2/|¢(z,2")(1+y7). (3.113)

Assume also that Qo admits a density fo(x), and set no(z) = fo(z)/x. Assume that
the uniqueness of a weak solution to (SC) with initial condition ny and kernel K
holds. Then there ezists a unique solution Q) to (M P) with initial condition Qo. Thus
uniqueness in law holds for (SDE), in the sense that any solution (X,,X,X,N) to
(SDE) with L(X,) = Qo satisfies L(X) = Q.

Notice that (3.113) always holds when K (z,y) is of the form A+ B(x+y)+Cxzy,
for some nonnegative constants A,B,C.

Proof Let @ be a solution to (M P). Thanks to Propositions 3.5.3 and 3.3.3, we
know that for all ¢, Qi(dx) = f(t,x)dxz, for some function f: [0,To[xR, — R,.
Hence, Proposition 3.2.4 (2) and Remark 3.2.7 show that f(x,t) = an(z,t), where
n is the unique solution of (SC). Since Qo € P; and [ 2°Qo(dz) < oo, it is easily
deduced that for all T' < Ty,

sup / (x4 2% + 2%) n(z,t)dx
te[0,7] J 0o

= sup [1+ E(Xy) + E(X})] < o0 (3.114)
t€[0,T]

The uniqueness of {Q}.cjo.1[ is proved, but we need more: we want to prove the
uniqueness of Q € P/ ([0,Ty], Ho,).

As @ satisfies (M P) it also satisfies the simple (because linear) martingale problem
(MPS): for all ¢ € C}(R,),

o(20) — O Zo) - / / (6(Zs+ ) — S(Z) K (Zonly,s) dyds  (3.115)

is a Q-martingale, Z standing for the canonical process of D'([0,Ty[, Hg,). We will
prove the uniqueness for (M PS). In this way, we will deduce that @ is entirely
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determined, since any solution to (M P) satisfies also (M PS). This will conclude
the proof.
The uniqueness for (M PS) is equivalent to the uniqueness in law for the following

S.D.E.: . .
Y, = Xo+ / / / y]l{z< K(YS_,y)}/J/<d8,dy,dZ) (3.116)
0 R+ 0 - Y

p(ds,dy,dz) being a Poisson measure on [0,7p[xR* x [0,00[ with intensity measure
ds (yn(y,s)dy) dz. But the strong uniqueness (which implies the uniqueness in law)
holds for this equation, thanks to standard arguments: local Lipschitz continuity
and at most linear growth. Indeed, for all v > 0, all T' < T, we obtain, using (Hp)

and (3.114),
sup / / y]l{ <K<uy}dzyn(y s)dy
sefo,1] JRr,
3.117
(1+u) sup / (y +y°)n(y,s) dy (3.117)
sefo,1] Jr,

the constant A7 depending only on 7. We also have, for all u,u’ in [0,00[, all T' < Ty,
by using (3.113) and (3.114),

Sup/ / 'yﬂ{z<w}—yﬂ{z<m/,y>}’dzyn(y,s)dy
SE[O,T] R+ 0 - Y - Y

< sup / K (uy) — K (') ynly.s) dy
Ry

s€[0,7T

(3.118)
< C(u)|u— | sup / (v + v*)n(y.5)dy

s€[0,7
< ArC(uad)u— |

Using these properties, the strong uniqueness is easily checked for equation (3.116).
This implies the uniqueness for (M PS) and concludes the proof. O

We finally deduce the following corollary from Aldous [1], Principle 1.

Corollary 3.5.5 Assume that Qo belongs to Py and that [ 2?Qo(dz) < oo. As-
sume that K(z,y) < C(1 + z 4 y), that K is increasing, and that the regularity
condition (3.113) holds.

In addition, assume that Qo admits a density fo(z) and that [ %Qo(da:) < 00
Then uniqueness in law holds for (SDE), and so does uniqueness for (M P).

3.6 Study of the exact multiplicative kernel
In this short section, we will make explicit computations for the case K(z,y) =

xy. In this explicit case, we obtain very satisfying results. In particular, we get rid
of the assumption [ 2?Q(dz) < oo. We build directly a solution by using a Picard

85



Chapitre 3. A pure jump Markov process associated with Smoluchowski’s equation

iteration without cutoff. Uniqueness for (SDFE) is proved without using the results
of the analysts. Let us begin with the statement.

Theorem 3.6.1 Assume that K(z,y) = zy. Let Qo belong to Py and Ty =
1/ [ 2Qo(dx). Then the following results hold.

1. For any random wvariable Xo of law Qo, any independent Poisson measure
N(dt,dov,dz) with intensity measure dtdadz, there exists a solution (Xo,X, X ,N)
to (SDE) on [0,T5].

2. The obtained law L(X) = L4(X) is unique, and depends only on Q.

3. Hence existence and uniqueness for (M P) hold.

Proof 1. Let X, and NN be fixed. We consider the following Picard iterations : first,
we consider the process X" = X,. Then we consider any a-process X° such that
L,(X%) = L(X?). Once everything is built up to n, we consider

t 1 oo
X = X+ / / / X (@)L, yp yN(ds,dov.dz) (3.119)
0 JO 0

and we build an a-process X" such that
Lo(X"X0 . X)) = £(X" X0 X"™). (3.120)

One can check that if f,(t) = E(X]) = E,(X}), then fo(t) = a = FE(X,), and for
alln >0,

t
fri1(t) = a—l—/ f2(s)ds (3.121)
0
which easily implies that for all t < Ty = 1/a,
a
w(t) < : 3.122
sup f )< 71— (3.122)
Let now g,(t) = E | sup | X" — X"|| = E, | sup | X" — X"||. A simple com-
s€[0,1] s€[0,1]

putation shows that

t ]
gn(t) < / EEa</ |X;L]1{Z§XQ} —X;‘_1]1{2<X;L71}‘dz>ds
0 0 -

t
< /EEQ<X§ X X +X§—1\Xg—xg-l|)ds
0
< /t 20 g1 (s)d (3.123)
n_1(s)ds. )
- Jo 1—as In-1

D ga(T) < o0 (3.124)
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Hence there exist a process X € LlTO’T( Hg,) and an a-process X such that for all
T < T,

E sup |Xs - Xgl

s€[0,T]

- [,

sup | X, — XS"|] (3.125)

s€[0,T]

goes to 0 when n tends to infinity. One easily concludes that (XO,X,X',N) satisfies
(SDE).

2. The uniqueness is much more difficult to prove. We can follow the proof of
Desvillettes, Graham, Méléard [11] which concerns the Boltzmann equation, and we
only give the main steps of the proof.

Step 1: it is clear that in the existence proof, the obtained law £(X) = £(X)

does not depend on the possible choices for €2, Xy, N and X”(a), but only on the
law of the initial condition £(X,) = Q.

Step 2: let thus ©, X, and N be fixed. Consider two solutions (XO,X,)N(,N)

and (X,,Y,Y,N) of (SDE). We have to prove that £(X) = L(Y). Let us denote
Q=L(X)=Ly(X)and Q' = L(Y) = L,(Y). For T < Tp, we consider the quantity

N

pT<Q,Q’>='an,{Ea(sup \ZS—Z;|> P La(2)=Q, £a<Z’>=@’}. (3.126)

s€[0,T

N

For some £ > 0 fixed, we consider a-processes X< and Y* such that Ea(Xe) = (@,
L,(Y?) =@, and

pr(Q,Q") < E, ( sup |XZ— Yl) +e. (3.127)

s€[0,T7]

Then we build X¢ and Y*, in such a way that (X,,X¢,X¢,N) and (X,,Y¢,Y¢,N) be
solutions to (SDE). This can be done by solving linear S.D.E.s (because X¢ and Y*
are fixed processes). For all T" < Tj, one easily obtains the existence of a constant
Ar, not depending on ¢, such that

E +FE | sup Y7| < Ar. (3.128)

s€[0,7T

sup X:
s€[0,7T

Finally, we obtain, for any ¢t < T < Ty,

t
E( sup [x:-Y7]] < / EE,(X;
s€[0,¢] 0

< A / Ppr(QQ) + e+ E(X: — YE|)ds  (3.129)
0

X;-vs

VX Y] ds
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which yields that for any ¢t < T

s€[0,¢]

E <Sup | X¢E — Y;‘|> < ArT(pr(Q,Q") +g)e ™. (3.130)

The left hand side member is greater than pr(Q,Q"). We thus obtain, making ¢ go
to 0,

pr(Q.Q) < ArTpr(Q.Q)e™”. (3.131)
But X7 is increasing in T. Hence, we can choose 7 small enough, such that A, 7e4™™ <
1 and thus p,(Q,Q") = 0. The Markov property of the Poisson measure allows to

prove that the result remains true on [0,7p[, i.e. that pr(Q,Q’) = 0 for all T < Ty,
0

3.7 Appendix

First, we recall the Aldous criterion for tightness (see Jacod, Shiryaev [35]).

Theorem 3.7.1 Let {X['}icpom be a family of cadlag adapted processes on
(0,75, for some Ty < oco. Denote by Q" € P (D([0,T5[,R)) the law of X™. Assume
that :

1. For all T < Ty,

sup E | sup ]Xt”\] < 00 (3.132)
n t€[0,T]
2. For oll T <Tp, alln >0,
sup  sup P[X5 - X >n —0 (3.133)

n (S,8)eSTr(5)

when & goes to 0, where STr(6) is the set of couples (S,5") of stopping times
satisfying a.s. 0 < S < S < (S+0)AT.

Then the family {Q"} is tight. Furthermore, any limiting point Q of this family is
the law of a quasi-left continuous process, i.e. for all t € [0,To[ fized,

/ ]I{Ax(t);,go}Q(daf) =0. (3.134)
D([O,To[,R)

We now prove an easy absolute continuity result.

Lemma 3.7.2 Let ¢ be an increasing map from Ry into itself. Let A be a
Lebesgue-null subset of Ry. Then

/000 1(z + p(z))dz = 0. (3.135)
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Proof Weset f(z) = z+p(x). Since ¢ is increasing, the Stieljes measure df ~!(z) is
clearly smaller than the Lebesgue measure dr on R, . In particular, df ~*(z) << dx.
Hence,

/Ooo Lu(z+ ¢(z))de = /Adfl(g;) =0 (3.136)

which was our aim. O

We carry on with a generalised Gronwall Lemma (see Beesack [7]).

Lemma 3.7.3 Let a,b > 0. Consider a continuous function g on [0,T], satis-
fying for all t € 0,17,

g(t) <a+ b/ot g*(s)ds. (3.137)

Then, for allt < Ty = 1/ab,
(3.138)

t) < .
g()_l—abt

Proof Let us denote .
Ut)=a+ b/ g*(s)ds.
0

Clearly for all ¢, 2(t) < U(t). Let G(z) = —1. We have:

d
SGU(s) = b
thus:

which yields

This inequality ends the proof. O
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4

Study of a stochastic particle system
assoclated with the Smoluchowski
coagulation equation

Ce chapitre est soumis a Annals of Applied Probability

Abstract

The Smoluchowski coagulation equation models the evolution of the den-
sity n(x,t) of the particles of size x at the instant ¢ > 0 for a system in which a
coalescence phenomenon occurs. Two versions of this equation exist : the sizes
can be discrete (z € N*) or continuous (x € R,).

In Deaconu, Fournier and Tanré [9], we constructed a nonlinear pure jump
Markov process X = (X;,t > 0) which is related to the Smoluchowski equa-
tion in the following way : its marginal flow (£(X:)):>0 satisfies, in a certain
sense, the (discrete or continuous) Smoluchowski equation.

In the present paper, we « linearise » the Markov process X by using a si-
mulable interacting particle system. We obtain thus an approximation scheme
for the law of X, and also for the solution to the Smoluchowski equation : the
empirical probability measure, associated with the particle system converges,
as the size of the system grows to infinity, to the solution of the Smoluchowski
equation. This convergence result is obtained under satisfying assumptions,
and the proof covers both discrete and continuous equations.

Afterwards, for the discrete case and under a quite stringent hypothesis, we
prove a central limit theorem associated with our Monte Carlo method.
Numerical results on this approximation scheme are included at the end of the

paper.

Key words: Smoluchowski’s coagulation equations, interacting stochastic particle
systems, Monte Carlo methods.

MSC 2000: 82C22, 60H30, 60J75, 35M10.
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4.1 Introduction

Smoluchowski’s coagulation equation writes in the discrete case

d 1 k—1 ‘ ‘ ‘ 0
j=1 ]=1 (SD)

n(k,0) = ngo(k)

and describes the time evolution of the average number of particles of mass k € N*,
in a dynamic particle system where coagulation phenomenons occur. K (i,5) denotes
the coagulation rate of clusters of size ¢ and j, we call it coagulation kernel and it is
supposed symmetric and positive. In this model we allow only coagulation by pairs.
If the clusters’ mass take their values in the continuous set R,, we obtain the
continuous version of the Smoluchowski coagulation equation. It writes easily after
replacing sums by integrals in (SD):

Gt =5 | Kl = pntante = pody = nied) [ Koy

n(x,0) = no(x)

for all x € R,.

Smoluchowski’s coagulation equations govern various phenomenons as polymerisa-
tion, aggregation of colloidal particles, formation of stars and planets, behaviour of
fuel mixtures in engines etc.

The first model of stochastic coalescent was introduced by Marcus [47] and Lushni-
kov [46] as a model of gelation. Intuitively, the Smoluchowski’s coagulation equation
is an infinite volume mean field description of coalescence in term of a deterministic
equation.

In order to approach this infinite volume mean field description the natural idea is to
consider the finite volume mean field description corresponding to. Let us describe
it in the discrete situation:

Fix N € N* and consider the state space of the form

E:{Elm,:f: (I17...,l'm);l'7; GN*,ZIEizN

So Z is a possible configuration of the system with clusters of masses xy, ... 2.

We can define a continuous time Markov chain by saying that each })alr of clusters
K(xi,z;

(w;,x;) for j # i coalesces into a cluster of size x; + z; at rate —=—

Let us express this elementary idea by considering the state space:

F ={(ny,na,...,ny)} where n, represents the number of clusters of mass z.
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Obviously, > n, = N.
We can regard a coalescence as a transition of the form, for ¢ < j:

(nl, ce ,nN) E— (nl, e,y — 1,712'_;,_1,

oMoy — LG o oM + L, IN)

at rate &
This process is called the Marcus-Lushnikov process and we denote it by M LW).
We can regard either M L) (i,t) the random number of mass i cluster or MLZ(N)(t)
the mass of the [’th largest cluster in the system.

This process is the natural stochastic analog for the discrete Smoluchowski equation,
when we are interested in finite-sized clusters.

We can generalise the previous construction, by a normalisation technique. See the
survey of Aldous [1] for further details.

In their paper, Lang and Nguyen [42] derived a version of Smoluchowski’s coagula-
tion equation from a system driven by a Brownian motion.

Aldous [1] provides a very interesting and up to date survey on what has been done
and has to be done from a probabilistic point of view for the Smoluchowski’s coa-
gulation equation.

Recently many rigorous results have been obtained for the stochastic approxima-
tion of the coagulation equation. Jeon [36] proved that, for a discrete coagulation-
fragmentation equation, with coagulation kernel K, and under the hypothesis

lim K(.i.7j)
i+j—oo 1]

(i,5)niny
— -

~0 (4.1)

weak limit points of some stochastic particle system exist and they provide a solu-
tion to the equation. This result was extended to the continuous case by Norris [52],
[53].

Guias [32] introduced a fast method of direct simulation for the stochastic process
corresponding to the coagulation-fragmentation dynamics with multiplicative coa-
gulation kernel. Babovsky [3] proposed a Monte Carlo simulation scheme for the
Smoluchowski’s coagulation equation.

In Deaconu, Fournier and Tanré [9], we have introduced a new stochastic approach
to (SD) and (SC). We have built a pure jump Markov process X = (X;,t > 0)
whose law is related to the solution of the Smoluchowski equation in the follo-
wing sense: in the discrete case P (X; = k) = kn(k,t), while in the continuous case
P (X, € dx) = zn(x,t)dz.

For each w, X;(w) has to be understood as the evolution of the size of one particle
in the system (which has of course an infinite number of particles). At the initial
instant ¢ = 0 we choose randomly one particle among all the particles. The sto-
chastic dynamic (close to the deterministic usual dynamic) is described as follow :
we consider first that, the instant of coagulation of particles are Poissonian, with a
jump rate depending on X;(w) and on the coagulation kernel K. At one of these
jump instants 7, we choose randomly another particle in the system, and consider
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its size X,. It is obvious that X, has to be a random variable whose law coincides
with the law of X.. This approach get ride to a nonlinearity. We control the rate
of coagulation between particles of size x and y, by using an acceptance-rejection
procedure involving the coagulation kernel K.

The process X is thus naturally the solution of a nonlinear Poisson driven stochastic
differential equation.

Our aim in this paper is to present and to study an approximation scheme for
the law of X. Due to the nonlinearity of the process X we cannot apply a direct ap-
proximation for it. In order to avoid this difficulty, we introduce a particle system,
which satisfies a « linearised » version of the S.D.E. verified by X. Furthermore,
instead of considering an infinite system of particles, we consider a finite system of
particles.

This particle system is not physically « reasonable », because we will see that when
a coagulation occurs, the total mass of the system grows. It is however naturally
related to the Markov process introduced in |9], which was naturally derived from
the expression of the Smoluchowski equation.

The simulation algorithm we obtain is quite simple : the main difference with other
particle systems is that the number of particle is constant on any time interval, and
also that we are able to treat the continuous situation.

Our approach is closely related to the one introduced recently by Eibeck and Wagner
[14], [15]. Eibeck and Wagner introduced a new class of stochastic algorithms for ap-
proximation of stochastic dynamics, in which the number of particles is also constant
in time. These algorithms are based on the introduction of jumps (expressing the
coagulation phenomenon) and an acceptance-rejection technique for distributions
depending on particle size. In one of their papers, they studied also numerically the
gelation phenomena.

The method used in [9] and also in the present paper are strongly inspired by
probabilistic works on the Boltzmann equation, which deals with the distribution
of the speeds in a gas. An associated Markov process was initially introduced by
Tanaka [62]. Many qualitative results have been derived from this approach. The
use of Tanaka’s representation in order to introduce particle systems can be found
e.g. in Graham, Méléard [30], see also Fournier and Méléard [24] for the physical
3D Boltzmann equation without cutoff, and Méléard [50] for a central limit theorem.

The present paper is structured as follows. In Section 4.2, we recall the main nota-
tions and results obtained in [9]. We introduce the nonlinear stochastic differential
equation, and denote by (X;,t > 0) its solution. (X¢,t > 0) has for law the solution
of the Smoluchowski equation (in some sense to be defined).

Section 4.3 is devoted to "linearise" the nonlinear SDE. After linearisation we ob-
tain a particle system, easily simulable, whose law converges to the solution of the
Smoluchowski’s coagulation equation, as the size of the system goes to infinity. We
obtain these convergence results under natural and satisfying assumptions. Section
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4.4 describes the simulation of the particle system previously introduced. We prove
that this procedure is finite in time.

In Section 4.5, we prove a central limit theorem associated to our Monte Carlo me-
thod. We consider only the discrete case, because the arguments are very technical,
and seem to be much more complicated in the continuous case. We obtain a very
precise result, under the quite stringent assumption that the coagulation kernel K
is bounded.

Section 4.6 gives numerical results. We remark in these simulations that the central
limit theorem seems to apply also in cases of unbounded kernels and continuous
ones.

An appendix lies at the end of the paper.

4.2 Notations and previous results

Let us recall in this section the probabilistic interpretation introduced in [9].
We construct a pure jump stochastic process (X;,t > 0) whose law is the solution
of the Smoluchowski coagulation equation in the following sense: in the discrete
case P (X; =k) = kn(k,t) for all t > 0 and k& € N*, while in the continuous case
P(X; € dx) = an(z,t)dx for all t > 0 and x € R,. For each w, X;(w) can be
regarded as the evolution of the size of one « mean » particle in the system.

The jump process satisfies a nonlinear Poisson driven stochastic differential equation.
The main property which allows us a probabilistic and unified treatment for (SC)
and (SD) is that we have conservation of mass in the system. This means in the
discrete case that a solution (n(k,t),t > 0,k € N*) of (SD) will satisfy until a time
Ty < o0,

for all t € [0Ty[, Y kn(kt)=1. (4.2)

k>1

Similarly, in the continuous case, a solution (n(x,t),t > 0,z € R,) of (SC) will
satisfy until a time Tj) < oo,

for all ¢t € [0,T5], / zn(z,t)de = 1. (4.3)
0

Thus, either in the discrete or continuous case, the quantity

Qu(dx) =) kn(kt)o(dr) or Qydr) =zn(xt)ds (4.4)

k>1

(where d;, denotes the Dirac mass at k) is a probability measure on R, for all
t € [0,T5[, and has to be understood as the repartition of particles mass’ at some
instant ¢. This leads us to define a modified Smoluchowski equation. Let

Py = {Q probability measure on R}, and / xQ(dx) < oo} . (4.5)
R
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For QQy € Py, we denote by

n ot
Hg, = {le, x; € Supp Qo ,n € N*} ) (4.6)

=1

H g, represents the smallest closed subset of R, in which the sizes of the particles
will always take their values.

Definition 4.2.1 Let )y belong to Py and Ty < co. We will say that
(Qi(dx),t € [0,T5]) is a weak solution to (MS) on [0,1,] with initial condition
Qo if : for all t € [0, Tp[, Supp Qr C Hg, and Q; € P1, and for all test function
p € Co(Ry)

| vadin = [ o)

+/0t/R+ /]R+ [p(z +y) — o()] K(j’y)Qs(dy)Qs(dx)d& (4.7)

This definition allows us to treat together both discrete and continuous cases. To
make this assertion clear, let us recall the following result (see [9]):

Proposition 4.2.2 Let (Qi(dx),t € [0,Ty]) be a weak solution to (MS), with
wnitial condition Qo € P1, for some Ty < 00.

1. If Supp Qo C N* then Hg, C N*. Thus for all t € [0,15], Supp Q; C N*, and
we can write Qy as:

Qu(dr) =) " an(t) 6(dz) where ay(t) = Q,({k}). (4.8)

k>1

Then, the function n(k,t) = ay(t)/k is a solution to (SD) on [0,To[, with initial
condition no(k) = a(0)/k.

2. Assume now that for all t € [0,To[, the probability measure Q; is absolutely
continuous with respect to the Lebesgue measure on R,. We can thus write
Qo(dx) = fo(z)dx and for any t €]0,Ty[, Qi(dx) = f(x,t) dx. Then n(x,t) =
f(z,t)/x is a weak solution to (SC) on [0,Ty[, with initial condition ny(z) =
folz)/x.

3. Other cases, as mized cases, are contained in (MS).

Notice that the assumption Qg € P; simply means that the initial condition associa-
ted with the Smoluchowski equation admits a second order moment : in the discrete
case, y_, k*ng(k) < oo, while in the continuous case we write [ z*ng(z)dx < oo.
This hypothesis appears to be classical in the study of the Smoluchowski’s coagula-
tion equation.
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Equation (MS) can be seen as the evolution equation of the time marginals of
a pure jump Markov process. In order to exploit this remark, we associate to (M .S)
a martingale problem.

Notation 4.2.3 Let Ty < oo and Qo € Py be fized. We denote by
DI([0,Ty[, Hg,) the set of positive increasing cadlag functions from [0,Ty[ to Hg,.
We denote by P} ([0,Ty], Hg,) the set of probability measures Q on D'([0,Ty[, He,)
such that
Q ({z € D'([0,T5], Hg,) ; z(0) > 0}) =1 (4.9)

and such that for all t < Ty,
/ z(t)Q(dx) < oo. (4.10)
IGDT([O,TQL HQO)

Definition 4.2.4 Let Ty < oo, and Qo € Py be fized. Consider
Q € P} ([0,Ty], Ho,). Let Z be the canonical process of D' ([0,Ty], Hp,). We say that
Q is a solution to the martingale problem (M P) on [0,Ty] if for all p € CL(R,) and
te [OuTO[ ’

o(2) - o10) - | t [ etz oz 2o Bo e @

15 a Q—martingale, where Qs denotes the law of Zs under Q).

Taking expectations in (4.11), we obtain:

Remark 4.2.5 Let Q) be a solution to the martingale problem (M P) on [0,T}].
For t € [0, Ty, let Q; denote its time marginal. Then (Q¢)icpo [ % @ weak solution
of (MS) with initial condition Q.

We are now seeking for a pathwise representation of the martingale problem (M P).
To this aim, let us introduce some notations. The main ideas of the following nota-
tions and definition are taken from Tanaka [62], who was dealing with the Boltzmann
equation of Maxwell molecules.

Notation 4.2.6 1. We consider two probability spaces: (1, F,P) is an abs-
tract space and ([0,1],B[0,1],da) is an auziliary space (here da denotes the
Lebesgue measure). In order to avoid confusions, the expectation on [0,1] will
be denoted E,, the laws L, the processes will be called a-processes, etc.

2. Let Ty < oo and Qg € Py be fized. An increasing positive cadlag process

(Xi(w),t € [0,Ty]) is said to belong to L1 ( He,) if its law belongs to P[0, Ty, Ho,)-

In the same way, an increasing positive cadlag a-process (X(«a),t € [0,Ty]) is
said to belong to L1™'( Hg,)-a if its a-law belongs to PL([0,To], Ho,)-
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Chapitre 4. Study of a stochastic particle system

Definition 4.2.7 Let Ty < oo and Qo € Py be fizred. We say that (XO,X,X,N)
is a solution to the problem (SDE) on [0,Ty] if :

1. Xy :Q — Ry 1s a random variable whose law is Q.

2. Xi(w) : [0,T[xQ — Ry is a L™ He,)-process

9. X,(a) : [0,Ty[x[0,1] — Ry is a LT*T( Heq,)-a-process.

4. N(w,dt,da,dz) is a Poisson measure on [0,To[x[0,1] x Ry with intensity mea-
sure dt dadz and is independent of X,.

5. X and X have same law on their respective probability spaces :
L(X) = Lo(X) (this equality holds in PL([0,Ty[, Hg,))-

6. Finally, the following S.D.E. is satisfied on [0,Ty] :

t 1 o'}
X, = Xo+ / / / Xs(a)ll{ KXy Ky (@) }N(ds,da,dz). (SDE)
o Jo Jo S Ty

Xvsf(a)

We recall the following result (see [9]):

Proposition 4.2.8 Let (X0, X,X,N) be a solution to (SDE) on [0,Ty[. Then
the law L(X) = Lo(X) satisfies the martingale problem (MP) on [0,Ty[ with initial
condition Qo = L(Xo). Hence (L(X3))iejom| 45 a solution to the modified Smolu-
chowski equation (MS) with initial condition Q.

Let us now write the assumption supposed in [9].

Hypothesis (Hpz): The initial condition @y belongs to P;.
The symmetric kernel K : Ry x R, — R, is locally Lipschitz

continuous on ( Hg,)?, and satisfies, for some constant C' < oo
and g € [0,1]

K(zy) <C(1+z+y+2y°). (4.12)

Notice that (Hp) is less and less stringent as 3 grows: if it is satisfied with 8; > 0,
then it also holds for any 3y > (.

The solutions of (SD) or (SC') have different behaviours according to the value of £3.
In the case § € [0,1/2], the solution is defined on the time interval [0,00[. This is not
the case when 3 > 1/2, since it is known that the solution n(x,t) to the Smoluchowski
equation may « gel » at some time 7 < oo. This time Ty is called the gelification
time, and can be written e.g. as the first instant where >, o, k*n(k,t) = oo (in the
discrete case) or [a?n(z,t)dz = oo (in the continuous case). After the gelification
time, the Smoluchowski equation is no more physical, and we are not treating the
situation t > T here.

In the sequel, we will always assume (Hpg) either with §=1/2 or § = 1.

The following existence result is proved in [9].
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4.3. An associated particle system

Theorem 4.2.9 Let Q € Py satisfy [ 2*Qo(dx) < co. Assume (Hg).

1. If B =1/2 then there eists a solution (Xo,X,X,N) to (SDE) on [0,00|.
2. If B =1 then there exists a solution (Xo,X,X,N) to (SDE) on [0,T5[, where
To =1/C(1 + [ 2Qo(dx)).
Remark that this result also furnishes existence results for (M P) and (MS).

We have also obtained uniqueness results (by making use of those of analysts). Let
us state them here. The hypothesis we take is the sub-additive one.

Corollary 4.2.10 Assume that Qg € Py, Supp Qo C N* and that it has a second
order moment. Then, if K(i,j) < C(1+ i+ j) for all i, j in N*, uniqueness holds
for (MS), (MP) and we have also uniqueness in law for (SDE).

Corollary 4.2.11 Assume that Qo belongs to Py and that [ 2*Qo(dz) < oo.
Assume that K(z,y) < C(1+ x +y), that K is increasing and that the following
reqularity condition holds : there exists a locally bounded function ¢ on [0,00[* such
that for all z.x'y € R,

K (2y) — K('9)] < |2 - 2'C(e.a') (1 +57). (4.13)

In addition, assume that Qo admits a density fo(x) and that [ 27'Qy(dx) < .
Then uniqueness holds for (M.S), (M P), and we have uniqueness in law for (SDE).

4.3 An associated particle system

The aim of this section is to solve numerically Smoluchowski’s coagulation equa-
tion, by building an approximation scheme for £(X) = Ea(f(), where (XO,X,X,N)
is a solution to (SDFE).

Due to the presence of X, the system is nonlinear so we cannot directly simulate X.
The natural way to get rid of this nonlinearity is to construct an interacting particle
system.

For technical (but rather serious) reasons, we restrict our study, for the moment, to
the case of (Hg) with § = 1/2. We explain at the end of this section how to treat
g=1.

Let us define a « linearised » version of the nonlinear stochastic differential equation
(SDE).

Definition 4.3.1 Let K : R, xR, — R, be a symmetric kernel. Let Qo € P
and let n € N* be fized. Consider a family (Xg") n) of i.i.d. Qo-distributed

‘ ie{l,...,
random variables. Consider also a family (NZ(alt,dj,dz))ie{1 ..... ny Of i.i.d. Poisson
measures on [0,00[x{1,... n} x [0,00] with intensity measures
1 n
ds= Y bi(dj)dz. (4.14)
n
k=1
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Chapitre 4. Study of a stochastic particle system

A process X" = (X' ... X™") with values in [D'([0,00[, Hg,)]" is said to solve
(PS),, if for alli € {1,...,n} and all t € [0,00]

X=X+ /// X Xz_n,Xjn)}N"(ds,dj,dz). (PS),

xJm

For X™ a solution to (PS),, we will denote by

1 n
=- Z_} O xim (4.15)

the associated empirical measure.
p" is a random probability measure on D'([0,00[, Hg,).

Let us first prove that (PS), is well-defined.

Proposition 4.3.2 Let )y € P1. Assume (Hg) with § = 1/2 and let n € N*
be fized. Then there exists an unique solution X™ = (X*" ... X"™") to (PS),. This
solution satisfies, for all t € [0,00]

sup X“"
s€[0,t]

sup B

i

= E[X"] < o0 (4.16)

Proof The proofis obvious, and thus will just be sketched. For ¢ > 0, we consider
the following system of S.D.E.s: for all i € {1,...,n} and all ¢ € [0,00]

s— £ s—
J,n,E
Xs—

ina in‘f‘/ // )(Jn8 (ina 1X7ns 1)}N1(d8,d]7d2’) (417)

Thanks to (Hg) with 8 = 1/2, we deduce that in this equation, the integral on
[0,00[ may be replaced by an integral on [0,C'(1+3/¢)/min { X", ..., X;"}]. Hence,
conditionally to the o-field generated by the initial system, the Poisson measures
N? can be considered as i.i.d. Poisson measures, whose intensities measures are
integrable on every compact time interval. S.D.E.s driven by such Poisson measures
are easily solved, and the strong existence and uniqueness of (4.17) is deduced.
Furthermore, (Hg) with 5 = 1/2 allows to prove that

sup sup FE |sup |X'™°|| =supFE [le] < 00. (4.18)
>0 ie{1,...,n} s€[0,t] e>0
Hence, if we consider the stopping times
=inf {¢t>0; max{X;"™, ... . X"} > 1/e} (4.19)
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4.3. An associated particle system

it can be easily seen that 7. increases a.s. to infinity when e decreases to 0. From
the uniqueness for (4.17), we deduce that for all e < &', for all ¢ € {1,...,n} and all
t < Te,

X = X (4.20)

The existence is now easy : for all ¢ and all w, there exists € such that 7.(w) > t. We
set X" = X;™* for all i. This definition is correct thanks to (4.20).

The uniqueness is also clear, because one can check that any solution Y™ to (PS),
will satisfy Y,"" = X;™* on the set t < 7..

Finally, (4.16) also follows easily. O

We will see in the next section that this particle system is exactly simulable on [0,77],
for any T' < oo fixed.
Our aim is now to prove the following result.

Theorem 4.3.3 Let QQy € Py. Assume (Hg) with 3 = 1/2, and suppose that
[ 2*Qo(dx) < co. Consider, for each n, the solution X™ to (PS),, and its associated
empirical measure .

1. The sequence (L(u™))n>1 is tight in P (P (D'([0,00[, Hg,))) (the set
P (D'([0,00[, Hg,)) being endowed with the weak convergence topology asso-
ciated with the Skorokhod topology on D'([0,00[, Hg,))-

2. Any limiting point ™ of (L(u"))n>1 satisfies

Supp 7 C {solutions to (MP)} . (4.21)

This implies that there exists a subsequence ™ which converges in law, for the

weak topology of P (]DT([O,oo[, HQO)) (associated with the Skorokhod topology
on D([0,00[, Hg,)), to some random probability measure u, and that u is a.s.
a solution to (M P).

Let us comment this result.

Remark 4.3.4 1. If uniqueness holds for (M P), see e.g. Corollaries 4.2.10
and 4.2.11, then we deduce from Theorem 4.53.3 that pu" goes in law to the
unique solution Q) of (M P). Since Q) is deterministic, we finally conclude that
w" goes to Q in probability.

2. In the discrete case, one are able to obtain approrimations of the solution
n(k,t), for any k and t, by using

1, 1 &
T (k) = > Wy (4.22)
=1
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Chapitre 4. Study of a stochastic particle system

3. In the continuous case, we cannot approzimate directly the solution n(z,t) of
(SC), fort and z fized, but we are able to obtain approximations of

ng(:L’)n(Lt) dx by using

el fz) = - 30 P, (1.23)

i=1

In [14], Eibeck and Wagner have introduced a similar interacting particle system.
There are however important differences here: first, Eibeck and Wagner were trun-
cating the kernel K, by replacing K (z,y) by K (x,y) Ab,, for some b,, going to infinity
as the size of the system tends to infinity. We will see that this cutoff procedure is
not useful here, since the particle system we introduce is well defined and directly
simulable.

Secondly, they proved their convergence result under the assumptions that K (z,y) <
h(z)h(y) for some positive function satisfying that h(z)/z is non-increasing, and that

lm @Y
a+y—oo h(x)h(y)

It seems that the standard additive kernel K(z,y) = x + y does not satisfy these

assumptions.

Finally (this is of course much less important), we do not have to assume, in the

continuous case, that [ 27 'Qo(dz) < oo, but only that Qy(]0,00[) = 1.

Proof of Theorem 4.3.3. Notice that for evident reasons of symmetry, £(X*") is
independent of ¢ € {1,...,n}, L(X*" X7") is independent of

{(i,7) € {1,....n}?*; i # j}, ete.

We break the proof in several steps. The tightness is proved in Steps 1 and 2, and
an uniform integrability result is checked in Step 3. Point 2 of the theorem is proved
in Steps 4 to 7.

Step 1: We first prove that for all T' < oo, sup,, h,(T) < oo, where

ho(T) = E[X;"] = sup E

1€{1,...,n}

sup X;”] : (4.24)

s€[0,T]
Let us compute, using (PS),, (4.14) and (Hg) with § = 1/2.
t 1 n )
ha(t) = B(X™) + / =3 B (K (X".XI™M)ds (4.25)
o N~
J=1
t 1 n ) -
E(Xy™) +C / ->ME (1 + X"+ X+ \/Xsl’"Xﬁ’") ds.
o N5
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4.3. An associated particle system

Cauchy-Schwarz inequality yields F ( X" XD ”) \/E X" E(XI") = B (XM,
Hence, setting ag = F(X,™), we obtain

ho(t) < ag+C /t [1+ 3hn(s)]ds (4.26)

which suffices to conclude, by using the usual Gronwall Lemma. We get so

supE[X ]<oo

Step 2: It is known (see Méléard [49], Lemma 4.5), that the tightness of u" is
equivalent to that of X" We can thus apply the Aldous criterion (see Theorem
4.7.1 of the appendix). Thanks to Step 1, we only have to prove that if S and S” are
two stopping times such that a.s., 0 < S < 5" < (S+4§) AT, for some T' < oo and
0 > 0, then

E[|Xg" - Xg"|] <Cré (4.27)
the constant Cr not depending on n, S, S’, nor J. But, using (4.14), (PS), and

(H,) with 3= 1/2.
pliir -3 - 13e | [k (et

1 & , ,
~> 6 sup E {c (1 + X X9 4/ Xsl’"Xﬁ’”)]
n

=1 S€ (0,7

IN

<5C(1+3B(XM)

<dCr (4.28)
where the last inequality is deduced from Step 1. We conclude thus with the tight-

ness of (U™)p>1-

Step 3: We will also need a condition of uniform integrability. We deduce it from
the following claim: for all T < oo, sup,, fn(T') < oo, where

f(T)=F [(X%’")Q] = sup FE | sup (X;”)zl : (4.29)
te{l,...,n} s€[0,T]
Let us prove (4.29). We have
() = (") + Y {exiraxte 4 (axtn)’ (4.30)

s<t

t o)
= (x4 / / / XX 4 (x20)’]
o JjJo

]]_{ K(X;_n X] n)}Nl(dS,dj,dZ>.
<=5/

x7n



Chapitre 4. Study of a stochastic particle system

Setting by = E [(Xé’”f} using (Hg) with 8 = 1/2 and the Hdlder inequality, we
obtain

1 < ! .
W) < b= > | B[ (2XM X
f()_o+n;/0 (21" + x37)

(1 + XL XTI \/X;v”ng”) | as

bo + % jzl O/o {3E(X}") 4+ 9fu(s)} ds

IA

t
< by + C/ {3E(X}") 4+ 9fa(s)} ds (4.31)
0
which allows to conclude thanks to Step 1 and the usual Gronwall Lemma.

Step 4: Let us consider a convergent subsequence of ", that we still denote by u”,
whose limit is p, a probability measure on D'([0,00[, Hg, )

We want to prove that p satisfies a.s. the martingale problem (M P). To this aim,
we consider ¢ € CH(R,), g1,-.-,9x € Co(Ry) and 0 < 57 < -+ < s, < s < t < To.
Let F be the map from D'([0,00[, Hg,) x D'([0,00[, Hg,) into R defined by

F(zy) = gi((s1)) x - x gi((si))x
(4.32)
{ota(t) = otao) - [ 160t + ytu) = oatu SN g}

We have to prove that a.s.,
(u® p,F)=0. (4.33)

If this equality is proved for all F' satisfying the previous condition, we can deduce
easily that a.s., p solves the martingale problem (M P).

In Step 5, we will prove that
E[{(p" @ u"F*)] — 0. (4.34)

n—oo

Steps 6 and 7 will conclude the proof since we obtain that
Bl © i )] — E[(ne mF)]. (435)
Step 5: Let us prove (4.34). We set v, = (u" @ p",F?). Then

o = [% > (X gl X { o) — o(xi) (4.36)

ij=1

K (X} X0 d“}r

- [ foxin X o) S
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4.3. An associated particle system

which can be rewritten as

- [ 291 (X (e { e (X — o(X0) (4:37)

1 ' i\n j,n in K (X;’H,Xﬁ’n) 2
-2 Z [ loti = xm) = o) FEEE )

Now we set, for 7 fixed,

M™(¢) = ¢(Xi") = o(Xg") (4.38)
> [ lotir = xm) = o) A g

Applying the Tt formula to compute ¢(X;™), we see that

M"(g) = /0 t / /0 T (B0 + xdm) — p(xim] (4.39)

]l{ K(X;nXlJLn)}]\ﬂJ(dS?dj?d’Z)

where N'(ds,dj,dz) = N'(ds,dj,dz) — ds: >, 05(dj)dz is the compensated Poisson
measure associated with N. It is easily seen, using Step 3, that M®"(¢) is an L*-
martingale, for each 7. Hence

Elon) = { Zgl (207) % x ge(X0) [My™ (9) — Mﬁ’"(cb)}}

Z [ (XE0) % +- % (X [ME™ () — Min(g)] }2]

[Z S (XE) x - X g(XEm) [ME7 () — M)

i=1 j#i

Xgr(X3") x o ge(X2) [MF"(0) = ME"(0)] |
— alta? (4.40)
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Chapitre 4. Study of a stochastic particle system

with obvious notations for !, and o2. But, using (4.39) and (Hz) with 8 = 1/2, we
see that for some constant A,

1
o < sl ol B [{27(0) = M 7(0))]

A /t 1 « /°° ) o
S - - ||¢/||OOE X,'Zjn ]1 1,n j,mn dzdu
n ), n 2; ] (X3 {ng(X?(if“ )}
< —/ ZE (XK (X5 X9 du
A
< — |1+ sup £ [(th’")?
n te[0,T]
A
< = 4.41
< 2 (4.41)
thanks to Step 2. Thus « goes to 0 as n goes to co. On the other hand,
n(n—1
03 = "D B (g (X8 x x (K (X2 X x (X2

x [ME"(8) — MP"(6)] [ME"(6) — M2"(9)] )

= D (g2 % x ge(X) X ga (X2 < x gu X2
<B{[ME(6) - MP @] M) - MO)| DY), (4

where F' is the o-field generated by the initial particles Xé’”, and by the Poisson
measures N until s.

To conclude, we will prove that (M'"(¢)M?*"(¢)) is a martingale for the filtra-
tion F". Applying It6 formula and using that M""(¢) and M?"(¢) are pure jump

martingales (their continuous part is 0), we obtain
1 2 t 1 t )
MM = [ M@0 + [ M @M (o)
0 0

+>AMIM(G)AME (). (4.43)

s<t

Since the Poisson measures N' and N? are independent, we deduce that M"(¢)
and M?"(¢$) do never jump at same time a.s.. Hence, a.s.,

sup [AMY" ($)AM2"(6)] = 0. (4.44)

seR4
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We deduce that M1 (¢)M*"(¢) is a martingale. Thus o vanishes identically, which
concludes the proof of Step 5.

Step 6: We now prove (4.35). One can verify that the map from P} ([0,00[, Hg,)
into R, defined by

Q — (Q®Q.F) (4.45)

is continuous for any ) € £, where £ is defined as the set of all probability measures
Q in P/ ([0,00[, Hp,) satisfying

Q{xm)>0,Ax@ﬂzz-~::Ax@Q::Axw):nﬁx@):o}::L (4.46)

It will be shown in the next step that the limiting point x belongs a.s. to £. It is
thus clear that for any C' < oo, when n tends to infinity,

Ef{p" @ pu",FANCV (=) — El{p©unFACV(=C))]]. (4.47)
It only remains to check that

sup E [(p" @ p",|F|Ljpsc)] — 0. (4.48)

C'—o00

Using (Hp) with § = 1/2, we obtain for some constants A and B, that for all z and
yin DT([O,OO[, HQO);

[F(z,y)|

IN

A [2r\¢||oo el | K<m<u>,y<u>>du]
< A+B(ﬂw+mo+\hum@). (4.49)

Thus, by setting
Zg = (0" @ " | FLpzc) (4.50)
we obtain

n

1 ) . ; ,
= {A + B <X§’” + XP" + \/XZ’"X,{’")]

ij=1

><11{A+B(XZ‘"+X5’"+\/W20}' (4.51)

One easily concludes that (4.48) holds, thanks to the uniform integrability obtained
in Step 3.

Zn <

Step 7: We finally prove that p belongs a.s. to the set £ defined in Step 6. First,
it is clear that a.s.,

/ 1{z(0)=oppt(dx) = 0 (4.52)
zeDT ([0,00], Hg,)
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because the initial condition )y of our particle system belongs to P;. In order to
prove that p belongs to £ a.s., it thus suffices to show that for any ¢, €]0,00[ fixed

/ H{A:p(to);éo}/L(dx) =0 (4.53)
zeDT([0,00], Hg,)
a.s., or equivalently that a.s.,
/ {|Az(to)| A 1} p(dz) = 0. (4.54)
zeDT([0,00[, Hg,)

One easily checks that (4.54) holds as soon as

E / sup  {|Aw(s)| A1} pldz)| — 0. (455)

xeDT([0,00[, Hg,) s€[to—rto+r] r—0

But, for any r > 0 fixed, the mapping from D'([0,00[, Hg,) into R, defined by
r—  sup {|Az(s)| A1} (4.56)

s€lto—r,to+r]

is known to be continuous and bounded, which implies, since u" tends to p in law,
that (4.55) holds as soon as

sup E / sup  {|Axz(s)| A1} p"(dz)| — 0. (4.57)
n 2€D([0,00[, Hg,) sElto—r,to+7] r—0
But
w = E|f sup{]A(s)| A 1w<dm>]
zeDT([0,00[, Hg,) s€[to—rto+T]

= %ZE sup {|AX;""|/\1}]
i=1

s€to—r,to+r]

= F sup {|AX51’"|/\1}]

s€lto—r,to+r]

< E[Xgh - X" (4.58)

to—r

the last inequality coming from the fact that X" is an increasing process.
Using the definition of X" using (Hg) with 8 = 1/2 and Step 1, we deduce that
forall r < 1,

_ /to-l-rliE[K(Xlann)]d
Tn = ; s ¥ts S

0o—r n j=1

< 2rC(1+3B(X.1))

Ar (4.59)

IN
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4.3. An associated particle system

the constant A depending only on ty. Finally, (4.57) is verified. This concludes the
proof of Step 7 and ends the proof of Theorem 4.3.3. ([l

We now prove the following corollary, which is not far obvious, since the projections
x +— z(t) are not continuous on D'([0,00[, Hg,). We cannot a priori conclude, only
by Theorem 4.3.3, that for each ¢ fixed, uj' tends to Q.

Corollary 4.3.5 Let Qg € Py1. Assume (Hg) with 8 = 1/2, and suppose that
[ 2?Qo(dx) < oo. Assume also that uniqueness holds for (MP) (see e.g. Corolla-
ries 4.2.10 and 4.2.11). We thus know from Remark 4.3.4 (2) that the empirical
measure " goes to the unique solution @ of (M P) in probability. Then the P(R,)-

valued process (Uf)i>0 = (% Yoy 6X;:,n>t>0 converges in probability to (Qt)i>0 in

D([0,00[,P(R,)) (endowed with the topology of the uniform convergence on every
compact associated with the weak topology of P(R,)).

To prove this result, we will use Lemma 4.7.2 of the Appendix, which is due to
Meéléard, [49].

Proof of Corollary 4.3.5 Thanks to Lemma 4.7.2, we just have to prove that
for @ the unique solution to (M P) and any T < oo

sup / sup  (|Az(s)| A1) Q(dx) — 0. (4.60)
1el0,7) Joe 1 (0.7], Hay) sElt—rt+1] 0

To this end, we use the fact that @ is the law of X, (X07X,)~(,N) being a solution
to (SDE). We thus have to show that

sup E sup  (JAXs| A1) ] — 0. (4.61)
t€[0,T] s€ft—r,t+r] r—0
Since X is a.s. increasing, we obtain, by using (Hg) with § = 1/2,

supE< p <1AXSM1>> < sup B(Xeor — Xi)
s€|

te[0,T] t—r,t+r] te[0,T]

t+r
< sup / EE, [K(XS,XS)} ds
t

te[0,7)

'

< 2rxC sup E(1+3X,) (4.62)
S€[0,T+7]

which clearly goes to 0 as r goes to 0, thanks to the fact that for all T' < oo,

sup F (Xs) < 0. (4.63)
s€[0,7T

The corollary is now proved. 0
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Chapitre 4. Study of a stochastic particle system

In order to conclude this section, we present the approximation scheme for the
solution of the Smoluchowski equation in the case of (Hgz) with 5 = 1, by using the
previous results.

As a matter of fact, we are not able (and this might be false) to prove that the
particle system is well-defined when 3 > 1/2; nor that it is simulable. That’s why
we are led to introduce a double approximation.

Remark 4.3.6 Assume (Hg) with 8 = 1, that Qo € P1 and [ 2°Qo(dz) < oo.
Consider a kernel with cutoff K*(x,y) = K(x AL yAL). Then K* satisfies (Hg) with
B =1/2, and we may define the associated particle system : we obtain an empirical
measure p=". We know from Theorem 4.3.3 that the sequence L(u=™) is tight, and
that any limiting point p satisfies a.s. the martingale problem with cutoff (M P)e,
obtained for (M P) by replacing K with K°.

On the other hand, the following result holds, and can be proved by following line
by line the proofs of Lemmas 3.6, 3.7 and 3.8 of [9]: the sequence Q° is tight in
P(D([0,Ty[, Hg,)), and any limiting point Q is a solution to (MP).

Hence, if € is small enough, and n large enough, u=" « approrimates » a solution Q)
to (MP).

4.4 The simulation algorithm

The aim of this section is to show how to simulate (on [0,7], for T' < 00) the
particle system described in Definition 4.3.1. We assume (Hz) with § = 1/2.
Let X" = (X" ..., X™") be the unique solution to (PS), associated with the Pois-

~~~~~ e{1,...,

Then X" belongs a.s. to [D'([0,00[, Hg,)]".
The first thing to do is to write a n-dimensional equation satisfied by this system. The
fundamental idea is that instead of simulating n Poisson measures and reorder the
jump instants, it is more convenient to construct one global Poisson measure. To this

aim, we introduce the random measure N on [0,00[x{1,...,n} x {1,...,n} x [0,00]
defined by :
N (ds.di,dj.dz) = 6,(di)N*(ds,dj.dz). (4.64)
k=1

Since the Poisson measures N* are i.i.d., it is not hard to prove that A is a Poisson
measure whose intensity measure is

ds (zn: 5k(d¢)> (% zn: 5l(dj)> dz. (4.65)
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The particle system can be seen as the solution of the following n-dimensional S.D.E.

= X+ / / / / (X7 ;) .€l { K(<Xn<7ei> <X>n 7ej>)}/\/'(ds,di,dj,dz) (4.66)

n .
X.sf J

where ¢; = (0,...,0,1,0,...,0), 1 being at the i-th place. < .,. > denotes the scalar
product of R” and X" = (X" ... X™") is a random vector.

The numerical algorithm for X for ¢ € [0,T7] is the following:
Step 0: At the beginning, we simulate X", ..., X{"" i.i.d., according to Q.

Step 1: Compute
K (X" X"
my = sup M. (4.67)
A X]ﬂl
2¥) 0

Further, simulate a random variable S;, following an exponential distribution with
parameter nmy, and set 177 = S7. T} is the first instant when a coagulation may
occur. State for all k € {1,... n} and all t € [0,T1]

X=X, (4.68)
At Ty choose uniformly a couple (iy,71) in {1,...,n}?> (one may have i; = j;).
Simulate a random variable Z;, according to the uniform distribution over [0,m.].
Compare Z; with K (X" X{"") /X30".
IfzZ, <K (Xél’",Xgl’") /X0 then "accept" the jump and set

1,m i1,n Ji,m
X = X4 X7

Xpt o= X" for all k # . (4.69)
Otherwise "reject" the jump and set
Xpt = Xy forall ke {1,...n}. (4.70)

Step p: More generally, suppose that all is constructed up to 7,_;. At step p
compute
K (xpr X))

p 1

m, = sup (4.71)

s Jn
2¥) XTp,l

Simulate a random variable S, following an exponential distribution with parameter
nm, and set T, = T,_; + S,. Until T, nothing happens and for all £ € {1,...,n}
and all t € [T,_ 1,T [ put

X" = Xp" (4.72)
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At T, we choose, uniformly, a couple (i,,j,) in {1,...,n}* and simulate a random
variable Z,, according to the uniform distribution over [0,m,)].

If Z, <K <X¥;}’717X%Zi> /X%’;’_”l, then"accept" the jump and set
ipn ip,n Jpn
Xpt o= Xpt o Xpn

X" o= Xp" forall k# i, (4.73)
Else "reject" the jump and set
Xyt = Xp" forall ke {l,...n}. (4.74)
The algorithm stops when 7, > T', in which case we just set, for all ¢t € [T),_;,T7,
X o= Xp" forall ke {1,...n}. (4.75)

Let us remark that the jumps in the system correspond to the coagulation of par-
ticles. Also once we choose a couple (4,,7,) the components do not play a symmetrical
role. Indeed, if coalescence occurs we replace the ¢,th particle with the cluster obtai-
ned by coalescing the i,th particle with the j,th particle and keeping the j, particle
unchanged. The number of particles is constant in time.

Proposition 4.4.1 LetT" > 0 be fized. Then there exists a.s. p such that T, > T.
The particle system s thus simulable.

Proof Letn € N* and T € [0,00[ be fixed. Consider the random variables
LM = X" 4 X" (4.76)
which is finite a.s. thanks to Proposition 4.3.2, and
Lmin — inf X" (4.77)

which is strictly positive a.s., since Qg € P;. For k > 0, we denote by p; the number
of fictive collisions between the (k — 1)-th and k-th effective collisions. This can
be written rigorously by induction. We also denote by S, ..., Sk,...the instants
of effective collisions: S = T}, 41, ..., Sk = T(u41)++(up+1),- - - Then there were v
effective collisions between 0 and 7', where v = "2, Tyg,<7y.

The random variable v is smaller than L™ /™", Indeed, at every real collision,
the minimum mass added to the system is L™™", and hence the maximum possible
number of effective collisions is clearly smaller than the total mass of the system at
the instant T divided by its minimum mass L™,

Hence v is a.s. finite.

On the other hand, for each k, the random variable u; follows a Poisson distribu-
tion (with finite and explicitly computable parameter) conditionally to the o-field
generated by the whole system up to Si_;. It is thus clear that for each k, uy is a.s.
finite. Hence, the total number of (effective or fictive) collisions on [0,7], given by
v+ py+ -+ py, is a.s. finite. This concludes the proof. U
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4.5 A central limit theorem in the discrete case

Our aim in this section is to prove a central limit type theorem, i.e. to show that
the rate of convergence associated with our simulation algorithm is of order 1/4/n.
Let us mention the works of Ferland, Fernique and Giroux [19] and Méléard [50] for
similar results concerning the Boltzmann equation and its particles approximating
system.

We consider only the discrete case for simplicity, but it seems reasonable that a si-
milar result may hold in the continuous case. However, the technical arguments are
clearly much more easy in the discrete case. We will assume the strong hypothesis:

Assumption (A): The initial condition @y has its support in N* and
admits a second order moment. The positive symmetric coagulation ker-
nel K is bounded.

This assumption is clearly not satisfying: K is in general unbounded. However, we
are not able to get rid of this stringent hypothesis.

Under (A), one knows (see Corollary 4.2.10) that uniqueness of a solution @ holds
for (M P), and that its marginal flow (Q,¢ > 0) is the unique solution to (M.S).

We use here the notations of Definition 4.3.1. Consider, for each n, a solution
X" = (X', X" to (PS),, lying a.s. in (D'([0,00[,N*))", associated with
the Poisson random measures {N'(ds,dj,dz)}ieq1,.. .y and with the initial particles

i,n n 1 - n : . *
(Xy )ie{l,...,n}' Denote by u" = - Z dxin. p" takes its values in P (D'([0,00[,N*)).
i=1

1 . 3 3 n n
For each t € [0,00[, denote by puj! = - Z(SXZ’"’ the time marginal of p™. u? takes
i=1

its values in P (N*).

We know (see Remark 4.3.4) that the empirical measures ™ converge in law to Q.
P(DT([0,00[,N*)) is endowed with the weak topology associated with the Skorohod
topology on D' ([0,00[,N*). We also know from Corollary 4.3.5 that the P(N*)-valued
process (uj',t > 0) goes in probability to (Q;,t > 0) in D([0,00[,P(N*)) endowed
with the topology of the uniform convergence on every compact subset (of [0,00][)
for the weak topology of P(N*).

Let us now consider the fluctuation process:

" =vn(p" - Q) (4.78)

which, for each n, can be seen as a stochastic process with values in the set M(N*)
of signed measures on N*. The aim is to prove that n" converges weakly to a Gaus-
sian process 7, as n goes to infinity. In order to obtain this convergence, we have to
introduce a « better » space than M (N*).
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Remark 4.5.1 Let I? = {(ug)i0,ux € R, >, ui < oc}. [? endowed with the

norm :
allp = > u? (4.79)
k>1

is an Hilbert space. Notice that any bounded (signed) measure v = (v(k))g>1 can be
seen as an element of I*. Remark also that 1 is not Polish when endowed with the

weak topology.
Finally notice that for each n, each t, n* belongs a.s. to I?, and that, since u and
Q: are probability measures,

7[> < V2n. (4.80)

We need to introduce some random objects in order to formulate properly the main
result. These objects will serve to define the limit law of n™.

Definition 4.5.2 Assume (A) and let (Qi,t > 0) be the unique solution of
(MS). Let ng = (no(k))r>o be an [>-valued random wvariable, and consider an [*-
valued stochastic process, W = (Ws(k), k € N*,s > 0). We say that (no,W) is of law
(GP) if:

1. The random infinite vector (no(1), ..., no(k),...) is a centered Gaussian vector

of covartance : for all k, | in N*,

EmBm) = { Yo (4.81)

2. The real-valued stochastic « process » (Wi(k),t > 0,k > 1) is a centered Gaus-
stan process with covariance :

i>1 j>1
K (i,j)
J

(Lgirjmry — Lpimry) (Lgirj=y — Lyi=y) du.

3. The random objects ny and W are independent.

The standard theory of Gaussian processes insures that the law (GP) is unique and
completely defined.

Let us carry on with the definition of a limit S.D.E.

Proposition 4.5.3 Assume (A). Let (ng,W) be a process of law (GP). Then uni-
queness of a strongly continuous [*-valued process n satisfying the following S.D.E.

() = mol) + Wil.) / S5 LO) [DQ.() + Qulim (D] ds  (4.83)

i>1 j>1
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holds. L(k) being, for each k € N*, a map on N* x N* defined by

]1 1+7= - ]]- 1= ..
L(k)(i,5) = —H=H — 2028 i ), (4.84)

J

In particular, the law of the process n is unique.
Let us now state the main result.

Theorem 4.5.4 Assume (A). Then for each n, the process 0™ is a.s. strongly
cadlag from [0,00[ into I2.
Furthermore, 0" converges weakly to the solution n of (4.83) as n goes to infinity.
By « n™ converges weakly to n », we mean the convergence of law of 0™ to that of
n in the weak topology of P(D([0,00[,l?)), the space D([0,00[,[%) being endowed here
with the Skorohod topology associated with the weak topology of 2.

Let us now sketch briefly the main ideas of the proof. First, we will give an useful
characterisation of the law (GP). After a technical lemma we will be able to prove
the uniqueness result stated in Proposition 4.5.3.

As usual we split the process " into satisfying terms, study the tightness and weak
convergence of these terms. This technique allows to conclude the proof of Theorem
4.5.4.

We begin with a characterisation of the law (GP).

Proposition 4.5.5 Assume (A) and let (Q,t > 0) be the unique solution of
(MS). Let ng = (no(k))i>o0 be an I>-valued random variable, and let
W = (Wy(k),k > 1,5 > 0) be an I>-valued stochastic process. Then (ng,W) has the
law (GP) as soon as the following condition are satisfied.

1. For each ko > 1, the random vector (no(1),...,mo(ko)) is a centered Gaussian
vector of covariance: for all k, | in N*,

E(no(k)no(1)) :{ ?gf()k;ch?z()k) i Z;; (4.85)

2. The process W is strongly continuous from [0,00[ into 2. For all ky € N*, the
real-valued process W (ko) is an (Fz,+ > 0)-martingale starting from 0, where
for each t > 0,

Fi=0c{no(k); ke N} vao{Wk); 0<s<t keN}. (4.86)
For all ky, ko in N*, W(ky) and W (ky) have the following (deterministic)
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Doob-Meyer bracket

W (). W / NIDIRGIEN, (4.87)

i>1 j>1

KGij)

(Lgorjmmy = Lgimray) (Lgirgmtar — Limra})

Proof We consider a couple (1n,W) satistying the conditions in the proposition,
and prove that its law is (GP).

We first prove that for each ki, ..., k; in N*, and each oy, ..., a; in R, the Rl-valued
process Z = (ayW(ky),...,cqW (k;)) has (F;,t > 0)-independent increments and
is Gaussian. This is immediate, by using the usual theory of martingales: Z is a
continuous (F;,t > 0)-martingale starting from 0 and of which all the Doob-Meyer
brackets are deterministic, hence it is a centered Gaussian process with (F;, ¢ > 0)-
independent increments. Let us now verify these results.

Let us first check that the real valued « process » (Wy(k),t > 0,k > 1) is Gaussian.
Let ki, ..., kin N, a1, ..., oy in R, and 0 < t; < ty < ... < t; be fixed. Then
the random variable V' = a; Wy, (k1) + - -+ + oWy, (k) is Gaussian, since it can be
written as the sum of [ independent Gaussian random variables :

Vo= agWy (k1) + -+ oWy, (k)
+ag (Wi, (k) — Wi, (ko)) + - 4 oo (Wh, (ky) — Wi, (K1)
+ ...

+a; (W, (k) — Wy, () (4.88)

It remains to prove (4.82). Let 0 < s < t and k, [ in N* be fixed. Since the R2-valued
process (W (k),W (1)) has independent increments and is centered, we deduce that

EWi(k)W.()] = E[Ws(k)W()] = E[(W(k),W(1)),]. (4.89)

(4.87) allows to conclude.

We finally notice that W and 7y are obviously independent, since W has (F;, ¢t > 0)-
independent increments, starts from 0, and since for each ¢, F; contains the o-field
generated by 7. O

We now state a technical lemma. The hypothesis K bounded appears to be use-
ful in this statement only.

Lemma 4.5.6 Assume (A). There exists a constant A such that for every couple
of probability measures q, j in P(N*) and all o € I?, we have

> D LN 1)q(7) + p(i)a(s)]

i>1 j7>1

< Aflal]p (4.90)

l2
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and

< Allallzllg = plle - (4.91)

> D LOa(i) [al) — ()]

i>1 j>1

12
Proof Let us first check (4.90). First notice that

2

ZZL Dai) + uDa()|| <26 + 21, (4.92)
where )
Z{ZZ Wgigj= k}—]l{z k}K< Fali)q( >} (4.93)
k>1 Li>1 j>1
and

k>1 i>1 j>1

Thanks to the Cauchy-Schwarz inequality applied to the probability measure ¢,

L < ZZq(j){Z ﬂ{”j’“}]__ ﬂ“’“}K(z‘,j)a(z’)}

k>1 §>1 i>1

= S I K= gtk - e — Kb}

k>1 j>1

< AY ()Y [0 (k= ) Lusg + o (k)]

i>1 E>1
< Allall; (4.95)

since K is bounded and since ¢ is a probability measure. On the other hand, using
twice the Cauchy-Schwarz inequality, one obtains

I < ZZm){Zﬂ“*j’”j O Ko <a>}

k>1 i>1 j>1
< A . 9, . Wi jmpy + Mgy .
SO WICIDIRONDD K (i)
k>1 i>1 i>1 j>1 J
< Allalln > pi Z Z Ui jmry + Ly
i>1 FSRANS
< Alfalf3. (4.96)

Let us now check (4.91). Since K is bounded, we obtain, using the Cauchy-Schwarz
inequality, that for some constant A, the square of the left hand side member of
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(4.91) is smaller than

Ay (zz““ﬂ 8 L= 1) () — <j>r>

k>1 i>1 j>1

Z ]—12> Z <Z []l{z'Jrj:k} + ]l{z':k}} (i) ||q(5) — M(])‘)

i>1 j>1 \i>1

gAZ(

k>1

<AY Y [al) = pl)I [0 (k = ) Lpsgy + @* (k)]

k>1 j>1

< Allg = pllpz [l (4.97)

the last inequality being immediate when exchanging the order of the sums. The
lemma is proved. U

The uniqueness for (4.83) is now straightforward.
Proof of Proposition 4.5.3 Consider two solutions 1 and 7’ of the equation

(4.83), and let T' > 0 be fixed. Then one gets immediately the existence of a constant
A7 such that

2
sup [[1s — gl |

[0,¢]
2
gAT/ SOST L)) [00) = 1(0)Q6 () + Qs ) (maG) — (|| ds
i>1 j>1 2
t
<Ar [ lin = )l ds (4.98)
0
thanks to Lemma 4.5.6. Gronwall’s Lemma allows to conclude. O

In order to prove Theorem 4.5.4, we have to split " into satisfying terms.

Notation 4.5.7 Thanks to Definition 4.3.1 and the fact that (Q,t > 0) satisfies
(MS), we can write for any k > 1

0 (k) = g (k) + M (k) + F (k) (4.99)

where
n

w8 = <=3 (Lo — Qb)) (1.100)

=1
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where

1 n t o]
Mn<k) = — / // (]1 i,n Jm__ - ]1 i,n__ >
t Jn ; o iy (Xirpxiragy T X =k}

1 { }Ni(ds,dj,dz). (4.101)
- xin

<K(Xi’f,xi"_">
B X

N denotes the Poisson compensated measure associated with N* and where

F (k) = /Ot DD L)) [ ()l () + Qoi)n (). ds, (4.102)

i>1 j>1
L(k) being defined in (4.84).

Let us study first the asymptotic behaviour of the initial condition.

Lemma 4.5.8 Assume (A). For all n,
E[llnpll] < 1. (4.103)

Furthermore, i converges weakly (for the weak topology on I?) to a random variable
no with the law defined in Definition 4.5.2 1.

Proof The first estimate is easily proved, using an independence argument. Indeed,

B[R] < B Z{Z(H{Xa’w}—%“ﬂ)}

k>1 =1
2
= 2 E {(ﬂ{x(ﬁ’":k} B |Lgy)) ]
k>1
< ) P(Xp"=k) =1 (4.104)
k>1

To prove the convergence result, it suffices to check that the sequence 7y is tight in
I? (endowed with the weak topology), and that for any ky fixed, the random vector
(e (1), ... mi (ko)) converges weakly to (no(1),...,m0(ko)). The first point is obvious
thanks to (4.103), since the balls are weakly compact in /2. This is an essential
property of [? that we use here. The second point is a straightforward consequence of
the standard central limit theorem. Indeed, for each n, the vector (nf(1),....n5 (ko))
can be written as

]]_{Xé,n:]-} H{Xé’TLzl}

%i ~E (4.105)

H{Xé’n:ko} H{Xé"n:ko}
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and thus converges weakly to a centered Gaussian distribution on R* with cova-
riance matrix
[Cov (Tpyun_y 1 {Xé’"=l}>h,ze{1 . (4.106)

.....

which is the same as (4.81) O

We now state some easy moment calculus and trajectorial estimates for M™ and
n

n.

Lemma 4.5.9 Assume (A).

1. For oll T > 0, there exists a constant Ar, such that for any n

E |sup|[M]|lz| <E < Ar. (4.107)
]

[0,T

> sup (M[(k))?

2. For all T > 0, there exists a constant Ar, such that for any n

E < Ap. (4.108)

n||2
sup [[77;'[]2
0.7]

8. For all n, M™ and 0™ are a.s. strongly cadlag from [0,00] into [2.
4. For each T > 0, there exists a constant Ar, such that for any n and ky € N*

E |sup (Mt”(kro))4

(0,7]

< Ar. (4.109)

Proof 1. A simple computation using Doob’s inequality and the expression of M™
shows that

> E [sup (M]'(k))*
k>1 LOT]
1 1 (T 2 K (X X7m)
SAY CEY - (Lo y = Lxinoiy) g
E>1 i=1 =~ j=1"0 s

1« (7

i,j=1 k>1

< AT (4.110)

since K is bounded, and since X*" takes its values in N* and thus is greater than 1.
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2. We deduce from 1, equation (4.99), Lemmas 4.5.8 and 4.5.6 that for any n and
t<T,

t
E gAT+AT/ E [|}n|2] ds. (4.111)
0

2
sup ||77? | |l2
0,t]

Gronwall’s Lemma allows to conclude.

3. Recall that n? = ni + M* + F}*. Let us first notice that thanks to Lemma
4.5.6, we obtain, for all s <t

t
(L oy A (1112)
0

and it is clear from 1 that F™ is strongly continuous.
We thus just have to check that M" is cadlag. Let us for example show that it is
cad. Let t,, be a sequence decreasing to t and € > 0 be fixed. Then for all ¢ € N,

e}

||y, M"Hp<2 nk) = MPR) +2 > sup (MP(K))® (4.113)

kg i1 04+1]

(at least if m is large enough, which ensures that ¢,, < t+ 1). Now, choosing ¢ large
enough will imply that the second term of the right hand side member is smaller
than /2, thanks to 1. It is also clear that for each k fixed M™(k) is cadlag, since
it is a finite sum of integrals against Poisson measures. We can now conclude: it is
sufficient to choose m large enough, in order to obtain that for all k in {1,...,q},
(My, (k) — Mp(k))* < </ (2q).

4. First notice that the quadratic variation of M"(kg) is given, since the Poisson
measures N’ are independent (and thus never jump at the same moment a.s.), by

2
M (ko)ls Z / / / Loxinoxpn iy~ Loy

1 {Z< K Xy }Ni(ds,dj,dz). (4.114)
g

In particular, since K is bounded and X’/™ takes its values in N* (and is thus in
particular greater than 1),

I [ > : ,
[M"(ko)]tgﬁzg/o /]/0 Loy V' (ds.djdz). (4.115)

t 00
But the random variables / // ]l{z<HK|| }Ni(ds,dj,dz) are independent and

have a Poisson law of parameter ¢ || K| . Hence

iz:/ot/j/ooo ﬂ{zSHKHw}Ni(dSadj’dz) (4.116)
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has a Poisson law of parameter nt||K]||_, from which we deduce that

1
B (M (ko)) < = (nt ||| + ot K| ) < A (4.117)
Finally, using the Burkholder-Davis-Gundy inequality, we obtain
E |sup(M(ko))*| < AE ([M™(ko)]%) < Ar. (4.118)
[0,7]
The Lemma 4.5.9 is proved. 0

It remains to prove tightness results. Notice that [2, endowed with the weak topo-
logy, is not Polish. We thus have to use a specific Lemma which is due to Fernique
[20] (see lemma 4.7.3 in the appendix). This lemma allows us to state and prove the
following result.

Lemma 4.5.10 Assume (A).

1. The sequences of processes " and M™ are tight in D([0,00[,?), (endowed with
the Skorohod topology associated with the weak topology of 1?).

2. Any limit point n (resp. M) of the sequence n"™ (resp. M"™) is a.s. strongly
continuous from [0,00[ into I*.

Proof 1. We prove first 1. We apply Lemma 4.7.3 to the sequences n™ and M™.
Condition (7) is satisfied thanks to Lemma 4.5.9, 1 and 2.

To prove the second condition, we fix k, and apply the Aldous criterion. We just
have to show, for example, that there exists a constant Ar such that for all n, all
d > 0, all couple of stopping times 0 < S < 8" < (S+ ) AT,

E (Mg (k) = Mg (k))*] + E [(5 (k) — n5(k))*] < Ard. (4.119)
First, using (4.101),
E [(Mg (k) = Mg (k)]

I~y ¥ 2 K (X" X{m)
<2 2 F /S ximexinog = Loxiniy | Tdsl
i=1 j=1 5
< ArE[S' — S| < Agd (4.120)

thanks to (A). Using (4.99), Lemmas 4.5.6 and 4.5.9, we obtain
E [(n5(k) = ng(k))?] < 2B [(Mg (k) — Mg(k))?]

+2F < Ars  (4.121)

S/
[ dsxsupiz
S [0.7]
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which was our aim.

2. To prove the continuity results, it suffices to check that

E

sup HAM[Lng] — 0 (4.122)
[0,00] "

and that the same limit result holds for n". First notice that for any w, n, t, AM]" =
Any', so that it suffices to prove (4.122). Remark also that as the Poisson measures
N are independent, it is obvious using (4.101) that any jump of M™ is of the form

n 1
AMJ()= (1 exirey = Tpiney (4.123)
from which we deduce that
e 1 2 1
IAM ]2 < o > []l{XZ’fL—&-XZ’_":k} - ]I{Xff:k:}} < (4.124)
k>1
which implies (4.122). The Lemma is now proved. O

Let us study now the law of the limiting points.

Lemma 4.5.11 Assume (A). Consider a subsequence 0™ of 0", weakly
convergent to a strongly continuous [*-valued process 1 , in D([0,00[,I%) (endowed
with the Skorohod topology associated with the weak topology on 12). Consider the
processes

M"=n"—nj—F" (4.125)
and
W =00 =6 = [ 33 LI 0Q.0) + Quin i ds. (4126
Finally set, fort >0,

Fi=oc{no(k); ke N}vo{Wk); 0<s<t keN}. (4.127)

We have :

1. (ng*¥,M™) converges weakly to (no,W) in 1* x D([0,00[,1?) (endowed with the
product topology, 1> being endowed with the weak topology and D([0,00[,1?) with
the associated Skorohod topology).

2. The process W is a.s. strongly continuous from [0,00[ into I?. For each ky € N¥,
the real-valued process W (ko) is an (Fy,t > 0)-martingale.
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Chapitre 4. Study of a stochastic particle system

3. For each q1, qo in N*, the Doob-Meyer bracket of W(q1) and W (qs) is given by

W)W, = [ 330000 (4.18)

i>1 j>1

K(i,j
(Wit smqry — Lgimgry) (Lgitjmgny — Lizgn}) (j )dS-

Proof 1. We divide the proof of 1 in two steps. Consider the process

G2 =) =) = [ 303 L) EOQ.0) + Qu ()b ds. (4120

i>1 j>1

(1) We will first prove that for any 7" > 0, the process M™ — G" goes to 0, as n tends
to infinity, in L' (and thus in probability), for the uniform norm on [0,7] and the
strong norm of [2.

(ii) Then we will check that (ny*,G™) goes in law, as k tends to infinity, to (n9,W)
in [2 x D([0,00[,1?), the space I* being endowed (twice) with the weak topology. Once
the two points are proved, 1 is straightforward.

Let us check the first point (7). We deduce from the expression of F™ (see (4.102))
that

E {sup ||M; = G|

(0,71

T
<g|f
0

Using Lemma 4.5.6, we get the existence of a constant Ar such that

ds|.  (4.130)

l2

DD LOGEE ) () — Qs(7)}

i>1 j>1

T
E < ArE U ||77;l||l2||:ug_QS||l2d8:|
0

sup || M — G{||»
0,71

1
WATE

sup ||| 1122] (4.131)
0]

which goes to 0 as n tends to infinity thanks to Lemma 4.5.9.
To prove that (ny*,M") goes in law to (1,W), it suffices to prove that the map G
from D([0,00[,/%) into ? x D([0,00[,I?), defined by

Gla) = (GW.6®) (4.132)
= (Oéo,Oé — Qo — A Z Z L(')(ZJ) {as<Z)Qs(j) + Qs(z)as(j)} dS)
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4.5. A central limit theorem in the discrete case

is continuous at any point « that is strongly continuous. Indeed, we know that n™*
goes to 1 and that 7 is strongly continuous.

We thus consider a sequence o™ of D([0,00[,l?), converging (for the Skorohod to-
pology associated with the weak topology of I?) to a strongly continuous [*-valued
function «. It is well-known that since the limit « is continuous, the convergence
holds also for the topology of the uniform convergence on compacts, i.e. that for
any T > 0, any v in 12

sup
0,77

Z’Y — oy (k))

k>1

— 0. (4.133)

n—0

We first deduce that G (a,) tends to G(a) for the weak topology of 2. It remains
to prove that for any 3 in (? and any T > 0

Op = [su% Zﬁ(k) ( t@(ozn) - t(z)(a)) — 0. (4.134)
01 |51 n—oo
First, it is clear that
0, < 2[50117% B(k)(ay (k) — oy (k))

+/ > B(k) (ZZL(k)(i,j)(a i) — (i) Qs(j ))
0 lk>1 i>1 j>1

+/0 > B(k) (ZZL 0,1)Qs (i) (al (j )—%(1))) ds

= 200 4 6@ 4 56 (4.135)

with obvious notations in the last equality. First, 65" tends to 0 thanks to (4.133)
applied with v = . On the other hand,

0 = /0 > Bk ZZ Dgijmny — Lpi= k})K )[ (i) — s (9)] Qs(4) | ds
~ [ [ - a0 36)
{Zﬁ Z+J )Q (J) —ﬁ(z’)z K(;’j)Qs(j)} ‘ds.

For each s, the integrand tends to 0, thanks to (4.133) applied with

= s+ a0 - s0 Y a.p, s

>1 PR
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Chapitre 4. Study of a stochastic particle system

which belongs to /2. On the other hand, the Cauchy-Schwarz inequality and Lemma
4.5.6 allow to obtain that the integrand in (4.136) is smaller than Ax||5]]2 [|a” — a2
which is clearly bounded (uniformly in n) on [0,7]. By Lebesgue theorem we get that
62 tends to 0. One proves in the same way that 6% tends to 0. This ends the proof
of 1.

2. From Lemma 4.5.10 the process W is strongly continuous since it is a limit
point of M"™. To check that Wi(kq) is a (F;,t > 0)-martingale, let us consider

0< s <~ <5< 8, kyy ooy ki, my, ..., my in N, and a family ¢4, ..., ¢y,
Y1, ..., ¥, of continuous bounded functions from R into itself. We have to check
that

B {Wi(ko) — W, (ko) } 1 (n0(ma)) - - - by (m0(my))

d1( My, (k1)) ... oi(My, (k)| = 0. (4.138)

By notation 4.5.7, we see that for each n,

2| {0 (ko) = M (ko) } (15 (m) . (0 (my)

oM (k). n(ME ()| =0, (4.139)

so that we « just » have to take the limit. We know from 1 that (ny*,M"*) converges
weakly to (19,W/), and that W is strongly continuous. Furthermore, the map F':
1> x D([0,00[,I*) — R, defined by

F(C,a) = {an(ko) — a, (ko) } ¥1(C(ma) - ¢0p(C(my)) 1 (s, (K1) - .- (s, (K))
(4.140)
is continuous at any point ({,«) such that « is strongly continuous. We deduce that
for each 0 < A < o0,

E[F(nys ,M™) N AV (=A)] — E[F(n,W)A AV (=A)]. (4.141)

k—o0

Finally, using the fact that for some constant B, |F(¢,a)| < Bsupy |as(ko)| and
the uniform integrability (concerning M") obtained in Lemma 4.5.9, we can make
A go to infinity, and obtain that

E[F(ng*,M"™)] — E[F(10,W)]. (4.142)

k—oo

By using (4.139), we get E [F'(no,W)] = 0, which was our aim.

3. To prove (4.128) it suffices to check that, for Y the process denoting the right
hand side member of (4.128), W(q1)W(q2) — Y is a (F, ¢t > 0)-martingale. To this
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4.5. A central limit theorem in the discrete case

aim, we proceed exactly as in 2. We have to prove, with the same notations as in 2,
that

B {Wilg)Wilaz) = Y = Wi (a0)We, () + Y3 }

r(no(ma)) - p(10(mp)) 1 (M, (k1)) - ¢l(MSz<kl))] =0 (4.143)

This equality holds when replacing everywhere W by M™ Y by
(M™(q),M™ (g2)), and 1y by ng*. We just have to make k tend to infinity. Using
(4.101) we obtain for each n

Or@ar@), = [ X3 (4.144)

K(i,g
(Lgijmary = Lgimgry) (Mgipsmgry — Lgizgr)) (j as.

A simple computation shows that for any 7" > 0, for some constant A,

E |sup [(M"(q1),M"(q2)), — Yi|
(0,17
T .
K(i,5)
= E[/ ZZ |ﬂ{i+j:CI1} - ]l{i:‘h}’ |]l{i+j:lh} - Il{’i:q2}‘ ;
0 i>1 j>1 J

1QNIQuG) = 12 ()] +1QIIQu(0) — 2 @)} ds|
T—1
= AE[/ Z h Z {]l{iﬂ:th} T Limgy + Litjmgey + ]1{1'=q2}}
0 j>1 J i>1

{1Qu@IIQs() — 1) + Q5 () 11Qs (1) — 42 (1)} ds]
SAE[/O ;%432113{|Q8(¢)|1Q5(j)—ug(j)Hle(j)HQs(i)—u?(i)\}dé’}
SAE[/O ;%HQS(J‘)—u?(j)l+Qs(j)IIM?—Qslllz}dS]

T
<ap| [z - Qe ds
0

1
<AT—F
J— \/ﬁ

sup Hnlf‘sz]
[0,T]
which tends to 0 thanks to Lemma 4.5.9. Finally notice that for any 7" > 0,

sup £/

n

sup | M (q1) My (q2) — (M”k(Q1),M”k(qQ)>t|2]

<2sup F

n

sup(M;"(q))* | E

[0,T7] [0,T7]

Sup(MZL(qQ))“]
+2sup B [|M (1) M7 ()] < o (4.145)
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Chapitre 4. Study of a stochastic particle system

thanks to Lemma 4.5.9 4. and since one obviously deduces from (4.144) (recall that
p™ is a probability measure) that for all ¢ € 0,77,

| < M"(q1),M"(q2) >: | < TI||K|| -

Using the convergence in L' of < M™(q1),M™(q2) > to Y, the convergence in law of
(no®,M™) to (n9,//), the uniform integrability obtained in (4.145) and the equality

B {7 (00) M (g2) — (M (02). M (g2), (4.146)
Mg M3 (g2) + (M (a0). M™ (@2)),, }

XU (1)) - (1)) or (MZ (k) n( M ()] =0,

we obtain (4.143) by letting k& go to infinity. This concludes the proof of the lemma.
[

We finally are able to provide the

Proof of Theorem 4.5.4 Recall the Notation 4.5.7, for each n, n™ = ng+M"+E".
We know from Lemma 4.5.10 that the sequence n™ is tight, and that any limit point
is strongly continuous. Let us consider a converging subsequence 1™, going to some
process 7. From Lemma 4.5.11 we know that n,* — ni* — F{"* goes to the process

W =00 =m6) = [ 33106 0Q0) + Quin (i} ds. (4147

i>1 j>1

It is clear from Lemmas 4.5.11, 4.5.8, and Definition 4.5.2 that (70,//) has the law
(GP). Hence, n can be written as a solution to equation (4.83). Since the uniqueness
in law for this S.D.E. holds thanks to Proposition 4.5.3, we deduce that the whole
sequence " goes, in law, to the solution 7 of equation (4.83), which concludes the
proof of Theorem 4.5.4. 0

4.6 Numerical results

In this section we test numerically our algorithm. The main questions we treat
here are:

(i) test the convergence of the particle system for classical kernels for which the
solution is known,

(77) we answer numerically the question : is the particle system still simulable when
the coagulation kernel K does not satisfy (H,/) but only (H;)?
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4.6. Numerical results

(i) if the answer to (71) is yes, does the convergence result of Theorem 4.3.3 remain
valid under (Hy)?

(iv) does the central limit type result obtained in Theorem 4.5.4 hold when the coa-
gulation kernel does not satisfy any more assumption (A), but only (H;/,) or even
(H,)?

(v) can we hope that similar results hold in the continuous case?

1 n
Let us first recall that pf = — g 5X2,n is defined in Definition 4.3.1, and approxi-
n
i=1

mates the solution @Q); to the equation (M S). In the discrete case @y = Z kn(k,t)oy,
k=1

where (n(k,t),k € N*t > 0) satisfies (SD), while in the continuous case Qi(dx) =
zn(z,t)dzr, where (n(x,t),z € Ry, t > 0) satisfies (SC).

We first consider the discrete case, more precisely the case where @y = 9y,
i.e. where the initial system contains only particles of mass 1. We compare first

m(t) = Zk%(k,t) t0 M (w,t) = /xu?(w7dx) — EZXZH This will give a
=1

k=1 -
« global idea » of the rate of convergence. The function m(t) can be explicitly com-

puted in any case where K (x,y) is of the form A + B(z +y) + Cxy.

We first consider the case K(z,y) = 1. Figure 1 (a) represents m(t) and m,(t)
(obtained with one simulation) for n = 10° particles, as functions of ¢ € [0,10]. On 1
(b), we draw the error m,,(t,w) — m(t): it really looks like one path of a continuous
« Brownian type » process, which illustrates Theorem 4.5.4.

The same quantities are studied in Figure 2, for the case K(z,y) = z + y, n = 10°
and ¢ € [0,1].

In Figure 3, we study the multiplicative kernel K (x,y) = zy. In this case, one has
an explicit expression of the solution (n(k,t),0 <t < 1,k € N*) to (SC). The first

1
part 3 (a) represents n(2,t) and its approximation 5 E I yin_y, as functions of
i=1

t € [0,0.98], for n = 10° particles. The second part 3 (b) represents the correspon-
ding error.

We study now the rate of convergence of our scheme, as the number of particles
increases. On Figure 4 (a) each cross is obtained for one simulation, and repre-
sents m,(w,t) — m(t), for t = 1 and K(x,y) = 1, as a function of the number
n € {2,...,10%} of particles. We remark that the obtained « cloud » is almost surely
contained in [—C'/n,C'/n], for some constant C, which illustrates again Theorem
4.5.4.

Figure 4 (b) (resp. 4 (¢)) treats the case K (z,y) = z+y,t =1landn € {2,...,5.10°}
(resp. K(z,y) = 2y, t =0.9 and n € {2,...,7.10°}).
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Chapitre 4. Study of a stochastic particle system

[

a. b.

Fic. 4.1 — K(z,y)=1.

| LA

a. b.

Fic. 4.2 — K(z,y)=x+y.

[ e

a. b.

F1G. 4.3 — K(z,y)=xy.
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4.6. Numerical results

C.

FiG. 44 - a: K(zyy) =1, b: K(zy) =24y, ¢: K(z,y) =2y

Figures 1 to 4 answer the questions from (i) to (iv).
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Let us finally treat the continuous case and answer so the question (v). We
consider the uniform distribution Qo(dx) = Ijo)(z)dz, and the coagulation kernel

K(z,y) = 1+x+y-+xy. Notice that /x_lQo(dx) = 00. The corresponding solution

(n(x,t), z,t) to the Smoluchowski equation (SC') is then known to have a gelification
time which equals 2/3.

We study again m(t) = /x%(x,t)dx, that we compare with

n 1 - ,Mm
mn(wat) - /x:ut (w,dw) - n ;Xt '
Figure 5 (a) represents m(t) and m,(w,t) (obtained by one simulation) as functions
of t € [0,0.65] for n = 25000. Figure 5 (b) shows the corresponding error. Finally,
each cross of Figure 6 is obtained by one simulation, and represents m,,(w,t) — m(¢)
for t = 0.5, as a function of the number n € {2,...,10*} of particles.

A

a. b.

Fic. 4.5 — K(z,y)=1+x+y+xy.

5:,«,” eS|

Fic. 4.6 — K(z,y)=1+x+y+xy.
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4.7. Appendix

The main conclusion of this numerical study is that our assumptions in Theorems
4.3.3 and 4.5.4 are too stringent, and that these results seem to hold true in a more
general context. Indeed, the particle system really seems to be simulable under (H;)
(we have not used any cutoff procedure to obtain Figures 3, 4 (c), 5 and 6). The
convergence result of Theorem 4.3.3 seems to hold also under (H;).

Finally, Figures 1 (b), 2 (b), 3 (b) and 4 show that the result of Theorem 4.5.4 may
hold, in the discrete case, under (H;), while Figures 5 (b) and 6 show that a similar
result might remain true in the continuous case.

4.7 Appendix

First, we recall the Aldous criterion for tightness (see Jacod, Shiryaev [35]).

Theorem 4.7.1 Let (X[, t € [0,Ty]) be a family of cadlag adapted processes on
[0,To[, for some Ty < oo. Denote by Q" € P (D([0,T5[,R)) the law of X™. Assume
that :

1. For all T < Ty,

sup £

sup ]Xf]] < 00. (4.148)
t€[0,T]

2. For oll T <Tp, alln >0,

sup sup P Xg —Xg|>n —0 (4.149)
n (S,8)eSTr(s) 6—0

where STr(9) is the set of couples (S,S") of stopping times satisfying a.s.
0<S<Y<(S+0)NT.

Then the family (Q™), is tight. Furthermore, any limiting point Q of this family is
the law of a quasi-left continuous process, i.e. for all t € [0,To| fized,

/ H{Ax(t)?go}Q(d:L‘) = 0. (4150)
D([O,To[,R)

The following Lemma can be found in Méléard [49].

Lemma 4.7.2 Let T' > 0 be fized and let v™ be a sequence of random probabi-
lity measures on D([0,T],R), which converges in law to a deterministic probability
measure R € P(D([0,T],R)). Assume moreover that

sup / sup  (JAz(s)| A1) R(dz) — 0. (4.151)
zeD([0,T],R) s€|

t€[0,7] t—r t+7] r—0

Then (vi*,t € [0,T]) converges in probability to (Rt € [0,T]) in D([0,T],P(R)) en-
dowed with the topology of the uniform convergence.
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We state here a Lemma due to Fernique [20], which we write in the particular si-
tuation of [2-valued processes.

Lemma 4.7.3 Let o" be a sequence of strongly cadlag processes with values in
[?. Then the sequence " is tight in D([0,00[,l?) (endowed with the Skorohod topology
associated with the weak topology of 1?) if the following conditions are satisfied :
(i) For any T < oo, there exists a sequence of weakly compact subsets K, of > such
that for any n, any m,

P(Vte[0T],al € Ky,) >1—2" (4.152)

In particular this condition is always satisfied if for all T,

sup £

sup Hamlzg] < 0. (4.153)
(0,7]

(i1) For each k > 1, the sequence of real-valued processes o™ (k) is tight (for the usual
Skorohod topology on D([0,00[,R).
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Deuxiéme partie

Approximation de ’espérance de
fonctionnelles de la trajectoire d’une
diffusion par le schéma d’Euler
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5

Introduction

Cette étude a fait 'objet d’une collaboration avec Jean-Sébastien Giet.

Pour certaines fonctionnelles ® : C([0,00[ ; R?Y) — R, l'espérance de la variable
aléatoire

P (X(5)s0), ol (X (5)),5, est la solution de I'E.D.S. (6.1), représente une quantité
intervenant dans de nombreux problémes d’E.D.P. et de mathématiques financiéres.

X(t):X(0)+/O (X (s)) dB(s)+/0 b(X(s)) ds t>0). (6.1

La section suivante rappelle différentes équations dont les solutions peuvent s’ex-
primer comme 'espérance de fonctionnelles de trajectoires stochastiques, ainsi que
certaines grandeurs liées a la finance.

5.1 Quelques exemples de fonctionnelles intéressantes

5.1.1 L’équation de la chaleur

L’exemple le plus simple est sans doute celui d’'un mouvement brownien (B(s)s>0)
issu de zéro.
La solution de I’équation de la chaleur,

ot 2 (5.1)

{ Ou (t,r) = LAu(tz) (t>0,z¢€RY
u(0,x) = f(x) (z € RY),

ol f est une fonction continue, s’exprime sous la forme d’une espérance de ce mou-
vement brownien :

u(t,x) =E{f(x+ B(t))} (t>0,2cR. (5.2)

137



Chapitre 5. Introduction

En considérant la diffusion (X(t)),-, a la place du mouvement brownien, on obtient
la solution de I’équation de la chaleur généralisée, au sens ou le Laplacien A est
remplacé par Popérateur de différentiation A associé a 'E.D.S. (6.1):

1< 0%g d Jg 2 d
Ag(z) = 3 Zlai,j(:c)m(x) + Zlbi(x)axi ()  (9eC?) (zeR’), (5.3)

aig(@) = 3 (o) (@) (x € R, (5.4)

Si on note (X*(t)),, la solution de I'E.D.S. (6.1) pour laquelle X (0) = z, la solution
de I’équation,

ou d
{ 5 (te) = Au(tz)  (t>0,z€R) (5.5)

u(0,2) = f(z) (z € RY),

ou f est une fonction continue, s’écrit d’une maniére analogue a la solution (5.2) de
I'équation (5.1):

ultx) =E{f(X°(t))} (t>0,z€R). (5.6)

Il est également possible d’interpréter le membre de droite de (5.6) en terme de prix
d’options financiéres européennes en particularisant la fonction f: f(y) = (K —y),.

Tous ces exemples présentent le méme type de fonctionnelles qui ne dépendent que
de la seule valeur & un instant ¢ de la trajectoire. Ces fonctionnelles élémentaires
ne sont toutefois pas les seules a fournir des solutions d’E.D.P. ou des grandeurs
économiques.

5.1.2 Le probléme de Cauchy avec potentiel et Lagrangien

Deux exemples, ol la totalité de la trajectoire du processus stochastique intervient,
peuvent étre considérés en paralléle: ils utilisent le méme type de fonctionnelles. Tl
s’agit des solutions du probléme de Cauchy présentant un potentiel non nul et du
prix des options asiatiques.

Le probléme de Cauchy avec potentiel r et Lagrangien g, est une extension de
I'équation de la chaleur (5.5):

ot (5.7)

{ O sy — Au(ta) — r(@)ulte) + g(x) (>0, 3 € RY
uw(0,2) = wo(x) (r € RY),
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otl les fonctions r et g sont continues; r est de plus supposée minorée.
La formule de Feynman-Kac [38] permet d’exprimer la solution du probléme de
Cauchy sous la forme suivante :

u(ta) = E{u()(Xw(t))exp (— /0 X (s) ds>

; / g(X7(0)) exp (— / " x(s) ds) de}
(5.8)

Quant aux prix des options asiatiques, I'allure de leur expression ressemble a celle
des solutions ci-dessus. Plus précisément, soit (r(¢)o<i<7) un processus stochastique
représentant le taux d’intérét. On suppose, pour ne pas avoir a changer de proba-
bilité, qu’il compense exactement le taux de croissance de ’ensemble des actions.
On considére une option ("contingent claim") de valeur terminale de paiement ur
et de taux de paiement (g(t)o<;<7); il est alors démontré [38] que le prix initial qu’il
faut investir dans un portefeuille d’actions pour couvrir le paiement de I'option est
donné par:

E{exp (- /OTr(u) du) uT+/OTeXp (— /Osr(u) du) o(s) ds}. (5.9)

5.1.3 Le probléme de Dirichlet

(t>0,xcRY,

D’autres types de fonctionnelles apparaissent a la fois dans I'analyse des E.D.P. et
dans les mathématiques financiéres.

Si D est un domaine régulier de 'espace d’état d’'un processus X” issu de z, le
temps de sortie 77, de I'ensemble D est une information contenue dans ’ensemble
de la trajectoire du processus: 75 =inf {s >0; XJ ¢ D}.
La solution du probléme de Dirichlet (5.10):

Au = 0 (x € D)
{ u(z) = f(z) (zedD)

ou f est une fonction continue sur dD, s’exprime sous la forme suivante :
u(z) = E{f(x%)}. (5.11)

Contenant lui aussi la v.a. 77, du temps de sortie du domaine D pour la diffusion
issue de x, le prix d’une option barriére admet comme expression :

E {Trr f(X5)} (5.12)

(5.10)

Ces différents exemples illustrent I'intérét qu’il peut y avoir a estimer, & défaut de
calculer, des espérances de fonctionnelles de la trajectoire de diffusions puisque ces
quantités représentent des solutions d’E.D.P. ou des prix de couverture d’options
financiéres.
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5.2 Calcul de I'espérance des fonctionnelles

5.2.1 Principe

Le point de vue adopté ici ne consiste pas a résoudre numeériquement les éven-
tuelles E.D.P. dont ces espérances sont solutions. D’ailleurs, I'existence et 1'unicité
des solutions des E.D.P. décrites ci-dessus ne sont assurées que si la fonction f est
suffisamment réguliére. L’optique est d’approcher ces quantités par des méthodes
probabilistes, moins sensibles a la régularité des fonctions mises en jeu.

La méthode de Monte-Carlo constitue un moyen classique pour calculer des espé-
rances de v.a., et il est naturel d’y avoir recours pour estimer ces espérances de
fonctionnelles de la trajectoire de processus. Toutefois, cette approche présente un
probléme: il est en effet impossible de simuler des trajectoires du processus initial
(X (s)s>0)- On est alors amené & remplacer ce dernier par un processus proche de X
et que 'on peut simuler. Une méthode est privilégiée par sa simplicité: le schéma
d’Euler.

L’objectif est donc ici d’apprécier les vitesses de convergence de quantités calculables,
en faisant intervenir le schéma d’Euler et des approximations de fonctionnelles, vers
les espérances contenant le processus initial de diffusion.

5.2.2 Etudes réalisées dans la littérature

Plusieurs travaux ont déja été conduits dans cette voie. En particulier, les études
des cas ou la fonctionnelle est réduite a la valeur en un seul point de la trajectoire
ont permis d’obtenir des développements en § de l'erreur commise en remplacant
le processus initial par celui obtenu grace au schéma d’Euler de pas 6 [61], [6]. Ce
dernier article se distingue du premier par un affaiblissement des hypothéses portant
sur la fonction f qui apparait dans (5.6). En effet, aucune régularité n’est demandée
a cette fonction si ce n’est la mesurabilité; une hypothése de bornitude peut étre
relaxée pour ne conserver qu’une croissance polynomiale en —oo et +o0.

Plus récemment, des travaux portant sur I'erreur lors de ’évaluation du prix des
options barriére par une méthode impliquant le schéma d’Euler conduisent également
a des développements de Uerreur [SEUMEN, (1997)], [GOBET, (1998)].

5.2.3 Fonctionnelles étudiées

L’étude présentée ici s’articule autour de plusieurs sortes de fonctionnelles. Dans un
premier temps, une étude de fonctionnelles faisant intervenir plusieurs points de la
trajectoire est réalisée. Cette extension, sans applications directes, permet dans un
second temps d’aboutir a des résultats concernant des fonctionnelles plus intéres-
santes, qui reprennent I'information de 'intégrale de la trajectoire de la diffusion.
Ceci permet alors de connaitre les comportements de ’erreur, lors du calcul du prix
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5.2. Calcul de I'espérance des fonctionnelles

d’options tel que le laisse apparaitre (5.9), ou lors du calcul de solutions de 1'équation
(5.7) qui s’expriment par (5.8).

5.2.4 Reésultats

Plus précisément, on démontre (théoréme 7.1.1) que pour un nombre fixé n de
points de la trajectoire, 1’ écart existant entre les espérances E{®(X (t1),...,X(t,))}
et E{®(X°(t1),...,.X°(t,))}, ot ® désigne une fonction réelle deﬁnle sur (Rd)n
et (ti)(ogign) une subd1v1510n se comporte en 0. Cette démonstration a déja été
présentée lorsque ces espérances se raménent au membre de droite de (5.6), avec f
trés réguliére [61] et avec f seulement supposée mesurable et bornée [6]. C’est cette
derniére hypothése qui est imposée dans le cadre de cette étude.

Ce premier résultat permet d’aboutir a des fonctionnelles ayant la forme z(.) —

(/ f(z ds) et x(.) — exp (/ f(z ) au travers de ’étude des conver-

!
gences des fonctionnelles du type précédent x( ( Z f ( )) et x(.) —

Il est ensuite démontré dans les théorémes 8.2.1, 8.4.1 et 8.8.1 que chaque erreur est

majorée par une quantité comportant un terme en 0 et un autre en —. Toutefois, si

n
I'on sait majorer uniformément en n le coefficient devant 9, il n’a pas été possible de
controler uniformément le reste €5,. Par conséquent, la vitesse de convergence des
quantités contenant ’approximation d’Euler du processus n’est pas connue.

. . 1 . . .
Enfin, en imposant ’égalité n = —, on obtient une majoration de I’erreur, énoncée

dans le théoréme 9.1, concernant I'intégrale de la trajectoire du processus.

Théoréme 5.2.1 Soit f une fonction mesurable et bornée.
Soit X(.) la solution de (6.1); soit X=(.) Uapprozimation de cette solution donnée
par le schéma d’Buler; X+ () est la solution de (6.2).
Alors il existe C' tel que:

e{ [ scce) a5 - { > i—}

Ce théoréme fournit des majorations des vitesses de convergence pour les algorithmes
permettant de calculer des prix d’options ou des solutions du probléme de Cauchy.

1
< C [ oer- (5.13)
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5.2.5 Plan de I'étude

e Quelques notations et hypothéses intervenant dans ’ensemble de I’étude sont
précisées dans la partie 6.

e A partir de 1a, le théoréme 7.1.1, indiquant la vitesse de convergence pour des
fonctionnelles faisant intervenir plusieurs points de la trajectoire, est énoncé dans la
partie 7.1. Sa démonstration s’articule autour de trois parties: 7.2, 7.3 et 7.4.

e Avant I’étude des fonctionnelles de la trajectoire, qui sont cette fois-ci des fonctions
de l'intégrale de la trajectoire, la partie 8.1 est consacrée au rappel d’un résultat
concernant la dérivation des noyaux de transition pour des diffusions suivant les
hypothéses décrites en 6.1. On y démontre la majoration de noyaux dérivés que I’on
peut trouver dans les travaux de Kusuoka-Stroock [41] ou Sanchez-Calle [55].

Ensuite, un développement de 'erreur par rapport a ¢ est établi pour les moments
d’ordre [ de l'intégrale de la trajectoire (partie 8.2) ainsi que pour les moments ex-
ponentiels (partie 8.8). La démonstration de ce développement pour les moments
(théoréme 8.4.1) est réalisée dans le cas des ordres 1, 2, puis [ dans les para-
graphes 8.5, 8.6 et 8.7 respectivement. La partie 8.3 est réservée a la majoration

1 n .
de la vitesse de convergence des sommes de Riemann — E E {f (X(i)>} vers
n n
i=1

/0 E{f(X(s))} ds.

e La partie 9 est réservée a ’étude de majorations uniformes en § = %
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6

Notations et hypothéses

6.1 Le processus de diffusion

Soit { B(t) }+>0 un mouvement brownien de dimension 1, issu de zéro et défini sur un
espace de probabilité (Q.F P).

Définition :

On désigne par X(.) la solution de I'E.D.S.:

X(t):X(0)+/O o(X(s)) dB(s)+/0 b(X(s)) ds t>0),  (6.1)

ou X (0) est une v.a. possédant des moments de tout ordre, et ou o, b et a = oo’
(5.3) sont des fonctions vérifiant les hypothéses suivantes:

b : R - Reet o : R?— R?sont de classe C®
les dérivées b, b, o', o’ sont bornées sur R?

il existe n tel que Zgiai,j(x)@- >n>0 (zeR?) (EeR?; |El=1).

,J

(H1)

Notation:

On note, pour 7 € [0,1] et z € RY, X"™*(.) la diffusion correspondant a X (.) partant
a l'instant r du point x; X™*(.) est la solution de 'E.D.S.:

XM(t) = :)3+/ o(X"*(s)) dB(s) +/ b(X"*(s)) ds (t>7r) (zeRY. (6.2)

Définitions:

i) {ps}ts>0 désigne une famille de fonctions réelles, définies sur [0,1] vérifiant les
hypothéses :
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Pour tout § > 0, s est une fonction en escalier croissante
(H 2) telle que pour tout t € [0,1], ps(t) <t et % <1,
(lsin(l) ps(t) =t

ii) On définit, pour toute fonction s, le processus X°(.) comme la solution de
I'E.D.S.:

X°(t) = X(0) +/Ota()‘<%¢5(s)) dB(s) +/Otb()‘<%%(s)) ds  (t>0). (6.3)

X?(.) correspond & la solution approchée par le schéma d’Euler de 1’équation (6.1)

t
sips(t) = bJ d, ou |v] représente la partie entiére de v € [0, + 0ol

Notation:

t
On note t9 la quantité bJ 0.

Remarque:

On ne s’interdit pas, sauf mention contraire, de choisir des familles de fonctions
vérifiant seulement les hypothéses (H 2).

Un résultat classique (voir par exemple [27] ou [38]) consiste en une majoration des
moments de Y(¢) ot (Y,I¥) est une solution faible de I'E.D.S. générale:

¢ ¢
Y (t) =Y(0) +/ f(s,Y) dW(s) +/ g(s,Y) ds, (6.4)
0 0
les fonctionnelles f et g étant définies sur [0, + oo[xC([0, + oo[,R?).

Proposition 6.1.1 On suppose que les fonctionnelles f et g vérifient Uhypothése
de majoration suivante :
il existe K € R tel que:

0<s<

Il + lotea)l? < & (14 sup TG ). (65

Alors pour toute solution faible (Y,W) de (6.4) :

E{sup ||Y<s>||2m}sc<1+E{||Y<o>u2m}>exp<0t> O<t<T), (66

0<s<t

le nombre C' dépendant uniquement de m, T et K.

Les E.D.S. (6.3) entrent dans le cadre des E.D.S. (6.4), puisqu’il suffit de choisir
f(s,y) = o(y(ps(s))) et g(s,y) = b(y(ws(s))) pour obtenir I'équation suivie par X°.
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6.2. La fonctionnelle de la trajectoire

Les conclusions de la proposition 6.5 permettent d’établir un résultat concernant la
famille de processus (X‘s(.))boz

Corollaire 6.1.2 Sous les hypothéses (H 1) vérifiées par b et o, il existe un
nombre C' tel que pour tout o > 0 :

B{ s X | < CUTE(IXOP hew(c)  0<t<T). (6)

0<s<t

Démonstration du corollaire 6.1.2.

L’hypothése (6.5) de la proposition 6.1.1 est réalisée pour la famille ()_(5(.))5>0:

lo (s @D + 116y (s ()1 .
<1 (1 s WOIP) et ToalRY) (20, (68
ol K est un réel indépendant de 4.

Donc la majoration (6.8) est uniforme en 6 > 0, et le nombre C' de la majoration
(6.7) ne dépend pas de . O

Définition :

Pour toute famille {¢;},., et tout » € 0,1, on définit le processus X?(.) comme
étant la solution X°(.) de I'équation (6.3) jusqu’au temps r, puis la solution XX
de I'équation (6.2) au-dela de I'instant 7.

X?(.) est ainsi la solution de ’'E.D.S. suivante:

t
X0 = XO)+ [ (05 0 0x(9)Lon(s) + (X (6) Lp(s)) dB(s)
¢ 70 (t >0).
+/ (b(X7 0 95(5)) Lo i(s) + b(XD () Lypai(s)) ds
’ (6.9)
Cette famille de processus a été introduite par Kurtz et Protter. Elle est au coeur
du principe de la démonstration du théoréme 7.1.1.

6.2 La fonctionnelle de la trajectoire

Les résultats des parties 7, 8 et 9 correspondent a un horizon de temps fini. Pour
simplifier les notations, ils sont énoncés et démontrés sur 'intervalle [0,1].

Nous nous intéressons, dans un premier temps (partie 7), a des fonctionnelles qui ne
font intervenir qu'un nombre fini de points de la trajectoire.

Définition :
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Chapitre 6. Notations et hypothéses

Une fonctionnelle & : C([0,1],R?) — R, ne dépendant que d’un nombre fini n de
points de la trajectoire, est entiérement déterminée par la donnée:
- d’une subdivision {¢; ; 1 <i < n} de 'intervalle [0,1] avec 0 < t; < ... <t, <1,
- d’une fonction ® : (RY)" — R.
Alinsi, 3

O(z(.) = ®(z(t),...,x(t,)) (z(.) € C([0,1],RY). (6.10)

La fonction ® vérifie 'hypotheése (H 3):

® est une fonction mesurable,

(H3) il existe C € R et p > 0 tels que:

|D(zq,...\x,)] < C (1 + sup ||xj||P) , (M,)

1<j<n

146



7

Développement en 0 de ’erreur pour
des fonctionnelles a n points

7.1 Reésultat principal

Le théoréme 7.1.1 propose un développement de I'erreur induite par le remplacement
de X par X dans I'expression E {®(X(t1),...,X(t,))}. La dimension de la diffusion
est restreinte a d = 1. Cependant, lors de la démonstration du théoréme 7.1.1, le
théoréeme 7.2.1 dont le résultat sera également utilisé dans la partie 9 est énoncé
dans le cas général d € N*.

Théoréme 7.1.1 On considere une fonctionnelle ® définie o partir d’une fonc-
tion
¢ : R" — R et d'une subdivision {t; ; 1 <i<n} de [0,1].
On suppose que ® vérifie Uhypothése (H 3).
Soit X (.) la solution de (6.1) avec d = 1; soit X°(.) Uapprozimation de cette solution
donnée par le schéma d’Euler.

Alors,
E{®(X(t1),...,.X(t.))} = E{®(X°(t1),.... X°(t,)} = R(®)d + 5,0,  (7.1)
la quantité es5, vérifiant pour tout entier n: %ir%%n = 0, et la quantité R(Ci))

pouvant s’exprimer comme la somme de trois intégrales faisant intervenir la fonction
H,, définie plus avant par (7.3):

R(®) = /O E { 8?;" (X(H), .. X ()X () (% + bb’) (X(r))} dr

' (0°H
E (X (), .., X (te), X (r
- {a (Kt X ) X(0) -
ab’ + Tt (X(r))}dr
[ B{ G e, X(6).X0) G X far



Chapitre 7. Développement en ¢ de I'erreur pour des fonctionnelles a n points

Lorsque k est égal a 1, ce théoréme est une version assez proche du théoréme 3.1
de Bally-Talay [6]. Il faut noter que nos hypothéses concernant les coefficients de la
diffusion sont plus restrictives, et que celles portant sur la fonction f sont identiques ;
I'hypothése (H 3), dans le cas k = 1, correspond a la mesurabilité de f et a sa
croissance polynomiale.

Par contre, la démonstration du théoréme 7.1.1 ne reprend pas celle de Bally-Talay
[6] mais s’inspire d’une idée de Kurtz et Protter. En particulier, I'introduction de la
famille de processus paramétrés, qui sont les solutions de 'E.D.S. (6.9), leur revient.
De plus, le théoréeme 7.2.1 et le lemme 7.3.2 ont été adaptés ici a des valeurs de n
supérieures a 1.

Plan de la démonstration du théoréme 7.1.1.

La démonstration qui suit se compose de trois parties.

Dans une premiére partie, 'écart entre E {®(X (t1,...,t,))} et E{®(X°(t1,... .t,))}
est représenté comme l'intégrale d’une dérivée; cette dérivée est calculée, dans le
théoréme 7.2.1, en fonction du seul processus X°.

Une seconde partie est consacrée au calcul des limites des quotients des termes
obtenus au théoréme 7.2.1 pour cette dérivée par §, quand ¢ tend vers zéro.

Une derniére partie regroupe les résultats précédents pour établir (7.1) et I'expression
(7.2) de R(®).

7.2 Dérivation de ’espérance d’une fonction du pro-
cessus X°(.)

Les processus X?(.), lorsque 7 décrit [0,1], constituent une paramétrisation dans
I'espace des solutions des équations (6.3) ou s vérifie (H 2), allant de la solution
X(.) de (6.1) pour r = 0 a la solution X°(.) de (6.3) pour r = 1. La différence
E{®(X(t1),....X(tn))} —E{®(X°(t1),...,X°(t,))} peut ainsi s’écrire comme I'in-

9 N _
tégrale entre r = 0 et » = 1 de la dérivée 8_]E {@(X(t),.... X2 (tn))}
r

Le théoréme suivant exprime cette dérivée en fonction des coefficients o et b.

Théoréme 7.2.1 On considere une fonctionnelle ® définie o partir d’une fonc-
tion @ : (RY)" — R et d'une subdivision {t; ; 1 <i <n} de [0,1].
On suppose que ® vérifie Uhypothése (H 3).
Soit X(.) la solution de (6.1) avec d € N*; soit X°(.) Uapprozimation de cette so-
lution donnée par le schéma d’Fuler. On définit la famille de fonctions a valeurs
réelles indexées par r et n :

H, : RY)" xR —R

’ T,z Tz 73
(xh--wxnmz) l—>E{(I)(:L’1,...,Im,X ’ (tm-l-l)a"'vX ’ (tn))}7 ( )
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ot n, =sup{i; t; <r}.
Alors pour tout r €]0,1[\{t; ; 1 <i<n},

& (B {@(xs 0, Xt} )

=E {Z [0:(X° 0 5(r)) — b:i(X°(r))] ag;n (X°(ty), 7X6(tnr)aX5(T‘))}
—i—% E Z [aw(X o ps(r)) — aw(f(é(r))} nggzj( 5(251), ,Xé(tn,),X‘;(r))}

Notations:

Si g désigne une fonction réelle C*° définie pour = = (y,z) € (Rd)i x R? dans R, on
écrira dans la suite:

b(x)%(m) pour Z bi(x)g—i(m),

g d g
a(x)@@) pour Z aZJ(I)W(x)
ij=1 R

La conclusion du théoréme 7.2.1 s’écrit alors:

S (B{a(X20), . X))
=B { [0 0 ) — 00E(0)] ZZE O @), X)X |
5 B[00 0 s) LX) T (R0, K00 X0

(7.5)

I’énoncé du théoréme appelle quelques commentaires avant d’aborder sa démons-
tration.

e Premierement, la fonction H, ,, est correctement définie en tant qu’espérance d’une
v.a. intégrable. En effet, en appliquant successivement (M),) et (6.6), on obtient:

E{|B(z1, ... n X (1), X7 (1))}
gc(u-mpu%W+E{su>nX“wm@)

1<j<n, nr+1<j<n

<C (1 + sup [z;]” + HZHp) :
B

<j<nr

ol C et C’ sont des constantes.

e Deuxiémement, la fonction H,.,, est dérivable par rapport a la derniére variable. Il
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suffit d’utiliser le théoréme de dérivation sous le signe d’intégration pour le démon-
trer.

Plus précisément, soit a > 0, les fonctions ®(xy,...,x, X" *(tn, 11),- .-, X" *(tn))}
sont P-intégrables pour tout z €] — a,al.

En introduisant le noyau de transition du processus X"™?(.) entre les temps r et
tn.+1, ON isole le parameétre z par rapport auquel on veut dériver.

Notation :

La densité de la probabilité de transition du processus X (.) entre les instants s; et
s est notée ¢s, s,, parfois gs,_s, :

P({X*"(s2) € dy}) = sy, (7,y) dy. (7.6)

La fonction H, , s’écrit alors:

H, (1, .. 0p,,2) = E{ / D(xq, .. Ty 1, X Tt (F, o)LL X et et ()
R

qrvtnr+1 (ZV:UTLT“FI) dxnr+1 } .

Pour tout entier strictement positif ~, 'application de I'inégalité (8.2) permet de
majorer la famille des dérivées

97
{ (@1, @, Xt (b ), X T () ) g, (Z,xnm))}

dz7

par:

z€|—a,a|

C|®(x1, ... L1, X Tt (1), X b bPnedd (4)|
72,1 — 2lalwn, 4
7 (‘ 2M (fa 41— 7) )
(bnps1 — 1) 2n M

Y

cette fonction est intégrable par rapport a P ® dx,, 41.
Par conséquent, pour v € N*,

a’yHrvn t 1,T 1
e (x1,...,xp,,2) = E D(xq,. .. Tpp1, X LTt o),
R

(7.7)

tnp+1,Tnge+1 alQT:t'nr+1
D G anatan () 92 (2:%p,41)dTn, 41 ¢

e Enfin, le lemme suivant, qui interviendra lors de la démonstration du lemme 7.3.2,
démontre en outre que les espérances apparaissant dans le membre de droite de
Y

rn

0z"

(7.4), impliquant les dérivées , sont finies.
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Lemme 7.2.1 Les hypothéses du théoréme 7.2.1 sont restreintes a d = 1; ¢
désigne un entier naturel non nul.
Alors, pour v € N*, il existe un réel C' et un entier N tels que :
}
(7.8)

Y _ _ _ _
E{ sup | T Fnn (X°(t1), - X" (tn,),(1 — )X’ 0 s(r) + 6X°(r))
0<0<1 27

<C E{l + sup ’X5(s)|N}.

0<s<r

Démonstration du lemme 7.2.1.

On note:

(xla s 7xnraz) :

o'H, .,
]' — El
' 0z

Par (7.7), I s’exprime sous la forme suivante:

“

Y
a q'r:tnr +1

92 (ernr+l)dxnr+l}

I = /q)<x17 s 7xnr—i-17)(tnr+l7znr+1 (tnr+2)7 T 7thr+1,f5nr+1 (tn))

R

On majore la fonction @ et la dérivée du noyau g,;, ., en utilisant respectivement

(M,,) et (8.2):

I < Cl E /(1+ sup |xj’P+ sup ‘thr+1,xnr+1(tj)|l7)
R

1<j<n, nr+2<j<n

2M(tnr+1 — 7’) dx
1 ny+1 (-
V2 M (ty 11 — 1) 5 "

On échange espérance et intégrale, puis on utilise la majoration (6.6) avant qu’un
changement de variable dans l'intégrale ne conduise a:

I<Cy| 1+ sup |z)" +

1<j<ny,

T |,

o,

V271

ot le réel C5 dépend de M et du temps t,,.1 — 7.

L’intégrale en x est clairement dominée par une fonction polynomiale en |z| de degré
p.

On obtient alors successivement :

1<c (1+ sup |xj|p+|z|p)

1<j<ny,
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J

et

Mon (0(t), .. X (b0 )1 — )X 0 5(r) + 0X°(r))

N
E { sup
0<0<1

<CE {1 + sup {X5(s)|qp} .

0<s<r

Démonstration du théoréme 7.2.1.

On considére la différence suivante dans laquelle le réel strictement positif h est
choisi pour que r + h < t,, 41, de sorte que N, = n,:

E{(X) 0 (t), - X0 (ta) ) = E{R(X) (1), . X] (1))} - (7.9)

Chacun des deux termes peut s’exprimer au moyen de la fonction H, 4, .

En effet, la variable aléatoire X?,,(s) étant égale a X°(s) ou a X7HhX°0+h)(s),
suivant que le temps s est respectivement inférieur ou supérieur a r + h, le premier
terme s’écrit :

E{@(X7, (), X pn(tn)) }
—E {@(X5(t1), X0 (1) X Y X () (tn))} .

Un conditionnement par rapport a la tribu F, laisse apparaitre la fonction H,p,,,

E{O(X) (1), . X) (tn) } = E{Hnn(X°(t1), ... X (tn, ), X (r + 1))}
(7.10)
En procédant a 'identique, on peut écrire le second terme de (7.9) comme suit :

E{®(X(t1),.... X (ta)} = E{H,inn(X°(t1),... . X (). X2(r + b))}

On applique alors a la fonction H,,; ., la formule d’Ito [38] avec les processus X?(.)

et X2, ,(.), entre les instants r et r + h:

Hr+h,n(X6(tl)> st X ( ) Xf+h(7" + h)) = Hr+h,n(X5(tl)> s X ( ) Xf—i—h( ))

" OH, o - - o5 .(5)
OBt (5(01), . X (1) X)) 0 (KL () dB(s)
" OH, o5 ) oo oo (.(0)
o[ TR ), X (00) X 9) B () ds
1 (" H,yihy , o .
by [ R ) X 0) K (9) (50 s,

(7.11)
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7.2. Dérivation de I'espérance d’une fonction du processus X°(.)

Hoinn(X0(t), . X0 (t0), X2(r + 1)) = He oo (X0(11), -, X (£,,),X° (1))

r+h
_aHa’:hv" (X2(t1), ., X0 (t,), X2(5)) 0(X2(s)) dB(s)
+/T+h %(‘X‘s(tl), X (1), X2(8)) B(X2(s)) ds
+ %/T’” %Q_@(tl), X (1), X0 () a(X)(s)) ds.

7.12
On choisit le réel positif h suffisamment petit pour que s® < r lorsque r < s < (7“—|—h);
ainsi, on peut remplacer X7, (s®) par X°(s(®)) dans les intégrales de (7.11).
Par ailleurs, comme s < r + h dans les intégrales de (7.11), on peut remplacer
X7,.,(s) par X2(s).
Soustrayant (7.12) a (7.11), on obtient:

Hynn(X° (), X0 () X0 (r 1) = Hopnn (X0 (1), X0 (80,), X7 (r+ 1)

= [ e (1) X (1,), X5(s) [o(XP(59)) dB(s) + b(XP(sD)) ds]

0z
L) & S o 0 X? X
= [ e 1), X 0) X)) [ CXES)) ABIS) + ) ]
T e (5. X(0,), X5(5) 0l X7(9)) d
- %/ %(x%l),...,X‘;(tm),Xf(S)) a(X}(s)) ds.

(7.13)

Il resulte du lemme 7.2.1 et du corollaire 6.1.2 que les intégrales en dB(s) sont des
martingales de carré intégrable. Par conséquent, en prenant ’espérance dans 1’égalité
(7.13), on fait disparaitre ces intégrales en dB(s), et par (7.10) on obtient :

E {<I>(X3+h£t1), X)) —E{R(X0(t), .. X (t)})
=E / <M(X5(t1), X0 (), X0 (5))b(X2 (519))

0z

_ OHrihn o5 < (s (s s
5, (XO(t1), ... . X (tn,),. X7 (5))b(X,( ))) }d (7.14)

2 072

2
. a Hr+h,n . )

+ lE{ / " (w()@(tl),...,X‘S(tm),Xé(s)) a(X3(s9))
e (R0(), .. K1) K2(6)) a(R(s) ds}.

La conclusion du théoréme s’obtient en divisant cette derniére égalité par h et en
faisant tendre h vers zéro. a
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Chapitre 7. Développement en ¢ de I'erreur pour des fonctionnelles a n points

Les résultats de cette premiére partie sont utilisés dans la derniére partie de la
démonstration. Par ailleurs, I’égalité (7.4) oriente les calculs menés dans la deuxiéme
partie.

7.3 Limite en 9§

L’égalité (7.4) fournit une expression de la dérivée par rapport au paramétre r, de
la fonctionnelle ® appliquée au processus X9, Lécriture de cette dérivée ne fait
apparaitre que le seul processus X°.

Le but de cette section est de préciser les comportements des espérances du membre
de droite de I’égalité (7.4), lorsque le paramétre ¢ converge vers zéro. Les résultats
de cette section sont restreints au cas ou la diffusion est de dimension un.

Avant d’étudier ces comportements, nous comparons les vitesses de convergence vers
zéro, de la norme L? de X°(r) — X% o ps(r) et de 7 — ps(r).

Lemme 7.3.1 Soit un réel p > 1. Il existe un nombre C tel que pour tout 6 > 0 :
E{|X00) = X oo} < Cr— s (7.15)

Démonstration du lemme 7.3.1.

La fonction ¢s reste constante entre os(r) et r; par conséquent, 1’'équation (6.3) se
simplifie :

X2 (r)=X’0p5(r) = o(X 0p5(r))(B(r)=B ows(r)) +b(X 0 ps(r)) (r—ps(r)). (7.16)

1X°(r) =X 005(r)|, < llo(Xops(r))(B(r)=Bows(r))|l,+[16(X 0 0s(r) (r—ps(r)ll,

(7.17)
Le corollaire 6.1.2 et le controle des moments d’ordre p d’une gaussienne nous per-
mettent de conclure. a

Remarque:

L’application de 'inégalité de Cauchy-Schwarz et de la majoration (7.15) lorsque
p = 1 implique 'existence d’un nombre C' tel que pour tout 6 > 0:

E{|X°(r) — X° 0 ps(r)|} < C/r — s(r) (7.18)

Lemme 7.3.2 Soit g une fonction définie de R dans R, de classe C? telle qu’il
existe une constante C':

lg(z) = g(W)| < Clz —ylA + |z +[y])  ((z,y) € R?). (7.19)
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7.3. Limite en §

Soient n € N*, v € {1,2} et r €]0,1[\{t; ; 1 <i <n}.
Alors :
OH,,, _

. 1 6 >4 ) v O 19
iy 8 {9 0 )] S22 (R0, ) X))

—E { (% + bg’) (X(r)) agﬁ” (X(t1), - ,X(tnr%X(T))}

az’Y-i-l

L E {a<x<r>>g'<x<r>> (X(0).... ,X<tm>,X<r>>} .

(7.20)

Démonstration du lemme 7.3.2.

On développe l'expression apparaissant dans la limite a calculer, en utilisant la
dérivée par rapport a la derniére variable de la fonction H,. ,,.

[9(X50) — 9% )] T (51, X (1) X))
= [9(X(r) — 9K )] § T (K1), X0, X°0)
- T (), . X (10). X ()
O T (K91, K1), X0 () (X (1) — Ko mr»} 721

X0 (tn,). X0 p5(r)) (X°(r) — X’ 905(7“))}

FI0X0) — (X0 )] { T (00, XO(1) X0 ()}

Chacun des termes du membre de droite de (7.21) va étre étudié.

e On va démontrer que I'espérance du premier terme du membre de droite de (7.21)
divisée par r — ps(r) converge vers zéro lorsque ¢ tend vers zéro.
L’espérance de ce premier terme s’écrit :

E{(g()_(‘s(r)) — 9(X%0 p5(r)))

TR (R0, K1) X)) — TR (X)X () X0 )
_ (X‘S(r) — X% s(r) 8;;2{{:” (XO(ty), ..., X%(t,), X% gpg('/’))] (7.22)



Chapitre 7. Développement en ¢ de I'erreur pour des fonctionnelles a n points

En appliquant & plusieurs reprises 'inégalité de Cauchy-Schwarz et en utilisant I'hy-
pothése (7.19) suivie par g, on obtient une majoration de (7.22) par :

CE{(X°() - Koo pslr)' )T (E{(1+[X°(0)] + [ X7 mr)})“})i

P Hrn 5 o o
(E{( S (X (), X (1) X ()
_avHr,n

027

(7.23)

(X‘S(tl), . ,Xé(tnr),)?‘so ws(r))

— (X°(r) — X%0 p5(r)) %(}?5@1), X0 (), X0 @5(@))2}) .

Le premier facteur de (7.23) se comporte comme /1 — ¢s(r) lorsque J tend vers zéro.
Le second facteur est borné en vertu de la proposition 6.1.1. Il reste a démontrer
que le dernier facteur converge vers zéro avec 9.

Le développement de Taylor & 'ordre 2 permet d’écrire :

(T (X0, . X0 (0), X)) — T (R5(0), - XO(1), X0 1)
_ (Xé(”r‘) — X6o @5(7‘)) %(X‘;(tl), . ,X‘S(tnT),X(SO g05<7ﬂ))>2

- ((X%r) - Xopsn)’ [ o) e a4y, X (),

0z7+2
(1—60)X% ps(r) + 6X°(r)) d@)
< (X%(r) = X%0 g5(r))"

(%W(u), X0 (), (1= 0) X0 5 (r) + QX%))) |

82’7+2
(7.24)
En prenant 'espérance et en appliquant 'inégalité de Cauchy-Schwarz, puis la ma-
joration (7.8), on obtient:

sup
0<6<1

avHrn s s s
S (X(E), K (), K00 (1)

E (agj’" (XO(t), ... X)X () —
— (X°(r) = X?0 p5(r)) %()@(h), LX), X% gpa(/p))>2

<C (E { (XP(r) — X0 %(r))g})‘l‘ (1 +E { sup p‘(é(s)\N}) .

0<s<r

Le corollaire 6.1.2 et le lemme 7.15 impliquent ’existence d’une constante C' per-
mettant la majoration de l'espérance ci-dessus par C' /r — @s(r).

e L’espérance du second terme du membre de droite de (7.21) est développée grace
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7.3. Limite en §

A la formule d’1t6.

OHH, _ _
E{W(Xd(t1>, e 7X§(tnr)7X60 QO(;(T’))

[9(X°(r) — g(X?0 p5(r))] (X°(r) — X0 905(7’))}

{ 87+1 Hr,n el " el

W(X‘s(tl), o X (), X0 0s(r)) / (X°(s) = X0 5(r))

ws(r)

[ (X (s)BKP0 a(s)) + 50" (X ()a(X 70 os(s) ] ds

— ) ) (7.26)
E{aTﬁ(Xa(tl), X0 (1), X0 05(r))

/T( )(g(X‘S(S)) — 9(X 0. p5(1)))b(X 0 5(s)) dS}
E{a’HlHnn

oy (XO(t1), ..., X%(t,),X%0 ps(r))

/T( )g’(X‘S(S))a(X‘So ©s(s)) ds}.

Dans le membre de droite de (7.26), Papplication du lemme 7.2.1 et du corollaire
6.1.2 permet de vérifier les hypothéses des théorémes de Fubini et de Lebesgue; il
est alors possible d’echanger les signes d’intégration et d’espérance, puis d’obtenir la
limite lorsque ¢ converge vers zéro des espérances. Les deux premiers termes divisés
par r — ps(r) convergent vers zéro avec d. Seul le troisiéme terme divisé par r — ps(r)
posséde une limite non nulle :

B { a0 Cr0) T ). X (0) X0

e L’espérance du troisiéme terme du membre de droite de (7.21) s’écrit grace a la
formule d’'Ito:

B { T (R0, K0 X0 )0 X)) — (X0 1))}
_ E{ agj" (X3(8), . X(t), X% o5(r) (7.27)

[ omEto gate) + 50 (K 9al X i) ds}.

s(r)
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Chapitre 7. Développement en ¢ de I'erreur pour des fonctionnelles a n points

[’égalité (7.27) et le troisiéme terme de (7.26) donnent les termes de (7.20) ; ce qui
achéve la démonstration du lemme 7.3.2 et clot la deuxiéme partie de la démonstra-
tion du théoréme 7.1.1. O

7.4 Expression du coefficient devant ¢

Tl reste & établir I'expression (7.2) de la quantité R(®) pour achever la démonstration
du théoreéme 7.1.1.

Le lemme 7.3.2 appliqué a ¢ = b puis ¢ = a et le théoréme 7.2.1 permettent de
majorer R(®), pour tout n € N*:

]R(ci))( - nm1|E{c1>()‘<5(t1),...,)‘(5(tn))} —EA{(X(t), ... X (t))}]

6—0
]_ ! 3 ) v o
= lim ~ 0 EE{é(XT(tl),...,Xr(tn))} dr
1 —
= lim r = ¢s(r) !

5—0 | Jo ) T — @s(r)

E{ (X0 5(r)) —BX (1)) 52 (X001, X0, X°()

(a0 o(r) - a(X‘S(r)))%(Xé(tl),...,X6<tm>,xé<r>>}dr

‘/ aHM X(t), .. X(t,).X (1) (%ﬂwb’)(ﬁf( »}dr
+/0 E{ G;Z;” (X(t1), ..., X (tn).X(r))

(ab/ + QZ” + %) (X (r))}dr

+ /;E { 3;5;”’” (X(t), ... X (tn), X (1)) (%) <X(r>>} dr|.

IN

(7.28)
Si l’on choisit la fonction s correspondant au schéma d’Euler, c’est-a-dire si p5(r) =
LgJ 6 = r® on peut établir un lemme qui permettra d’obtenir une égalité dans
(7.28):

Lemme 7.4.1 Soit {gs ; 0 > 0} une famille uniformément bornée de fonctions
réelles continues sur [0,1] convergeant simplement vers une fonction continue g ;
¢’est-a-dire que pour tout r € [0,1], (lsin% gs(r) = g(r).
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7.4. Expression du coefficient devant §

Alors

J) 1 1
i | 5 gs(r) dr = 5/0 g(r) dr. (7.29)

Démonstration du lemme 7.4.1.

La famille de fonctions {gs ; § > 0} étant bornée, la convergence simple de gs vers

g entraine la convergence en norme L.
5)
_

J

Ly () Ly (®
lim {/ r ; gs(r) dr —/ L (; g(r) dr] = 0.
0 0

On calcule maintenant la limite du second terme :

Ce qui, aprés que la quantité est majorée par 1, permet d’établir:

1

1

) r— 7”(5) . 5 i r .
(lsli% ; 5 g(r)dr = (lsllir(l) Z/(_l)é (5 —(i— 1)> g(r) dr
{FeN} =1

7

— lim Z/N (rN — (i — 1)) g(r) dr

N—o00 <

On peut remplacer dans cette expression g(r) par g (%) En effet, en majorant
rN — (i — 1) par 1 et la différence impliquant la fonction g, on obtient :

Zi:/; (rN — (i — 1)) ‘g(r)—g<i]_v1)‘ dr < sup |g(s) — g(t)],

ls—tI<%

et comme la fonction g est uniformément continue puisque continue sur un compact,
le module de continuité converge vers zéro lorsque N tend vers I'infini.

i

¥ 1
Il reste a remplacer I'intégrale / (rN — (i — 1)) dr par sa valeur v pour obtenir:
%
Ly — () 1 1 —1 1 [t
. r—r . 7
i [ st ar =g i 5320 () =5 [ ot ar



Chapitre 7. Développement en ¢ de Perreur pour des fonctionnelles a n points
On peut reprendre le calcul de la limite (7.28) sans avoir recours a4 des majorations:

R(@) = lm <E{@(X(1), . X(1))} — E{B(X(0),. X (1)

_ g%g/o DR {B(X} (), X)) dr
‘ 17,_7,(6) 1 _ _
=) T_T@E{@uw»—b<X5<r>>>
Mo (X0(t0), ... X (1) X))

(7.30)

Pour tout entier naturel n fixé, les trois intégrales composant la quantité R(P) et
apparaissant dans (7.30) sont finies.
Le théoréme 7.1.1 est démontré. a

Le paramétre n reste fixé dans toute la partie précédente. Notre objectif est d’obtenir
des résultats de convergence pour des fonctionnelles qui dépendent de la trajectoire
compléte du processus stochastique et non plus d’'un nombre fini de points de la

trajectoire. Pour cela, on va étudier 'influence de n dans le coeflicient R(®P).
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8

Majoration en 0 et n de ’erreur pour
I'intégrale de la trajectoire

Ce qui suit est consacré a plusieurs exemples de fonctionnelles dépendant de la tota-
lité de la trajectoire. Imaginons que les fonctionnelles ® soient des approximations
d’une fonctionnelle W. Il est alors possible de faire tendre n vers l'infini dans le
membre de gauche de (7.1). Le membre de droite de (7.1) posséde donc une limite,

mais on ignore s’il en est de méme pour chacun de ses deux termes R(P)d et e5,,.

La suite de I’étude se restreint a I'utilisation de 'approximation usuelle X% donnée
par le schéma d’Euler. C’est-a-dire que la famille de fonctions (ys);., est définie
par:

esr) = |5]8 (refo)

Les deux sections 8.2 et 8.3 ont pour objet de démontrer que la quantité R(®P) reste
bornée uniformément en n, pour plusieurs types de fonctionnelles spécifiques. En
effet, toutes les v.a. ®(X(.)) étudiées ne dépendent que de I'intégrale de la trajectoire
s — f(X(s)).

Mais auparavant, on va énoncer le résultat fondamental permettant de contréler le

coefficient R(®P) par rapport au paramétre n.
Le développement (7.1) de lerreur E {®(X (t),....X (t,))}—-E{®(X°(t:),.... X (t,))}

présente une expression du coefficient R(®) devant le paramétre 4. Au vu de (7.2),
le comportement de R(®) lorsque n tend vers l'infini est lié & ceux des trois pre-
miécres dérivées de la fonction H,,. La fonction H,,, définie par (7.3), est égale a
Pespérance de la fonctionnelle ® sur une trajectoire, aléatoire seulement au-dela du
temps r. Ce morceau de trajectoire aléatoire est (X"*(s)), ;. Ainsi, les dérivées de
la fonction H,., mesure I'impact d’une variation du point de départ de la diffusion a
Iinstant r. Ces dérivations pourront étre controlées au travers des majorations des

dérivées du noyau de transition du processus X.
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

8.1 Majorations des dérivées du noyau de la diffu-
sion

Une des conséquences de la définition (7.3) de H,,, est que l'expression (7.2) du
coefficient R(®) fait intervenir des dérivées de I'espérance de la trajectoire de la
diffusion X™* par rapport a son point de départ z. Et si 'on utilise le noyau de
transition ¢(z,y) de la diffusion X(.) pour écrire la fonction H,,,

Hn(x1, .. 2p,,2) = / D(x1, .. Tn) Gt 1 (25T, 41) - - - (8.1)
Rn—nr

Qtnflytn (‘rn - xn—l) dxn,-}—l e dﬂjn7

cette dérivation se concentre exclusivement sur un des noyaux de transition. C’est
clairement le cas pour 'expression (8.31) correspondant a I'un des trois termes de

R(®).

Par conséquent, il est possible de controler R(CTD) si I'on peut majorer les dérivées
en espace du noyau de transition. Les hypothéses imposées a 'opérateur différentiel

1 92
A = -a-— + b~ au travers des fonctions o et b (H 1) permettent d’obtenir de

2 Ox? ox

telles majorations. L’opérateur A est en effet uniformément elliptique. Il s’ensuit que
'on peut utiliser des résultats classiques sur les noyaux [41] ou [55]. Le théoréme IT
de ce dernier article démontre la proposition suivante dans un cadre plus général.

Proposition 8.1.1 Sous les hypothéses (H 1) de régularité des coefficients de
Dopérateur associé a I’E.D.S. (6.1) et de son uniforme ellipticité,
pour tout entier naturel [, il existe deux constantes C et M telles que :

(qu(m) < 9 \/1_exp (—%) (8.2)
H%(qt(z,x))H < tg\/_exp (-%) (8.3)

Le fait remarquable tient & ce que 'ordre de la dérivation en espace apparait, au
dénominateur du majorant, comme exposant de la racine carrée du temps. C’est
cette racine qui évite I'explosion de R(Cﬁ), lorsque n tend vers 'infini et que les
dérivations portent sur des noyaux dont le paramétre du temps converge vers zéro.
La majoration (8.3) de la dérivée par rapport au temps intervient lors de I’étude sur
la convergence des fonctionnelles Q:Dnvl, définies & partir de la fonction (8.4) et de la

subdivision {— 1< < n}, vers 'intégrale de la trajectoire.
n

8.2 Les moments d’ordre [

On se propose d’étudier le coefficient R(®) au travers des dérivées de la fonction H,,
dans le cas ou la fonctionnelle ® représente la moyenne arithmétique considérée aux
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8.2. Les moments d’ordre [

points {i ;1 <i < n} de la trajectoire de (f(X(s)))g<s<1)- Lorsque n tend vers
n <s<

Vinfini, cette moyenne converge vers l'intégrale de (f(X(s)))<s<1)- Les hypotheses
a imposer et la vitesse de convergence sont discutées dans la section (8.3).

Définition :

Soit f une fonction borélienne, définie sur R?, vérifiant la condition de croissance
(M) :

(M) Il existe une constante C' > 0 et un entier naturel p tels que:
|f(x)] < C 1+ |z|P) pour tout z € R%.

Pour [ € N* et n € N*, on considére la fonction réelle ®,,; définie sur (]Rd)n par:

B i1, ... 1) = <f(”31) *"'*f(m)l. (8.4)

n

n

®,,; désigne la fonctionnelle associée a la fonction @, ; et a la subdivision {— 1< <n

Ainsi définie, la fonction ®,,; vérifie la condition (M,). Il suffit en effet d’appliquer
la majoration (M,) & chaque fonction f rencontrée dans l’expression de ®,,;:

<Umn+m+uumy

| D2y, yx)| < "

l
ol (1 Pt ||xn||p>

n

IA

!
< <1+ sup ijHp>

1<j<n

< ¢ (1+ s ).

1<j<n
L’application du théoréme 7.1.1 permet d’obtenir (7.1) qui s’écrit pour la fonction-

4 U . R ... ] .
nelle @,,; associée a la fonction ®,,; et a la subdivision {ti =—;1<:i< n} :
n

E (%Zf(X(%))) —E <%Zf()‘(5(%))> = R(®py) 6 + 54, (8.5)

avec

Eondl _ (8.6)

sup lim

Le théoréme suivant explique dans quelle mesure on peut faire tendre n vers +oo
dans le premier terme du membre de gauche de (8.5) pour obtenir I'intégrale de la
trajectoire s — f(X(s)).

163

b



Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

Théoréme 8.2.1 Soit f une fonction mesurable et bornée.
Soit X (.) la solution de (6.1) avec d = 1 ; soit X°(.) lapprozimation de cette solution
donnée par le schéma d’Euler .
Alors il existe C, (€5p,1)nien- €t (éml)n,leN* tels que :

E { ([ rexen as) } -E (%if@@(%))) <Custim
+or HfHéo% 0<3<1) mleN) (1<1<5)

Le nombre C' est indépendant de [, n et 0 ; les quantités C~’n’l et €5 vETIfient :

nl Esnl
sup —+~ < 00 , SUPp i < 00, 8.8
T o Bl VD (&5)
sup lim Sonld _ (8.9)

n,l 6—0 o

Démonstration du théoréme 8.2.1.

L’inégalité triangulaire appliquée au membre de gauche de (8.7) définit le schéma
de la démonstration.

E{( | e as) }—E (%Zﬂf@(%»)
< E{( [ exe) as) }—E (ng<x<g>>) (3.10)
+[E (%Zf(ﬂ%))) -E <%Zf(X‘S(%))>

Cette inégalité décompose 'erreur en une partie indépendante du schéma d’Euler
(et donc du pas ¢), et en une autre sans 'intégrale sur [0,1].

Le second terme du membre de droite de (8.10), sans la valeur absolue, est égal

a R(®, )0 + €5,y d’aprés (8.5); cette expression est transformée dans le théoréme
8.4.1 pour appréhender le comportement en [ et n. Il est ainsi démontré que

l

I
1 O i I~ os i
EL (= X(— —-ES{ | = Xo(— =Chy 6 w o (811
(n > <n>)) (n > <n>>) Ve (1)
et par conséquent que sont réalisées I'inégalité (8.12) et les conditions (8.8) et (8.9).
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8.3. Convergence des sommes de Riemann

l

1 ! I~ . oy, i - B
E{(/O f(X(s)) ds)}—E (ﬁizlf(X(s(ﬁ))) < Cpy 0+ é5py. (812)

La majoration du premier terme est liée & I’évaluation de la vitesse de conver-
gence des sommes de Riemann vers l'intégrale, pour la fonction C* sur ]0,1], s —

E{f(X(s))}-
Cette majoration est réalisée dans le lemme (8.3.1) et ainsi (8.7) est une conséquence
de (8.10), (8.11) et (8.13). O

8.3 Convergence des sommes de Riemann

1
La partie de la majoration de I'erreur comportant le facteur — provient de I’approxi-
n
1 n .
. . . 1 1
mation de I'intégrale / f(X(s)) ds par les sommes de Riemann — E f (X(—)),
0 n n
i

ou plus exactement de /01 E{f(X(s))} ds par %éE {f (X(—)) }

n

Lemme 8.3.1 Soit [ une fonction mesurable et bornée.
Soit X (.) la solution de (6.1) avec d € N*.
Alors il existe un réel C' tel que:

E {/Olf(X(s)) ds} —E {% Z;: f(M%))}

Démonstration du lemme 8.3.1.
Notons ¢(t) = E(f(X(t))). La régularité de X assure que:

<O fler (813

e  est bornée,
C
o [p(s) < =

" O
o [9"(5) < .

Notons a présent [; la quantité suivante:
n= [ seaepas— 23 o) (8.14)
= s))ds — — -)). .
1 0 L n

165



Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

) = [ s——Zw()
SYREROR

Ecrivons ici le développement de Taylor de ¢:

Nous avons:

(8.15)

. . . . 2
i Y i
—o(2) = S - — 8.16
o) - o) =) (5= 1)+ o) (- ) (5.10)
ol y € [s,]. Bien entendu, y dépend de s. On déduit que:
1
/ o(s) — ds
0
// ?
1) 4
—1—2/ (s n> S

|E(1)]

VAN

n

2| £l "
< ——2 4 - 8.17
- n * 2n2 p 7 <n) (8.17)
- n? 1
+; (i —1)2 30
C 1 | i
< St |G
i=2
1 1
t intenant — '(—=) est borné.
On montre maintenant que - ng (—) est borné
L ey [ewas = 3 [ F o) = gl(s) ds
W= " o i
_ Z/_ () <E —s) ds
. X =2 " (8.18)
1 0 , n 1
— —) — <
Sl ] < 3
=2 n =2
< Iyt
T 24—
>0
On a de plus:
T T
[ ¢ = o) - o) < 20l (8.19)

Ce dernier résultat achéve la preuve.
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8.4. Convergence du schéma d’Euler pour le moment d’ordre [

8.4 Convergence du schéma d’Euler pour le moment
d’ordre [

Comme annoncé dans la démonstration du théoreme 8.2.1, le théoréme 8.4.1 permet
d’obtenir I'erreur commise en remplacant X par X° dans I'expression du moment
d’ordre [ de la somme de Riemann d’ordre n.

Théoréme 8.4.1 Soit f une fonction mesurable et bornée.
Soit X(.) la solution de (6.1) avec d = 1; soit X°(.) lapprozimation de X (.) donnée
par le schéma d’Euler.
Alors Uerreur commise en remplacant X par X°, pour calculer le moment d’ordre

1< i
de la v.a. — X(—)), s’exprime sous la forme suivante :
- Z F(X(2)), s’eap f

l

E (%Zf()d%))) E (%Zﬂfﬁ(%))) = Cua 0 s0r, (820

les quantités C,; et €5, vérifiant les conditions (8.8) et (8.9) du théoréme 8.2.1:

|Cn,l| |56,n,l|

su < o0, SUp i < 09, 8.8
o NAETRYEY (5
sup lim sl _ (8.9)

n,l 6—0 5

8.5 Démonstration dans le cas du moment d’ordre
un

Lorsque [ = 1, les résultats (8.20), (8.8) et (8.9) du théoréme 8.4.1 s’écrivent :

n

E {% Zf(X(%))} ~E {% Zfo‘@(%»} = Cudtesn  (821)

i=1

sup |Cy| < o0, sup  |esn| < oo, (8.22)
neN* 6€]0,1],neN*

|55,n| _

0. (8.23)

sup lim

Compte-tenu de (8.5) et (8.6), il suffit de montrer que la quantité R(®,;), qui
correspond & C,, dans (8.21), est bornée uniformément en n.
En effet, on peut alors transformer (8.21) pour obtenir :

o = E {%me%))} ~E {%Zﬂﬁ(%))} -G
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

puis
lesnl < 2[|fllee +0 sup [Crl,
neN*
et ainsi
sup  lesna| < oo. (8.24)

5€]0,1],neN*

Démontrons donc que R(®,,1) est bornée en n.

L’expression de R(®,, ;) apparaissant en (7.2) conduit a examiner la fonction H,,
définie en (7.3) et associée a la fonction @, ;.

Pour tout r €]0,1] et tout entier strictement positif n, la fonction H,, s’écrit pour
(I)n 1:-

H, (1, ... ,0p,,2) = % flo(t)) + -+ f(z(tn,)

(8.25)
FE{f (X7 (tn, 1)) + -+ + (X7 (t0))} -

La linéarité de l'expression de H,,, élimine les n, premiers termes des dérivées par
rapport a z; pour vy =1, 2, ou 3:

n

O H,, 1 o

(01,00 2) = = SE{(X (1))} (8.26)

j:nr+1

Le lemme suivant permet de controler les trois termes apparaissant dans le membre
de droite de I'égalité (7.2).

Lemme 8.5.1 Soit g une fonction réelle définie sur R, de classe C® a croissance
au plus polynomiale ainsi que ses dérivées; c’est-a-dire qu’il existe § € N et C € R
tels que :

g9 (z)] < C (1+|z|7) (z eR) (j€{0,1,2,3}). (8.27)

J0"H,, .
Sous les hypothéses du théoréme 8.4.1 et si la fonction 5 - est définie par (8.26).
z

Alors pour v =1, 2 ou 3, la famille d’intégrales

1 Y H
/ E { 88 ;” (X(t1), ... ,X(tnr),X(r))g(X('r))} dr paramétrée par n est uniformé-
0 z

ment bornée.

Démonstration du lemme 8.5.1.

Si Ja,b[ désigne un intervalle de ]0,1[, on note:

Z,(Jab]) = / E {G’Y&Ij;n (X(t1),... ,X(tnT),X(r))g(X(r))} dr. (8.28)
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8.5. Démonstration dans le cas du moment d’ordre un

En tenant compte de (8.26) et en remarquant que n, = i lorsque ¢; < r < t;41, on
obtient :

T (i) =+ 3 / T E{Z, (X ()} dr,
] —i+1 71

ol

7,5(2) = (=) o (B LSO} ).

On écrit Z,(]t;,ti+1[) en utilisant les noyaux de transition:

+1
Iv(]ti,tiﬂ[ = / / N Qtl xO;*Tl St —ti 1(% 1,T ) Q(Z) Qr—ti(%‘,z)
ti ix

j =i+1

o7
% ( _ f(xj)qh'-u—T(vai+1>%¢+2—tz‘+1 (ZL’¢+1,$Z'+2) s
Rn—l

byt (Tn_1,2n) dTivq ... dxn> dxy ...dx, dz dr.

L’application successive de I’égalité de Chapman-Kolmogorov permet d’établir:

1+1
T (totin]) / / 4 (20,2 azw( / Gy (525) () dxj) dz dr.

j =i+1

En sommant les contributions de chaque intervalle |¢;,t;1[, et en inversant les sommes
en ¢ et j, on obtient:

Z/ / ral (/ Gt;—r(2,75) f(25) d$j) ¢ (70,2)g(2) dz dr.

L’intégrale en temps est scindée en deux parties et I'une d’elles est transformée par
une intégration par parties. Les termes de bord sont nuls puisqu’ils comportent le
facteur ¢,(x¢,z) qui tendent vers zéro a une vitesse exponentielle lorsque z tend vers
Iinfini.

n

Qo1 - jlz( / / o (L) oy ) (a2 =

7j=1

1y / [ [ acapsa) de o @laslalz) d dr).
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

On utilise la majoration (8.2) de la valeur absolue de la dérivée en la variable d’espace
du noyau ¢ (z,y). Il existe par conséquent un réel K indépendant de r, j et n tel
que:

L

Z,(o1)) < %Z(/;ﬁdﬂrzx; L dr).

J=1

Par deux changements de variables, on obtient :

n

K 1-7 1 il 1-4 1
7,00,1) < gz o —ldu—i-th = du).

Jj=1

On majore alors les intégrales par 1 et les sommes par des intégrales.

1 v 1 ,
7,(01) < K /xl_g dx+2/ x' "2 dx |
2 L2
K| — .

IA

Z,(10,1])

8.6 Démonstration dans le cas du moment d’ordre

deux
La démonstration se différencie du cas [ = 1 par I'expression de la fonction 5 ;ﬁn
z
En particulier, "2 (21, ... ,Tn,,2) ne dépend plus seulement de z comme il appa-

2
raissait dans (8.26).

Nous allons démontrer un lemme, analogue au lemme 8.5.1, mais ot la fonction H,,,
est définie par:

Hyn(n, - n2) = o [Fl0)) + o4 fatn)

) (8.29)
FE (X7t 1)) + o+ SX ()} ]

Lemme 8.6.1 Soit g une fonction réelle définie sur R, de classe C® a croissance
polynomiale ainsi que ses dériwées; c’est-a-dire qu’il existe § € N et C' € R tels que:
|99 (2)] < C (1+z|7) (xeR) (j€{0,1,23}). (8.27)

Sous les hypothéses du théoréme 8.4.1 et si la fonction H,,, est définie par (8.29).
Alors pour vy =1, 2 ou 3:

/OIE{WHM (X(ty), ... 7X(tnr)7X(T))g(X(T))} dr

5 < 0. (8.30)

sup
neN*
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8.6. Démonstration dans le cas du moment d’ordre deux

Démonstration du lemme 8.6.1.

En utilisant les noyaux de transition, on peut écrire la quantité Z,(]0,1[) comme

suit :
Z /M / R@z‘*( / (ﬂxl)+'7'1'+f(x"))2qti+l_r(z,xi+1)

Ptipo—tin (Tit1,Tit2) o Gty (Tn—1,Tn) dTigr ... dxn> g(z) (8.31)

G, (xo,21) « o Qo (1,23 ey, (24,2) dxq ... dx; dz dr.

Le carré de la somme peut se développer de la facon suivante :

(f(xl) +-+ f(xn))g = Z J17]2f x]l)f<xj2)7 (832)

1<j1<j2<n

ou les coefficients C}, ;, valent 1 ou 2 suivant que j; = j2 ou non.

L’interversion des sommes et des intégrales entraine :

1 tita
Iw(]o,l[) = ﬁ Z ijz Z/ /LxR 927 ( i f(le)f(xJQ)Qti+1—T(Z,xi+1)

1<j1<j2<n
Aty o—tir (Tig1:Tig2) - Gty (Tn—1,Tn) dTiy ... dﬂ?n) 9(2)
G, (0, 21) « - Qs (Tio1,23)Gr—y, (T4,2) dxq ... dx; dz dr.
En distinguant les sommes sur les indices vérifiant 0 <7 < j; — 1, j; <@ < jo — 1

et jo < 1 < n, on applique plusieurs fois I'identité de Chapman-Kolmogorov pour
simplifier ’écriture des deux premiéres sommes et montrer que la derniére est nulle:

dt;,—t;, (le"rjz) dmjl dm]é g(z)qr(:vo,z) dz dr

Q(Z)Qtjl (20,24, )Gr—t;, (T,,2) dxj, dz dr] .

IW(]OJD = Z Civ o

1<]1<]2<n

(8.33)

On remarque que l'indice de sommation ¢ n’apparait plus que dans les bornes des
intégrales en temps. On peut, par conséquent, faire totalement disparaitre I'indice ¢
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

de I'expression ci-dessus.

Par ailleurs, on découpe chacune des intégrales de temps en deux. En prenant soin
d’intégrer par parties en la variable z deux des quatre termes obtenus, on échange
ensuite les signes d’intégration et de dérivation.

"

roa) = & 5 cl [ [F [ [ s

1<]1<]2<TL

(Qtyl—f z xh At;, -5, (wjusz) dx]l dl’hg( )QT(xOvZ> dz dr

e
o7

thjlfr(zwjl)qlfh*tjl (levsz) dle dsz% (g(z)qr(:co,z)) dz dr

- / L [ et 5 ) draglo

XQt“ x07:[;]1 Qr— 1231 x]h dw]l dz dr

/ ]2 /RQ\/.}C x]l l'Jz Qtu—r(Z x]2) d,ZCJthJ (1‘071']1)
o

% (g(Z)QT—th (l’jl,Z)) dle dz dT] .

On utilise la majoration (8.2) de la valeur absolue de la dérivée en la variable d’espace
du noyau ¢(x,y). On est alors en mesure de majorer les intégrales en les variables
d’espace z;,, x;, et z; par exemple pour la premiére des quatre intégrales, on peut
écrire :

a’YQt -
s f(x]i)f(wjz)g(z)%‘(mo’z)a—i{(z>xj1)qtjgftjl ($j17$j2) dz dle dsz
C
< T |f(l‘ﬁ)f(:13]2)g(2’)| C]r(ZL“o,Z)
(1 —1)% Juo
(Z—le)2

exp (~ i)
2nM(t;, — )

byt (xj,,x),) dz dz;, dxj,,

et cette derniere intégrale peut s’interpréter en terme de espérance d’une diffusion
X (.) solution de I’équation :

X(t) = X(0)+ /0 (U(X(S))Il[om[u]thﬂ(S) + \/M]l[r7tj1}(8)> dB(s)

¢ (t>0),
+/0 <b(X(S))]l[07r[U]th71](S)) ds
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8.6. Démonstration dans le cas du moment d’ordre deux

ainsi,

ex <_ (Z_le)g )
[ o a2y () d ey
- J1 J2 r\+0, 27TM(tj1 —7‘) Lo =ty \"J19V ]2 J1 J2

Comme la fonction f est bornée et la fonction g a croissance polynomiale, la majora-
tion (6.6) implique que cette espérance est controlée par une quantité indépendante
de 71, j2, n ou r. Il s’ensuit l'existence d'un nombre K ne dépendant que de f, b et
o permettant d’écrire:

Y1

=1 th I 1
/—Wdr—kﬁ_ > = dr
o (tj, —r)2 i = s
tjp tig

+/t'(2tj2+r)dr+/t. i ]1)% ]

J1 =

K
Z,(10.1D] = — > Cis

1<j1<ga<n

(8.34)

(S

Ce qui s’écrit, aprés quatre changements de variables:

oy < £ 3 c[ o —du+2th n ]

1<]1<]2<n
1
_X 1_, 1
12 ]1 2/ — du + E ]2 j1 / - du] .
1 L 2
2 2

Toutes les intégrales ci-dessus sont majorées par 1.
Les sommes en ji, j» divisées par n? possédent des limites simples a calculer lorsque

n tend vers 'infini.

+_ Z J1:32

1<]1<]2<n

et




Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire

Par conséquent, |Z,(]0,1])| est majorée par un nombre indépendant de n et le lemme
8.6.1 est démontré. O
La réunion de (7.2) et (8.30) entraine que R(®,,5) = C,5 est uniformément bornée
en n.

8.7 Démonstration dans le cas général

Démonstration du théoréme 8.4.1.

Il suffit de démontrer que la valeur absolue de la quantité R(Ciml) = (), est majorée
par une quantité indépendante de n et inférieure a un polynéme de degré deux en
l:
|On,l|
sup

up < oo, (8.35)

En effet, si I'on exprime &5, grace a (8.20) et que 'on majore:

i )
o= Eq |- X(— - X°(— —Chy 0,
o (n > W) (n > <n>>) :

|On,l|
eondl < 2(IFIL VL) +12 6 2t

|56nl’ 2 |Onl|
[LAZ) < _ 5 )
E(flLvy = B OSP

et ainsi, (8.8) est démontrée.

Nous allons maintenant démontrer (8.35) en reprenant la démonstration du lemme
8.6.1.

On exprime Z,(]0,1[) & Paide des noyaux de transition, comme il a été fait en (8.31)
dans le cas [ = 2:

7,(0,1) = nz_:/t” /R%MR (fm”'?'l*f(x”))lqtmAz,xm)

Qtiyo—tina ("L‘i-i-lvxi-‘r?) ety —ty (xn—ly‘rn) dxi-i-l cee dxn) g(z) - (836)

Gty (20,21)Qti—t,_ (Tim1,23)Gr—r,(24,2) dxy .. dz; dz dr.

La puissance [ se développe comme suit :

(fla) +-+f@a) = Y Cheaf @) flag), (8.37)

I<ji<-<jisn
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8.7. Démonstration dans le cas général

ot le coefficient Cj, . vérifie
o | o =pt
Chrpit < 1, E Clppge =10 (8.38)
1<in<--<jisn
Comme dans le cas [ = 2, on échange les sommations en ¢, les sommations en
J1,---,J1 et les intégrales. Puis, on prend soin de distinguer les sommes sur ¢ telles

que0<i<ji—1, 51 <i<jo—1, s jpr <i<j,etj,<i<n.
On obtient alors 'analogue de I'expression (8.33) de Z,(]0,1[):

Lo = - Y G, [ / o M( Fls) - Fla)

1< <<jp<n

de;, _T(Z’le)qth—tjl (le,l‘j2) sl =ty (sz—vsz) dxjd s dle)

2)qr(x0,2) dz dr

12 1/1+1 /Rz 827< Rz,lf(flfjl)~~-f($ﬂ'l)q%*’“(z’xj2)

Gtjy—tsy (TinsTjs) - - Gyt 1(%pl“jl)d%‘z---dﬂﬁjl)g(z)%h (zo,5,)

QT‘—tj (lev )dzjl dz dr

+ le /m /R M(/f% o f)a, (5 x]l)dle>g(2)

_]l 1
G, (T0,5) « - Qryy, (g 2)dxy, o day,_ dz dr] .
(8.39)

Comme dans la démonstration correspondant au cas [ = 2, on peut regrouper les
sommes en i avec les intégrales en temps pour n’obtenir que des intégrales sur ]0,¢;, |,

]tjvtjz[v SR }tjsztjz['

De méme, on intégre par parties une intégrale sur deux. Puis on utilise pour chacun
des termes la majoration (8.2), de sorte que I'on peut écrire une majoration analogue
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a (8.34):
Y1
\I,Y(]O,l[)] < ol Z J1se Jl[/ —Wdr—i—/_ ZT dr

M i <<ji<n 0 (tj —7)2 4o

ti) i, , ~y

2 1 tja 1

Y R 3 S R

tjy (th - T)Z % =0 (T - Zfjl)Q (840)
+

tjz—1+tjl

sz

+/ dr+% , dr].
tira (t = +JZZ tjl 1)

Un changement de variable dans chaque intégrale permet de faire sortir les indices

de sommations. .

Les intégrales obtenues sont du type — du ol « est un entier compris entre
1w
2
zéro et ~. Elles sont ainsi toutes majorées par 1; ce qui permet d’écrire en utilisant
(8.38):
K 1-12
Z.(]0,1 < —1 2 {2
|’Y(]7D| — nl Z +Z
1<i<-<qisn
.
1— 1—2
(s —t5,) 2 +Z(tj2 ty) 2
i=0 (8.41)
+ .
1-2 1—i
+(tjz_ Jz1 2+Z J Jz1 2]'
Les sommes sur les indices croissants ji,...,J; vont compenser en partie le facteur

I!. Nous allons examiner ces sommes lorsque le paramétre n devient grand.

' 1 1
L’exposant 1 — % oul — % peut prendre les valeurs 1, 2’ 0 ou —5

Dans les trois premiers cas, on peut majorer chaque facteur de ces sommes par 1,
!

et ainsi Chaque somme se Comporte comine F Par Consequent, on a:

sup m%ﬂ < 00 (v € {1,2}). (8.42)

n,l

Dans le cas v = 3, les sommes apparaissant dans le membre de droite de (8.41) sont
des sommes de Riemann qui approximent des intégrales sur le domaine {(x1,...,7;) €
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8.8. Les moments exponentiels

R ;0<a <...<ax < 1}:

1
1 g\ 7z 1 2

1<j1<<ji<n <m<esm<d

et pour tout entier ¢ compris entre 2 et [:

1
1 Jaq _]'q—1>_2 / _1 2
- 24 J9 ~ (xg — xg_1) 2dzy...do < :
n! Z ( n O<ar<<a<l (=1

1<1<<5i<n
(8.44)
cette derniére inégalité est obtenue en intégrant par parties I'intégrale en z,_;.
Par conséquent, (8.41), (8.43) et (8.44) donnent :

1 Z5(]0,1])|
STy

(8.45)

La conclusion du théoréme vient alors de la réunion de (7.2), (8.28), (8.42) et (8.45).
O

8.8 Les moments exponentiels

Cette partie est consacrée a ’estimation de I’erreur commise en approchant

E {exp (/01 F(X(5)) ds) } par E {exp (% zn; f(Xé(%))) } en § et n.

Théoréme 8.8.1 Soit [ une fonction mesurable et bornée.
Soit X(.) la solution de (6.1) avec d = 1; soit X°(.) lapprozimation, définie pour
tout réel § > 0, de X (.) par le schéma d’Euler; X°(.) est solution de (6.2).

Alors il existe Cy, Cy et (Esn)nien+ tels que:
0<o<1

oo ([ 050 )} -5 e (155 120) )

1 Esn,l Cl
< ) -
< Cyd+ 2(5—1)! 5>5+n,

>1

(8.46)

Co et Cy sont deur nombres indépendants de I, n et 0 et la quantité (€5m,1)n1en

0<<1
vérifie les conditions (8.8) et (8.9) du théoréme 8.2.1 :
|56nl|
SUp —mi—— < 00, 8.8
o BV &8
sup lim [Esnal = 0. (8.9)

n,l 6—0 )
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire
Démonstration du théoréme 8.8.1.

La démonstration du résultat est basée sur un développement en série de I’exponen-
tielle et sur une exploitation des résultats obtenus dans la section précédente.

Soit p un entier positif,
E{lil—ﬁ(/olfw(s»ds)l}—la il, (% >>)l
e

AL ( ) ( Zf(ﬂ%)))

i=1

Le second terme du membre de droite de (8.47) est controlé par (8.20).

S |E (%Zfo‘@(%))) -E (%me%)))
=1 p' i=1 i=1 (8.48)
=> %[Cn,l 0+ €51,
I=1
et par suite,

"1 | RN l 1 i\
Sl (EZf(X <5>>> “E (521”()((5)))

=1 i=1 =1 (8.49)

’Cnl’ 1 Esn,l
< 2 1 i Lie)
< 2exp(1) (Srlll}) 2 o+ E =1 o )

>1

La convergence du premier terme est quant a elle démontrée dans le lemme suivant :

Lemme 8.8.1 Soit f une fonction mesurable et bornée.
Soit X (.) la solution de (6.1).
Alors pour tout entier p > 0 et tout entier | > 0, il existe C tel que:

E{gl—l!(/olf(X(s))d)} Zl,<2f< )) <%

Démonstration du lemme 8.8.1.
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8.8. Les moments exponentiels

Si p, désigne une suite d’entiers positifs, on peut écrire:

E{é%(/olf(X(S))d)} Zl,<2f( ))

:lzlll'/o /0 E{F(X(51))... F(X(s0))} dsi...ds

_%iiﬂz{f (X(%))...f(X(%))}

=1 11=1
PpA(pn—1)

1 1
= Z l_'Dn,l+ Z ﬁDn,l-

=1 pn<I<p

(8.51)

On utilise (8.13) pour majorer la somme dont I'indice [ va de zéro & p A (p, — 1).

pn—1
1 c
- <

> §1Dui < Il expll 1) (5

HOrGlflay) () 652

Pour la somme allant de p,, & p, on choisit p, tel que I'on puisse se contenter de la
majoration triviale | D, < 2||f]|., ; ainsi:

> a2 3 B oo VI (8.53)

l=pn l=pn,

On remarque que ces deux majorations (8.52) et (8.53) sont indépendantes de p. En
les réunissant dans (8.51), on obtient:

(% (f e Zw SO,

§2exp(\|fHoo)”£”°° o(l1f Hoo 02+03ufuoo>1).

Il reste a choisir la suite (p,)n,>o pour préciser la vitesse de convergence en n. La
seule restriction concernant cette suite est la majoration p, < 5 En choisissant

cette borne pour p,, on obtient

E{g%(/olf()((é’))d)} Zl,<ZfX6 )

\ (8.55)
) C
< 2e(I 1) 5 + Il exn(lsll) (524 2+ Gl
6
et la conclusion (8.50) du lemme. O
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Chapitre 8. Majoration en ¢ et n de I'erreur pour I'intégrale de la trajectoire
Remarque:

Le terme

est négligeable devant les autres termes du membre de droite de

(8.55) lorsque n tend vers linfini: par exemple, dés que n > 12 ||f|l €, on a la
majoration suivante :

1% _ 1
o) S (8.56)

En injectant (8.48) et (8.55) dans (8.47), on obtient I'existence de trois nombres C,
Cs et C3 tels que:

Pyt : o1 i\
E{;l—‘ ([ receon as) } E1Y (521"()(‘5(5)))
< 2exp(1) (s:}) Cn ) (lz —1) 657”) ) (8.57)

+2exp<||f||oo>”{ﬁ”)°°+ 1 lloe exp(11 1) (Cl (Ca + Gl flloo) )

Le membre de droite est indépendant de p. En faisant tendre p vers 400 dans (8.57)
et en ne conservant que les termes dominants, on obtient la conclusion (8.46). O
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9

Majoration en 6:% de ’erreur pour
I’'intégrale de la trajectoire

Dans la section précédente, nous avons présenté un développement en o de 'erreur.

I a été montré que le coefficient R(®(n,l)) devant § est borné par rapport & n. Mais
ceci ne suffit pas pour obtenir la vitesse de convergence de 'erreur puisque 'on ne

R €s,n,l . ,
controle pas le reste 5 uniformément en n.

Nous allons reprendre 'étude de I'erreur en faisant tendre, en méme temps et a la
méme vitesse (6 = %), les paramétres ¢ vers zéro et n vers l'infini.

Théoréme 9.1.2 Soit f une fonction mesurable et bornée.
Soit X(.) la solution de (6.1) avec d € N*; soit X=u(.) Uapprozimation de cette
solution donnée par le schéma d’Fuler .
Alors il existe C' tel que:

E{/Olf(X(S)) ds}—E{%Zf(Xi(%))H (9.1)
1 4 .

<C fle.

Démonstration du théoréme 9.1.2.

On applique l'inégalité triangulaire (8.10) au membre de gauche de (9.1), puis la
conclusion (8.13) du lemme 8.3.1 et enfin celle (9.3) du théoréme 9.1.3 ci-dessous.
Ainsi il existe C et Cy tels que:

B{ [ rxe) asf —E{%Zﬂfci(%))}‘
< ||f||oo<01 Ly 3)-

n n

9.2)
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

Théoréme 9.1.3 Soit f une fonction mesurable et bornée.
Soit X(.) la solution de (6.1); soit Xn(.) Uapprozimation de cette solution donnée
par le schéma d’Euler .
Alors il existe un réel C' tel que pour tous les entiers strictement positifs n :

E{%gw(%))} { > A }

Démonstration du théoréme 9.1.3.

1
<Ol 93)

Le théoréme 7.2.1 donne une expression de la dérivée de 'erreur comprenant deux
termes ol interviennent les dérivées premiére et seconde de la fonction H,,. Ces

deux termes sont de la forme suivante, ou tantdt g = b et v = 1, tantot g = § et

v =2
1= [ B{ a0 - o) SRR, K (0) X0 . 0)

Notation 9.1.2 Pour v =1 ou 2, on pose:

Qi) =4 [ e [0(X0) - 0, (K D)] 55 (a4 (2)

ot les entiers i, j, n et le réel r vérifient les conditions :
n>let0<i/n<r<(i+1)/n<j/n<1;

a
g1 et go désignent respectivement les fonctions b et 5

Avec ces notations, 'erreur commise en utilisant le schéma d’Euler de pas 1/n est
(i+1)/n (i+1)/n

n 1 n. o
A gaydr et [ QY gy dr 0w (i)

i/n

la somme des intégrales — /
n Jim

décrivent A(n) ={(z,5) ; 0<i<j—1,1<j<n}
Ce domaine peut étre découpé en deux parties:

k+1
Ai(n) = U{ (ig); 0<i<2t =2, 2070 < j<2r— 1},

k+1
No(n) = |J{Gg); 2P -1<i<j-1,207 < j<or 1},

. (|x] désigne la partie entiére de x)

log 2
Nous avons: A(n) C (Ai(n) U Ax(n)) .

Les deux lemmes suivants donnent des majorations de Qg")(i,j,r). Le Lemme 9.1.3
sera utile pour la somme sur Ay(n), le Lemme 9.1.4 pour celle sur Ay(n).
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Lemme 9.1.3 [l existe un entier ng et une constante K, indépendante de n, 1,
J et r tels que:
(r=3)

Qg < Kallflle ——  (y€{12}) (n>mno) (9-6)

i_p) 2
n

Lemme 9.1.4 [l existe un entier ng et une constante Ky indépendante de n, 1,
J et r tels que:

[T

meMWMSKﬂmkﬁ%lﬁ(§) (ve{12}) (n>ng)  (97)

L —7p
n

Montrons ici que ces deux majorations permettent de conclure.

Somme sur A;(n)

Comme r—i/n et j/n—r sont plus petit que 1, le terme dominant dans la majoration
obtenue dans le Lemme 9.1.3 provient du cas v = 2 et son ordre est (r —i/n)(j/n—
r)—s/z_ Ainsi il existe une constante K, indépendante de n, 7, j et r telle que pour
tout n > ng:

(i+1)/n
/ QY (i.j,r) dr

n

S

i 3
ipemm s (L —7)?

-1
Kllg >

(i,7)€A1(n)

i
AR

3

k+1 2p—1 2P~ 1_2

1 2
S PO N
p=2 j=2p—1 i=0 -l
2 k+1 2P—-1 1 1
= n_ip;jgﬂ/j—%—lﬂ_ﬁ

k+1 op—1 op
2 / 1 / 1
< — —dx — —dx
S R ( o VT 2p-1 /T )
< —=v2

Le choix de k nous permet de conclure pour la somme sur A;(n):

ﬁ Z /Z ny (Z,],T) dr

(i,j)€A1(n) "

K,

<8 (e{12) (n>ny)  (98)

Somme sur Ay(n)
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

La majoration obtenue dans le Lemme 9.1.4 va nous permettre de controler la
somme sur Ay(n) de la maniére suivante : le terme prédominant est & nouveau obtenu
pour v = 2 et 'on obtient I'existence d’'une constante K, indépendante de n, i, 7 et
r telle que pour tout n > ng:

~711 (i+1)/n s
K. E Z /Z Qy (Z,j,T’) dr

(i,7)€Az(n) "

SEZ/"%T‘_%dT

n i
(i) €02 (n) ! W L—r

k+1 2P—1 Jj—1

(VAN
| =
g
N
‘.
M .
SN
| —
e
3=
#
I~ 3

IN

AN
S 0
[\]
N
_I_
NgE
T

;
|
&
~——

n 3 2p-12 T
5 L
< S {2v2+ ) V2T 2log2
n2
p=3

k—2
4 V2T -1
< — [V2+2log2X"— —

Le choix de k nous donne la majoration suivante :

(ve{12}) (n>no)

(9.9)

(i+1)/n 2 >
Lo [T G ar| < ks L AR
n i/n 7 \/§ -1 n n2

(i,5)€A2(n)

Les majorations (9.8) et (9.9) donnent un majorant de Uerreur en +.

Avant de prouver les Lemmes 9.1.3 et 9.1.4, montrons un lemme préliminaire

Notation 9.1.5 Soit G une variable aléatoire gaussienne centrée réduite. On
pose pour tout x € R:

H(z) =o(x)\/r —i/nG +b(x) (r —i/n), (9.10)

U(z) = (gy(z + H()) = g,(x)) ¢}/ (0,2). (9.11)
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Lemme 9.1.6 Sous les hypothéses (H 1) sur les fonctions o et b, les fonctions

H et U vérifient :
pour tout o, 3, (1, Pa € {0,1,2}, q, ¢1, g2 € N, la suite suivante est bornée :

i /2
‘ R (=
(Sup(z,r‘)EJn/R {(n)

@) () H®)(z)

\/r—i/n \/r—i/n
| B (g ‘fh’bﬁz )}42]1{|G<(T ) 1/2}}dx>
ST 2e] 1

o J, ={(i,r) e Nx[0,1]; i/n<r<(i+1)/n}

Preuve du Lemme 9.1.6

D’aprés la définition (9.11) de W, il est immédiat que:

W ()] < [H @) g}l 4 (x0.2) (0.12)

De la méme maniére, on calcule les deux premiéres dérivées de W :

V() = ((1+H(2)g(x + H(x)) — g (x)) ¢ (w0.2)
(n)
+(9,(x + H(x)) = g,(2) " (w0.2)
V(r) = (g(x+ H(@) - g)(x) af(wo,2)
+H'(x)g,(x + H(x))q()) (w0,)

g
+(g,(x + H(@)) = g, () 2" (w0,2).

Ceci nous donne la majoration suivante :

(n)

’/n( + (IH @) 1920 + [H'(@)] 119410 @i (0,),

(9.13)

(W ()| < [H ()] 195 ]]oc o, )
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

Calculons & présent la dérivée seconde de W

V'(x) = ((1+H'(x)gl(x + H(z)) — g/(x)) ¢\ 1)(20.2)
(n)

g+ H) - g (0)) L% (w02)

+H"(x)g) (x + H(x))q}), (x0.)

+H'()(1+ H'(x))g!/(x + H(x))g\)m(w0,)
(n)

/ / aqi/n
+H'(2)g) (x + H(x))~5"" (x0.2)
aq(")
+((1+ H' (@))g(x + H(x)) = g} () —2"(w0.2)

82(](”)
(g2 + H(@) = g5/(2)) 5 5" (20.2).

Aprés factorisation, on obtient :
U(z) = < (95(x + H(z)) = ¢5(x)) + 2H' () g (z + H(z)) +

H'(@)g/(x + H(2)) + H'(2)°¢)(z + H(x)) ) g} (w0.2)

4/n
+2( (g} (x + H(2)) = gy (2)) + H'(2)g) (& + H(2)) ) (wo.2)
a2q(7)
+ (9@ + H(@)) = gy(2)) 5" (@0.2).
Nous obtenons ainsi:
3 n
@) < (JH@]6 oo + 1) + 2H @) 8o + 1H" @) 161 ) 4202
94,7, ;)
+2 (|H () g5 lloo + [H'(@)] 1|7 ]loc) | 52" (z0,2)| + [H ()] |19}l | —25* (z0,2)
(9.14)
Dans un premier temps, on peut remplacer dans (9.13) et (9.14) les dérivées
K/2
d’ordre x du noyau qf"i(xo,x) par les majorations données dans (8.2) : C' (ﬁ> Py (T—
i

7o) (po2(x) désigne la densité d’une gaussienne centrée de variance o?).

Par ailleurs, sur I’événement {|G\ < (2“0’“00\/7“ — z/n)

rations des dérivées de H :

}, on obtient les majo-

H'(z) =o' (z)(r —i/n)"2G + ¥ (z)(r —i/n)

LWl

gt (9.15)

|H' ()] <

186



On obtient également
|H"(z)] < lo%oe  115"]lox (9.16)
~2fo’le - m '

On sait donc que H' et H” sont bornées sur I’événement considéré.

On en déduit I'existence d’une constante C' indépendante de ¢,n,r tel que pour tout
a € {0,1,2} et pour n assez grand, on ait:

i /2
(—) [ @)| < CLH@) g3 lscpasin (2 = 7o), (9.17)

n

ainsi, la famille du Lemme 9.1.6 est majorée par la famille suivante :

\/rfi/n

o®) (z)

\/rfi/n

q
(0 [CAISE L fRE{ o)) [0 () \qg}

pMi/n(w - $0) d$>

n>1

Grace a un changement de variable, l'intégrale précédente s’écrit :

G G . G
/ 0(x0+x\/—l)y+b(3:0+x —Z) — a(ﬁl)(aso—l—a:\/—z)
R n n n n

q
o (xo + m/—z)y + 0B (2o + 14 —Z)\/r—i
n n n
X \bw(;@oﬂ,/%

ou p; désigne la densité de la gaussienne centrée réduite. Le noyau p; (z)p1(y) assure
que l'intégrale est uniformément bornée en r, ¢ et n.

q1

X

q2
p1(2)p1(y) dx dy

Remarque 9.1.7 Une petite variante dans la preuve précédente nous permet de
conclure que sous les hypothéses du Lemme 9.1.6, la famille suivante est également
bornée :

. P2 00pl)) HO(z) |

2[o"]]oo

P P gy i
n>1

Montrons a présent les Lemmes 9.1.3 et 9.1.4.

Preuve du Lemme 9.1.3
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

Nous allons écrire Pexpression (9.5) de QY (i.5,r) en utilisant une variable aléatoire

) =, la v.a. X(r) s’écrit :

. . i
gaussienne : en effet, conditionnellement & X (—
n

x+o(z) r—iG+b(x) <r—i>

ot G désigne une gaussienne centrée réduite.

L'expression (9.5) de Q\"(i,j,r) devient :

QW (ijir) = / E{ / £(2) lgy @+ H(z)) — gy ()

- (9.18)
p (qT’%(z,:cj)> da:j}q )(xo, ) dz
z=z+H (x)

:‘sm

Ecrivons le développement de Taylor avec reste intégrale des fonctions g~ et

o
2 = <qr l(z,xj)), nous obtenons alors :

0z

Qg (4,5,7) /RE{/f ;) [g»y H(x )—i—/HH(;%(u) (x+H(:C)—u)du]

[83:7 (QT% ,T; > / Eers) (qr (u, x])> du dx]} ) (29,2) d

’ (9.19)

Le développement du produit des deux crochets donne quatre termes 17, Ts, T3 et
Ty.
Dans T3, une simplification apparait grace a la symétrie de G.

AEAf(xj>g;(x)H<x)% (Clr,%(%fﬂj)) da; qg‘)(xo,x) da
/R/Rf(xj)gé(x)b(x) (7‘ - %) % (%,ﬁ(%%)) d,; q%)(xo,a:) 02(9.20)

On obtient alors une majoration de 77 :

13l < Kl (7= £ T (9.21)

=)
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Intéressons nous maintenant a 15 :

z+H(z) 9y+1
o= [® /Rf<mj>g;<x>H<x> [ g (angtwm) dues

G-t s “
< . (r_z)% o
n (i A

Nous obtenons pour T3 et T} :

T = / / F@) 5= (a2 @)
/fmx g5 (u) (x+H(x)— )dudx]q ) (20,) d
T3 < K|lflls <r—%) ﬁ (9.23)

x+H(:r)a'y+1
T4 = / / f IJ / W (qn%(u,x])) du

x+H (x)
[o10) (o4 H@) =) dudiy o z0.0) da

T < K|lfll (——); (9.21)
TR

Grace aux inégalités (9.21),(9.22),(9.23) et (9.24), nous avons terminé la preuve du
Lemme 9.1.3.

Preuve du Lemme 9.1.4

La majoration obtenue dans le Lemme 9.1.3 n’est pas bonne 10rsque i et j sont
trop proches; on ne peut pas intégrer en r a cause du terme W Le but de ce

Lemme 9.1.4 est de trouver une majoration de Q,(y")(i,j,r) qui soit 'bonne’ pour les
indices i et j dans Ay(n).

Dans ce cas, nous allons grace a une intégration par partie faire porter I'irrégularité
due a la dérivée sur la transition entre I'instant initial et 'instant %

Nous allons écrire la preuve compléte dans le cas v = 2. (le cas v = 1 étant similaire
et plus simple)
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

On découpe Qg")(i,j,r) en une somme de deux termes suivant que l’événement

{i61 < (211 m=T7m)

} est réalisé ou non.

Qs (ijr) = Q2,1+ Q22 (9.25)

En suivant Iécriture de (9.18), on obtient :

Q21 = E{/Réf(f’?j)aa—; (qr,%(zﬂfj))

z=x+H (x)

—
2 T

\IJ(:);)]I{G|S - }dzvj} dx (9.26)
82
@z = | J@)l(z) = 0:0)] 55 (003 (505)
1 B(inr2) (2)Do2(@) (r—i/n) (2 — T — b(x)(r —i/n)) dz dx; qgl)(xo,x) dx

(9.27)

o)

avec B(i,n,rx) = {z eER;

Majoration de |Q21]

D’abord on scinde I'expression (9.26) de ()21 en une somme de trois termes.

—

82qr,1 n)
Q21 = E{ /R2 W;(:zc,ycj)gg(a:)H(:zc)]l{|G|S o }q;‘; (w0,2) dz f(a:j)dxj}

7
" n

i

+E{ [y e focioss }qﬁ-’” (0:0) d £(z;) dxj}

0x? q<dleliss L5
2

n

o 0%q, 1
50 [ (0atem)  — Tt sy | 1000 )
z=w+H (x) Toy/ri
(9.28)
Avec des notations évidentes, Q21 = I; + I + Is.
Dans [y, on utilise 'expression (9.10) de H.
On remarque que la v.a. G 1 _ _1y est centrée et il vient:
aued {ie1=(2liollev/r=E) '}
32%1 , i (n)
L=Bd [ =)o) — D) el (o) do fla) d,
R2 x n {|G|§ llollas } n
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Intégrons par parties en x:

(n)

aqrv% Ly aq%
L = -E /R2 o (CE,%‘)(T—E)gz(l")b(ﬂf)]l{mg |o'|;of} oo (w0,x) du f(2;) dz;

%
2 =

9q, i i
ol [ S )~ Do) oo

- ]1{|G<Wbol}q(;) (z0,7) dz f(ﬁj) dxj}

i
24/ =5

La remarque 9.1.7 et les majorations sur les dérivées des noyaux permettent
d’obtenir le controle suivant sur [ : il existe une constante K indépendant de 7, 7,

n et r telle que:
K 0o ’
| < Kl (r - 1) (1 + \/E> (9.29)
[i _, n 1

Pour estimer un majorant de I, nous allons a nouveau procéder & une intégration
x+H (x)

par parties en x et nous allons avoir besoin de la dérivée de p(z) = / go (u)(x+

H(z)—u)du.

x

2+H (x) a+H (x)
o) :<x+H@»/' ﬁwnm—/' ugh(u) du

o+H ()
ww>:0+Hw»/ g2 (1) du

+(z + H(2))((1+ H'(z))g5(z + H(x)) — g5 ()
—(1+ H'(z))(x + H(z))gy(z + H(x)) + x5 (x)

x+H (z)
¢@>:u+ﬂw»/ g2 () du — H(x)g!(x)

Nous obtenons alors
K . ]
| < Kl (r - 1) (1 + 2) (9.30)
\/: n i

-1
L’expression (9.15) nous assure que sur I’événement {|G| < (2||cr'||oo\/r - z/n> },

la quantité 1+ H'(x) est suffisamment éloignée de 0 pour n assez grand. On peut
ainsi procéder a une intégration par partie (double) dans I3.
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Chapitre 9. Majoration en ¢ :% de I'erreur pour l'intégrale de la trajectoire

N—

[

/}R2 ¢, (v + H(x)z;) <1+1H’ (1 fH/>/)/($)]1{G<2:/,it} dxf(l’j)dfcj}

I = E{ [lam (0sG) -t qf@)n{“w}dwﬂ%)d@}
<1fﬂf)/<x>ﬂ{c<w}d""f””d””}
_ E{

z=z+H (x) i
0
- _E{ /R?% (qn%(zvxj)
z=z+H (x) -4
E / 001 (2,2, 0" (2)1 Ly da f(ay) da
K focieat
\/_z

+E{ /R2 % <qr’i(z,xj))\lf’(x)]l{ml%:/,ﬁ}dx f(xj)dxj}

(9.31)

Dans (9.31), on remplace g, ; (z + H(x),z;) par 'expression:

g
n

o+H (z) aqr i
plwa) s [ ) du

Nous obtenons ainsi:

w o= w{ [| fusn (1 () ) - v)er 0
+/R/:+H<x> 62? (;) du ((1+1H’ (1+\DH/)I>/> () dm]

]1{|G|§°‘/'5°1_} f(zy) d%}

—
2 T

Un calcul des dérivées dans (9.32) et application des majorations du Lemme 9.1.6
nous donne le contréle suivant sur I5:

15| < [\;% (r - %) (?) (9.33)

3=

-

En rassemblant les résultats obtenus par (9.29), (9.30) et (9.33) nous avons finale-
ment
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Q2] < K<r—%> (?) jl (9.34)

Majoration de |Q. 2]

Nous allons a nouveau prouver le résultat pour v = 2, le cas v = 1 se faisant d’une
maniére analogue et plus simple. Q25 est donnée par expression (9.27):

Qur = [ 1) 02)  9:0)] 5 (g4 (=)

RS
]lB(m’T’x)(z)pgz(m)(r_i/n)(z — 2 —b(z)(r —i/n))dzdx, q(l-n)(:vo,:v) dz

On découpe l'intégrale en z suivant le signe de z — x — b(z)(r —i/n).
On définit :

" 00 62
22 = 3) 44 0 ] 2 - Y2 a.2 rd\<dj
ot = [ @) [ 9:2) ~ 9:0)] oy (4,1 (2.2,))
R2 n 2‘\‘(?7(/7'); +a+b(z)(r—1) z n
Po2(@)(r—i/n) (2 — T — b(x)(r —i/n)) dzdx; dv
(9.35)
et ()5 d’'une maniere analogue. Ainsi,

Q2,2 = QQ_Q + Q;2 (9-36>

Pour Q;z, une intégration par parties en z donne:
Qfy = [ dyds (2@
A e L Lt L0)

8 oo
&qr,%(zrffj)

2 4 otb(z) (r— L)

2o Tloo
[o¢]
Y ; @qﬂ%('z’xj)
2o los T HE@)(T =)

((92(2) = 92(@NPLa(aypijy (2 = & = bl) (7 = /)

+04(2) Por(aye—im) (2 — 7 — b(@)(r = i/n)) )
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Aprés un changement de variable, nous obtenons:

Qs = / di; di £ (z;) ¢ (20,2)

3

S0l 4o+ ba)(r = )
o ot 1 1

- 5,102 Wlo(@)\fr =~ + 2 +b(2)(r = ~),z5)
2\|a}uoo\/:a " "

[(020) = saao(@lyfr = -+ 4 o) -

Flylo(@)yfr = =+ 2 4+ b(a)r = )]

n

On utilise la majoration de la dérivée du noyau ¢ donnée par (8.2) et 'on intégre en
xj, ce qui nous donne:

, .
07 = AWkl [ gy yo0a, ] | 7L (r_i)]
’ (i-r)2 oo w 2[|0"|]oc n
xp(~ 8Ho’||oo r— z/n))
Yty r—— :

o (e n“)mdy}

On peut donc trouver des constantes C; et C5 telles que:

2 b(z) i

oo 1 7 1
‘Q+ ‘ HfH - 1 eXp(_ 7 ; ) Cl+02 r—— -+ '
(Z—7)2 8[|0"||o (r — i/n) no fe_i
(9.37)
On procéde de la méme maniére pour majorer }Q;QI
oo 1 1 1
’Q_ ‘ HfH ;eXp(_g p - ) Cy+ Oy r—— 4+ ‘
()t P =) n i
(9.38)

La conclusion (9.7) du Lemme 9.1.4 découle de (9.25), (9.34), (9.36), (9.37) et (9.38).
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9.2. Résultats numériques

9.2 Reésultats numériques

Nous allons illustrer dans cette partie le résultat que nous venons de montrer.
Nous approchons la quantité E(fol f(X(s))ds) ou la diffusion X(.) est donnée par
I'E.D.S. suivante:

1 b X(s)

X(t) =+

t
d X(s)dB..
2" J, T+ x2(s) S+/O (5)

La fonction f que 'on considére est la fonction indicatrice de I’événement « le pre-
maer chiffre aprés la virgule est un 5 » :

f(z) = Z Ljo506(x —m).

meZ

FiG. 9.1 — Approzimation par le schéma d’Euler

Nous représentons sur cette figure ’approximation obtenue par notre méthode
en fonction de l'inverse du pas de discrétisation.
Cette simulation améne plusieurs remarques:

e l'erreur semble étre une fonction linéaire de 'inverse du pas de discrétisation ;
nous avons seulement montré qu’elle est majorée par une fonction linéaire.

e la condition d’uniforme ellipticité imposée pour la diffusion semble pouvoir
étre relaxée puisque la diffusion X que nous considérons ici ne l'est pas.
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Troisiéme partie

Amplitude du mouvement brownien
avec dérive
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10

Amplitude du mouvement brownien
avec dérive

10.1 Introduction

Le but est d’étudier le processus de 'amplitude d’'un mouvement brownien réel
avec dérive d. Le cas § = 0 a été étudié par Imhof [34], Vallois [64].
Nous donnerons les résultats avec § > 0, le cas 6 < 0 s’en déduisant immeédiatement
par symétrie.

Puisque 1tlim Bs(t) = 400, nous allons décrire les amplitudes successives de Bj
— 00

en « remontant le temps » a partir de I'instant ol Bs a atteint son minimum absolu.
Pour cela, on va considérer :

S, = —%gg{Bg(t)} (10.1)
p1 = sup{t >0,B5(t) = =51}
Sy = sup {Bs(t)}
0<t<p1 (10.2)
pa = sup{0 <t < py,Bs(t) = Sz}
et plus généralement pour tout k € N*:
Se = sup  (=1)"Bs(t)
t€[0,pr—1] . (10.3)
pr = sup{t € [0,p41],B5(t) = (=1)" Sy}
(avec la convention pg = +00).
Remarque 10.1.1 — Sy est le minimum absolu de Bs(t) pour t > 0,

— p1 est le dernier instant ot ce minimum est atteint,
— Sy est le mazimum absolu de Bs(t) pour t < py,
— py est le dernier instant dans [0,p1] ot ce mazimum est atteint.
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Chapitre 10. Amplitude du mouvement brownien avec dérive

Afin d’énoncer le résultat principal, introduisons la notation :

Notation 10.1.2 Z©)(t) désigne la solution positive de I’équation différentielle
stochastique sutvante :

ZOt)=B(t)+6 / t coth (62(s)) ds. (10.4)

Théoréme 10.1.1 Soit Bs un mouvement brownien avec dérive positive 0.

1. Sy suit une loi exponentielle de paramétre 20 (i.e. de densité 256*253”]1{120}).
2. Conditionnellement & {S1 = a1}, So a pour densité

1
5¢°™ sh(da . 10.5
( 1>sh2(5(x+a1)) {z>0} ( )
3. Pour tout k > 3, conditionnellement & {S1 = a1,...,5—1 = ax_1}:
Sy a pour densité :
5sh dag_1shd(ag_1 + ax_2) 1 1
shoag_o sh® 6(ax_1 + ) {0sesan—2)

4. Pour tout k > 1, conditionnellement a {Sy = ax,...,S1 = a1},

o (Bs(t))i<p, €t (Bs(t+ pr) — Bs(pr))o<t<pr_1—p, SONE indépendants

o (Bs(t))i<p, @ méme loi qu’un mouvement brownien avec dérive (—1)*§
arrété au premier temps d’atteinte du niveau (—1)kay, et conditionné a
ne pas atteindre (—1)*ta;_,

o ((=1)"(Bs(t+ pr) — B(g(pk)))ogtspk_l_pk est un processus (positif) qui
a méme loi que Z9 défini par (10.4) arrété au premier instant ot il
atteint le niveau ay + ap_1.

Remarque 10.1.3 On a pris comme convention: ag = pg = +00.

La suite du travail s’articulera ainsi:

dans la partie 10.2, nous donnerons les résultats connus que nous utiliserons, puis
nous donnerons les deux propositions centrales dans la partie suivante, enfin nous
prouverons le théoréme 10.1.1.

10.2 Reésultats préliminaires

Donnons ici les notations utilisées par la suite.

Notation 10.2.1 e B(t) est un mouvement brownien de dimension 1 par-
tant de 0

o F = (Fi)>0 désigne la filtration engendrée par (B(t))i>o
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10.2. Résultats préliminaires

e B,(t) désigne un mouvement brownien avec dérive « issu de 0
B.(t) = B(t) + at

o T est le temps d’atteinte d’un niveau a par B, :
T =inf {t > 0, B,(t) = a}

o A% désigne le processus de Uamplitude de By :
A%(t) = sup Bs(s) — inf Bs(s).

s€[0,t] s€[0,]

o 00 est linverse continu & droite de A° :
0°(a) = inf {u > 0; A’(u) > a}

Donnons ici un premier résultat classique ([54] page 301) relatif aux temps d’atteinte
d’un niveau donné par un processus de Markov en fonction de sa fonction d’échelle :

Lemme 10.2.2 Soit (X;) un processus de Markov réel continu, s une fonction
d’échelle associée o X.
On note T, = inf {t > 0,X; = a}.
On a:

s(x) — s(a)

s(b) — s(a)

P.(T, < T,) = , pour x compris entre a et b.

En appliquant le lemme 10.2.2 au mouvement brownien avec dérive non nulle, on a:

Corollaire 10.2.3 Soit « #0. On a:

672011 . 672aa
P, (T} <T) = —5———5.o » pour = compris enire a et b. (10.6)
e (070 — e~ aa

Démonstration Une fonction d’échelle associée au mouvement brownien avec dé-
rive a # 0 est :

s(y) = e
O
Donnons une conséquence de ce corollaire 10.2.3:
Corollaire 10.2.4 Soit 6 > 0. Alors
P, (T < o00) = e 20 pour b < (10.7)

Ajoutons ici un résultat d’égalité en loi qui nous sera utile par la suite :

Proposition 10.2.5 Soient 0, x et y des réels positifs.
Les 2 processus sutvants ont méme loi :

o (Bs5(t),0 <t <T?) conditionné par {T2 <T°,}
o (B_s(t),0 <t <T;?) conditionné par {T,° < T}
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Chapitre 10. Amplitude du mouvement brownien avec dérive

Démonstration Nous allons montrer ce résultat en appliquant le théoréme de Gir-
sanov.
Soit F' une fonction test.

A = E[F(Bl)+t0<t<T) T2 <T°,)
1

= E|F (B +0t0 <t ST Uprsars )| g
P P(TE < T0)

On utilise le corollaire 10.2.3 et on applique le théoréme de Girsanov en remarquant
que F (B(t) +ot,0<t < Tgf) H{T£<T5y} est Frs mesurable et T? < oo presque stire-
ment ([54] proposition VIII 1.3 ).

0 0 (')‘2 0 6—261‘ o 62<5y
A = E [F (B(1).0 <t < T7) Ligoero y exp (5B(Tx) - ETIN o
0 62 0 6—5a: o 626y+5a:
Effectuons le méme calcul pour B(t) — dt.
A = E[F(B{t)—6t0<t<T,°)|T,° <T]]
r 1
_ —0
— E _F (B(t) - (5t,0 S t S T:v ) H{T;5<T:5}j| m
_ . 0 52 0 626:6 _ 67251/
- 0 52 0 eéx o e—25y—51’

On déduit de la proposition 10.2.5 le

Corollaire 10.2.6 Soit 0 > 0 et x > 0.
Les deux processus suivants ont meéme loi:

o (Bs(t),0<t<T?
e (B_5(t),0 <t <T;%) conditionné par {T;° < oo}

Donnons ici une conséquence immédiate de la proposition 10.2.5 (et du corollaire

10.2.6) :

Corollaire 10.2.7 Soient 0, x et y des réels positifs.
Les 2 processus suivants ont méme loi:

o (B5(t),0 <t <T?°,) conditionné par {T°, <T?}
o (B_s(t),0 <t <T20) conditionné par {T-) < T,°}.
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D’autre part, les deux processus suivants ont méme loi :
o (Bs(t),0 <t <T%) conditionné par {T~2 < oo}
e (Bs(1),0<t<T))

Démonstration Le résultat est immédiat en utilisant la proposition 10.2.5, le co-
rollaire 10.2.6 et la symétrie du mouvement brownien. 0

Nous rappelons briévement quelques résultats concernant la projection duale pré-
visible et le grossissement de filtration.

Rappel: Soit Ago) un processus croissant, nul en 0, continu a droite.
La projection duale prévisible de Ago) est le processus prévisible croissant

continu & droite A; caractérisé par:

E [/OOO U, dAg(’)] =E [/OOO U, dAS] . (10.8)

pour tout processus U prévisible positif.
Puisque nous travaillons avec la filtration brownienne, un processus est prévi-
sible si et seulement s’il est adapté.
Soit T" un temps d’arrét borné, le processus U = 1 7} est un processus prévi-
sible, (10.8) s’écrit :

E [A;O)} —E[Aq]. (10.9)

En raisonnant par classe monotone, il est facile de montrer que si un processus
(At)¢>0 croissant et adapté, nul en 0, vérifie (10.9) pour tout temps d’arrét
borné T, alors A est la projection duale prévisible de A©),

Pour finir, nous rappelons un résultat de grossissement progressif que 'on peut
trouver dans Jeulin ([37] théoréme 5.10 page 80). Pour cela, nous avons besoin de
la définition suivante :

Definition 10.2.8 Une variable aléatoire p est dite honnéte si pour tout t > 0,
p est égale a une variable Fy-mesurable sur {p < t}.

Théoréme 10.2.1 [Jeulin] Soit p une variable aléatoire honnéte. On note (F}),~,
la plus petite filtration continue & droite contenant (F;),~, pour laquelle p est un
temps d’arrét. -

Soit (V)0 le processus

Y/ =P(p <t|F);t>0. (10.10)
(Y )i>0 est une sous-martingale de partie martingale (Mf)i>o
x(t) = —/ —pd(B,M"), + / Lpesy —5d (B,M"), (10.11)
0 =Yy 0 Ys

B — x = B est un F* mouvement brownien.
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Chapitre 10. Amplitude du mouvement brownien avec dérive
10.3 Preuve du théoréme 10.1.1

10.3.1 Une premiére décomposition

Dans un premier temps, nous allons prouver les résultats du théoréme 10.1.1 pour
k = 1; ils font I'objet de la proposition 10.3.1.
Rappelons les notations:

S = _%gg{Bé(t)}

(10.1)
p1 = sup{t>0,Bs(t) = —S51}

Comme 9 > 0, S} est p.s. fini.

On cherche: la loi de (S1,(Bs(t),0 <t < p1),(Bs(t),p1 < t)) en conditionnant par les
valeurs de 5.

Le résultat qui suit n’est pas nouveau, il figure par exemple dans Williams [66],
toutefois, notre approche est différente, elle repose sur le grossissement progressif;
elle présente 'avantage de pouvoir s’appliquer a I’étude du processus Bj arrété aux
temps pg.

Proposition 10.3.1 Soit Sy et p; les deuz variables aléatoires définies par (10.1).
Alors
e S suit une loi exponentielle de paramétre 26 (i.e. de densité 20e 1,50y ).
e Conditionnellement a {S, = a1},
1. (Bs(t))i<p, et (Bs(t+ p1) — Bs(p1))i=0 sont deux processus indépendants
2. (Bs(t))i<p, @ méme loi qu’'un mouvement brownien avec dérive —6 arrété
au premier temps d’atteinte du niveau —aq
3. (Bs(t+ p1) — Bs(p1))i>0 est un processus (positif) qui a méme loi que le
processus (Z9) défini par (10.4).

Notre approche repose sur la théorie du grossissement ; plus précisément nous réa-
lisons un grossissement progressif avec p;. D’aprés le rappel, nous sommes conduits
dans un premier temps a calculer la projection duale prévisible de 1y>,,3.

Lemme 10.3.2 La projection duale prévisible de AS’) = ly>p
est: Ay = —20B;5(t) ou: Bs(t) = 1%’ Bs(s)

Démonstration D’aprés le rappel, on cherche A; processus croissant tel que pour
tout temps d’arrét borné T,

p1 < T signifie qu’aprés l'instant 7', B; ne va plus visiter Bs(T').
On utilise le corollaire 10.2.4:

o—20Bs(T) _ ,—23B5(T)

P(p1 <T|Fr) =

o—20B5(T)
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10.3. Preuve du théoréme 10.1.1

On pose:
o o—20Bs(t) _ ,—20B5(t)
t o e—20Bs(1)
— 1 — ¢ 20(Bs(t)=B;5(1)) (10.12)

(Y/') est une semi-martingale continue ; on cherche sa décomposition canonique en
remarquant que exp(—20Bs(t)) = exp(—20B(t) — 26%t) est une martingale.

AYH = 26e” P BsO-Bs(t) g B (1) — 25~ 20Bs()=Bs() B4 (¢) (10.13)

Remarquons que (Bs(t) — Bs(t)) > 0 donc exp(—2(Bs(t) — Bs(t))) < 1 et on peut
appliquer le théoréme d’arrét. On obtient :

BIVE) = —208 | [ expl(-25(B:(0) — Bie) dBalo

= —2E UOT d&(t)} . (10.14)

Ce résultat provient du fait que la mesure aléatoire dBs ne charge que les instants
t tels que Bs(t) = B;(t).
E[}'] = ~20E [B;(T)]

Introduisons la notation suivante :
t
MP = / 26 exp(—26(By(s) — Bs(s))) dB(s). (10.15)
0

MP' est la partie martingale de Y.

Démonstration de la proposition 10.3.1
1) Nous allons dans un premier temps montrer les deux résultats suivants:

e S; suit une loi exponentielle de paramétre 20 .

e Conditionnellement & {S; = a1} (Bs(t))i<,, a méme loi qu'un mouvement
brownien avec dérive ¢ arrété au premier temps d’atteinte du niveau —a; et
conditionné par {T°, < oo}

Soit f et F' des fonctions test. Posons:
0 —E[f(S1)F (Bs(5).0 < s < p1)] = E [f(~Bs(pn)) F (Bs(s).0 < s < p1)]

On pose: Uy = f(—DBs(t))F (Bs(s),0 < s <t); U est un processus prévisible donc
on applique le lemme 10.3.2 et (10.8):

0 = ]E[Um]:EU UtdAﬁo)]:E[/ UtdAt}
0 0

0 — _%E UOO F(=By(6)F (Bs(s).0 < 5 < 1) dB(;(t)] (10.16)
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Particularisons avec F' = 1 pour obtenir la loi de Sj.

B (s1)] =208 | [ f(-Bs(0) dEslo)

Puisque —B; est une fonction croissante continue, le 'changement de variable’” u =
—Bs(t) donne:
Ds s

BlAs) = 28| [

0

= 2(5/ f(u)P(S; > u) du.
0
On déduit de ce calcul :
P(S; € du) = 26P(S; > u) du.

Donc S; admet pour densité 26e~2"1¢,>y. Revenons a (10.16); (7°,,u > 0) est
I'inverse continu & droite de —Bj; donc le ‘changement de variable’ u = —Bs(t) nous

permet d’obtenir :

—+00

0 = 20E [ f(u) F (Bs(s),0 <s<T°) Lips ooy du]

0
_— /OO f(u)E [F (Bs(s),0 < s <T°) ﬂ{Tgu@o}] du
0
= 2§ /OO fW)E[F (Bs(s),0<s<T°,)[T°, < oo] P(T?, < o0) du
0

= /00 fW)E[F (Bs(s),0<s<T°,)|T°, < o0] 25e " du (10.17)
0

Cette derniére égalité termine la preuve de ces premiers résultats. Notons qu’une
application immeédiate du corollaire 10.2.7 donne le deuxiéme résultat de la propo-
sition 10.3.1.

2) Nous nous intéressons a présent a Uétude de (Bs(t + p1) — Bs(t))i>0, nous allons
appliquer le théoréme 10.2.1 avec p;. Remarquons que la variable aléatoire p; est
un dernier temps de passage donc est une variable aléatoire honnéte: sur {p; < t},
pr = sup {u € 0.6 B5(u) = Bs(1)}.

Nous obtenons:

tA
O = [ ey 20e S EO-E g
X o ¢—20(Bs(t)—Bs(t))

: e 2B 26(B5(5)~Bs(s)
— 5(s)—Bgs(s
+ /0 Lip<sy T S T 20e 2648 ds

t e—20Bs(s)
X(t) = —20(tApy) + 26 /0 U< —zmm — s (10.18)

206



10.3. Preuve du théoréme 10.1.1

Utilisons (10.18) pour étudier (Bs(t))i>p,

p1t+t 672535(8)

X(t + pl) - X(pl) = 25 ” 6,25&(8) - 6_25B5(S) dS (1019)

On obtient ainsi (B(t) — x(t) = B(t)) est un F#* mouvement brownien.
Bs(t) = B(t) + 6t = B(t) + 6t + x(t)

Bs(t + p1) = Bs(p1) = BY(t + p1) = B'(p1) + 8t + x(t + p1) — x(p1)

Posons:
Z1(t) = Bs(t + p1) — Bs(p1) = Bs(t + p1) + Si (10.20)

Z\(t) = B'(t+p)—B'(p)
prtt exp (—20 Bs(s))
0 TR - e A
= B'(t+p)—B'(m)

P1+texp (—20Bs(s)) + exp (—20Bs(s))
o exp(—20Bs(s)) — exp (—20Bs(s))
= BYt+pm) - B'(m) (10.21)
/P1+t exp (20B5(s) — 20Bs(s)) + 1

o exp(20Bs(s) —20Bs(s)) — 1

ds

+ 0 ds

ds

1

Puisque p; est un F*' temps d’arrét, le processus

BY(t) = BYt+ p1) — B'(m) (10.22)
est un F*' mouvement brownien indépendant de F/r.
Revenons & (10.21) en nous souvenant que pour ¢ 2 p1, Bs(t) = =51
exp (s) + 1
Zi(t) = +0 d 10.23
1(t) / exp ( (s))—1 § ( )
Zy(t) = BYt)+6 / coth (6Zy(s)) ds (10.24)
0

7y est la solution forte de (10.24) & valeurs dans R et est donc indépendant de F7!
donc de (Bs(t))i<p, - O

D’aprés la proposition 10.3.1, I'étude de (B_(;(t))KT 5 nous donnera le comporte-

—aq

ment de Bjs sur [0,p1] ou

T =inf{t > 0,B_s(t) = —a1}
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10.3.2 Une deuxiéme décomposition: étude de (Bs(t)):<7s

Pour des raisons de symétrie, nous allons étudier le processus (Bj(t)),<s pour ob-
tenir (B_5(t)),.q-s comme indiqué a la fin de la partie précédente.
<T-.

Les techniques seront trés proches de celles utilisées pour la proposition 10.3.1.
On notera:

S = — inf Bs(t 10.25
oot 5(t) ( )

On souhaite étudier le processus (Bs(t),0 < t < T?) conditionnellement & S. L’outil
sera a nouveau le grossissement progressif de filtration. A cet effet, on introduit :

p = sup{t € [0,T°],Bs(t) = —S}. (10.26)

Donnons ici le résultat principal :

Proposition 10.3.3 Soient S et p les variables aléatoires définies par (10.25)
et (10.26). Alors:

e S a pour densité

" 1
¢(z) = e’ shda—y——

Ly, 10.5
sh®d(zx + a) =0} (10.5)
e Conditionnellement a {S = b},
1. (Bs(t))i<, et (Bs(t + p) — B5(p))0§t§T§,p sont indépendants,
2. (Bs(t))i<, a méme loi qu'un mouvement brownien avec dérive —§ ar-

rété au premier temps d’atteinte du niveau —b et conditionné a ne pas
atteindre a

3. (Bs(t+p) — Bs(p) = Z(t)) est un processus (positif) qui a méme loi que
le processus (Z9) défini par (10.4) arrété au premier instant ot il atteint
le niveau a + b

p est un temps honnéte, il s’agit de calculer la projection duale prévisible de 1}, . :
Lemme 10.3.4 La projection duale prévisible de AS’) = lysp

—20Bs(tA\TS) _ —2ba
e 02 e
est : A;=1n ( )

1 — 6725a

ot : Bs(t) = — 1813; Bs(s)

Démonstration Soit 7' un temps d’arrét. U; = Ijg7] est un processus prévisible
élémentaire.

E Moo U, dAgO)] =E[U)=P(p<T)

Lp<ry = Nyper<rsy + Lyrscry (10.27)
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10.3. Preuve du théoréme 10.1.1

Sur {T' < T?%}, p < T signifie qu'aprés U'instant T, Bs va visiter a avant m<1%'F1 Bs(u).
u<
En utilisant le corollaire 10.2.3, nous obtenons:

o—20Bs(T) _ ,—~25B5(T)

P(p <T < T2 Fr) = T e <) (10.28)
On pose:
o~20Bs(t) _ ,—25B5(t)
p_

Y/ = B0 e POW t>0 (10.29)

Mais Y, = 1 donc
P(p < T|F) =Y? 1o (10.30)
On sait que e~ 20Bs(t) — ¢=20B()-25% oot yne martingale, on trouve ainsi la décompo-

sition canonique de la semi-martingale (Y;”):

1
6_25&@) _ 6—25(1

Ay = e~ BB WsdB(t)

e—20B5(t) _ ,—20a (10'31)
— 20e298s(t) 4 By (t)
(e 20Bs(1) — 6_25a)2 —

On utilise maintenant le fait que la mesure aléatoire dBs ne charge que les points ¢
tels que Bj(t) = Bs(t) et 'on obtient:

TATS e—20Bs(1)
E(Yfp) — —~20E /0 i B0
(10.32)
— E[Ag]=F U USdAS}
0
O
Soit M/ la partie martingale intervenant dans la décomposition de Y*:

' 1 25Bs(s)

P _ - s
MP — 25 /0 e PP dB () (10.33)

Démonstration de la proposition 10.3.3

1) Soient f et F' des fonctions tests et § = E[f(S)F(Bs(s),0 < s < p)].
On a:

0 = E [f(~Ba(p)) F(Bs().0 < s < p)]
Posons U; = f(—Bs(t))F(Bs(s),0 < s < t).
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0 =E[U,)=E U U, dA,gO)]
0

(Up,t > 0) est un processus prévisible donc :

o — E{/OwUtdAt} (10.34)

TS e—20Bs(t)
= —20E f(=Bs(t))F(Bs(s),0 < s <t) T G R—T Bs(t)
0
Particularisons avec F' = 1 et effectuons le ’changement de variable’: x = —Bs(1).

r rS 62(5x
E[f(S)] = 20E /(; f(m)m dx}

(10.35)
[ [roo 626:E
= 2E A f([E)mP(S Z I) dZE:|
On en déduit que:
626:{:
]P(S c dl’) = 2(5mp<5 Z 13) dzx.
Donc S admet une densité ¢ et:
626:1: 00
(b(x) = 25m/ ¢(8) ds (1036)

Soit @ défini par ®(z) = [ ¢(s) ds.
(10.36) est I'équation différentielle vérifiée par ®. On la résout sachant que ®(0) = 1:

0 1 — 6—260,
O(x) = / ¢(s)ds = T ra—
Par dérivation, nous obtenons:
5 6251‘
¢(r) =20(1 — ™) 5 L {az03-

(6262 _ e—26a)

Le résultat annoncé sur la densité de S en découle.
Revenons & (10.34); (I°,.# > 0) est l'inverse continu & droite de —Bs donc le

—x
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10.3. Preuve du théoréme 10.1.1

‘changement de variable’ x = —B;s(t) nous permet d’obtenir:

62690

0 = 25/ f(2)E [F(B(;(s),o <s< Tia:)]l{wa<Tg}] porr——
0

—e
= 25 /oo f(@)E [F(Bs(s),0 < s <T°,)|T°, < T7]
0

669:

P(T°, < T?)dx

X 626:10 _ 6—2(5(1

— 95 /Oo f(@)E [F(Bs(s),0 < s <T°)|T°, < T7]

e2§:p 1 — e—2§a

X 62590 _ 6—26(1 626:{: _ 6—25(1

dx

On utilise la proposition 10.2.5 et 'on obtient la loi de (Bj(t),t < p) conditionnelle-
ment a S.

2) On s’intéresse & présent au processus (Bs(t + p) — Bs(p),0 <t < T?). On note
(F{);>0 la plus petite filtration contenant (F;),., pour laquelle p est un temps d’ar-
rét. On applique le théoréme 10.2.1, compte tenu du lemme 10.3.4, de (10.29) et
(10.33), on a:

tAp —20Bs(s) _ ,—2da 29 —26B5(s)
~<t> = —/ ( (6 ¢ ) c ds
0

X e—20Bs(s) — 6—25(1)(6726&(5) _ 6—26(1)

t]l (6—25&(3) _ 6726(1)25672635(5) y
) He<s (e~2B(5) _ - 20B5(5)) (¢~ 20Bal) _ g-20a) "

(10.37)
tAp 256—25B5(5)
- _/ 208 ds
e—20B5(s) _ o—2da
t 25672535(8)
+/0 Iip<sy e—20B5(s) _ o—20Bs(s) ds
On en déduit :
) i ptt o—20B5(s)
X(t+p)—x(p) = 25/ B 5B ds (10.38)
, € e
On sait que (B%(t) = B(t) — x(t)) est un F” mouvement brownien.
Soit Z(t) = Bs(p +t) — Bs(p). Ce processus vérifie I’équation :
t
2(8) = B2(t) + / coth (57(s)) ds (10.39)
0

ot B2(t) = B2(t + p) — B%(p) est un F? mouvement brownien indépendant de Fp.
De plus, T? — p = inf{t > 0,Z(t) = a + b}, avec b = —S.
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Chapitre 10. Amplitude du mouvement brownien avec dérive

Il reste a remarquer que Z est une solution forte de (10.39) pour terminer la preuve.
O

Nous allons donner un résultat annexe ici qui sera utile pour calculer la loi de

(317527 e 7Sk) :
Corollaire 10.3.5 Soit S défini par:

S=— inf Bslt). (10.25)

te[0,T9]
Conditionnellement 6 {S < z}, S a pour densité :

dshdashd(z + a) 1
shdz sh?6(x + a)

1 o<e<s) (10.40)

Démonstration On utilise le résultat de la proposition 10.3.3, S a pour densité la
fonction ¢ donnée par (10.5):

1
sh?6(x + a)
Soit z > 0, soit ¢.(x) la densité de S, sachant {S < z}; par définition :

o(x) = de’*sh da 1iz>0}.

o(r)

¢.(2) = ————
/0 o(y) dy

z z 1
dy = 0e’shé / —
/Ow(y)y e’s aosh25(y+a) Y
chd(y+a)l”

shdé(y+a)

Tiz<zy (10.41)

= —e&‘shéa{
y=0

chd(z+a) chia

shd(z+a) shda

= —e"shda (

65

— m(chéasbé(z +a) — chd(z + a)shda)

65(1

/Ozgo(y)dy = msbéz (10.42)

Ce qui termine la preuve. O

10.3.3 Preuve du théoréme 10.1.1

Comme annoncé, les résultats du théoréme 10.1.1 pour k£ = 2 sont une consé-
quence immédiate des propositions 10.3.1 et 10.3.2 et de la symétrie du mouvement
brownien.

Pour obtenir les résultats pour k£ > 3, on raisonne par récurrence en appliquant le
corollaire 10.3.5.
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10.4 Quelques applications

10.4.1 Descriptions des densités

Nous allons donner ici une interprétation probabiliste des amplitudes:
Ap = Sk + Ski1 (1043)

Dans cette premiére proposition, nous allons donner la densité du vecteur (A, ... ,A,)
pour tout n € N*

Proposition 10.4.1 (Ay,...,A,) a pour densité :

nol oDk | o(-1)"2an _ 1 4 (1)t
n e e + 1 25@71
5 [ ] (=1) Lo, <can) (10.44)

Pt sh(day) sh? da,,

Démonstration Soit F' une fonction test.

E[F(Ay,.. AW = E[F(S1+ 5,50 + Snp)]

= /F(wl 4 Ty oo Ty A+ Ty )0 TI2e7 20T

ox1

sh(dxy) ﬁ shézrg_1shd(xg_1 + xr_2)

N jo<s; <z o1 dry ... day,
Sh2 (5(1‘2 +5l71) Sh5a:k_2 Sh2 5(51% +xk—l) {0<zp<zp_o} AL Tn41

k=3
e %1 gh §z,,

HZ; sho(zps1 + ap)

= /F(I'l + L9y ..., Ly + In+1)25n+1

1
sh? (21 + )

l{x12m32~--20}ﬂ{x22x42~~-20}d‘r1 e dIn+1

On effectue maintenant le changement de variable:

T = I
Ap = Tp+ Tpt

E [F(Al, e ,An)] = /F(ah L 7&n)Q(Sn-&-le—&L‘l
sh (5(an_1 —Qpg + -+ (_1)n@1 + (_1)n+1x1)
(HZ;i sh day) sh® day,

]l{OSGJnSanfl S---Sm}]1{a1—a2+~-+(—1)"+1an§z1 <ai—az+-+(—1)"an—1}

dxriday ... da,
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Reste alors a calculer la quantité suivante:

ar—az+-+(—1)"an—1
I = / e % shé(an_1 — Qpo + -+ (—=1)"ay + (=1)""ay) day

1—ag+-+(—1)"*tla,
an
_ _1\n—1
= edmglaz | o(=1) “”‘1/ % sh oy dy
0

(*1)"‘1an—1i6(_1)n26an —1+ <_1)n+125an
20 sh?éa,

—day e&zg )

= € .. €

Ainsi, nous obtenons:

n—1 e(_l)k(gak
E[F(Ay,... . A) = [ Fla,... )" | TS 10.46
P = [ Flan g | T] s (10.40
6(—1)n26an -1 + (_1)n+125an
2 oa, {0<an<-<ar} day . . . day
O

Donnons maintenant une représentation probabiliste de ses variables aléatoires:

Proposition 10.4.2

P(—204,) P((=1)""1204,)
20A = (h,Us,...,U, 10.47
ot Uy,Us, ...,U, sont des variables aléatoires indépendantes uniformes sur [0,1],
Uy = ST (10.48)
T)=— .

Démonstration On connait la densité h; de A; par rapport a la mesure de Le-
besgue :

B )
-~ 2sh?®dz

Donnons ici le lemme calculatoire suivant :

Lemme 10.4.3

hy(x) (7% — 1+ 26z) (10.49)

TeW 12y e’
dy = 142 10.50
/0 sh? y Y= shr (e + x) ( )

Notons H; la fonction de répartition de A, on a:

x 72§u_1 2
Hl(x):é/ e + 5udu
0

sh? du
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On utilise le lemme, et on obtient :

Hi(z) = 0 e (e*" — 1 — 26z)
2sh(—dz) =6
e -1 -2
o e20z _ 1
= (262). (10.51)

On montre aisément que 1) est bijective et 'on obtient ainsi:

1 -1

ot U est une variable aléatoire uniforme sur [0,1].
On calcule ici la densité hgx) de Ay sachant A; = x

62 eV —1— 25y e 2sh? 6z 1
5 2 Lio<y<a) 55
2 sh” oy shox 0 e 2% —1+20x
e shor e —1— 26y
e~20z — 1420z sh®dy

W (y) =

Lo<y<ay (10.53)

On note Héx) la fonction de répartition associée :

Hy" (y) =

—éx h Yy 20t 1—-9
¢ shox 5/ . S (10.54)
0

e=20r — 1+ 20w sh? 6t
On applique a nouveau le lemme et ’on obtient :

=0T o}y § ey
HO () = & 5 ~2y _ 1 4 9§ 10.55
2 (¥) =207 — 1 4 20x shdy (e + y) ( )

_ Y(—20y)
= U2 (10.56)

On a ainsi prouvé :
P(—204,)
(w(%Al)am) ~ (U1,Us).

La proposition se démontre alors sans difficulté par récurrence. O
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RESUME

Cette thése est composée de trois parties indépendantes.

La premiére partie est une étude probabiliste des équations de coagulation de
Smoluchowski. Une représentation des solutions est établie grace a des processus de
branchement de type Galton-Watson. On montre par ailleurs une correspondance
entre les noyaux additif et multiplicatif. Le comportement asymptotique des solu-
tions aprés renormalisation est également étudié. Enfin, on construit un processus,
solution d’une E.D.S. non-linéaire gouvernée par un processus de Poisson, dont les
marginales temporelles sont solutions des équations de Smoluchowski. Ce processus
permet d’obtenir des approximations au moyen d’un systéme de particules.

Dans la deuxiéme partie, nous estimons ’erreur commise en remplacant une dif-
fusion réguliére par son approximation obtenue avec le schéma d’Euler pour calculer
I'espérance de certaines fonctionnelles irréguliéres de la trajectoire de cette diffu-
sion. Nous obtenons notamment la vitesse optimale de convergence dans le cas de
I'intégrale d’une fonction seulement mesurable et bornée de la trajectoire.

Dans la troisiéme partie, nous étudions le processus de 'amplitude d’un mouve-
ment brownien avec dérive non nulle. Nous donnons une décomposition des trajec-
toires en utilisant les extremums successifs en « remontant » le temps. Les résultats
sont obtenus notamment a l'aide de techniques de grossissements de filtrations.

Mots-Clés : Equations de coagulation de Smoluchowski, Processus de branche-
ment, Processus de Poisson, Schéma d’Euler, Equation différentielle stochastique,
Amplitude, Mouvement brownien

ABSTRACT

This thesis consists of three independent parts.

The first part is a probabilist study of the Smoluchowski’s coagulation equations.
A representation of the solutions is established thanks to branching processes of type
Galton-Watson. One shows besides a connection between additive and multiplicatif
kernels. The asymptotique behavior of the solutions after renormalisation is also
studied. Finally, one builds a process, a solution of a non-linear S.D.E. governed
by a Poisson process, temporal of which marginal are solutions of the equations of
Smoluchowski. This process allows to obtain estimates with a particles system.

In the second part, we estimate the error committed by replacing a regular
diffusion by its estimate obtained with Euler’s scheme to compute the expectation
of some irregular functional of the trajectory of this diffusion. We notably obtain the
optimal speed of convergence in the case of the integral of a function only measurable
and bounded of the trajectory.

In the third part, we study the process of the range of a brownian motion with
drift. We give a decomposition of trajectories by using the successive extremums
by "raising" the time. The results are notably obtained by means of techniques of
filtrations enlargement.



