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Abstract

We consider an infinite system of particles characterized by their position and mass, in which
coalescence occurs. Each particle endures Brownian excitation, and is subjected to the attraction
of a potential. We define a stochastic process (X;, M, ),>o describing the evolution of the position
and mass of a typical particle. We show that under some conditions, the mass process M, tends
almost surely to infinity, while the position process X; tends almost surely to 0, as time tends
to infinity.
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1. Introduction

We consider an infinite system of particles characterized by their position x € R?
and their mass m € N*. The mass of a particle stands for the number of elementary
particles it contains. Each particle (of size m) endures three phenomena. First, its
spatial motion is under the influence of a Brownian excitation, with a coefficient a(m).
We naturally assume that the more a particle is large, the more its motion is regular,
that is, o is a decreasing function of m. Next, it endures the effect of a potential: each
particle is attracted by the origin 0, by a force proportional to its mass so that the
speed attraction is independent of the mass. Finally, each particle coalesces with other
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particles. To be more precise, we will assume that two particles (of masses i and ;)
of which the locations are at a distance smaller than & coalesce at a rate K (i, j), to
give one particle of mass i + j. The delocalization parameter ¢ > 0 is fixed, while the
coagulation kernel K is given.

One may write an integro-differential equation satisfied by the concentration f(z,x,7)
of particles of size i and position x at the instant ¢ (see Laurencot and Mischler
(2002) for a special case of diffusions). We, however, adopt, in the present paper, a
probabilistic approach in the spirit of Tanaka (1978/79) (for the Boltzmann equation),
see also Deaconu and Fournier (2002) for a coagulation equation. We consider a
stochastic process (X;, M;);>¢, describing the evolution of the location and mass of
a typical particle. In other words, we follow the location and mass of the particle
containing a randomly chosen (at t = 0) elementary particle.

There is an explicit link between (X;,M,;);>¢ and f(z,x,i): the law of (X,,M;) is
given, for each ¢, by Q,(dx,dm) =73, if(tx,i)d;(dm)dx (at least formally).

Our aim here is to show that under suitable conditions, almost surely, (i) lim,_, ., M;=
00, and (ii) lim,_, ., X; = 0. While point (i) is quite straightforward, point (ii) is much
more difficult. Indeed, we have to make use of the fact that M tends sufficiently quickly
to infinity, so that the “noise” coefficient a(M,) tends sufficiently fast to 0. Thus in
large time, the position process X; behaves as the solution to an ordinary differential
equation which is attracted by the origin.

It would of course be more interesting to treat the local case ¢ =0 (see Section 4),
but this would be much more difficult.

The paper is organized as follows: we give our notations, definitions and results in
Section 2. Then we write the proofs in several steps in Section 3. Finally, we deal
with related problems in Section 4.

2. Notations and results
Let us first of all describe the parameters of the equation we will study.
Assumption (H1)

1. The dimension d € N* satisfies d > 2.
2. The delocalization parameter is ¢ > 0.
3. The initial condition Qy is a probability measure on R? x N* satisfying

/ (|x]* + m)Qo(dx,dm) < oo.
R x N*

4. The excitation coeflicient o.: N* +— (0,00) is non-increasing, (for the simplicity of
proofs, we will assume that «(1)=1) and lim,_ -, «(n) =0.

5. The coagulation kernel K : N* x N* — [0, 00) satisfies, for some constant 4y, for
all i,j in N*, K(i,j) = K(j,i) < Ao(i + J).

6. The function C:R, — R, is of class C?, bounded from above and from below,
and its derivative C’ is bounded. Finally, C’(0) = 0.

7. The function u: R, — R is of class C?, its derivative «’ is non-negative, #/(0)=0.
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8. There exists 179 > 0 such that for all x € R, u/(x) = nox.
9. For all ie N*, K(i,i) > 0.

As a simple example, one may note that C(x) =1, u(x) =x?, and K(i,j) =i+ j fulfill
assumption (H1).
Let us now define the random objects that will drive the equation.

Notation 2.1. We consider two probability spaces: (2, 7,{%,},>0,P) is an abstract
space and ([0, 1], #[0,1],dy) is an auxiliary space (here dy denotes the Lebesgue mea-
sure). In order to avoid confusion, the elements on this second space will be called
y-elements, and the expectation on [0, 1] will be denoted [, the laws &, ...

We denote by v, the volume of the d-dimensional unit ball.

We will denote by (Xy, M) an F j-measurable R? x N*-valued random variable on
Q2 with law Qy. We also consider a d-dimensional (% ,),>¢-adapted Brownian motion
(B,),ZO:(B}, . ..,Bf),;o on Q. We finally denote by N¢(dz,dy,du) an (Z,),>¢-adapted
Poisson measure on [0,00) x [0, 1] x [0,00) with intensity measure (1/vze?)dtdy du.

The random objects (Xy, My), B, and N® are independent.

Let us finally introduce the dynamics we are interested in.

Definition 2.2. A stochastic process (X, M;),;>o is said to solve (SDE) if the following
conditions hold.

(i) X is a continuous (Z,);>o-adapted R?-valued process, and M is a non-decreasing
cadlag (7 ,);>o-adapted N*-valued process.
(ii) For all 7 > 0, E[supyy 7y (|X;|> + M,)] < oo.

(iii) There exists a y-process (X, M), such that
LX) = L M) @2.1)
and some random objects (X, M), B, and N¢ as in Notation 2.1 such that for all

t>=0, as.,

X, = Xo+ / t(a(M»CﬂXY\))‘/deS
0

L1 / oc(MS)(l—d) CD 4
0

2 2 1 X
1 /f X,
-5 | COXDu' (1X]) == ds, (2:2)

M—(y)

t 1 [e’s)
M:M+///M,_w]1 = o L e
t 0 o Jo o s—(1) {u<K(Mx_,Ms_(/))} {IX—X,(»)] <e}

x N¢(ds, dy, du).
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Recalling that (X, M) should describe the evolution of the location and mass of a
particle containing a typical elementary particle, this equation is quite natural. Let us
explain it right now.

We assume that each particle, with a given mass m, independent of the others, and
without the effect of the potential, would move according to a reversible diffusion, with
a noise coefficient o(m). This is the Brownian excitation. In such a case, its location
X, would satisfy the following SDE

d)(t =V O!(m)C(|XV|)dB? +

a(m) d\ C'(1xy])
5 (12> X X, ds. (2.3)

Note that the generator of such a diffusion is simply the Laplace—Beltrami operator
corresponding to the (radial) Riemanian metric g;; = C(|x|)d;;.

Next, our particle is subjected to the effect of a (radial) potential, at a force propor-
tional to its mass, so that the speed is independent of the mass. This explains why we
add the term

1 . X,
—EC(leI)M(\XSI)mdS (2.4)

in the SDE, satisfied by X;. The fact that this term does not depend on the mass is
natural, since for instance, we know that particles do fall at a speed independent of
their mass in a Newtonian potential.

Now, the masses of particles being non-constant in our model, we obtain that the
location {X;},>¢ of our typical particle, whose mass is {M,},>¢, satisfies the first
equation in (2.2).

Finally, the second equation in (2.2) explains that our typical particle does coalesce
with other (typical) particles: we add M,_(y) to the mass of our particle (that is, we set
M=M,_ +Z\;Is_(y)), with rate sde(MS_,]\;IS_(V))/Z\;[S_(V) and under the condition that
\)? s(7)—X;| < e. Here (X(7), M,(y)) may be seen as the characteristics (location, mass)
of another typical particle at the instant s, since we require that ‘Zy()? M= 2L (X, M)
in (2.1).

The rate K(i,)/j (instead of K(i,j)) comes from the fact that we deal with particles
containing a given elementary particle, so that each particle (of size j) is represented
j times: we have to divide the rate.

For a precise link between (X;, M,),>¢ and integro-differential equations, see Deaconu
and Fournier (2002) and Deaconu et al. (2002) (for slightly different contexts).

Proposition 2.3. Assume (H1). Then there exists a solution (X;,M,);>o to (SDE).

We omit the proof of this proposition. Indeed, using the strong existence and unique-
ness of the SDE satisfied by X if « was constant (see Eq. (3.7) below), one may adapt
easily the method of Fournier and Giet (2003). Although the equations in Fournier and
Giet (2003) are spatially homogeneous, the delocalization allows such an extension.
Let us now state a first result.
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Theorem 2.4. Assume (H1), and consider a solution (X;,M,);>¢ to (SDE). Then a.s.,
lim, oo M; = oo while lim,_, E[|X;|*] = 0.

We are not able to prove, under (H1), that X; tends a.s. to 0, and this might be false.
Indeed, if o does not tend sufficiently quickly to 0, the process X might be recurrent.
We thus add a hypothesis.

Assumption (H2): There exists some constant ¢y < oo and f3y € (3/4,1) such that for all
me N*, a(m) < co/mP. There exists ag > 0 such that for any i, j € N*, K(i,7)/j = ao.
Then the following result holds.

Theorem 2.5. Assume (H1), (H2), and consider a solution (X;,M;),>o to (SDE). Then
a.s., lim,_, X, =0.

Before proving these statements, let us explain the main intuition of these conver-
gence results.

First, M tends to infinity, since if not, then M is eventually constant, so that the noise
coefficient of X becomes constant. In such a case, X will be recurrent. This means that
for some i, the concentration of particles of mass i, of which the location is smaller
than ¢/2, will be bounded below by some ¢ > 0 (independent of ¢ sufficiently large).
This implies, since K(i,i) > 0, that each time X is sufficiently close to 0 (which occurs
infinitely often since X is recurrent), its coalescence rate is bounded below. Hence M
cannot stop increasing.

Next X tends to 0, since o(M) tends to 0, one may hope that for ¢ sufficiently
large, X behaves as the (deterministic) solution y of y'(t)=—7 C(|y())u/(|y())»(t)/
|»(2)|, which tends to 0 as time tends to infinity.

3. Proofs

We divide the proofs into several steps. In Section 3.1, we study the properties of
the motion of particles with constant mass. Section 3.2 is devoted to the divergence
of the mass process. We next show in Section 3.3 that the position process tends to
0 in L2(Q). We introduce a change of time in Section 3.4, which will allow to use
comparison theorems and to conclude the proof of Theorem 2.5 in Section 3.5.

3.1. When o is constant

Notation 3.1. We first of all introduce, for each o € (0, 1], the operator I',, defined,
for all f:R?— R of class C? by

rrm =3 eharm s (1-§) w0
- % C(x)) 2 D 7 oo, (3.5)
x|
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We also denote by ky = [ [ e D/ C(|x[)=9% dx]™", which is positive, thanks to
(H1) (6 and 7) and by

vy(dx) = ke “PDEC(|x )92 dx (3.6)
which is a probability measure on RY.

We will also consider the motion that one particle would follow independent of the
others, if it had a constant mass.

Definition 3.2. Assume (H1). Let € (0,1] and x € R? be fixed. We will denote by
X% = (X/""),;>0 the unique strong solution of the following SDE:

X7 —x+/(aC(\X“|))1/2d3 + = d/2)/ Cl(‘X“DX“d

o,x

1 ' o,X o,X X
~5 [ e e ds 37

Under (H1), the strong existence and uniqueness of such a process is well known:
all the coefficients are locally Lipschitz continuous, the diffusion coefficient is bounded,
while the drift coeflicient is attracting to 0 (see (H1)-6,7). Then the following propo-
sition is classical (see for example Pages, 2001, p. 147 Section 3).

Proposition 3.3. Assume (H1). Let o€ (0,1] and x € R? be fixed.
(i) The generator of the diffusion process X** is I',.

(ii) The operator I'y, is symmetric with respect to v,(dx). More precisely, for any
f and g in C3(R?)

o
| arsemn ==3 [ CGhvsmTam@n. 68
(iii) An ergodic theorem holds for X**, i.e. for all Borel subset A of R?, a.s

t
1iml/0 Lyeeeap ds = vy(A). (3.9)

t—oo
3.2. Almost sure divergence of the mass process

Lemma 3.4. Assume (H1). Consider a solution (X;,M,),~o to (SDE). Almost surely,
as t tends to infinity, M, tends to infinity.

Proof. First recall that M is N*-valued, so that it is in particular always at least 1,
and all its jumps are greater than 1. Furthermore, M is a.s. non-decreasing, so that it
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a.s. has a finite or infinite limit M,. Thus,

{My < 0} = U U Iy, whereI',,={Vs>t M;=p} (3.10)
1EN* peN~

We have to prove that for each ¢, p, P[I'; ,]=0. We assume the contrary, that is, there
exists #y, po such that P[I'; ,,] > 0.

Denote by I:,O)p():{ye [0,1]; Vs = to, M, =po}. Then, thanks to (2.1), fo Fon (y)dy
=P[I'y,p] > 0.

Then we note that on I';, ,,, X; coincides for all ¢ > # with Xl
is defined by (3.7) with the Brownian motion B, ;. — B,,. Note also that X,_ is

independent of N®% = N*"'| [10,00)x[0,1]x[0,00)- For the same reasons, we may wrlte, for

VE iy pos Xi(7) as X?(IZ;’) " Using (2.2), we deduce that on I, ,,, for all ¢ > 1,

o [ [0

M—(7)

o po),X;
" where X**

(Po) X,

Xﬂ{lei)Z\(’,)‘ <€}Ng(ds, d')), du)

t 1 o
>/t/o /o L <5y nmi<£)

N¢(ds,dy,du)
) }

«( )X AL gt
Sl AT T

XLyef 1 fue itz N*(ds, dy, du). (3.11)

X]l{”/effwa}ﬂ{u M

Po

Hence, still on I'y ), Mo, = N>"(E), where
E={(s,7,u), s =to, u<K(po,po)/Pos7E L 1y.py»
X, X £
| < & X)) < £, (3.12)

One easily deduces from Proposition 3.3(iii) (since vy(p,)(|x| < &/2) > 0), (H1) (9) and
the fact that X' and X are independent (since they are defined on different probability
spaces) that if P,[I';, ,,] > 0, then almost surely,

0o 1 ')
/ ds / d? / du]l{(s,w)eE} = OQ. (313)
to 0 0

We also know that E is independent of N*% (since X, KoKy independent of N%%),

Recalling that N®%(ds,dy,du) is a Poisson measure with intensity measure
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(v;ls’d) ds dy du, we deduce that almost surely, N**(E)=oc. We obtain that on I';_,,,
M, = oo, which is a contradiction. This concludes the proof. [J

3.3. Convergence in L* of the position process
We now prove the second part of Theorem 2.4.

Lemma 3.5. Assume (H1). Consider a solution (X;,M;);>o to (SDE). Then
lim,— o E[|X;|*]=0.

Proof. First note that, thanks to (H1) (6 and 8), there exists b > 0 such that for all

re Ry, C(r)u'(r) = 2br. Next, denote by Y the unique strong solution of (here the
mass process is considered as a parameter)

Y= Xo + /0 ((M.)C(|Y,]))2 dB,

1 /’ d\ C'(|x]) !
+ = (M) < — > —Y.ds — b / Y, ds. (3.14)
2 Jo 2 | Y] 0

In other words, Y satisfies the same equation as X replacing the drift term —C(X;)u'
(X;)/2 by —bY,. Writing the SDEs satisfied by |X;|> and |Y;|?, and using the standard
comparison theorem (see Revuz and Yor, 1999), one deduces that a.s., for all # > 0,
X2 < [y

We thus just have to check that lim, .. E[|Y;|*] = 0. But Y can be written as

¢ 1
Yi=e" [Xo + / " (a(M;)C(|Y;]))2 dB;
0

1 ! bs d C/(|YV|)
Jri/o e ot(Ms)<12> 7] sts]. (3.15)

We obtained this formula using the method of “variation of constants”. One might,
however, check directly that the process defined by (3.15) satisfies (3.14) and use a
uniqueness argument.

Using finally the facts that C and C’ are bounded (see (H1)), that o is smaller than
1, and that, thanks to the Lebesgue Theorem and Lemma 3.4, E[a(M,)] and E[«?(M,)]
decrease to 0 as ¢ tends to infinity leads to the conclusion: for some constant 4 whose
value changes from line to line,

t t 2
EJE L) < de |1+ [ e2bSE[a(MY>]ds+[E<[ / ebSoc(Ms)ds] )]
0 0

i 12 t/2 2
< Ade |1+ / 2 ds + / e™ ds
0 0
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t t 2
+ Ae M E[a(My) + o (M) [ / e ds + ( / e ds) ]
t/2 /2

S A(e ™ + e + E[a(Myp) + o> (Myy2)]) (3.16)

which tends to 0 as ¢ tends to infinity. [

As an immediate corollary, we deduce that
Corollary 3.6. Assume (H1). Then a.s., liminf,_,, [X;| = 0.
3.4. A change of time

A difficulty into studying the almost sure asymptotics of the location process X is
that we cannot compare the solutions X** to (3.7) with different values of o, since o
appears in the diffusion coefficient. A way to overcome this problem is to introduce a

change of time, in order to make o appear in the drift term, as follows.

Lemma 3.7. Assume (H1), and consider a solution (X;,M,),>¢ to (2.2). Let R,=|X|.
Then

AMICR)
R,

! L~ d—-1 [
R=Ro+ [ Goticw)? b+ [
0 0
1 /! d , ,
s / 1= ) M) (R = CRO(Ry) | ds, (3.17)
0
where B, = Zflzl fot (Xi/Rs)dB. is a one-dimensional Brownian motion, while
t 1 N t d
R =Rj+2 / (UM, )C(R,)2 Ry dB, + / oc(Ms)(l 2) C'(R)R ds
0 0

- / [ C(R)U (Ry)Ry ds + d / t (M, )C(Ry) ds. (3.18)
0 0

The proof is a straightforward application of the 1t6 formula.

Lemma 3.8. Assume (H1), and consider a solution (X;,M,),~o to (2.2). Denote by
A = fot o(Ms)ds, and by v, =inf{s, A; >t} its inverse. Then f; := OT’ v/ (M) dB;
is a Brownian motion, and

! —1 [" C(R,
R@:R0+/ \/C(Rn)dﬁs—kdz / it S)ds
0 0

R,

1/ d , C(R )W (R,)
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The proof is again immediate. The fact that  is a Brownian motion comes from
Theorem 1.7 (p. 182) in Revuz and Yor (1999). We now introduce another process,
which corresponds to particles with constant mass.

Notation 3.9. Assume (H1). Let o€ (0,1] and p >0 be fixed. Consider a one-
dimensional Brownian motion W. We denote by Z*? = (Z*”);>¢ the unique strong
solution of

y ! . d—1 ["Ccz”
ZZ,P:p+/O\/C(ZS’P)dWS—|— : /O (Zm)ds

P A\ oy CZEW(ZEP)
+5 /O [(1 - 2) C'(Z) — a} ds. (3.20)

Eq. (3.20) is obtained by replacing the non-constant function o(M; ) by the constant
o in (3.19).

3.5. Almost sure convergence of the position process

We finally prove Theorem 2.5. We begin with a straightforward consequence of
Lemma 3.5.

Lemma 3.10. Assume (H1). There exists so > 0 such that for all s = so, P[Xy; < /2] =
1/2.

Lemma 3.11. Assume (H1). There exist k > 0 and oy > 0 such that for all ¢ > 0, all
2 >0, all a€(0,00], all p<(0,1], for Z*? defined in Lemma 3.9, with a Brownian

motion W,
/ ZrP\ C(Z5"

sup
te[0,0]

Proof. We divide the proof into two steps.
Step 1: We first check that there exist some constants oy >0, 4 > 0, B > 0 such
that for all o€ (0,00], all p€(0,1], all £ >0

k(1 + o)
} /12” x (3.21)

(1) =E([Z/'T) < Aa+ Ae” P, (3.22)

where the first equality stands for a definition. Let 0 the function on R, be defined by
d Cz
0(z) :=dC(z) + (1 — 2) zC'(z) — %. (3.23)
Then a simple computation using the Ito formula leads to

E([Z"T1) = p* + /O E(O[Z%"]) ds. (3.24)
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Using (H1) (6 and 8), we obtain that for some constants 4 > 0, B > 0,
0(z) <A+ Az — Bz*/u. (3.25)

for all z > 0. We thus have for o small enough (say for o < o), for some constants
A>0,B>0,

0(z) <A - gzz (3.26)

for all z > 0. We thus deduce from (3.24) and the Jensen inequality that ¢'(¢) < A —
(B/a)p(t), from which one easily deduces that for all ¢ > 0,

4
B(t) < pre B 4 g[l — By, (3.27)

Hence (3.22) holds.

Step 2: Using Doob’s inequality, the fact that C is bounded (see (H1)), and Step 1,
we obtain the existence of a constant & (whose value changes from line to line) such
that for all ¢ > 0,

(t:gpa / ZxP\ Cze”? >/1> bP / E[(Z%")*]ds

< /{‘2 / [Ao 4+ Ae~ B9 ds < —oc(l +0) (3.28)
0

which ends the proof. [

Notation 3.12. Assume (H1). For a€(0,00], 4>0, ¢ >0, p >0, and (W,)icf0,6] @
one-dimensional Brownian motion, we consider the event

} (3.29)

the process Z** being defined by Lemma 3.9 with the Brownian motion #. We have
a lower bound of the probability of this event, thanks to Lemma 3.11.

A;Z(W)={ sup

t€[0,0]

/ 700/ C(zer

Lemma 3.13. Assume (H1). There exists a constant a; > 0 such that for all o € (0, o],
A>0,0>0,p>0,and (W;)eo,s] a Brownian motion, the process Z** being defined
by Lemma 3.9 with the Brownian motion W,

ALS(W) C { sup [Z/°TF < (p* V[ara+ A]) + z} . (3.30)

te[0,0]

Proof. First note that, thanks to the It6 formula,

1 t
[Z17F = p* + / 0(Z;")ds + / 70\ C(ZEP Y aW, (3.31)
0 0
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where 0 was defined by (3.23). Note also that 0(z) < 0 for z? > aya, the constant a;
not depending on a. Fix w € A70(W), o < ag, >0, and p > 0. Denote by ¢(1) =

fot ZEP\/C(ZXP AWy, and by y(t) = [Z/"]*> — ¢(t). Then y satisfies
t
s =0+ [t s (3.32)

where {(s,x)=0(\/x+ ¢(s)). But since w belongs to Aé:g(W), we deduce that |@(s)| is
bounded by 4 (for s < @), so that {(s,x) < 0 for all s€[0,0], x > A+ a a. A classical
argument shows that for each 7 €[0,0], y(t) < p? V [L + ay0]. Hence, [Z°"]* < ) +

p?> V [A + ajo], which was our aim. [

Lemma 3.14. Let N, be a standard Poisson process with parameter u > 0. For all
x<1l—1/e, all t 20, P(N, < xut) < exp(—ut[1 — 1/e — x]).

Proof. A simple computation shows that
P(N, <xut)=Ple™ = ™) < M E(e ™M) = Ml -1/el, 0 (3.33)

Lemma 3.15. Assume (H1). Recall the notations of Lemma 3.8. On the set where
Ao <00, lim_ oo X, =0 a.s.

Proof. It of course suffices to show that R, tends a.s. to 0 on the set where 4., < oc.
We thus consider o to be fixed in {4, < oo} in the whole proof below. Thanks to
(3.18), for all £ > 0,

/t [C(R)u'(Rs) — (1 — d/2)u(My)c' (Ro)Rs ds
0

t

<R +2 / t [o(M;)C(Rs)]*Ry dB, + d / a(M;)C(Ry) ds. (3.34)
0 0

But, since we know that o(M,) tends to 0, we deduce from (H1) (6 and 8) that for
t sufficiently large, C(Ry)u'(Ry) — (1 — d/2)o(My)c’(Ry) = 0. Hence the left-hand side
of (3.34) is non-decreasing (for ¢ sufficiently large), so that it is a.s. bounded below.
On the other hand, since C is bounded, it is immediate to obtain that (since 4o, < o0)
Jo° a(My)C(Ry)ds < oo.

We deduce that the stochastic integral fot [o(M)C(R,)]"*R, dB, is bounded below.
Hence it does converge, so that fooo a(M,)C(Rs)R?ds < oo. Hence the right-hand side
of (3.34) converges, so that the left-hand side, which is non-decreasing (for ¢ suffi-
ciently large) also converges. Thus, we obtain, using (3.18), that R? (and thus also R;)
does a.s. converge as ¢ tends to infinity.

Let Ry be its limit. We know that a.s., lim;_,oc sup,- ¢ |Ri+1» — R;| =0. Assume that
R, > 0. Then

Rt+h —R, = Azl,t+h + At2,t+h + At3,t+h> (3~35)
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where 4!, = [""" [o(M;)C(R,)]'*R, dB, tends to 0 uniformly in & since C is bounded

and since [, a(M,)C(R,)R2 ds < oo; where 42, = [ (a(M,)C(R)/Ry) ds also tends
to 0 uniformly in 4, since C is bounded, since R, > 0, and since 4., < co; and where
Ath:ftHh [(1—d/2)ou(M)C'(Ry) — C(Ry)u'(Ry)] ds behaves as —C (R, )u'(Roo )i for
t large enough since C’ is bounded and since Ao, < co. Since C(r)u'(r) does not
vanish except for » =0, (see (H1) 6 and 8), this contradicts the fact that R, > 0, and
ends the proof. [J

Lemma 3.16. Assume (H1) and (H2). Recall the notations of Lemma 3.8. On the set
where Ao, = 00, lim;_.oo X; =0 a.s.

Proof. We divide the proof into several steps. In the whole proof, we consider w to
be fixed in {4, = c0}.

Step 1: We introduce in this step the notations.

First note that on the set where 4., =00, 7, < oo for all . However, lim,_, ., 7, =00,
since the map o is smaller than 1 (see (H1)-4).

We consider 0 < 17 < ¢/2 to be fixed. We will show that a.s. (on {4 = c0}),

limsupR,, <7 (3.36)
t—00

which of course suffices. For each n > 1, we consider a set of numbers m, € N*
(an increasing sequence of masses), p, € (0,7) (a non-decreasing sequence of initial
points), ¢, > 0 (a sequence of widths of time intervals), and a sequence 4, > 0 (of
fluctuations controls). We will choose these sequences conveniently at the end of the
proof. Let us, however, right now assume that (recall that o and a; were defined in
Lemmas 3.11 and 3.13), setting po = (a/2)(v4e?)™" (ao is defined in (H2)),

o(my) < o, (3.37)
o0
S 6=, (3.38)
i=1
V=1, phy=paVaa(my) + Al + A <7 (3.39)
Vi > 1, Moil “ M 4 e —1)2. (3.40)

A oG /o(my,)
We will consider here only times greater than sy defined in Lemma 3.10. Note that
a.s., Ty = 5o for all s > sg, by the definition of 7 (see Lemma 3.8) and since the map
o is smaller than 1 (see (HI)-4). Recall that the Brownian motion f was defined in
Lemma 3.8.

Step 2: We introduce the following random times and events defined recursively by
(recall Notation 3.12)

Ty =inf{t > so; My, > my, Ry <pi}s (3.41)

A=A (Brie — Br) N My, > ma} (3:42)
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and, for n > 2,

Tn = ll’lf{t 1+ 0ou_1; MI, = mmRI, < ,On}, (343)

A=A (Bre = Br,) NV {Mey, > mysr ). (3.44)

Note that since lim, a(n) =0, since lim, 7, = co, Lemma 3.4 and Corollary 3.6 ensure
that T, is a.s. finite for all n.

Our aim is to apply the Borel-Cantelli Lemma, in order to show that a.s., there
exists ng such that for all n > ngy, 4, holds. This will allow us to conclude.

First note that, thanks to Lemma 3.13, (since o is non-increasing while m, is in-
creasing, (3.37) ensures that a(m,) < oy for all n)

A, CA;’(',,Z”) o (B4 — Br,)

C sup |Z“(mn) ,Pn |2
t€[0,0,]

< Pn \ [al(x(mn) + /“n] + j~n]} (345)

z; (1), being defined with the Brownian motion fr, . —fr,. Since R;, < p, and since

for all + > T,, a(M,,) < a(m,), one may deduce from the comparison Theorem (see
Revuz and Yor, 1999) that as., for all >0, R, , < < 7" Hence

AnC{ sup  R2 <p; [aooc(mn)+ﬂn]+ﬂ}
€l

T, To404]

c! sup R, <V, (3.46)
te[Ty,Th+0n] 2

Next, with the notation (4,)° = Q/4,, we obtain, using (3.46) and Lemma 3.11,
P(4,)] < PIALT |, (Br, — Br,))]

[Ai(njn) pn(ﬂT +- ﬁTn) N {MTT”M” > mn+1}c:|

k 1 n n
< % vl (3.47)
where

I,=P sup R, <¢/2, M,
te[ T, Ty +02]

Tn+on

— M., <myp—my|. (3.48)

One can easily understand, using (2.2), Lemma 3.10, the fact that M is always greater

than 1, and (H2) (K(i,7)/j = ao) that since tr,, > so and 0,774, = a(m,)~" for all

t = 0, the process (M, ., — M-, )icfo,q,] is bounded below (on the event sup,¢ (7, 7. +(,n]
< ¢/2), by Nyja(m,), N being a standard Poisson process with rate pio= =(ao/2)(vge?) ™!
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Hence, Lemma 3.14 allows to conclude, using (3.40), that
I, < expl — oou/20(m,)]. (3.49)

We finally deduce that for all n > 1,

k(1 + o, )ou(my )

Pl < =5

+ exp[ — poon/20(my)]. (3.50)

Step 3: Recall now that the constants ¢y, fo, a1, % and o are defined in (H2),
Lemmas 3.13 and 3.11 and before (3.37).

First of all, we consider some exponent p € (3/fo,1/[1— Po]), which is possible since
Bo €(3/4,1). Next, we choose g, constant ¢, = g, m, = ,n”, 1, = dn%/[n logz(n +

D], and p, =+/n?/2 + Z?:] Ji. Choosing 9, large enough (8, = (co/o)"P and &, >
(2aico/n?) Py, 5, small enough (6, < 1/2 Doy [ log?(n+1)]), and finally ¢ large

enough (o = (5}7/} co p2P* /1y), we deduce that conditions (3.37)—(3.40) are satisfied
(with, for each n, p2 V [aju(m,) + 4,] = p?), and, thanks to (H2),

> P[(4,)] < . (3.51)

n=1

Using the Borel-Cantelli Lemma, we deduce that there a.s. exists ny such that for all
n = ny, A, holds. This implies that

sup R, <. (3.52)
12T,
Indeed, if 4, holds for all n > ng, then on the one hand, for all n > ng, 7,1 =T, + o,
(thanks to the first line of (3.46) and to condition (3.39)), and on the other, for all
n = ng, SUP(z, 1.4, Re, < 11 (thanks to the first line of (3.46) and to condition (3.39)).
This ends the proof. [

In Fig. 1, one can see a typical path of Rﬁl for n > ny. Note that during the time
interval [T, T, + o], the increment of mass process M, is at least m, | — m,.

2
n2<R)

i | n+2

L J. J. S

0 n Th* 0, Tha1t Onen T2t One2 On+3
=The1 =The2 =Ths

Fig. 1. A typical path of R? for ¢ > T, (n > np).
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4. Related problems

We finally would like to talk about related problems. Points 1 and 2 might be
interesting for applied physics, while points 3 and 4 are rather theoretical questions.

1. It would be more interesting to study the local case, where ¢=0. In such a case, the
characteristics (X;, M,);>¢ of a typical particle would satisfy a different and more
complicated equation. Indeed, the location process X would still satisfy the first
equation in (2.2), but the mass process would satisfy

t o0
M, = My + / / / (ot (ds, dGe,m), dun), (4.53)
0 JRIxN* Jo {“<7m }

the counting random measure p on [0,00) x (R? x N*) x [0, 00) having the intensity
measure ds fo(X, dm) du, the probability measure Qy(dx,dm)=dx f(x,dm) standing
for the law of (X;, M) (for each s). In other words, a particle does coalesce with
others at a rate depending on the density of particles which have the same location.
This is of course more delicate, but we hope that Proposition 2.3 and Theorems 2.4
and 2.5 would still hold in such a context.

2. Consider now the standard case where the location of each particle (of mass m) is
Brownian motion reflected in a bounded smooth domain D ¢ R?, with a coefficient
o(m) (see Laurengot and Mischler (2002)). Then two behaviors may be possible.
On the one hand, if « decreases slowly to 0, then one may hope that each particle
has a recurrent motion: X; does converge in law as ¢ tends to infinity, but does not
converge almost surely, and visits infinitely often each open subset of D. Conversely,
if o decreases quickly to 0, then it is reasonable to think that X, will converge a.s.
as time tends to infinity, to a random position X.

Note that the standard PDE approach does not seem to allow such considerations.

3. Assume now that we are in the local case ¢ =0 (see point 1. above), and that the
effect of the potential increases as the mass of particles increases. In other words,
replace /(| X;|) by p(M;)u'(|X;|), for some function S(m) = 0 which goes to infinity
with m. Then the more a particle is large, the more it visits neighborhoods of 0, so
that it encounters many other particles, increases more and more fast, and so on...
Is there a gelation phenomenon in such a case? That is, does it exist 7 < oo such
that P[MT =00, X7 = O] > 0?

4. Finally, assume that the location process {X;};>o of a particle of size m is a diffusion
depending on m, such that:
if m was constant and smaller than some mg, X; would be transient,
if m was constant and larger than mg, X; would be recurrent.

Think, for example, to Bessel processes of dimension o(m), for some non-increasing
function «. Coupling such a motion with coalescence, the masses would increase,
so that we might observe the following behavior:

(1) with positive probability, the mass of our typical particle does not increase too
much, so that its location X; will be transient, hence it will never encounter other
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particles, ... In other words,
Pllim,— oo M; < mg, lim;_, |X;| =o00] > 0.

(ii) with positive probability, the mass of our typical particle does increase, so that
its location X; will be recurrent, so that it will encounter many other particles,
... In other words,

Plim,—oM; = 00, lim;_.a0|X;| = 0] > 0.
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