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QUEUEING IN SPACE
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HANOCH LEVY,** RUTCOR

Abstract

We consider a problem in which a single server must serve a stream of customers
whose arrivals are distributed over a finite-size convex space. Under the assumption
that the server has full information on the customer location, obvious service policies
are the FCFS and the greedy (serve-the-closest-customer) approaches. These
algorithms are, however, either inefficient (FCFS) or ‘unfair’ (greedy).

We propose and study two alternative algorithms, the gated-greedy policy and
the gated-scan policy, which are more ‘fair’ than the pure greedy method. We show
that the stability conditions of the gated-greedy are p <1 (where p is the expected
rate at which work arrives at the system), implying that the method is at least as
efficient (in terms of system stability) as any other discipline, in particular the greedy
one. For the gated-scan policy we show that for any p <1 one can design a stable
gated-scan policy; however, for any fixed gated-scan policy there exists p <1 for
which the policy is unstable. We evaluate the performance of the gated-scan policy,
and present bounds for the performance of the gated-greedy policy.

These results are derived for systems in which the arrivals occur on a two-
dimensional space (a square) but they are not limited to this configuration; rather
they hold for more complex N-dimensional spaces, in particular for serving
customers in (three-dimensional) convex space and serving customers on a line.
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BOUNDS
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1. Introduction

We consider a problem in which a single server must serve customers whose
arrivals are distributed over a finite-size convex space. In particular we are
interested in a two-dimensional space, a square plane D of dimensions d X d.
Customers arrive according to a Poisson process to the square, and the location of
the arrivals is given by some distribution function. The single server moves between
the customers in order to serve them. This model can represent a town (the square)
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and a repairman (the server) that travels between the homes in the town to apply
repairs when they are demanded. Applications for this problem on a one-
dimensional space are in disk operating systems. An application in three-
dimensional space is the repair of satellites by a spacecraft, although at the moment
this may still be in the realm of science fiction.

We investigate strategies for the efficient service of the customers by the server.
We consider both a situation in which the server has full information on the exact
location of every customer upon its arrival (global information assumption) and a
situation in which the server can tell the exact location of customers only when
arriving at their local neighborhood (local information assumption).

The obvious ‘fair’ discipline is the first-come first-served (FCFS) strategy, where
customers are served according to the order of their arrival. This discipline,
however, seems not to be efficient, since the server may have to spend much time
traveling from one part of the square to the other. Indeed, we show (Section 3) that
the system is not stable for all p<1. It is natural therefore to consider the
serve-the-closest-customer (greedy) discipline, in which, upon completing the service
of a customer, the server moves to serve the closest customer. The drawback of this
discipline is that it may become very unfair.

For example, consider a situation in which two customer groups, A and B, are
located far away from each other and the server is serving group A customers; then
group B customers have to wait not only till all group A customers are served, but
also till all the customers that arrive in the vicinity of group A during the service of
this group (the ‘descendants’ of group A) are served.

We present and study two alternative strategies: the gated-greedy and the
gated-scan policies. In both policies the server operates in ‘cycles’; in each cycle the
server serves a customer if and only if it is present at the system at the beginning of
the cycle. In the gated-greedy discipline the order of service within the cycle is
determined by the ‘greedy’ approach in which the server always picks for service
the closest customer to it. This policy is suitable for situations in which the server
can be assumed to have global information about customer location: in other words,
the server knows the exact location of every customer present. In the gated-scan
policy at every cycle the server conducts a fixed path tour over the plane. At every
point along the tour the server picks the customers which are in the near
neighborhood of that point. This policy is suitable for situations in which the server
does not possess global information about customer location, and only local
information exists.

Both of the proposed gated policies are less ‘unfair’ than the greedy method,
since the situation described in the example given above is eliminated. Moreover, we
show that the gated-greedy discipline is stable for any p <1, implying that in terms
of system stability it is at least as efficient as the greedy discipline. The gated-greedy
discipline can therefore be considered as an alternative which is both fair and
efficient. Furthermore, since p <1 is proved to be a necessary condition for the



Queueing in space 1097

system stability, the gated-greedy policy can be considered to be an optimal policy
(in terms of stability region).

As for the gated-scan policy we show that for every p <1 one can construct a
stable gated-scan policy; however, for every gated-scan policy there exists p <1 for
which the policy is unstable. This policy is therefore somewhat less efficient than the
gated-greedy but its advantage is in not requiring global information about
customer location.

We evaluate the performance of the gated-scan policy, and present bounds for the
performance of the gated-greedy policy.

The analysis in this paper focuses on deriving the results for convex plane
topologies, in particular a square D of dimensions d X d. In Section 2 we describe
the model. In Section 3 we derive a necessary condition for stability of any policy
and prove that in terms of efficiency the first-come first-served (FCFS) policy is not
optimal since p <1 is not a sufficient condition for stability. In Section 4 we analyze
the gated-greedy policy and in Section 5 the gated-scan policy. The generalization of
the results to other topologies is discussed in Section 6. In particular the results
apply to: any convex finite plane, one-dimensional convex topologies (serving
customers on a line), and three-dimensional convex topologies (serving customers in
space). In general the results apply to any N-dimensional convex space and to some
non-convex spaces as well.

1.1. Previous work. Greedy disciplines for polling systems have been studied only
in the context of one-dimensional topologies [13], [17]. Other studies regarding
polling systems in continuous space one-dimensional topologies are [1], [4], [11],
[12]. In the context of cyclic polling models with N queues, Boxma et al. [9] have
proposed the globally-gated policy, in which at every cycle the server serves all
(and only) the customers which are present at the system (at all queues) at the cycle
beginning. Both the gated-scan and gated-greedy policies can be considered as
generalizations of the globally-gated policy to spatial topologies. Some previous

results on stability of polling systems with a finite number of queues can be found in
2], [3], [14], [15]}, [20], [23].

1.2. Recent related work. After completing the writing of this paper we came
across a very interesting paper by Bertsimas and Van Ryzin [8] who consider the
same model analyzed in this work but emphasize other aspects of the problem. In
particular, they introduce and analyze the following policies:

1. The FCFS policy.

2. The partitioning policy, in which the square is divided into smaller squares; as
in our gated-scan policy, the server has a prespecified scan route that goes through
these squares. In each small square the customers are served according to the FCFS
discipline.

3. The traveling salesman policy, in which there is a central station from which the
server operates; the server waits in the central station till there are at least n
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customers in the system, and then goes to serve them according to the optimal path,
thus solving a static traveling salesman problem. Once the n customers are served,
the server goes back to the central station and then goes to serve the next n
customers (once they arrive) and so on.

4. The space filling curve policy, proposed first by Bartholdi and Platzman [6], is
based on some continuous mapping from a unit circle onto the square; service is
then given according to the increasing order of the preimages of the customers.

5. Some partial results are given for the fully greedy policy.

Bertsimas and Van Ryzin obtain lower bounds for the expected waiting time
under an arbitrary policy for both light traffic and for heavy traffic conditions. They
state the necessary and sufficient conditions for stability under the different policies,
and study their performance.

The contributions of our work in relation to those recent results are the following:

1. The gated greedy policy proposed in our work outperforms policies 1-3 above,
in the sense that its sufficient (and necessary) condition for stability is weaker,
namely p <1. The necessary and sufficient conditions for the stability of policies 4-5
above are still unknown.

2. Our assumptions allow for more generality. In particular, we analyze arbitrary
distributions of the location of arrivals (rather than uniform), and we allow for
service times that depend on customer location. We obtain necessary conditions for
stability for general stationary arrival and service processes (rather than Poisson
arrivals and general independent service distribution).

3. We present rigorous proofs for sufficient and necessary conditions for stability
for the FCFS, the gated-greedy and the gated-scan policy. These require handling
Markov chains whose state space are the set of all possible configurations of the
customers on the plane, as well as the location of the server. We use novel
techniques, recently introduced by Meyn and Tweedie [19], to establish the stability
conditions, and in particular, geometric ergodicity. The techniques used in this
paper for proving stability conditions extend easily to the partitioning policy and to
the traveling salesman policy (TSP) considered in [8].

2. Model description and preliminaries

Consider a square D of size d X d. We consider a Poisson arrival process with rate
A; the location of an arrival is distributed according to some distribution function
L(-) on D. We allow for the location distribution to have a mass at some points,
which may correspond to a queueing phenomenon. A customer that arrives to
location / € D requires service time which is distributed like a random variable B(/)
with b(/) and b®(!) as first and second moments. We assume that there exist some
uniform positive bounds on b(l), i.e. there exist some h=h>0 such that
bz b(l)=b for every l e D.
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For any x, y € D, let 8(x, y) denote the distance between x and y. The travel time
(walking time) from any point x to any point y is random, distributed like some
random variable S(x, y), with s(x, y) as first moment. We assume that there exists
some constant r such that s(x, y) =ré(x, y) for every x and y in D. Moreover, for
x #y we have s(x, y) >0.

Given a function f:D — R and a measure ¢ on D, define

f-&= | raean,

In particular, we shall use the notation |£]:=1- ¢ = [ £(dl). Using this notation
we can now define the expected service time of an arbitrary customer, B:=b - L and
the system utilization, p:= A(b - L). Let ®:=b®@ - L denote the second moment of
the service time of an arbitrary customer.

Unless otherwise stated, we shall assume the following:

1. interarrival times are independent of the location of the arrivals;

2. given the location of the arrivals, the interarrival times, the service times and
the walking times are independent;

3. the walking time along a path x—>y—z is distributed like the sum of
independent walking times S(x, y) plus S(y, z).

For a finite set W, we denote by | %7 the number of elements in W.

We shall establish below conditions for the system stability under several policies.
By stability we mean that the total expected workload E[V,] in the system at time ¢ is
bounded in time, i.e., there exists some finite value v such that for all 7, E[V,] <wv.
We shall in fact establish stability in a stronger sense (the geometric ergodicity of
some embedded Markov chains).

3. Necessary condition for stability and the stability of the FCFS policy

In this section we derive a necessary condition for the stability of any policy for
service on the plane; we show that p <1 is such a necessary condition. Next we
analyze the first come first served (FCFS) policy when applied on the plane and
derive its stability conditions; specifically, we show that there exist utilization values
p <1 for which the FCFS policy is unstable.

3.1. Necessary conditions for the stability of arbitrary policies

Theorem 3.1. Let m be an arbitrary policy for serving customers on the square
plane D. A necessary condition for the stability of w is p <1.

Proofs. Let System & denote the system for which the claim is to be proved. To
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carry out the proof let us consider an alternative system, denoted System 0, which is
pathwise identical (in terms of arrival times, arrival locations and service times) to
System &, but in which the walking time between every two points is zero; in other
words, for every x,y, S(x,y)=0. Also, let us consider a policy m, which is a
non-idling policy (namely, 7, serves customers as long as there are customers in the
system) applied on System 0. Note that the order by which 7, serves the customer
does not affect the amount of unfinished work in the system; we thus may assume
without loss of generality that x, uses the FCFS order.

Using induction, and following the approach taken in Levy et al. [18], it follows
that at every moment ¢ the amount of work at System 0 under 7, is less than or
equal to that of System & under n. A necessary condition for the stability of System
0 under 7, is therefore also a necessary condition for the stability of System & under
.

To conclude the proof note that in System O the service time of the ith arriving
customer is independent of its index (simply since its location is independent of its
index) and thus its service time is independent of its arrival time and of the service
time of the (i —1)th customer. System 0 is therefore exactly identical in behavior to
an M/GI/1 system with arrival rate A and with service time distributed as that of an
arbitrary arriving customer at System . The expectation of the latter is given by
B=b-L. It is well known that a necessary condition for the stability of this
M/GI/1 system is AB <1 (e.g. p. 238, Chapter 4 Section 2 of the second part of [10])
and thus the proof follows.

Theorem 3.1 can be generalized to arbitrary stationary arrival and service
processes. Below we establish this claim and introduce the necessary notation.
Denote
B, the service time of the nth arriving customer;

7, the interarrival time between the (n — 1)th and the nth arriving customer;
Y, the location of the nth customer to be served;

Z, the location of the nth arriving customer;

S, the walking time between the (n — 1)th and the nth served customers.

We shall assume that E[1,] <® or E[B,] <> and

(B, T,y Z,) is a jointly stationary sequence, defined on a
(1) probability space (2, ¥), and which does not

depend on the policy of the server discipline.
Let A:=1/E[1,]. Y,, which is also defined on (Q, ¥), depends of course on the
service discipline; in particular, if t" = FCFS service (discussed below) is used, then

Y,=Z,. Note that we allow the random variables B,, t,, Z,, &,, S,,n=1,2,---to
be dependent, and p stands for E[B,])/E[1,].

Theorem 3.2. Consider the general stationary case (1) with arbitrary distributions
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of interarrival times, service times, walking times and locations. Let &t be an arbitrary
policy for serving customers on the square plane D. A necessary condition for the
stability of mis p= 1.

Proof. The proof is the same as for the previous theorem. The only difference is
that the instability of system O for p >1 follows this time from the instability of a
G/G/1 queue for p > 1, for example [5] p. 36.

3.2. Analysis of the FCFS policy. The FCFS policy is implemented as follows. The
server serves the customers in the order of their arrival. When the service of the ith
customer is completed then one of the following occurs:

1. If at that moment the (i + 1)th customer is already present in the system then
the server moves to serve him immediately.

2. Otherwise, namely if the (i + 1)th customer is not present in the system at that
moment, then the server waits in its current position until the (i +1)th customer
arrives, and then moves to serve him.

We show below that there exists a utilization p <1 for which the FCFS is
unstable, under the general arrivals and service condition (1). Let sgcps = E[S;).

Theorem 3.3. Assume that (B,, 1,, Z,, S,) is a jointly stationary sequence, defined
on a probability space (Q, F). If 1 — sgcpsA < p then the system is unstable under the
FCEFS policy.

Proof. Let System & be the system under consideration and py be the utilization
of this system such that 1 — sgcpsA < py. We construct System 9% which mimics the
behavior of System & but which does not have walking times; rather, the walking
time incurred in System & for serving the ith customer is added in System 2 to the
service time of the ith customer. It is obvious that the behavior of the two systems is
identical and that at every epoch ¢ the number (and identity) of customers in both
systems is the same. Thus, System & is stable if and only if System 2 is stable.

We have in the new system: (B,, Z,, 7,, S;)a= (B, + S, Z,, 1,, 0)« (note that
Z,=Y,) which is again stationary. Moreover, in System & the walking times are
zero. Thus, System B is a G/G/1 system in which the expected service time is given
by Bg = B« + Srcrs- The expected amount of work arriving to this system during a
time unit is pg = (E[B;] + srcrs)/ E(7;) > 1 and thus the system is unstable (see for
example [5], p. 36).

4. The gated-greedy service discipline

We consider in this section the following gated-greedy service discipline, which
combines the FCFS and greedy properties. At time 7(0) =0, all the customers that
are present at the system are tagged. The server then moves between the tagged
customers using the greedy discipline, i.e. moving always to the closest customer (if
any). If there are several customers at an equal distance then the server moves to
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one of them according to some decision rule (e.g. with equal probability). If several
tagged customers are located in the same place, we assume that they are served
according to the FCFS order. (The results remain valid for any other order of
service of these customers.) If the system is empty at 7(0), then the server remains
in its place till the next customer arrives; this customer is then tagged, and the
server moves to serve it. Let 7T(1) be the first time after 7(0) when all the tagged
customers have been served. At this time the procedure described above is repeated
with T(1) replacing T(0). This procedure is repeated, and T(n) are defined
recursively.

4.1. The stability conditions. Our objective in this section is to show that for any
p <1 the system is stable under the gated-greedy discipline.

The state of the system is given by two objects: a counting measure that describes
the customer location configuration, and the location of the server. We consider the
embedded state process (Q,, U,) representing these objects at time T(n), which
forms a Markov chain. Let X denote the state space of this Markov chain, and let Q
denote the set of counting measures on D. We shall understand 0 € Q to correspond
to an empty system.

Lemma 4.1. Assume that there are N customers on the square D, and the server
follows the greedy discipline to serve them (not serving future arriving customers).
Then the total distance R(N) traveled by the server is smaller than or equal to aVN,
where

@) a

A

sl

Proof. The inequality (2) clearly holds for N <3. We thus assume below N = 3.
Define r, to be the distance traveled by the server between the kth and the (k + 1)th
customers served. For 0=x =V2d let A, be the subset of the N customers served
obeying r, = x for some k. Thus a customer belongs to A, if and only if the distance
traveled by the server from that customer to the next closest one is greater or equal
to x. Let N, =|A,|. First we show that for 0=x = V2d,

wst(e)

To prove (3) we first claim that if (3) does not hold then there are at least two points
a,a’ € A, such that the distance between them 8(a, a’) <x. (By definition of A,, a
and a’ are not served consecutively.)

For the contradiction, assume that this claim does not hold, namely that

2
_—
T \X

and that 8(a,a’)=x for all a,a’ € A,. Then each of the points in A, can draw
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around itself a circle of radius x/2 in which no point of the set A, exists and the
total area of these circles is N,nx?/4>4d°. If x <d then at least quarter of each
circle is contained in the square; this means that the area of the square is greater
than d2, which is a contradiction. If V2 d = x > d then the surface of the intersection
of each circle and the square is at least 7d*/4 and thus the surface of the square is at
least N,wd?/4>4(d/x)*>d*>=2d* (since x =V2d), which is also a contradiction.
Hence if (3) does not hold then there must exist two points a,a’ € A, such that
6(a,a')<x.

Let us now focus on these two points a and a’; assume without loss of generality
that a was served before a'. Since a € A, and since the greedy service discipline is
used, the closest customer to @ must have been at a distance greater or equal to x,
which contradicts 8(a, a’) <x. Thus, by way of contradiction, (3) is established.

Finally, from (3), since N =3 and since N, = N it follows that

V2d
R(N)éf N, dx
0
4d/VEN Va2d
éf N dx +f (16/m)(d/x)? dx
0 4d/VN
2 \/_—
=4\/&d+16i[_zd_¢]
n nl 4d V2d
8d
<\/7—r N

(Note that N =3 and hence 4d/VaN < V2d.)

Remark. Assume that the arrival locations are distributed uniformly on the
square. The bound obtained in Lemma 4.1 implies that the gated-greedy policy is
optimal, in the sense that there exists no other policy that can serve any N customers
in a total distance less than O(VN). This follows from the fact that the optimal
policy is known to require O(VN) in the case that arrivals locations are distributed
uniformly on the square (see e.g. [7]).

We are now ready to establish the sufficient condition for the stability of the
gated-greedy schedule. The main tool is the following.

Lemma 4.2. Consider a strongly aperiodic Markov chain X, on a state space X.
Assume that there exists a set X = X and a function g:X — [1, ») such that:

(i) there exists some €>0 such that E[g(X,.,)—g(X,)|X,]= —eg(X,) for
X, e X%

(ii) E[g(Xn41) | X ] < for X, e &;

(iii) J is a small set.
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Then (a) X, is geometrically ergodic. Moreover, (b.1) E[g(X)] is finite in steady
state, and (b.2) E[g(X,)] converges to E[g(X)] geometrically fast.

Proof. (a) is proved in [21] (or in [19], the Corollary to Theorem 6.2, when
restricting to f = g). (b.1) is proved in [22] and (b.2) follows from [19], the corollary
to Theorem 6.2. In [19] it is required that the set ¥ be a ‘petite’ set. This is satisfied
since any small set is also a petite set.

In the above lemma, a set J is said to be small if there exists some positive
measure ¢ on X, such that for any I' = X with ¢(I") >0 there exists j such that

j
(4) inf > P*(x,T)>0,
xe¥H p=1
where P(x, I') are the transition probabilities of the Markov chain. A Markov chain
X, is said to be strongly aperiodic if there exists a set € = X, a probability v with

v(€)=1, and >0 such that P(X, enters € for some n=1|X,=x)>0 for all
x € X, and

P(x, B)= év(B), x € 6, B € B(X).

Theorem 4.3. Assume that p <1. Then (Q,, U,) is geometrically ergodic; the
expected workload in steady state is finite and the transient expected workload
E[b - Q,] converges to the steady state geometrically fast, the gated-greedy policy is
stable.

Proof. The proof is based on the previous lemma. We show that the conditions of
the lemma are indeed satisfied. We begin by establishing (i). Recall the definition of
a in (2), and choose some € >0 such that p + € <1. Let

2
K={gu)eX:lg|=Z*),  where Z*:= (__Pa_r__) ’
(1-p-ek

(gl is the number of customers). Then for (Q,, U,) € ¥° we have
Eb-Q,1—b-Q,|Qu=praV|Q,|+(p-1)b-Q,=—¢b-Q,

which follows from Lemma 4.1, the definition of # as well as the fact that
b-0,Zb|Q, Indeed, (1 P~ E)b ) Qng(l P~ €)b 1Ol = pra™y 1Ol by the
definition of ¥*. Condition (i) of Lemma 4.2 easily follows by identifying

g(g)=1+b-q.
Next we establish (ii). We have for Q,, € &

E[b - Qni1| Qn]l=praV|Q,|+ pbZ* = praVZ* + pbZ* <

which establishes (ii).
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Next, we establish (iii). For any / € D and O = @, let P(l, Q) be the probability
that the location configuration of the customers that arrive during a service time
B()), is in Q.

Denote (I, t):= the probability of no arrivals during the walking time of the
server from [ to ¢. ¢ can be bounded by

w(l, t) = E[exp (—AS(l, 1)) = exp (—E[AS(}, 1)])
(5) =exp (—As(l, t))=exp (—A6(L 1))
= exp (—ArdV2).

Denote by 3(I) the probability of no arrivals during the service time B(/). We have,
similarly to (5),
(6) B(l)=exp (—Ab(l)) = exp (—Ab).

Let

o) := f L(ds)P(s, dq).

(g,5)el’

¢(-) is thus the joint distribution of the location of an arbitrary arrival, and the
distribution of all arrivals during the service time of that arrival.

We show below that P*((z, u), T') (the two-step transition probability) is greater
than O uniformly in ¥, from which the condition (4) for a set to be small is seen to
be satisfied, with j =2. Below, (0, u) will correspond (with some abuse of notation)
to an empty system, with the server at location w.

Let T satisfy ¢(I') >0, and let (z, u) € #. We have

PX((z,u), Tz L L P((z, u)(0, dt))P((0, 1), T)

= L P((z, u)(0, dt)) Y(t, s)L(ds)P (s, dg)

(g,s) el
ZP(Q,=0|Qo=2 Uy=u)exp (~ArdV2)$(T)
= exp (—(1Z* + 1)A[b + rdV2))¢(I).

The first inequality above follows from the fact that

P T)= | PGz u)dg, d))P(@, ). T)
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To understand the second inequality, we note that if a transition occurs from (0, ¢)
to I' it means that the first arrival that occurred after the server finished serving at
t, was to a point s (distributed according to L) and the configuration g when
finishing the service at s is distributed like the configuration of all the arrivals that
occur during the service time B(s) plus the walking time from ¢ to s: moreover, s and
q are such that (g, s) e I. The inequality is then obtained by considering transitions
from (0,¢) into a subset of I', obtained by restriction to cases where no arrivals
occured during the walking time from ¢ to s.

The third inequality follows from (5); the last inequality follows from the fact that
for (z, u) € X we have z = Z*, and from (5) and (6).

Finally, the strong aperiodicity follows by arguments similar to those above,
choosing €:=1{(q, u):q =0}, and v({0, B,}):= L(B,) for any Borel set B, = Q.

This establishes the proof of the geometric ergodicity.

This implies by Lemma 4.2 (b) that the expected workload E[b - Q] in steady
state (of the Markov chain (Q,, U,)) is finite, and E[b - Q,] converges to E[b - Q]
geometrically fast. Since the workload at an arbitrary time is upper bounded by the
sum of expected workloads in the beginning of the current cycle plus in the
beginning of the next cycle, this implies the stability of the gated-greedy policy.

4.2. Expected cycle duration, workload and number of customers. Our aim in this
subsection is to obtain upper bounds for the number of customers in the system and
the sojourn time at arbitrary moments. To do that, we obtain bounds for the first
and second moments of the cycle duration, as well as the workload and number of
customers at the beginning of cycles.

Let C, denote the duration of the nth cycle, and let V,, denote the workload in the
system (i.e. the sum of service times that will be required by the customers present
in the system) at the beginning of the nth cycle. When omitting the index n we shall
mean the steady state versions of the above quantities. E° will denote expectation at
the time of the beginning of a cycle, in steady state.

First moments. It follows from Lemma 4.1 that
™ E[Var1 | Qa Vil =p(V, + raVIQ, ).
Taking expectations, we get from (7) for the steady state:
E°[V]= p(E[V]+ raE*V|Q)).

Since E°[V] = bE®(Q|), we have

® b(EVIQD) =bE(Q) = E°IV) =1 E°V(QD
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Dividing by E®V(|Q|) we obtain

©) ENVIOD S5

and substituting in (8) we finally get

(10) 0D (52)
and
a

—_(pra)’
B “b(1-p)

Finally, it follows that

_ __(pray _ pra® __(ra)?
FICI= B+ BV I0D =57 b= p) BlL-p7

Next we obtain lower bounds for the above quantities.

Let X be the location of the arrival of an arbitrary customer (X is thus distributed
according to L). Let s:=inf,.p Es(y, X). As an example, if arrivals are uniformly
distributed on the plane and the expected walking time is proportional to the
distance s(x, y) = ré(x, y) then s = rd/4.

We get the following:

E°[V]z= p[E°[V] +5]
and hence
(12) E[V]z _Ps_
1-p
(13) E'(C)2 EY[V] +52 2
1-p
and finally
(14) E'(Q) = AEY[C) =2 72

Second moments. To obtain an upper bound for the second moments, we shall
assume below that (1— p?)b>2p%ra. (This will be satisfied if the bound on the
walking speed, r, is small enough.) The amount of work found in the beginning of
the (n + 1)th cycle is the amount of work that arrived during C,,. It follows from (8)
that

E[V,.1] = p2E[(C,)*] + AE[C,]B?®
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(this follows, for instance from the Auxiliary problem in [16], p. 238). Hence we
have in steady state

E°[V?]=p’E°[(V + raV(IQ))’] + AE°[C)B®
(15) = p’E°[V?] + 2rap®E°[VV(IQ])] + (rap)’E°(1Q]) + AE°[C]B®
= p’E°[V®] + 2rap’E°[V |QI] + (rap)’E°(1Q]) + AE°[C]B®.
Thus
(16) (1= pHE[V?] = 2p°ra)E°[V |Q]] + (rep)’E%(IQ]) + AE°[C]B®.
Combining this with the fact that
E°[V?]=E%E°[V(Q - B) | Q1}Z E%(IQ| V)b
we get
(1= p*)b — 2p%ra)E%(IQ| V) = (rap)’E’(IQ]) + AE’[C]B?®
_(pray® \? (ra’
=Gasp) Ry
_(reY[(pra)* + AB?]
1 -p)P

Hence we obtain
(ra)’[(pra)* + AB®b]

EO(|Q| V) —S‘((l - Pz)b - 2p2ra)[b(1 - p)]2 .

Substituting in (16) we get

ra ]2 (pra)’p’(b +2p°ra) — AD>B®
b(1-p) (1-p%b —2p’ra '

The bounds for E°[C?) and E°(JQJ?) are then obtained by substituting (9), (10), (11)
and (17) into

(17) E VY= [

E°[C1= E°V + arV(IQ)]
18) = E°[V?] + 2E°(V |arEV(QD + (arE°(Q))
and then
(19) E°(1Q1)* = A*(E°[C])* + AE°[C?].

Expected sojourn times and number of customers at an arbitrary time. We can
bound the expected sojourn time in a way similar to Boxma et al. [9]. The sojourn
time of an arbitrary customer is upper bounded by the sum of the residual cycle time
Cr, plus the duration of the next cycle Cy. The expected residual cycle time E[Cg]
and the expected past cycle time E[Cp] are given by E°[C?]/2E°[C]. Thus

E°[CY

E[T] §m + E[C\]-
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Cy is given by the sum of the walking times plus the amount of work that arrived
during the durations of the past cycle time and of the residual cycle time. Let Qy
be the number of customers in the beginning of the cycle that starts after the arrival
of the arbitrary customer. Thus we have

E[CN] = p(E[Cp] + E[CR]) + arE[V|QO\]]
= p(E[Cy] + E[CR]) + arVE(IQnI)
= p(E[Cp] + E[CR]) + arVAE[Cp + C¢]
E°[C?] + (A E°[C2])
=p———+ta —=).
“Erer NV B
We thus get
E°[C?] E°[C?)
EIT]S(p+ )y +ary (Ao ).
[ ] (p 2) EO[C] ar EO[C]
An upper bound for E[T] is now obtained by using (18) for an upper bound to
E°[C?), and (13) for a lower bound on E°[C]. Finally, by Little’s law, the expected
number of customers in the system at steady state is given by AE[T].

4.3. Other optimal gated policies. We may consider other variants of the gated
strategy where the server serves in each ‘cycle’ all the customers that arrived during
the previous ‘cycle’ (the nth cycle is given by the time period between T(n — 1) and
T(n), where T(n) was defined in the beginning of this section). It is easily seen that
the stability results and the results on the performance evaluation would hold for
such policies provided that they satisfy a condition of the type introduced in Lemma
4.1, i.e. that the total walking distance required to serve N customers is bounded by
a’VN, where a is some constant. For the stability results it is sufficient in fact that
the distance required for serving N customers should be of order o(N), i.e. it should
grow sublinearly in N. In particular we may consider the gated traveling salesman
policy, i.e. a policy that serves customers in each cycle in the shortest possible path,
and a gated version of the space filling curve policy [8].

5. The gated-scan scheme

The gated-greedy scheme requires global knowledge of the exact location of every
customer on the plane. In many situations such global information is not available
and the server can tell the exact location of a customer only when reaching its close
neighborhood. In such situations alternative disciplines need to be employed. Such a
policy is the gated-scan policy which we next study.

The gated-scan policy can be described as follows. The server follows a fixed
cyclic path in which it scans the plane. The local neighborhood of the server along
the fixed path can be described as a ‘band’, and the server can be thought of as
traveling in the middle of the band. The path is planned in a way that the band
covers the whole plane. An example of such a path and the associated band (applied
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Figure 1. An example of the server’s fixed path on the square

to the square) is described in Figure 1. In this figure the solid lines represent the
boundaries of the band, while the dashed line represents the server’s trajectory.
Every point / on the plane is associated with a single point o (/) on the fixed path
(e.g. the point on the path which is the closest to ), called the corresponding fixed
path point of 1.

One point on the fixed path is called the path starting point and is denoted [,
(note that due to the cyclic nature of the path, this is also the path end). The instant
at which the server leaves the path starting point is called the cycle beginning instant;
a cycle is the period between two successive cycle beginning instants. At every cycle
the server serves all customers which were present on the plane at the cycle
beginning instant.

The service of customers along the server’s path is carried out as follows. Let / be
a point on the plane in which there is a customer to be served; let o (/) be the
corresponding fixed path point of .. When the server arrives at o(/) (along its fixed
path journey), it stops its movement along the fixed path and moves to L. When
arriving at [, it serves that customer, and then returns to o(/). If there are other
customers requiring service in the locality of o(/) (either at / itself or at other points
whose corresponding fixed path point is /), then the server will serve them in any
arbitrary order; however, for each of these customers, the server will walk from o (/)
to the customer, serve the customer, and then walk back to o (/). The walk from o (/)
to / and back to o (/) is called the local walk, and the time duration of such a local
walk is distributed like a random variable {(/). The length of the local walk depends
only on its location and on the predetermined cycle path of the server. We assume
that the local (walking) times of the nth arriving customer, denoted by {,(Z,), are
independent random variables. (Recall that Z, is the location of the nth arriving
customer.)

5.1. The stability region. Our objective in this section is to study the stability
region of the gated-scan policy. As we will show, for any p<1 there exists a
gated-scan policy which is stable under that p; however, for any gated-scan policy
there exists p <1 for which the policy is unstable.

First we focus on showing the first property. Given utilization p we will show that
one can construct a stable gated-scan policy.
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Let C,, be the cycle duration, and let Q,, be a counting measure that describes the
customer location configuration, at the beginning of the mth cycle.

Theorem 5.1. For every p <1 there exists a stable gated-scan policy, and C,, and
Q.. are geometrically ergodic Markov chains.

Proof. First we construct the policy. Let Z be the location of an arbitrary
customer, and &:D — R be given as §(I) = 8(/, o(/)). The local walking time of an
arbitrary customer { satisfies

E[{)=rE8(Z, a(Z))=1r(6 - L).

We fix an arbitrary cycle path for the server such that r(§ - L)=(1—p)A~! and
hence the expected local time ¢ satisfies

(20) E[]=(1-p)A""

To prove the stability of this system, which we call System &/, we construct a
similar system, System %, in which the arrivals and service order are identical
(pathwise) to those of system &, but in which local times are eliminated, i.e. it takes
no time for the server to travel from the fixed path point to the customer location
point; this time in System % will be added to the service time of the customer. In
other words, in System 2 the local travel time spent on a customer is accounted to
the service of the customer (and not to traveling).

The service time at location / in System % is a random variable denoted
Bg(l) =4 B(l) + {(I) with mean bg(l). Denote pg=A(bgz-L). Note that by our
construction, pz<1.

System & and System % will have completely identical behavior, so what remains
to be proved is the stability of System 9. The duration of the (m + 1)th cycle, C,, 1,
is distributed like the amount of work (in system %) that arrives during the mth
cycle (whose duration is C,,), plus the total scan (walking) time (in system %) during
the (m + 1) cycle, which we denote by H,,.,. Since the fixed cycle path is identical
for all cycles and since the walking along this path is independent of the number of
steps made along it (see item (iii) in Section 2), it follows that H,, m=
0,1,2,---are ii.d.; moreover, H, does not depend on the history prior to the mth
cycle. It then follows that C,, is a Markov chain. Let & = E[H,,]. We have

E[Cps1| Cnl = paCp + h.

It then follows from Lemma 4.2 that C,, is a geometrically ergodic Markov chain.
(The proof is exactly the same as for the geometrical ergodicity of the standard
globally-gated polling systems [9], which is given in [4], Section 6.) The claim for Q,,
follows similarly by noting that

E[b - Q1| Qm] = palb - Om + h);

the rest then follows similarly to the proof of Theorem 4.3.
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Remark 5.2. From the proof above we see that the transition probabilities of the
Markov chain C,, are the same as the ones for standard globally-gated polling systems
[9]; p should be replaced by pg and the service time of an arbitrary customer replaced
by Bg- L. It then follows from [4] Section 6, that if pz<1 then under some
conditions on the Laplace-Stieltjes transform of H, and of the service times, all
moments of the cycle time exist in steady state; moreover, the transient moments
converge to the steady state ones geometrically fast. The central limit theorems and the
law of iterated logarithm also apply to the chain C,.

Theorem 5.3. If, for some gated-scan policy p + A{ =1, then C, and Q, are not
ergodic, the expected workload converges to infinity, and thus the policy is unstable.

Proof. Follows immediately from Theorem 3.1 applied to the system 3
introduced in the proof of Theorem 5.1.

5.2. Performance evaluation. Since the transition probabilities of the Markov
chain C, are the same as the ones for standard globally-gated polling systems [9],
with p replaced by pg and the service time of an arbitrary customer replaced by
Bg- L, we can get the distribution of the cycle times by applying the results in [9]
Section 2. In particular, we obtain

h
1-pg

E°[C]=

where E°[C] is the steady state expectation of a cycle, as seen by an observer that
comes at the beginning of an arbitrary cycle; pg is defined in the proof of Theorem
5.1 and is given by E[A(b - L + {)]. Denote the second moment of the service time
of an arbitrary customer in system % (introduced in the proof of Theorem 5.1) by
b@:= (P +2b{ +E[{?])- L. We get

1
1-p?

E°[CY) = (E[H*] + 2hpxE°[C] + AbQE°[C)).
Note that & and E[H?] depend only on the fixed cycle path. The moments of { are
not always easy to compute; however, they can be bounded in the following way:
0= E[{]=sup;cp[rd(, o(]))]. In a similar way, one can bound the second moment
of £

The moments of the number of customers at the beginning of cycles are given by

E°(Ql) = AE"[C],
E°(1QF) = A(E°[C])* + AE°[C?])
Using the first and second moments of C one can obtain the expected waiting
time E[W'] of a customer that arrives to a point / in a similar way to [9]. We shall

assume below that customers who arrive in the same cycle to points x and ¢ such
that o(x) = o(¢) will be served according to the FCFS rule.
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Let the fixed cycle path of the server be represented by a closed curve. For any
point ¢ € D which is on the cycle path, we define K(r) to be the distance along the
cycle between ¢ and the beginning of the cycle /. Let Cp and Ci be the past and
residual cycle times; we have as in [9]

E°[C?
EICr1= EICxl = et
Then
E[W = EICy)
+ )th ba(t)l{K(a(t)) < K(o(l))}L(dt)
@

+ f st t +dt)l{K(o(t)) < K(o(l))}

+ AL(!)ba(1)E[Cp].

As we see, the expected waiting time of an arbitrary customer that arrives to [ is
composed of four terms. The first one represents the expected time from the arrival
of an arbitrary customer to [ till the server finishes the current cycle. The rest of the
terms represent the expected time it has to wait from the beginning of the next cycle
till it is served. The second term represents the total expected service time of all the
customers whose corresponding location on the cyclic path is nearer than that of
our customer in /. The third term represents the total expected scanning time from
the beginning of the cycle till the server arrives to o(/). Finally, the fourth term
represents the expected service time of all the customers whose location x satisfies
o(x) = o(l) and who arrived before our customer.

The expected sojourn time of a customer that arrives to [/ is obtained from (21) by
the relation E[T'] = E[W'] + b(]).

6. Serving customers on the line, and in N-dimensional spaces

The results derived in Section 3 through Section 5 can be extended and
generalized in several directions, which are described below.

6.1. Arbitrary convex planes. All the results derived so far were derived for a
square D of dimensions d X d. As we show next, all these properties also hold for
any arbitrary fixed-size convex plane.

Let System & be a system in which customer arrivals are over a convex plane P.
To prove these properties for System & we simply surround P by a square D such
that D fully contains P. Now, we define a new system, System %, which is defined
over D. The arrivals of System % within the area P are identical to those of System
& while the arrivals in the area D — P occur with probability 0. Due to the
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convexity of this plane, all straight line routes between every two points on P pass
through P. This implies that the results derived for the gated-greedy and the FCFS
policy hold for this system as well. The results derived for the gated-scan policy can
be applied to this system by simple modification of the server fixed path.

6.2. Serving customers on a line. The problem of serving customers on a straight
line has several applications. One such application is in the deployment of disk arm
movement strategies.

The necessary condition for stability, and the stability of the FCFS and
gated-greedy policies, are directly implied by the fact that the straight line can be
considered as a special case of the convex plane.

The results for the gated-scan policy change somewhat. The fixed path is now a
simple ‘elevator’ scan of the line, and the local moves of the server are all of
duration zero. For this reason one can show that the policy is stable for every p <1,
and in this sense is optimal.

An interesting question is whether the results apply to non-straight lines. Note
that these are not convex spaces, and thus the above arguments do not hold.
Nonetheless, one can map the coordinates of such a line to those of a straight line
and thus derive the same results.

6.3. Serving customers on N-dimensional convex spaces. The model discussed in
this paper can be generalized to spaces of higher dimensions (three and above).
While it may be difficult to describe applications for four-dimensional (or higher-
dimensional) spaces, three-dimensional space applications do exist (although, at
present, in a science fiction context). Such an application would be a spacecraft that
moves between satellites to carry out repairs, and some underwater applications
such as the survey of wrecks or repair of oil rigs.

The extension of the square plane results to a three-dimensional cube are quite
simple.

1. The necessary condition for the stability of an arbitrary policy and the result
for the stability of the FCFS policy can be repeated in a similar manner.

2. The results for the gated-greedy policy can be reproduced with the following
modifications:

* the upper bound for N, is some constant times (d/x)>;

* R(N) is bounded from above by some constant times N i,

3. The gated-scan policy requires defining the server fixed path over the cube.
This can be done by slicing the cube into layers and applying in every layer the fixed
path designed in Figure 1 for the square plane. The results then follow in a similar
manner.

The generalization to an arbitrary convex three-dimensional space is similar to
that of an arbitrary convex plane. The generalization of all these results to
N-dimensional (N >3 but finite) are done in a similar manner.
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6.4. Non-convex spaces. Under certain conditions the results of this paper apply
to non-convex-space figures as well. Specifically, if a 1-1 continuous mapping ¢
exists from a closed square in R onto the non-convex figure, also in R", such that
the straight-line segments in the square are mapped to trajectories with bounded
length in the non-convex figure, then one could use the image of the gated-greedy
discipline on the square to obtain a stable policy (for p <1) on the non-convex
figure. More precisely, let X be the set of locations of customers in the non-convex
figure at some gating instant. We now place corresponding customers in the square
at points {y:¢(y) € X}. We then apply the gated-greedy algorithm to the square,
and use ¢ to calculate the path of the server in the non-convex figure. However, not
every figure in space has such a continuous mapping from the square; for example,
Rodin’s statue ‘The Thinker’ does not; in fact, since his elbow touches his knee, he
is homomorphic to a torus.

The results concerning the gated-scan policy can however be applied to
non-convex figures, provided that for any e there exists a finite fixed path such that
the distance between any point x and its fixed path point o(x) is smaller than e.
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