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Consider a polling system with K > 1 queues and a single server that visits the
queues in a cyclic order. The polling discipline in each queue is of general gated-type
or exhaustive-type. We assume that in each queue the arrival times form a Poisson
process, and that the service times, the walking times, as well as the set-up times form
sequences of independent and identically distributed random variables. For such a
system, we provide a sufficient condition under which the vector of queue lengths is
stable. We treat several criteria for stability: the ergodicity of the process, the geomeltric
ergodicity, and the geometric rate of convergence of the first moment. The ergodicity
implies the weak convergence of station times, intervisit times and cycle times. Next,
we show that the queue lengths, station times, intervisit times and cycle times are
stochastically increasing in arrival rates, in service times, in walking times and in set-
up times. The stability conditions and the stochastic monotonicity results are extended
to the polling systems with additional customer routing between the queues, as well as
bulk and correlated arrivals. Finally, we prove that the mean cycle time, the mean
intervisit time and the mean station times are invariant under general service disciplines
and general stationary arrival and service processes.

Keywords: Polling system, stability condition, monotonicity, stochastic comparison,
invariant quantities.

Introduction

35

The aim of this paper is to establish some basic properties of polling systems
under general service disciplines. The polling system under cénsidcration consists
of a single server which serves customers from different qucues in a cyclic order.
The service discipline in each queue is of general gated-type or exhaustive-type.
In the first case, when the server arrives at a queue, the number of customers
that are served is a (possibly randomized) function of the number of customers in
that queue at the arrival instant of the server. This includes as special cases the
(purely) gated and the gated-limited.
In the exhaustive-type discipline, service is given in a qucue until the number
of customers decreases by a number which is a (possibly random) function of the
number of customers found by the server upon arrival. The decrementing service
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and the exhaustive service are special cases of this service discipline. Such general
disciplines were first introduced by Levy et al. [16].

Three kinds of results are obtained under the assumption that in each queue
the arrival times form a Poisson process, and that the service times, the walking
times, as well as the set-up times form sequences of independent and identically
distributed (i.i.d.) random variables (RVs). These assumptions are relaxed for the
third result.

The first result is on the stability conditions. For the general polling system
described above, we use Foster’s criterion to obtain new sufficient conditions for
the ergodicity of the queue lengths, as well as for the geometric ergodicity (see
definition in e.g. [2, p. 144]). We also show that the ergodicity then implies the
stationarity of the cycle times, and that the geometric ergodicity implies the geometric
rate of convergence of the first moment of the queue lengths. In the literature, some
general sufficient conditions for stability of gated and exhaustive conditions were
obtained by Zhdanov and Saksonov [28], where the interarrival times are allowed
to be i.i.d. random variables. Kuehn [14] and Georgiadis and Szpankowski [11]
presented the stability condition for the limited service discipline. The interested
reader is referred to Takagi [25] for further references.

Second, we analyze the stochastic monotonicity of the queue lengths, the
cycle times, the intervisit times and the station times with respect to (w.r.t.) the
system parameters such as the arrival rate, the service times, the walking times and
the sct-up times. We show that the queue lengths, the cycle times, the intervisit
times and the station times are stochastically increasing in arrival rates, in service
times, in walking times and in set-up times. This monotonicity also holds with
respect to the number of queues in the system.

All these results on the stability and monotonicity are extended to the systems
with customer routing and bulk and correlated arrivals. In such a case, the customers,
at the end of service, may be routed to other queues in the system or rejoin the same
queue for another portion of service. Polling systems with such routing mechanisms
arc analyzed by Sidi et al. [21] under the (purely) gated and (fully) exhaustive
service disciplines. We further consider the case where the external arrivals of the
customers are controlled by a single Poisson process. At an arrival epoch, a random
number of customers are sent to each of the queues.

Last, we prove that the mean cycle time, the mean intervisit time and the

mean station time in the steady state are invariant under general service disciplines
and general stationary arrival and service processes. The basic tool used to prove
this invariance is the theory of stationary point processes, such as Campbell’s
formula. This invariance generalizes the work of Kuehn [14] to a more general
setting. Such invariant quantities were traditionally obtained using calculations that
heavily depend on the discipline that is used, see e.g. Takagi [24, pp. 73-77 for
the exhaustive service, p. 108 for the gated discipline and pp. 128-134 for the
limited discipline (all under the assumption of Poisson arrivals)]. Zhdanov and
Saksonov [28] obtained these invariant quantitics for polling systems with either
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gated or exhaustive service disciplines, under the assumption that the interarrival
times and the service times are i.i.d. random variables. Daganzo [9] relaxed the
statistical assumptions by allowing the service times to be dependent.

Our paper is organized as follows. In the next section, we describe the model
in detail and we define the notation used in the paper. In sections 3, 4 and 5, we
prove the above three results, respectively. In section 6, we extend the stability and
monotonicity results to the more general systems with customer routing and corrclated
external arrivals. .

2. The model and notation

The polling system contains a single server and K 2 1 queues with infinite
capacity, numbered by 1, 2, . . ., K. The initial state of the polling system is described
by the vector Q) = (Q}, cees Qf) where Qf is the initial number of customers
present at queue k, 1 <k < K. The customers arrive to queue & in accordance with
a Poisson process of parameter A,. The service times in queue k are i.i.d. with the
common distribution B,. Denote by b, the first moment of By, which is assumed to
be finite.

The server visits the queues in a cyclic order, viz. 1,2,...,K,1,2,... .
Without loss of generality, we assume that the server is initially at queue 1. Thus,
the nth (n 2 1) queue that the server visits is queue I(n) = (n—1) mod K + 1, where
n mod K means the remainder of the division of n by K. ’

At the nth visit, if there are some customers in the queue and if the server
decides to serve, then a set-up time (also called the switch-in time in the literature)
R, is incurred before the server starts serving customers in that queue. If the server
decides not to give service to the queue, then this set-up time is not incurred (sometimes,
R, is referred to as the potential set-up time). For any given k, 1 < k < K, the random
variables in {Rnk ., «}n=o are i.i.d., and their first moment, assumed finite, is denoted
by 7. Let R =Y, . R, be the total set-up time in a cycle and denote by r the first
moment of R.

The time the server takes between the departure from the nth visited
queue and the arrival to the (n+ 1)st queue is called the nth walking time
and is denoted by D,. For any given k, 1<k<K, the random variables in
{Dnk + k) n =0 are i.i.d., and their first moment, assumed finite, is denoted by d,. Let
D = YX_,D, be the total walking time in a cycle and denote by d the first moment
of D.

Denote by py= Aby, 1Sk<K, p= YK | P

The system state is described by the random variables Ok 1<k<K, n21,
where QO represents the number of customers in queue £ when the server arrives
at the nth qucue that it visits. Let @, = Q... ,0X). The state space of the process
QisX= INX, where IN is the set of nonnegative integers. Denote by Ut 1<k<K,
n > 1, the number of customers in queue k when the server leaves the nth visited
queue.



38 E. Altman et al., Stability in general polling systems

The arrival times, the service times, the walking times and the set-up times
are mutually independent, and are independent of the past and present system states.

Let A,(T) denote the number of arrivals to queue k, 1<k<K, during a
(possibly random) time interval of length T. Let B,(/) be the random variable that
represents the total service time of / customers at the nth visit of the server, n> 1.
Let G,(I) be the RV that represents the time spent by the server at its nth visit in
order to decrease the length of the visited queue by /, n2 1. The random variable
Ga(!) is thus distributed as the time it takes to empty an M/G/1 qucuc, the service
time of which is distributed as queue /(n)’s, from the instant a service begins and
I customers are present.

The service discipline of the polling system under consideration may have
mixed strategies. Some queues are served according to general gated-type service
disciplines and the others according to general exhaustive-type service disciplines.
Suppose at the nth arrival of the server to a queue there are Qf,(") = X customers in
that queue. If queue /(n) is served according to a gated-type discipline, then the
number of customers that will be served is given by a random integer f,(x) whose
distribution depends on x and on I(n). If queue /(n) is of exhaustive-type service,
then service is given until the number of customers decreases, with respect to Q/™,
by the random integer fa(x). The random variables fr(x), n, x € N, are mutually
independent, and are independent of the past and present system states, the arrival
times, the service times, the walking times and the set-up times. Clearly f,(x) < x.

This kind of characterization of general service disciplines was proposed by
Levy et al. [16]. It includes as special cases the (purely) gated discipline (for which
(x) = x), the decrementing discipline (where f,(x) = min{x, I}, /2 1), the gated-
limited service discipline (f(x) = min{x, /}, /2 1) and the binomial disciplines (sce
Takagi [25]). Note that when there are set-up times, the exhaustive service discipline
has two variants. In the first one, which we refer to as fully exhaustive discipline,
the server serves all customers in the queue until the queue is empty. In the second
one, which we refer to as partial exhaustive discipline, the server serves the customers
in the queue until the queue length is decreased by the number of customers it found
at its arrival to the queue. The two variants coincide when the set-up times are zero.
The latter variant is included in our framework (it suffices to set f,(x) = x), whereas
the first one is not. However, it will be seen later on that all our results hold for
the fully exhaustive discipline.

The performance measures of interest, besides Q,, are:

* Station time: S,, the time interval between the arrival times of the server to
the nth queue and the (n+ 1)st queue.

* Intervisit time: V,=D, + S,, ,+...+ S» + k-1, the time interval between the
departure time of the server from a queue and the next arrival time to the
same queue.

* Cycle time C,=S,+...+8,, x_1, the time interval between two successive
arrivals of the server to the same queuc.
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3. Sufficient stability conditions

We first study the stability conditions of the above polling systems. Morc
specifically, we provide sufficicnt conditions for the crgodicity and gcometric ergodicity
of the queue lengths, and the stability (the weak convergence to finitc RVs) of the
station times, intervisit times as well as the cycle times.

Define the indicator functions J;, 1 k<K, by J,=1 if queue £ is served
according to the exhaustive-type discipline, and 0 otherwisc; and 7, =1-J,. Denote
by hi=1/(1 - p,Jy). For x € N, let Fy(n) = E(f,(x)), n=1,2, ... .

The RVs Q, evolve according to the following evolution cquations:

o - 0!+ (Rl gawyoey + TiBalfa (@D + il £o(QI®N +D,), 1m)# j
n+l st R R - .

01 = F1(@D + A (Rul 10y + TiaBa (/2@ + D, ), I(m)= .

m

Due to the cyclic structure of the queueing system, the Markov chain {Q,)
has a periodic behavior with a period of K. More precisely, the Markov chain is
nonhomogeneous in time since the transition probabilities at time n are a function
of the queue /(n). However, for every 1<k <K, {Qnk +1}n=0 is an aperiodic
(homogeneous) Markov chain for which we will establish conditions of the ergodicity.
In view of the following lemma, the system is said to be stable if all these K Markov
chains {Q,k . «}n-0 are ergodic.

LEMMA 3.1

Assume that forall 1Sk<K, and all i € N, {f,x,(i))5-0 is a sequence of
1.i.d. random integers. If for all 1 < k < K the Markov chains { Ok + k}n =0 are ergodic,
then for all 1 <k <K the sequence of station times {S,x.)o -0, intervisit times
{Vak +1)n=0 and the cycle times {Cnk, )= o converge weakly to finite RVs.

Proof
For any k, 1 £k <K, define

Hi (@)= Rl ip50) + TeBe(fe () + TeGr(fe () + Dy, i=0,1,2, ... .
Then for all n2 0,
Snk +k Za }{k(Q,l,(K+k)-

Denote by Q* the limit RV of the sequence {Q%,)o-o. i.e. the length of
queue £ when the server arrives at the queue in the steady state. Under the assumption
of the lemma, such a limit RV is well defined. Let S* =, #,(Q*%). Note that S* is
almost surely (a.s.) finite.



40 E. Altman et al., Stability in general polling systems

Forall 1<k<K,n>0,i20, let
Pi@=PlOl. =], pr)=Plo*=i]
Since the sequence (Onk +a)i<q is ergodic, we have that for all i 20,
p@)=lim pk(p).
R—roo
It then follows that for all x R*,

im PSux < x]= lim P[36,(0%,,) < x]

n—roo R—yo0
=lim Y P[#,G) < x] pk(i)
D™ sl

= imP[2(,(i) < x] pk(i)

—

M

P[#, () < x]p* (i)

.

i

P[21,(0%) < x]=P[s* < «],

(]
—

where the change of order between the summation and the limit follows from the
Portmanteau Theorem (see [3,p. 11]D.
Thus, for all 1 <k<K, the sequence of station times {S,x,.}7-0 weakly

converges.

The weak convergence of the cycle times as well as the intervisit times can
be shown in a similar way using the evolution eq. (1). O
Remark

It can be checked that the process {Q,, S,} is in fact a “J-X" process (see
€.g. [12]) for which different limit theorems exist [12,18]. For example, under the
assumptions of lemma 3.1 one can establish the Strong Law of Large Numbers for
the sequence {S,}.

PROPOSITION 3.2
Assume that
* p<l;
* Vn21, F,(x)is a nondecreasing function of x:
* there cxist a real constant € and an integer M such that for every n> 1,
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pd+r)+e

F,(x)2
(1= PYhy(nybr(n)

Vx> M.

Then for all 1<k <K the Markov chain {Q,x,.}r-0 is ergodic (aperiodic and
positive recurrent), and the Markov chain {Q,}5. is (periodic) positive recurrent.

Proof

Taking a conditional expectation in (1) and summing over j, we obtain:

7!

E[ Z n+1lQn:,

j=1

Ma

S b0l + PA1(ny + Pligny + Tr(my(P = 1)by(m)Fn(QI™)

<,
it
—

+Ji(n) P=Pim _y brayFn (O ™)
1= pin)

Ma

b; Q + pdi(ny + PTi(ny + B(ay(P — DbynyFr QI

j=1

Similarly, we have

K
< { Z Qn+l + pdl(n+l) + Pri(n+1) + h,(,,+1)(p - 1)bl(n-f'l)l:;w-l( :«(+1+1))| Qn}

K .
= Z ;01 + p(di(ny + Arns1)) + PUi(ny + Ti(as1))
J=1

*hie(p - 1)b’(")F"(Q'{(n))’th(nﬂ)(lo l)bl(n+l)Ex+1(Ql(n+l));
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where we used the increasingness of F,(x) to obtain the last inequality. Repeating
the above calculation, we obtain

K .
E[ b,Q,{+x|Q,J

j=l
<Kb- !+ pd K-lh (0 = Dbrens nFor (O 2
<Y bi0l+p +Pr + Y Mnejy(P = Dbyias ) (| Cn . (2)

j=l J=0

It then follows that if for some 0<j< K, Q!**) > M, then

K . .
E[ij(Q,{J,K—Q,’.)IQ,,}S —¢. 3)
j=1 ,
Moreover, for any value of Q,, we have
K . .
E| X b;(0l.x - 0)|Qx [< pd + 1) < oo, (4)
j=t
The ergodicity of the chain @,k ., now follows from Foster’s criterion (see e.g.
{2, p. 18]). This completes the proof. O
Remark

The functions used in (3)-(4) for the verification of Foster’s criterion, known
as Lyapunov functions, are linear in the queue lengths. The weight given tp a queue
is the expected service time. Hence, (3) has the intuitive meaning that outside a
finite set, the total expected workload should strictly decrease at each cycle.

Remark

The third assumption in proposition 3.2 has a similar interpretation, This
assumption can be rewritten as

F;,(x)h,(,,)bl(,.) >p ;l rr , Vx>M. (5)
-p

The quantity (d + r)/(1 - p) is the expected cycle time in steady state (see (19)
below) where the potential set-up times are included in the walking times. Hence,
(5) states that if the length of a queue is large enough, then the total reduction of
the expected workload in one cycle due to serving this queue (cf. the left-hand side
of (5)) should be strictly greater than the total increase of the expected workload
in one cycle in the steady state.
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COROLLARY 3.3

Suppose that in the polling system, for all 1< k<K, F,(x) monotonically
increases to e when x goes to . Then p < 1 is the necessary and sufficient condition
for the stability.

COROLLARY 34
Suppose that the polling system consists of a set E of queues served exhaustively,
a set G of queues served according to the gated discipline, and a set L of queues
served according to the (gated)-limited discipline, with limits /;, k € L. If
e p<l1,
o VYkeL:bl,>(d+r)p/(1-p),

then for all 1 <k <K the Markov chain {Q,x.}r=0 is ergodic, and the Markov
chain {Q,}r-0 is positive recurrent.

PROPOSITION 3.5

Assume that Vn 2 1, F,(x) is a nondecreasing function of x, and that there exists
some constant 0 < < 1 and integer M, such that F,(x) 2 ax for all x> Mg, n2 1.
Then the Markov chain {Q,x .} o= is geometrically ergodic if and only if p< 1.

Proof

The necessary part of the proof is trivial and is omitted. For the sufficient part,
it follows from (2) and the hypothesis of the proposition that

K . .
E{ ij(erwK - Q;{)ianI
j=1

K-1

< pd + pr + & 3 higna (P = Dbicas( Q1 - Mo)
j=0

K K-1

a Y

< (pd +pr+aMo hibj+ > Y hine 5P = Dbias nC' m]
J=1 j=0

a's I(n+])
'5‘ Z hin+ 3P = Dbr(ns jQy

Let X be the set of states given by
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K K
7(={x:pd +pr+aMoy hib; + %Zhj(p—l)bjxj>0}. (6)
Jj=1 j=t

Since p< 1, X is finite. Clearly, if @, & X, then

X K
i j a(l - ;
j=l j=l )
The geometric ergodicity then follows from Popov [19]. O
Remark

In case some of the queues have fully exhaustive service discipline, the
stability conditions of propositions 3.2 and 3.5 still hold, and are obtained by the
same Lyapunov functions. The evolution eq. (1) should be modified as follows:

[ Qp{ + ﬂj (Rn l{ﬁ.(Q:(")Po} + f](,,)ﬁ,, (f;x (Q:(n)))

+Jl(n)§n(ﬁl(Q,{(n)) +unﬂl(n)(RnIU"'(Q‘{),()}))"'Dn)v l(n) * j; (8)

S

Q;{+l =st

(08 = 1@+ A4{TRa g1y + TiwBu @D+ Da). 1) = )

where u, = 1if queue I(n) has fully exhaustive service discipline, and u, = 0 otherwise,
with @, =1—-y,. If un =1, then it is readily checked that

K .
E[ Z ijI{+ll QnJ
j=1

K -
< X 5,00 + pdyny + w iy + reny (P = Dby F (01 )

j=1 = Pi(n)

K .
< 2.5,0! + pdy(,y + PTi(n) + Bi(ny (P = Dby (n)F, (Q,{(") )
j1

where we used the fact that P < 1 to establish the last inequality. Therefore, inequality
(2) still holds even if there are queues with fully exhaustive service discipline.

Next, we establish the geometric convergence of the first moment of queue
lengths.
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PROPOSITION 3.6

Under the assumptions of proposition 3.5, EQ}x . , converges geometrically
fast forany i, k=1,...,K.

Proof

Choose any i,k=1,...,K. Let P be the transition matrix of the Markov
chain Q,x ., n=1,2,... and let

IT= lim P"

R—>00

be the steady-state probability matrix corresponding to the transition matrix P. Let
m, =11, for all x, y € X (note that IT has identical rows). Let 4 : X — R be some
function. Following [22], define the g-norm of any real vector z on X and of any
real matrix Z on X x X as

-1
1zl = suppy” [z,
xeX

IZIly = supp;' Y1210y,
XEX yex

Define the projection r : X = R by r(x) = x;. We show below that there exists some
function u: X — R with all entries greater than 1, some constants 0< f< 1 and
¥> 0 such that

IP*r = Tr|ly < ¥B", VnelN, €
which will then imply

Z xXi Z xXi| S

xeX xeX

Su,yp*, VyeX, VnelN,

so that the assertion of the proposition holds.
In order to prove (9), we define a=maxgj<x b;' and u, = aXb;x;
+ 1{x =0} 2 1. Let X be defined as in (6), and

= {x:p,a(l - p) <4}, (10)

It then follows from (7) that for all x & X U X,

ZP,,uySux(l— (12 p))+1su,(1 a(14 p)) a1

yeX
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Relation (11) readily implies (cf. [22, Key Theorem I, p. 24)) that there exist constants
0<pB<1 and ¥’ >0 such that

IP" M|, < ¥B*, VneN.
Now,
IP"r = Tr|l, < || P - T0Jj, Irll, < yB™a~'b7!, VneNN,

which completes the proof by taking y= y’a~1p7!, a

4. Monotonicity of queue lengths, cycle times, intervisit times and station times

In this section, we analyze the stochastic monotonicity of the queue lengths,
cycle times, intervisit times and station times with respect to the system parameters
such as the arrival rates, service times, walking times and set-up times.

We first define some basic notation of stochastic ordering of random variables.

DEFINITION 4.1

Let X, Y € R" denote two random variables of dimension n. We say that X
is stochastically smaller than Y, denoted by X <, ¥, if for all nondecreasing functions
8:R" S R, E[g(X)] < E(g(Y)), provided the expectations exist.

LEMMA 4.2 (STRASSEN [23))

Let X, Y € R” denote two random variab}es of dimension n. X <, Y if and
only if there exist two random variables X and Y defined on a common probability

space such that X =, X, v =g Y, and X <Y as., where = stands for the'equality
in law,

Denote by T the polling system described in section 2. Let there be another
polling system I'” with K’ queues. The initial state of the polling system is Q]
=(Q1, ... O K’). The arrival rates, the service times, the walking times and the set-
up times are described by A;, B, {D.},, and {R%}, respectively, 1 €k <K', with
the assumption that these random variables are mutuall y independent. Let 4,, B, G
be the number of arrivals, the cumulative service times and the durations of busy
periods corresponding to system I, Denote by Q’% and U’k the state variables of
the system T™. The station times, the intervisit times and the cycle times associated
with T are referred to as S/, V and C,. respectively.

In the systems T" and T, the number of customers to be served at each visit
of the server is characterized by fa(x) and f,(x), respectively. We assume that
Sk + k() Sq fagrox(x) forall n>1, x>0, and 1 Sk < min(K, K’). Throughout this
section, we assume that the service discipline is “stochastically increasing” and
“contractive”: For all n, x, y € N, with x > Y, there is a probability space such that
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* (stochastic increasingness) f;,(x) 2 f,( y), a.s.
* and (contractiveness) f,(x) — f,(y) S x - y, a.s.

The increasing contractive disciplines were first considered in Levy et al. [16].

PROPOSITION 4.3
Suppose that T" and T’ have the same number of queues: K = K’. If

(O ..0F) sa (2. 0),
(A1s... ,111() < (lf, . ,A.;(),

By <y B, 1<k<K,
D, <y D;, n21,
R, sy Ry, n21,
then
(0h.Q%....0F) <u (002, .. Q%) 21, (12)
Sty 0Sa) S (ST, ...,S0), n21, 13)
M,.... V) Sag M, ..., V), n2l, (14)
Cry. . C) Sy (CY,...,CL), n2l. (15)
Proof
For the sake of simplicity, we first prove by induction on n that
(0. 0% ... .0F) su (@02, ....00K). (16)
and that relation (16) implies that
Sn Sq Sn» amn
(Q,].+1vQ3+1’ e »Q’ﬁl) Sat (Q;LI'Q::EI' - vQ:;fl)' (18)

By the assumption of the proposition, relation (16) holds when n = 1. Assume
that (16) holds for some n2>1.

According to Strassen’s Theorem (cf. lemma 4.2), there is a probability space
such that
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(0.02.....0F) < (0.02.....0K) as.

Using the fact that the service discipline is stochastically increasing and
contractive, and that it is independent of the past and present system state, we can
construct a common probability space such that

fr(x)2 fo(y) as. and  fo(x) - f,(3) S x -y as.

We assume that /(n) = 1. The same argument goes through for the other

cases.
Assume first that the discipline in queue 1 is of gated type. Since

By <4 By, R, <4 R, 1<k<K, n21,
we have that

Bo(£2(04)) * Rl i S B(1(221)) + R grooy-
Moreover, as

A, Ag) S (A, ..., L),

we have the relation
(ﬂ](X),ﬂz(X), oo 1ﬂK(X)) -<-sl (ﬂl’(y)v-ﬂi(},)’ e ,ﬂ[’((Y)),

which holds for all X, Y € R* such that X <, Y (see e.g. Jean-Marie and Liu [13]).
Therefore,

(Ul.Uz,... uk)
=a (03 £1(0}) + A(Ba(1(01)) * Ral i)
Q7 + ﬂ2(3"(f"(9}')) + R"llf.(Q,’.»m)’
0K+ ﬂx(ﬂn(fn(Q,'.)) + Rl 0y>0) ))
<, (Q;l - £(Q1) + A Ba(£(01) + Rl gapeon )
02+ A(Bi{ £2(Q1)) + Reli iy )
0K+ k(B (f(0)) + Rr'r‘[f.(Q:‘»Ol))

= (ULU2,. . UK),

n
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Using in addition that
Dn Ssl DI,I’

we obtain
(Qnn1: Q2. - 0K,)
=a (Up+ A(D)U2 + Bp(D,), ... UK + 2 (D)
<o (UL + A{(D)UR + 25(D}), ... UK + ax(D, ))

’1 ’2 K
a Q4.0 0K),

and
$2=u Rali 0y *+ Bal £2(01)) + D

Su Rl e + Bi(4(0)) + O

’
=g Sn-

49

The case where the service discipline in queue 1 is of exhaustive type is
similar. It is easy to see (using e.g. sample path analysis) that the busy period of
an M/G/1 queue is stochastically increasing in the arrival rate. It is shown in Jean-
Marie and Liu [13] that it is also stochastically increasing in the services times.

Thus,
Ga(£(23)) 5u Ga(£a(1) 5 Ga( (2.
Therefore,

(ULUz,....uX)

=sa (Q’ll - fn(Q;ll) + gl(Rnl{f;l(Q}'»o})’QE + ﬂz(gn(fn(Q,i)) + R,,IU;(Q}'))()}),

o, OF 4 z,((g,,(f,.(Q}, )) + R"l{f..(Q.‘.)>0)))

<u (27 - fi(os) + 4 (R oo 227 + 2462 (7(02))) + Rili7 gm0

Lok ﬁ;((g,’,(ﬁ.(Q,’.’)) + Rl 0iy0) ))
= (ULUR, ... UK),

which implies that
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(@as1 Qs - ... 0K,)
= (Up+ A(D,).U2 + Ay(D,), ... UK + Ak (D))
Sa (U + A{(D)UZ + 25(D;), ... UK + A% (D, ))
= (01,021, ...0K)).

Furthermore,

Sx=u Rali, gty + Gal £(01)) + D
Su Ry ooy + Gal13(Q2))) +
= ;.

Hence, by induction the relations (16)-(18) hold for all a.

Denote by S,(x;,...,x,_ 1) the random variable whose distribution is given
by

P[S,,(xl, e ,x,,_l) <x]= P[S,, < XISI =Xy 'Sn-—l = x,,_1].

Using the same argument, one can show by induction on n that

Sn(xlv v ’xn-l) Ssl Sn(}’l’ R ’yn—l)c V(xl’ R vxn—l) s ()’1, see 'yn—l)’

Sa(X1s oo Xnog) S Si(x1, .2y Xpmt),s V(x1,...,X5-1).

Using theorem 4 of Veinott [27] (see also lemma 2 of Arjas and Lehtonen
[1]) readily yiclds (13), which further implies relations (14) and (15). O

PROPOSITION 4.4

Suppose that there are more queues in I thanin I K’ 2 K. If

(Q.....0f) < (g ....0%),
(A], .o ,/11() < (2.1', . ,Al'(),

B, <, Bg, 1<k<K,
Dpk ik Sq Drgrois 1SkSK, n21,
Rog sk <ot Rk sk, 1Sk<K, n21,

then
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{Q,':,15ksx}ss,{Q,;*,15k5K}, n21,

{Sk+r> 15i<n, 1Sk<K}<y{Ski 1SisSn 15k<K]}, n2l,

{Vicsr, 1i<n, 1Sk <K} <y {Vikrar» 1S S, 1Sk <Kk}, n21,

{Cikoie 120, 1Sk<K)} Sy {Chrrass 1SiSm, 1SkS K}, n1
Proof

The proof is analogous to the one above, and is omitted. O
Remark

In case some of the queues have fully exhaustive service discipline, the
stochastic monotonicity of propositions 4.3 and 4.4 still holds in view of eq. (8).

Remark

The stochastic monotonicity of the queue lengths, the cycle times, the intervisit
times and the station times still holds in the steady state whenever there is a weak
convergence of these quantities.

Remark

The assumption that the sequences of walking times and set-up times are
i.i.d. random variables can be relaxed. In fact, the results in this section hold when
these random variables are mutually independent.

S. Invariant quantities

In this section, we establish some invariant quantities in the steady state under
fairly mild assumptions. In particular, we will not restrict ourselves to the model
described in section 2. More specifically, we assume that the cycle times, the workload,
as well as the interarrival times and the service times at every queue are stationary.
The service disciplines are assumed to admit a steady state, but are otherwise arbitrary.

All the stochastic processes defined below are assumed to be stationary and
ergodic, defined on the same probability space (Q, ¥, P, 6,), where 6, is the shift
operator (sce e.g. Baccelli and Brémaud [4] for such a formalism). Let A, and y,
be the arrival rate and the service rate of the customers in queue k, respectively,
1<k<K.

Let N(¢) be the point process that counts the number of arrivals of the server
toqueue 1 untiltime r. Let ... <T_;<Ty<0<T,<T,<... bethe corresponding
time instants of the arrivals of the server to queue 1. Define the cycle times
Ca=T,,1-T, Let P° be the Palm probability related to N and let E° be the
expectation w.r.t. that measure. Denote by v the intensity of N(r). Note that
vl =E%C,. It is assumed that v> 0 and ECy< oo
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It is immediate (using e.g. Neveu’s exchange formula) to see that the expected
number of arrivals to queue & during a cycle (w.r.t. P% is givenby A,/v, 1 <k< K.
Let {o,’,‘};‘;o be the sequence of the times spent by the server at the nth visit
10 queue k, 1 Sk < K. Let {5,‘,‘};‘;0 be the sequence of the walking times spent by
the server between the end of the nth service of queue  until it arrives to the next
queue, 1<k <K. The sequence {g! 8y 02, 82,...,0K, 55} " can thus be

Set-up times. Nevertheless, the walking times can be dependent on the System state,
Denote d = EOFN 6i 5 = E%), d = E%),.

Let W,(¢) be the workload in queue £ at time ¢, Let 7(t) refer to the position
of the server at time ti.e. ifitis serving queue & at time t, then x(¢) = k, otherwise
() =0.

LEMMA 5.1
For all k, 1 Sk<K,

P(7(0) = k) = p,.

Proof
We have
d* L, 7()=k,
- — W)=
d: 0, otherwise,

where d*/ds stands for the right derivative. Hence,
d+
P(z(0)=k) = P(n(t) = k) = - 'y W (e).

By the Rate Conservation Principle [17], we have:

+
-E ‘d_u’k(t)= ﬁ.
d: Hi

which completes the proof, a

The main result of this section is the following invariant expressions for the
expected cycle times, the expected intervisit times and the expected station times.

PROPOSITION 5.2
In the steady state
(i)  The expected cycle time Cy (w.r.t. P% of queue 1 is given by
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E%, = —4—; 9)
1-p
(ii) the expected intervisit time V, (w.r.t. P%) to queue 1 is given by
E%, = “1‘—’")1; (20)
-p

(iii) the expected station time S, (w.r.t. P% of queue 1 is given by

E%S, = E%ol + 8}) = #— +d,. @1)

Proof
Define

H ()= Y oflost,<p)-

By Campbell’s formula, we have:

EH(t) = viE’G¢. (22)

Since

t t
Jl(n(s)sk] ds- O'g S H( (1) SJ‘ Lin(s)=nyds + 0'6‘0 6,
0 0

and due to the stationarity, we have
|E Hy(t) - P(n(0) = k)t| < E[0} | < ECo. (23)

It follows from lemma 5.1 and from (22)-(23) that

E
IVE®a} - pal< =2

Using the fact that EC, is finite and that the last inequality holds for all ¢, we obtain
E%{=p /v, k=1,....K. (24)

On the other hand, 3X_,(af + 6%) = C; and hence it follows that

d = (1 - p)E’C,.
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The result (ii) follows from (19) and (24) by noting that the intervisit time
at queue 1 is given by

K
Vo= Y (0k+8%) - ol = Co— o
k=1

The result (iii) is an immecdiate consequence of (19) and (24). -0

6. Extensions

The results obtained in sections 3 and 4 on the stability conditions and
stochastic monotonicities can readily be extended to the case where the customers,
at the end of service, may be routed to other queues in the system or rejoin the same
queue for another portion of service. Polling systems with such routing mechanisms
are analyzed by Sidi et al. [21] under the (purely) gated and (fully) exhaustive
service disciplines. In our general system, we further assume that the external
arrivals of the customers are controlled by a single Poisson process. At an arrival
epoch, a random number of customers are sent to each of the queues.

In such a system, customers arrive to the system in bulk according to a
Poisson process with parameter A. At the nth arrival epoch, 1% customers are sent

toqueuek, 1 <k<K,n=1,2,... .Forall 1 <k £ K, the sequence {n,f},,is composed
of non-negative integer i.i.d. random variables with mean qi. Let n* denote the
generic version of 7%, n=1, 2, ... . Note that our initial polling model corresponds

to the case where If_nf=1forall n=1,2,... .

When the service of a customer is finished at queue k, 1 k<K, it joins
queue j with probability p, ;2 0, 1 < < K, and leaves the system with probability
Pro=1 —Zﬁ 1Px,j2 0. Assume that for all k, 1 Sk <K, there are some indices
1 Skl,kz, e ,k,'SK, such that

Prk i Phky - - Py 1 Pi0 > 0.

In other words, all customers will eventually leave the system.

_ The service times at queue  are i.i.d. random variables with mean b, 1<k<K.
Let b, be the mean length of total service times (before leaving the system) of a
customer arriving at queue k:

K
by=b, + z pk,]bj . (25)
j=1

Denote by A, = Aqs, p = Aby, 1 SkS K, p =TK 4,5, Note that p 2 5K, .
Let hk = 1/(1 _pkjk)'

Let £;, (1) be the random variable of the number of customers routed to queue
k out of I customers leaving queue j, 1 < J, k< K. Let M,(I) be the random variable
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of the number of customers served by the server at its ath visit in order to decrease
the length of the visited queue by /, n2 1. Note that M,(/) is distributed as the
number of customers served in order to empty an MX/G/1 queue from the instant
a service begins and / customers are present, with the service time By,), the arrival
rate A and the bulk size n*.

As in the original polling model, let 4,(T) denote the number of customers
arrived at queue k, 1 < k<K, during a (possibly random) time interval of length T.
Let G,(I) be the time spent by the server at its nth visit in order to decrease the
length of the visited queue by /, n 2 1. Thus, G,(/) is distributed as the time it takes
to empty an M*/G/1 queue from the instant a service begins and ! customers are
present, with the service time By,), the arrival rate A and the bulk size nk.

It is easy to check that the following evolution equation holds:

01+ A)(Ralyy oy + T Ba{1n(21)) + JinGa((017)) + .)

+ Ll(u).j(-ll(n)fn(Qn( N+ Jl(u)Mn( .(Q:(')))), | I(n) # j;
Q;{H =
- fn Q.’.) )(Ral giynay + Ticna(12(01)) + D)
£ (Tim(el) + 1¢a(1n(0d)))- I(n) = Ji
(26)

Taking a conditional expectation in (26) and summing over j, we obtain:

K .
E |: ZEJQI{'PI |Qn]

j=1

K _ .
< ijQ,{ + Ppdiny + Pricny + J1(my(P — l)bl(n)Fn(Qr{(n))
j=1

+ J/(,,)(-pl—;:’-)pffﬁ)-)- —l]b( )F( i(n ))

= Zb 0) + pdieny+ Pricmy + M (my(© = Dbi(myF (Ql( ))
Jj=1

where we used relation (25) and the fact that the expected time to decrease the

length of queue /(n) by 1 from the instant a service starts is by /(1 - Pi(ny)» and that

the expected number of service completions during this period is 1/(1 = py)).
Therefore, as in the proof of proposition 3.2, we obtain
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K .
E_ ZbJQr{+K lQn
j=1
K-1

801+ P+ pr+ T htass(0 = Db pFi (01*7), n
Jj=0

T M=

-Consequently, all the results in section 3 hold and can be proved by the
Lyapunov function Z(x) = ¥X.bjx; in place of L(x)= K bx;.

Consider now the stochastic monotonicity. Denote by I the polling system
described above. Let there be another polling system I’ with K’ queues. In the
systems I and I'’, the number of customers to be served at each visit of the server
is characterized by f.(x) and 1), respectively. We assume that f,x, ,(x) =g fuk’ + (%)
foralln>21,x20,and 1<k < min(K, K’). We also assume that the service discipline
is stochastically increasing and contractive. : :

Analogously to the proof of proposition 4.3, we can readily show, by using
the evolution eq. (26), that the stochastic comparison results of propositions 4.3 and
4.4 still hold in our generalized polling system if

PjxS Py, 15 k<K,
and if the condition

(A1 di) < (A, ... WAk)
is replaced by

nf<, n*, 1<k<Kk.
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