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Abstract. We consider a routing problem in a network with a general
topology. Considering a link cost which is linear in the link flow, we obtain
a unique Nash equilibrium and show that the non-cooperative game can
be expressed as a potential game. We establish various convergence and
stability properties of of the equilibrium related to the routing problem
being a potential game. We then consider the routing problem in the
framework of a population game and study the evolution of the size of
the populations when the replicator dynamics is used.
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1 Introduction

Non-cooperative routing games have long been studied in the context road traf-
fic in the framework of infinite number of players (drivers) where the solution
concept is the Wardrop equilibrium [18]. In that context they can be modeled
as potential games which allows one to obtain a unique equilibrium (in terms
of link flows) as a solution of an equivalent (single player) optimization problem
[4].

In the context of computer networks, non-cooperative routing have been in-
troduced and studied in [10] in a context of finitely many users, each of which
having to decide how to split flows between various links between sources and
destinations. A user may correspond to a service provider that controls the routs
taken by the traffic of its subscribers. This type of formulation, already stud-
ied in the context of road traffic ([6]), turns out to be much more difficult and
does not enjoy in general from the structure of a potential game. In particular,
counter examples are given in [10] for the non-uniqueness of the equilibrium. It
is therefore of interest to identify conditions on the cost structure that allow to
obtain a potential game in the setting of [10]. In this paper we show that the
case of linear link costs provides such conditions. We then exploit the potential
game structure to obtain convergence to equilibrium of schemes based on best
responses. This extends to general topology some of the convergence results ob-
tained in [2] for that restricted to parallel links. We further exploit the potential



game structure to establish the convergence of the replicator dynamics which
has an evolutionary interpretation.

Related work. Potential games in the case of finite number of players have
been defined in [9]. It has been recently used to study networking problems like
energy control in wireless networks [15, 7, 16] or to study interference avoidance
in [8]. It has also been used for studying evolutionary dynamics of congestion
in transportation network model in [13] in the context of Wardrop equilibrium
(infinite population). The use of potential in finite networking games go back to
Rosenthal [11,12]. In his framework, however, a user can send one or zero units
on each link; the flow is not splittable as in our setting. By allowing a user to
send more than one unit of flow over a link in the framework of Rosenthal, the
routing problem is no more a potential game.

The structure of the paper is as follows. We begin by introducing in the next
section the Model. The potential game structure is then established in Section
3. Sections 4 and 5 then study the convergence of best response and of the
replicator dynamics, respectively.

2 Model

We study non-cooperative routing problems in a general network topology. The
network is modeled as a directed graph {V, L, f} where V is the set of nodes, L is
the set of directed arcs and f = (f;,1 € L) where f; : R — R is the cost function
of link I, which gives the cost per unit of traffic on the link I. We consider the
following linear cost:

filh) = arh + by,

where )\; is the total load on that link, a; and b; are positive parameters. We
consider N users numbered 1,2,..., N sharing the network. Each user i sends
a fixed amount of traffic A; from a source s(i) to a destination d(z). For ¢ =
1,...,Nand [ = 1,..., M, denote by A! the user’s i rate on link [. We define,
fori=1,2,...,Nand 1 =1,2,..., M,

Ci(\) = Af (@ +br). (1)

This is the total link [ cost payed by user 7. The cost perceived by each user is
the summation of the cost perceived on each link carrying his traffic. Each user’s
1 cost is thus defined by

M M

C'(N) =D A (ah+b) =Y Cl(\N). (2)

=1 =1

Each user has to determine the way his traffic is split in order to minimize his
cost. We have a non-cooperative game with finite number of player and infinite
space strategy.



The flows of each user ¢ has to satisfy some feasibility conditions: positivity
and flow conservation constraints:

VieL, Aj>0andVo e V,r'(v)+ Y A= > A, (3)
lein(v) 1€O0ut(v)
where )
_ At it v =s(i)
r'(v) = —AVif v =d(i)

0 otherwise,

and In(v) (resp. Out(v)) is the set of links which are input (resp. output) to
node v.

The multi-strategy (or vector strategy) A is written as A = (A%, \™%), where
A~% is the vector of all the other rates of other users on each link.

We study in this paper Nash equilibria, i.e. multi-strategies \ satisfying

Ci) < CU( AT

for all players ¢ and all strategies ~* for user 1.

3 Establishing the potential game structure

Introduce the following function:
a (X N L
1 i i
Py = Y {00 (0 + 3o )
=1 i=1 i=1 1=1

It is a potential of a game [9] if it satisfies for each player i, each multistrategy
~ and each strategy A; for player ¢:

P(Ai7 )‘_l) - P(’ylv )‘_i) = Ci(Ai7 )‘_l) - CZ(’yla )‘_i)' (5)
Considering the expression of the cost function (2), we have for alll € {1,...,L}

Proposition 1. The function P defined by equation (4) is a potential function
for the finite player game.

Proof We define the following function for I =1,2,..., M.

Pi(n) = % {Z(/\W +0 A?)Q} + b (6)

i=1 i=1

Then we have

P(\) =) B(N)and C'(A) = > Ci(\). (7)
=1

=1



Considering the function P defined in Equation (4), we have :

i\ iy —i aj
Pl( l7/\l )_Pl(fyl’)\l ):5 Z()\/ Z)\]+/\
J#i i
a3 = SO0 P+ (7 i
J#i J#i G#i
~bi )N = b
JAi
:% (A)? - Z)\/—i—/\ Z}\/_*_% + b — ),
J#i J#i
= ()7 = (1)) e 3N =) + BN =),

J#i
=CiALAT) = CLvL A
Then, by summing up the left-hand side and the right-hand side of the above

equation with respect tol =1,2,..., M and by noting the equation (7), we can
prove the equation (5), that is, P is a potential considering the difference of cost
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