A Taylor series expansion for H^∞ Control of Perturbed Markov jump Linear Systems

Rachid El Azouzi Mohammed Abbad Eitan Altman Département de Math & Info Département de Math & Info INRIA B.P 93 Faculté des sciences Faculté des sciences 2004 Route des Lucioles B.P 1014 Rabat B.P 1014 Rabat 06902 Sophia Antipolis Cedex Maroc Maroc France relazouz@sophia.inria.fr abbad@fsr.ac.ma altman@sophia.inria.fr Abstract In a recent paper, Pan and Başar [9] have studied the H^∞ control of large scale Jump Linear systems in which the transitions of the jump Markov chain can be separated into sets having strong and weak interactions. They obtained an approximating reduced-order aggregated problem which is the limit as the rate of transitions of the faster time scale (which is a multiple of some parameter 1/ϵ) goes to infinity. In this paper we further investigate the solution of that problem as a function of the parameter ϵ. We show that the related optimal feedback policy and the value admit a Taylor series in terms of ϵ, and we compute its coefficients.

1 Introduction

Several papers have studied in recent years the control of piecewise-deterministic systems in the presence of unknown (continuous) disturbances. In [8, 10] the case of jump linear systems was studied, and in [1] the case of nonlinear systems. In many applications, the formulation of the problem in terms of these models leads to Markov chains with high dimensional state spaces which makes the computation infeasible or extremely sensitive to small inaccuracies. This motivated Pan and Başar [9] to study systems in which the transitions of the jump Markov chain can be separated into sets having strong and weak interactions. They obtained an approximating reduced-order aggregated problem which is the limit as the rate of transitions of the faster time scale (which is a multiple of some parameter 1/ϵ) goes to infinity.

In this paper we further investigate the solution of that problem as a function of the parameter ϵ. We show that the related optimal feedback policy and the value admit a Taylor series in terms of ϵ, and we compute its coefficients. We use the methodology in [5, 6] which considered the problem without disturbances.

2 General Model

The class of jump linear system under consideration is described by: dx dt = A(θ(t))x(t) + B(θ(t))u(t) + D(θ(t))w(t), x(0) = x_0, (1)

where x is the p-dimensional system state, u is a r-dimensional control input; w is a qdimensional disturbance and θ(t) is a finite state Markov chain defined on the state space S, of cardinality s, with the infinitesimal generator matrix Λ = (λ_{ij} ), i, j ∈ S. and an initial distribution π_0 := [π_{01}, ..., π_{0s}].

The control input u is generated by a control policy of the form u(t) = φ(t, x_{[0,t]}, θ_{[0,t]}), t ∈ [0, +∞), (2) where φ : [0, +∞) × H_x × Ω → H_u is piecewise continuous in its first argument, and piecewise Lipschitz continuous in its second argument and measurable in θ, further satisfying the given causality condition. Let us denote the class of all admissible controllers by M.

Associated with this system is the infinite-horizon quadratic performance index: L = ∫_{+∞} 0 (|x(t)|^2_{Q(θ(t))} + |u(t)|^2)dt Q(.) > 0. The system state x, inputs u and w, each belong to appropriate (L^2) Hilbert spaces H_x, H_u, H_w respectively, defined on the time interval [0, +∞). The underlying probability space is the triple (Ω, F, P ) and let E denote the expectation with respect to the underlying probability space.

We introduce the disturbance attenuation problem where the initial state of the system is completely unknown. The initial condition x_0 and the input w are generated by a strategy δ := (δ_0, δ_1), according to

x_0 = δ_0(θ(0)) w(t) = δ_1(t, x_{[0,t]}, θ_{[0,t]}) (3)

where δ_0 : S → R^p , and δ_1 : [0, +∞)×H_x ×Ω → H_w is piecewise continuous in its first argument, and piecewise Lipschitz continuous in its second argument and measurable in θ, further satisfying the given causality condition. Let us denote the class of all admissible policies δ by D. The H^∞ optimal control problem is to find the optimal performance level γ^∗ due to the following L_2 type gain:

inf_{φ∈M} sup_{δ∈D} √ E[L(φ, δ)] (E{ ∫_{+∞} 0 |w(t)|^2dt + |x_0|^2_{Q0(θ(0))}})^{12}

= γ^∗, Q_0(.) > 0.

(we added (φ, δ) to the notation L to show its dependence on the policy of both players). Moreover, we wish to find a policy f^∗ that guarantees this level to player 1, i.e. achieving sup_{δ∈D} √ E[L(f^∗, δ)] ( E{ ∫_{+∞} 0 |w(t)|^2dt + |x_0|^2_{Q0(θ(0))}}

) 1_2 = γ^∗. (4)

This H^∞ optimal control problem is known to be closely related to a class of zero-sum differential games for the jump linear system (1) (see [8, 10]), with the following γ-parametrized cost function: J_γ (φ, δ) = E { ∫ ∞ 0 (|x(t)|^2_{Q(θ(t))} + |u(t)|^2 − γ^2|w(t)|^2)dt − γ^2|x_0|^2_{Q0(θ(0))} } (5) where player 1 (the minimiser) chooses a strategy φ ∈ M so as to minimise the expected cost function (5), and the second player chooses a strategy δ ∈ D so as to maximize the same expected cost function: Ĵ_γ = inf_{φ∈M} sup δ∈D J_γ (φ, δ). (6) It should be noted that the upper value of the game, Ĵ_γ , is bounded below by 0, because player 2 can choose x_0 and w(t) to be zero. Because of the linear-quadratic nature of the problem, the upper value of the game will be infinite if Ĵ_γ > 0. As in standard H^∞-control, we will study a parametrization of the solution to this problem in term of γ. The threshold γ^∗ is the smallest value of γ > 0 such that the above game admits a finite upper value (which is equal to zero) and a saddle point.

If there exists a policy f^∗ ∈ M that guarantees the disturbance attenuation γ^∗ in (4) then it also guarantees (to player one) the value of the game (6), i.e.

sup_{δ∈D} J_γ (f^∗, φ) = inf_{φ∈M} sup_{δ∈D} J_γ (φ, δ).

Instead of obtaining f^∗ defined above, we will in fact solve a parameterized class of controllers, {f^γ , γ > γ^∗}, where f^γ is obtained from sup_{δ∈D} J_γ (f^γ , δ) = inf_{φ∈M} sup_{δ∈D} J_γ (φ, w). The controller f^γ will clearly have the property that it ensures a performance level γ^2 for the index adopted for sup_{δ∈D} √ E[L(f^γ , δ)] (E{ ∫_{+∞} 0 |w(t)|^2dt + |x_0|^2_{Q0(θ(0))}})^{12} = γ. We now make the following basic assumptions for the problem formulated above. Assumption 1 The initial probability distribution of the form process π_{0i} > 0 for al i ∈ S. Assumption 2 The pair (A(θ(t)), B(θ(t))) is stochastically stabilizable and the pair (A(i), Q(i)) are observable for each i ∈ S.

3 The perturbed solution process.

In many applications, because of the various sources uncertainties, the Markov chain involved is of inevitably large dimensional. This size brings about many numerical difficulties in the solution. Moreover, these systems may be sensitive to small perturbations of the parameter value. Often, when the Markov chain is large, as here, it is natural to think of the large number of states to be grouped into different collections of states, based on whether the interaction between any two states is weak of strong. Presence of such a phenomenon may be expressed mathematically by taking the probability transition rate matrix Γ^ϵ_a = (λ^ϵ_{iaj} ) in an appropriate singularly perturbed form, as already discussed in [3] and [4]:

λ^ϵ_{ij} = λ_{ij} + 1 ϵ μ_{ij}, (7) where (λ_{ij} )_{s×s} and (μ_{ij} )_{s×s} are probability transition rate matrices corresponding to, respectively weak and strong interactions within the form process. The scalar ϵ is a small positive number.

For ϵ fixed, and any γ > γ^∗(ϵ), the associated zero-sum differential game has a zero upper value [8]. A control policy that guarantees this upper value, which is then a control policy that guarantees an H^∞ performance level of γ, is given by (see Theorem 3.2 and Remark 3.2 in [8]): φ^∗_γ (t, x(t), θ(t)) = −B^T (θ(t))P^γ_ϵ (θ(t))x(t), (8) where P^γ_ϵ (i), i ∈ S are the unique minimal positive-definite matrices solutions to the following set of coupled generalized algebraic Riccati equations:

A^T (i)P^γ_ϵ (i) + P^γ_ϵ (i)A(i) + Q(i) − P^γ_ϵ (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_ϵ (i) + ∑ j∈S λ^ϵ_{ij}P^γ_ϵ (j) = 0, i ∈ S. (9)

Furthermore, this solution satisfies the condition :

γ^2Q_0(i) − P^γ_ϵ (i) > 0, i ∈ S. (10)

Remark 1 Note that on Theorem 3.2 in [8], the spectral radius condition (10) is not with a strict inequality. We need the strict inequality which we is shown to hold in the Appendix.

The problem addressed in this paper is to find for any γ > γ^∗(ϵ) a solution of (9) which satisfies (10) for any ϵ small enough.

Theorem 3.1 The solution of equation (9), has the following form:

P^γ_ϵ (i) = +∞∑ n=0 P^γ_n (i)ϵ^{nM} , i ∈ S, (11)

where ( P^γ_n (i) ) n are p × p symmetric matrices for each i ∈ S and M is positive integer.

Proof From Puiseux’s Theorem [11], the solution of equation (9) is Puiseux’s series which means that, there exists a positive integer M such that:

P^γ_ϵ (i) = +∞∑ n=−K P^γ_n (i)ϵ^{nM} , i ∈ S, where K is a nonnegative integer, and from Theorem 1 in [9], we have that

P^γ_ϵ (i) = P̄^γ (i) + O(ϵ),

then we conclude that the terms of negative power of ϵ are equal to zero. This completes the proof of theorem 3.1.

From Theorem 3.1 and (9), it follows that

A^T (i) +∞∑ n=0 P^γ_n (i)ϵ^{n/M} + +∞∑ n=0 P^γ_n (i)ϵ^{n/M} A(i) + Q(i)

− +∞∑ n=0 n∑ k=0 ( P^γ_k (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_{n−k}(i) ) ϵ^{n/M}

+ +∞∑ n=0 ∑ j∈S λ_{ij} P^γ_n (j)ϵ^{n/M} + +∞∑ n=−M ∑ j∈S μ_{ij}P^γ_{n+M} (j)ϵ^{n/M} = 0, i ∈ S. Then we obtain the following set of equations: If −M ≤ n < 0, then ∑ j∈S μ_{ij}P^γ_{n+M} (j) = 0 i ∈ S. (12)

If n = 0, then

A^T (i)P^γ_0 (i) + P^γ_0 (i)A(i) + Q(i) − P^γ_0 (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_0 (i) + ∑ j∈S λ_{ij}P^γ_0 (j) + ∑ j∈S μ_{ij}P^γ_M (j) = 0, i ∈ S. If n > 0, then

A^T (i)P^γ_n (i) + P^γ_n (i)A(i) − n∑ k=0 P^γ_k (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_{n−k}(i) + ∑ j∈S λ_{ij}P^γ_n (j) + ∑ j∈S μ_{ij} P^γ_{n+M} (j) = 0, i ∈ S.

We consider the Markov chain associated with the transition probability rates (μ_{ij} )_{i,j∈S}. There exists a partition of S into a family of m recurrent classes and, a transient class T , ξ̄ will denote the class of the recurrent state S = (∪^m_{n=1}ξ̄_n) ∪ T with ξ̄_n ∩ ξ̄_n′ = ∅ if n ≠ n^′.

Hence μ_{ij} = 0 if i ∈ ξ̄_n and j ∈ ξ̄_n′ , n ≠ n^′. To each class ξ̄ is associated the invariant measure (row vector ) m¯_ξ of the recurrent subchain defined on the class ξ̄ ∈ S̄ where S̄ = {ξ̄_1, ξ̄_2, .., ξ̄_m}. Let: C = (C_{ij} )_{1≤i,j≤s} where C_{ij} = μ_{ij}. We shall denote by q¯_ξ(i) the probability to end in the class ξ̄ starting from i. The m functions (column vectors) q¯_ξ(.) are the solutions to Cq¯_ξ = 0, and form a basis of the m-dimensional subspace Ker(C).

Remark 2 If v is a solution to ∑ j∈S μ_{ij}v(j) = 0, then v(i) : = v(ξ̄), ∀i ∈ ξ̄ v(i) = ∑ ξ̄∈S̄ q¯_ξ(i)v(ξ̄), i ∈ T,

where (v(ξ̄))¯_ξ are some real numbers.

We start to solve the above set of equations. If n = −M, we have ∑ j∈S μ_{ij} P^γ_0 (j) = 0, i ∈ S.

From Remark 2 , we obtain { P̄^γ_0 (i) := P^γ_0 (ξ̄), i ∈ ξ̄ P^γ_0 (i) =

∑_¯ ξ∈S̄ qξ̄(i)P̄ γ 0 (ξ̄), i ∈ T. (13)

For n = 0, we have

A^T (i)P^γ_0 (i) + P^γ_0 (i)A(i) + Q(i) − P^γ_0 (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_0 (i) + ∑ j∈S λ_{ij}P^γ_0 (j) + ∑ j∈S μ_{ij}P^γ_M (j) = 0, i ∈ S. (14)

Substituting the first expression of (13) in (14) to get:

A^T (i)P̄^γ_0 (ξ̄) + P̄^γ_0 (ξ̄)A(i) + Q(i) − P̄^γ_0 (ξ̄) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P̄^γ_0 (ξ̄) + ∑ j∈S μ_{ij}P^γ_M (j) + ∑ j∈S λ_{ij}P̄^γ_0 (j) = 0, i ∈ ξ̄. (15)

Multiplying (15) by m¯_ξ(i), i ∈ ξ̄ and summing up over ξ̄: ∑ i∈ξ̄ Q(i)m¯_ξ (i) + ∑ i∈ξ̄ m¯_ξ(i)A^T (i)P̄^γ_0 (ξ̄) + P̄^γ_0 (ξ̄) ∑ i∈ξ̄ m¯_ξ(i)A(i)

− P̄^γ_0 (ξ) ∑ i∈ξ̄ m¯_ξ(i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P̄^γ_0 (ξ̄) + ∑ j∈S ∑ i∈ξ̄ m¯_ξ(i)μ_{ij} =0 P^γ_M (j)

+ ∑ ξ̄′∈S̄ ∑ i∈ξ̄ j∈ξ̄^′ m¯_ξ(i)λ_{ij} P̄^γ_0 (ξ̄′) + ∑ j∈T ∑ i∈ξ̄ ∑ ξ̄′∈S̄ m¯_ξ(i)λ_{ij} q¯_ξ′ (j)P̄^γ_0 (ξ̄^′) = 0. (16)

We introduce the following notations: Ā(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)A(i), , Q̄(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)Q(i),

B̄(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)B(i)B^T (i) 1/2 , D̄(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)D(i)D^T (i) 1/2

and Q̄_0(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)Q_0(i), λ¯_ξ¯_ξ′ = ∑ i∈ξ̄ ∑ j∈ξ̄^′ λ_{ij} + ∑ j∈T q¯_ξ′ (j)λ_{ij} . Thus, the equation (16) becomes:

Ā^T (ξ̄)P̄^γ_0 (ξ̄) + P̄^γ_0 (ξ̄)Ā(ξ̄) + Q̄(ξ̄) − P̄^γ_0 (ξ̄) ( B̄(ξ̄)(B̄^T (ξ̄) − 1 γ^2

D̄(ξ̄)D̄^T (ξ̄) ) P̄^γ_0 (ξ̄) + ∑ ξ̄′∈S̄ λ¯_ξ¯_ξ′P̄^γ_0 (ξ̄^′) = 0, ξ̄ ∈ S̄. (17)

Now, we define an aggregated Markov chain θ̄(t) on the state space S̄ with the infinitesimal generator matrix Γ̄ = (λ¯_ξ¯_ξ′ )_{m×m}

Assumption 3 The pair (Ā(θ̄), B̄(θ̄)) is stochastically stabilizable and (Ā(ξ̄), Q̄(ξ̄)) is observable for each ξ̄ ∈ S̄.

Let us introduce a set of spectral radius condition: P̄^γ_0 (ξ̄) = P^γ_0 (i) < γ^2Q_0(i), ∀i ∈ ξ̄, ξ̄ ∈ S̄ P^γ_0 (i) = ∑ ξ̄∈S̄ q¯_ξ(i)P̄^γ_0 (ξ̄) < γ^2Q_0(i), i ∈ T. (18)

Define the quantity γ̄ > 0: γ̄ := inf { γ > 0 : There exists a set of positive definite matrices P̄^γ (ξ̄), ξ̄ ∈ S̄ solution to (17) such that the spectral radius condition (18) holds }

From [8], this threshold level is finite under assumption 3, since for any γ > γ^∗, the equation (17) admits positive matrices solutions and from theorem 3.1, we have ∞∑ n=0 P^γ_n (i)ϵ^{nM} < γ^2Q_0(i), Hence, for ϵ small enough, we obtain P̄^γ_0 (ξ̄) = P^γ_0 (i) < γ^2Q_0(i) ∀i ∈ ξ̄, ξ̄ ∈ S̄ P^γ_0 (i) = ∑ ξ̄∈S̄ q¯_ξ(i)P̄^γ_0 (ξ̄) < γ^2Q_0(i), i ∈ T.

Thus there exist ϵ_γ > 0 such that for any ϵ ∈ (0, ϵ_γ ], we have γ^∗(ϵ) ≥ γ̄, furthemore lim inf ϵ→0 γ^∗(ϵ) ≥ γ̄, (19) We consider the following form for the aggregated system: ẋ_A = Ā(θ̄(t))x_A + B̄(θ̄(t))u_A + D̄(θ̄(t))w_A(t); x_A(0) = x_0 (20) The control input and the disturbance input are generated by the following causal mapping u_A(t) = φ_A(t, x_{A[0,T ]}, θ̄_{[0,T ]}) (x_0, w_A(t)) = (δ_{A0}(θ̄(0)), δ_{A1}(t, x_{A[0,T ]}, θ̄_{[0,T ]}) The general cost function associated with this system is defined to be J_A(x, ξ̄, φ_A, δ_A) = E^{γ̄}_{x,ξ̄}{ ∫_T t (x^T_AQ̄(θ̄(t))x_A + u^T_Au_A − γ^2w^T_Aw_A)dt − γ^2|x_0|^2_{Q̄0(θ̄(0))}}. (21) where δ_A = (δ_{A0}, δ_{A1}). The game problem, related to the aggregate jump linear system (20) is Ĵ_A(t, x_A, ξ̄) = inf_{φA} sup δ_A J_A(t, x_A, ξ̄, γ). (22) We consider any γ > γ^∗(ϵ) where ϵ ∈ (0, ϵ_γ ]. The optimal control law for the minimizer is φ_A(t, x_A, ξ̄) = −B̄^T (ξ̄)P̄ (ξ̄)x_A, and the following jump linear system is mean-square stable: ẋ(t) = F (θ̄(t))x(t), (23) where F (ξ̄) = Ā(ξ̄) − ( B̄(ξ̄)B̄T (ξ̄) −^1_{γ2} D̄(ξ̄)D̄T (ξ̄) ) P̄^γ_0 (ξ̄).

If n = 1, we have

A^T (i)P^γ_1 (i) + P^γ_1 (i)A(i) − P^γ_0 (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_1 (i) (24) −P^γ_1 (i) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P^γ_0 (i) + ∑ j∈S λ_{ij} P^γ_1 (j) + ∑ j∈S μ_{ij} P^γ_{M+1}(j) = 0, i ∈ S,

From (12), we have: ∑ j∈S μ_{ij}P^γ_1 (j) = 0. (25)

By using (12) and Remark 2, we obtain: { P̄^γ_1 (ξ̄) = P^γ_1 (i), i ∈ ξ̄ P^γ_1 (i) =

∑_¯ ξ∈S̄ qξ̄(i)P̄ γ 1 (ξ̄), i ∈ T. (26)

Substituting the first expression of (26) in (24) to get

A^T (i)P̄^γ_1 (ξ̄) + P̄^γ_1 (ξ̄)A(i) − P̄^γ_0 (ξ̄)) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P̄^γ_1 (ξ̄) (27)

−P̄^γ_1 (ξ̄)) ( B(i)B^T (i) − 1 γ^2 D(i)D^T (i) ) P̄^γ_0 (ξ̄) + ∑ ξ̄′∈S̄ ∑ j∈ξ̄^′ λ_{ij}P̄^γ_1 (ξ̄^′) + ∑ j∈S μ_{ij} P^γ_{M+1}(j) = 0.

Multiplying (27) by m¯_ξ(i), i ∈ ξ̄ and summing over ξ̄, we obtain:

F^T (ξ̄)P̄^γ_1 (ξ̄) + P̄^γ_1 (ξ̄)F (ξ̄) + ∑ ξ̄′∈S̄ λ¯_ξ¯_ξ′P̄^γ_1 (ξ̄^′) = 0. (28)

Since the model (23) is mean-square stable, one applies Proposition 2 in [2] to show that equation (28) has a unique solution. Since 0 is solution to (28), then 0 is the unique solution to (28). Thus, it follows from P^γ_1 (i) = 0, i ∈ S and (24) becomes: ∑ j∈S μ_{ij} P^γ_{M+1}(j) = 0, i ∈ S. (29)

If M ≠ 1, then for 0 < n < M, we have

A^T (i)P^γ_n (i) + P^γ_n (i)A(i) − P^γ_0 (i)(B(i)B^T (i) − 1 γ^2

D(i)D^T (i))P^γ_n (i) −P^γ_n (i)(B(i)B^T (i) − 1 γ^2

D(i)D^T (i))P^γ_0 (i) + ∑ j∈S μ_{ij}P^γ_{n+M} (j) + ∑ j∈S λ_{ij} P^γ_n (j) = 0.

From (12), it follows that ∑ j∈S μ_{ij}P^γ_n (j) = 0. Then we can derive P^γ_1 (i) = .. = P^γ_{M−1} = 0, and ∑ j∈S μ_{ij}P^γ_{n+M} (j) = 0 n = 0, 1, ..., M − 1. (30) Similarly, we have that:

P^γ_0 (i) > 0, i ∈ S P^γ_n (i) = 0, n ≠ kM, k ∈ IN^∗. Now, we can state the following result.

Theorem 3.2 Under the sssumption 1-3 , the coupled algebraic Riccati equation (9) admits a unique positive solution, which can be expressed as a Taylor series.

The next theorem is about the computation of the terms in the expansion of P^γ_ϵ . Theorem 3.3

1. P^γ_ϵ (i), i ∈ S has the expansion ∑_{+∞} n=0 P^γ_n (i)ϵ^n, where (P^γ_n )_{kl} = (P̃^γ_n)_{kl} + (P̄^γ_n )_{kl} and (P̃^γ_n)_{kl} := ((P̃^γ_n(i))_{kl})_{i∈S} ∈ Im(C) and (P̄^γ_n )_{kl} = ((P̄^γ_n (i))_{kl})_{i∈S} ∈ Ker(C). The sequence ((P̃^γ_n), (P̄^γ_n )) is uniquely determine by:

(a) P̄^γ_0 can be computed by:

Ā^T (ξ̄)P̄^γ_0 (ξ̄) + P̄^γ_0 (ξ̄)Ā(ξ̄) + Q̄(ξ̄) − P̄^γ_0 (ξ̄) ( B̄(ξ̄)B̄^T (ξ̄) − 1 γ^2

D̄(ξ̄)D̄^T (ξ̄) ) P̄^γ_0 (ξ̄) + ∑ ξ̄′∈S̄ λ¯_ξ¯_ξ′P̄^γ_0 (ξ̄^′) = 0, ξ̄ ∈ S̄.

(b) P̄^γ_n , n > 0 can be computed by: F^T (ξ̄)P̄^γ_n (ξ̄) + P̄^γ_n (ξ̄)F (ξ̄) + ∑ ξ̄′∈S̄ λ¯_ξ¯_ξ′P̄^γ_n (ξ̄^′) + T_n(ξ̄) = 0.

where, T_n(ξ̄) = ∑ i∈ξ̄ m¯_ξ(i)[A^T (i)P̃_n(i) + P̃_n(i)A(i) − P_0(i)(B(i)B^T (i) − 1 γ^2

D(i)D^T (i))P̃_n(i)

−P̃_n(i)(B(i)R^{−1}(i)B^T (i) − 1 γ^2

D(i)D^T (i))P_0(i) + ∑ j∈S λ_{ij}P̃_n(j) − f_n(i)],

with f_n(i) = ∑_{n−1} k=1 P^γ_k (i)(B(i)B^T (i) −^1_{γ2} D(i)D^T (i))P^γ_{n−1−k}(i).

(c) P̃^γ_n , n > 0 is the unique solution to the linear system: C(P̃^γ_n )_{kl} = (α_{n−1})_{kl}, (31) where, α_0(i) = −Q(i) − A^T (i)P^γ_0 (i) − P^γ_0 (i)A(i) + (P^γ_0 (i)B(i)B^T (i) − 1 γ^2

D(i)D^T (i))P^γ_0 (i) − ∑ j∈S λ_{ifij}P^γ_0 (j), and α_n(i) = −A^T (i)P^γ_n (i) − P^γ_n (i)A(i) + (P^γ_0 (i)B(i)B^T (i) − 1 γ^2

D(i)D^T (i))P^γ_n (i)

+ P^γ_n (i)(B(i)(i)B^T (i) − 1 γ^2

D(i)D^T (i))P^γ_0 (i) − ∑ j∈S λ_{ifij} P^γ_n (j) + f_n(i), n > 0,

2. The optimal performance level γ^∗(ϵ) satisfies

lim_{ϵ→0+} γ^∗(ϵ) = γ̄

Proof

1. The proof of the first part is similar to that in Theorem 4.1 in [5].

2. For (19), we have lim inf ϵ→0 γ^∗(ϵ) ≥ γ̄ then we show only that lim sup ϵ→0^+ γ^∗(ϵ) ≤ γ̄ Under assumption 3, for any γ > γ̄, the Riccati equation (17) admits a minimal positive solution and the jump linear system (23) is mean-square stable, then the equations in first part of theorem admits solutions. Thus for ϵ small enough, we can construct one positive solution of perturbed Riccati equation which admits Taylor series and this terms is calculated by the first part of theorem 3.3 and we conclude that for ϵ small enough γ ≥ γ^∗(ϵ), furthermore, we have that:

lim sup ϵ→0^+ γ^∗(ϵ) ≤ γ̄ This completes the proof of the second part of Theorem 3.3.

Appendix

In this appendix, we complete the verification of the fact that the spectral radius condition (10) can be taken to be strict inequality.

Lemma 3.1 Assume that γ > γ^∗ then there exists a unique minimal solution of (9) that satisfies the spectral radius condition (10),i.e., γ^2Q_0(i) − P^γ_ϵ (i) > 0, i ∈ S,

Proof We suppose that there exist at least one i_0 ∈ S and a nonzero x_0 such that

x^T_0 (γ^2Q_0(i_0) − P^γ (i_0))x_0 = 0.

Let (x_0, i_0) the initial state of (1), It ’s easy to see that the joint process {θ(t), x(t), t ∈ [0, +∞)} determined by setting

u(t) = ϑ(t, x_{[0,t]}, θ_{[0,t]}) w(t) = δ_1(t, x_{[0,t]}, θ_{[0,t]}), is Markov (see [12]). Consider the generator F of joint process Markovien {θ(t), x(t), t ∈ [0, +∞)} and let V (x, i) = x^T P^γ (i)x, so we have

FV (x(t), i) = lim_{Δ→0} 1 Δ [E{V (x(t + Δ), θ(t + Δ)/x(t), θ(t) = i) − V (x(t), i) = (A(i)x + B(i)u + D(i)w)^T P^γ (i)x + x^T P^γ (i)(A(i)x + B(i)u + D(i)w) +x^T ∑ j∈S λ_{ij} P^γ (j)x = −x^T (Q(i) + P^γ (i)B(i)B^T (i)P^γ (i) − 1 γ^2

P^γ (i)D(i)D^T (i)P^γ (i))x +u^T B^T (i)P^γ (i)x + w^T D^T (i)P^γ (i)x + x^T P^γ (i)B(i)u + x^T P^γ (i)D(i)w = −x^T Q(i)x − u^T u + γ^2w^T w + [u + B^T (i)P^γ (i)x]^T [u + B^T (i)P^γ (i)x] −[γw − 1 γ B^T (i)P^γ (i)x][γw − 1 γ B^T (i)P^γ (i)x]. Now set w(t) =^1_{γ2} B^T (i)P^γ (i)x(t), x(0) = x_0, θ(0) = i_0 and integrating the above equation from 0 to ∞, we obtain E{ ∫_{+∞} 0 FV (x(t), θ(t))dt} = −E{ ∫_{+∞} 0 (x^T (t)Q(θ(t))x(t) + u^T (t)u(t) − γ^2w^T (t)w(t))dt} + ‖u + B^T P^γ x‖^2. (32) By using assumption 2, we obtain E{ ∫_{+∞} 0 FV (x(t), θ(t))dt} = −x^T_0 P^γ (i_0)x_0.

Then (32) becomes

x^T_0 P^γ (i_0)x_0 = E{ ∫_{+∞} 0 (x^T (t)Q(θ(t))x(t) + u^T (t)u(t) − γ^2w^T (t)w(t))dt} − ‖u + B^T P^γ x‖^2. Thus, we obtain E{ ∫_{+∞} 0 (x^T (t)Q(θ(t))x(t) + u^T (t)u(t) − γ^2w^T (t)w(t))dt} − γ^2x^T_0 Q_0(i_0)x_0 = −γ^2x^T_0 Q_0(i_0)x_0 + x^T_0 P^γ (i_0)x_0 + ‖u + B^T P^γ x‖^2 ≥ 0. It follows that for any u(t) = φ(t, x_{[0,t]}, θ_{[0,t]}) ∈ M and δ = (δ_0, δ_1) ∈ D, such that: x_0 = δ_0(i_0), w(t) = δ_1(t, x_{[0,t]}, θ_{[0,t]}) √ EL(φ, δ) (E{ ∫_{+∞} 0 |w(t)|^2dt + |x_0|^2_{Q0(θ(0))}})^{12} ≥ γ which is in contradiction with

inf_{φ∈M} sup_{δ∈D} √ EL(φ, δ) (E{ ∫_{+∞} 0 |w(t)|^2dt + |x_0|^2_{Q0(θ(0))}})^{12} = γ^∗ < γ.

This completes the strict inequality of the spectral radius condition (10).

Acknowledgement: We wish to thank Prof. Başar for fruitful discussions during the visit of Prof. Abbad and Prof. Başar in INRIA.

References

[1] T. Başar, “Minimax control of switching systems under sampling”, System Control Letters, 25(5): 315-325, 1995.

[2] O. L. V. Costa, J. B. Do Val, J. C. Geromel, “Continuous-time state-feedback H_2-control of Markovian jump linear system via convex analysis,” Automatica 35, pp. 259-268, 1999.

[3] F. Delebecque, “A reduction process for perturbed Markov chains,” SIAM J. App. Math., vol. 43, pp. 325-350, 1983

[4] F. Delebecque and J. Quadrat, “Optimal control of Markov chains admitting strong and weak interactions,” Automatic, vol. 17, pp. 281-296,1981

[5] R. El Azouzi, M. Abbad, E. Altman, “Perturbation of linear quadratic systems with jump parameters and hybrid controls”, INRIA Research Report RR-3816, November 1999. To appear in ZOR Mathematical Methods of Operations Research, 51, No. 3, 2000.

[6] R. El Azouzi, M. Abbad, E. Altman, “Perturbation of Linear Multidimensional Quadratic Systems with Jump Parameters and Hybrid Controls”, submitted to IEEE Transaction on Automatic Control, 2000.

[7] Y. Ji and H. J. Chizeck, “Controllability, stabilizability, and continuous-time Markovian jump linear quadratic control,” IEEE Transaction on Automatic Control, vol. AC-35, pp. 777-778, July 1990.

[8] Z. Pan and T. Başar, “H^∞-Control of Markovian jump systems and solution to associated piecewise-deterministic differential game,” in G.J. Olsder, editor, Annals of Dynamic Games, vol. 3, pp. 61-94, Birkhauser, 1995.

[9] Z. Pan and T. Başar, “H-infinity control of large scale jump linear systems via averaging and aggregation”, International J. of Control, 72(10) pp. 866-881, 1999.

[10] C. E. de Souza and M. Fragoso, “H^∞ control of linear systems with Markovian jumping parameters”, Control Theory and Technology, Vol. 9 No. 2, pp. 457-466, 1993.

[11] W. W. Szczechila, S. A. Connell, J.A. Filar, And O. J. Vrieze, “On the Puiseux series expansion of the limit discount equation of stochastic games”, Siam J, control optimal, vol. 35, No. 3, pp. 860-875, May 1997.

[12] “Random differential equation in control theory,” in Probabilistic Methods in Applied Mathematics, vol. 2, A. T. Bharucha-ried, Ed. New York: Academic, 1971.