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Abstract

In this paper we design distributed power allocation algorithms for multiple access channels. Considering

competing transmitting users, equipped with several antennas each and common multiple antennas at the receiver,

a game theoretic framework is conducted to derive the optimum precoding matrices such that each user maximizes

his own ergodic transmission rate from the sole knowledge of the overall channel statistics. Both in the scenario with

no coordination and single-user decoding at the base station and that with coordination and successive decoding

there exists a unique equilibrium point. The corresponding power allocation policies are obtained by exploiting

random matrix theory. Numerical results validate the large system assumption in relatively small multiple input

multiple output systems and show the benefits of sharing optimally the power between the transmit antennas versus

the uniform scheme and also the gain in terms of sum-rate brought by an equiprobable coordination signal. Several

extensions of this work are proposed (new elements on these extensions will be provided in the final version).

Index Terms

Distributed, decentralized, power allocation game, Nash equilibrium, coordination, MAC, MIMO, antenna

correlation large systems.
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I. INTRODUCTION

We consider the uplink of a typical cellular system, which is a multiple access channel (MAC). The

MAC consists of several users, called mobile stations (MS) in cellular systems, sending independent

messages1 to a common receiver, called the base station (BS). More specifically we assume that both

the base and mobile stations are equipped with –possibly correlated– multiple antennas and the different

links into play are fading channels. In this context we want to investigate the optimum power allocation

(PA) issue at the mobile stations when the signaling protocol overhead is absent or very reduced, which

means that the base station sends no or almost no control signals to the mobile stations. This problem is

commonly referred to as the distributed or decentralized power allocation problem.

From an information theoretic point of view, the optimal centralized2 power and rate policies for the

fast fading single input single output (SISO) MAC have been determined by [2][3] when channel state

information at the receiver is assumed (CSIR) and by [4] when CSI is assumed at the receiver and

transmitters (CSIR and CSIT), which leads to the MAC ergodic capacity region. Recently, the authors

of [5][6] addressed the fast fading multiple input multiple output (MIMO) MAC with transmit antenna

correlation and covariance feedback at the transmitters and determined the optimum power allocation

policy in terms of ergodic sum capacity. We consider the same framework as [5][6], which considered

fast fading MIMO MAC with CSIR and CDIT (channel distribution information at the transmitters), but

we also assume correlation at the receiver and much more importantly we do not assume the power

allocation policies to be centralized. In our context each user wants selfishly to maximize its own utility

instead of a global utility function such as the sum-capacity3. A convenient tool to address decentralized

problems turns out to be game theory (see e.g. [8][9]). In this respect the authors of [7] used a game

theoretic approach to characterize the ergodic information rates of fast fading SISO and single input

multiple output (SIMO) multiple access channels when perfect CSIR is assumed and each user knows his

1Note that the most general version of the MAC [1] can also incorporate a common message but this version is not considered here.
2The base station dictates the power level and rate of the individual users.
3In some situations the selfish behavior of the users amounts to maximizing the overall system utility e.g. the sum-rate [7].
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channel and those of the other users. Although reference [7] is probably the closest work to ours we also

note that other authors have worked on multiple access or interference channels from a game theoretic

perspective. For example, in [10] the authors have chosen the individual mutual information (MI) as a

utility function and assumed CSIR and CSIT for studying static MIMO interference channels. In [11]

the authors have also considered the individual MI for studying static frequency-selective interference

channels. Also some authors used different utility functions, such as those maximizing energy-efficiency

(see e.g. [12][13]), in order to study the existence and uniqueness of a Nash equilibrium (NE) in MACs.

Our work can be considered as a partial extension of [7] in the sense that we address MIMO channels

instead of SISO and SIMO channels but it differs from it at least in four important points. First, each user

is only informed with the statistics of the different channels and not with their instantaneous knowledge.

The CDIT assumption is generally considered to be more realistic in fast fading environments and in

the particular case of decentralized systems it involves much less feedback signals from the base station,

compared to the CSIT assumption. Second, the transmit and receive antennas can be correlated (this feature

cannot be considered when assuming perfect CSI since each transmitter exploits the realization of the

channel itself). Third, we exploit the theory of random matrices. Considering (moderately) large systems

in terms of numbers of antennas has at least two advantages: the underlying averaging effect makes

predictable certain quantities of interest, which allows each player to partially/totally predict the strategy

of others, and more importantly it simplifies the derivation of distributed power allocation algorithms and

the analysis of their properties. Concerning this point, random matrix theory (RMT) will be used with the

same approach as the authors of [14], who studied the impact of antenna correlation on fading MIMO

single-user channels. As a fourth point, we focus more on the sum-rate as a system performance criterion

and present coordination schemes, complementary to (and sometimes simpler to implement than) those

developed in the Stackelberg formulation of [7].

This paper is structured as follows. We first provide the signal model used to represent the fading MIMO

MAC channel (Sec. II). In Sec. III we introduce four scenarios characterized by the absence/presence of
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coordination and the decoding scheme at the BS. Two of these scenarios are detailed in this paper:

no coordination plus single-user decoding and open loop coordination plus successive decoding. The

determination of the corresponding optimum input covariance matrices is conducted in Sec. IV. Numerical

results are provided in Sec. V. We conclude by a very brief summary and possible extensions of this work.

II. SYSTEM MODEL

Notations: in this paper, the notations s, v, M stand for scalar, vector and matrix respectively. The

superscripts (.)T and (.)H denote transpose and transpose conjugate, respectively. The trace of the matrix

M is denoted by Tr(M). The mathematical expectation operator is denoted by E(.). and N(v,M) denotes

the complex Gaussian distribution with mean v and covariance M.

We consider the uplink of a single cell with K active users. Each mobile station is equipped with

nt antennas whereas the base station has nr antennas (thus we assume the same number of transmitting

antennas for all the users). In our analysis the flat fading channel matrices of the different links vary

from symbol vector (or space-time codeword) to symbol vector. We assume that the receiver knows all

the channel matrices whereas each transmitter has only access to the statistics of the different channels.

The equivalent baseband signal received by the base station can be written as

y(τ) =
K∑

k=1

Hk(τ)xk(τ) + n(τ) (1)

where xk(τ) is the nt-dimensional column vector of symbols transmitted by user k at time τ , Hk(τ) ∈

Cnr×nt is the channel matrix (stationary and ergodic process) of user k and n(τ) is a nr-dimensional

complex white Gaussian noise distributed as N(0, σ2Ir). For sake of clarity we will omit the time index τ

from our notations. Each channel input is subject to a power constraint Tr
[
E(xkx

H
k )

]
, Tr(Qk) ≤ ntP k.

In order to take into account the antenna correlation effects at the transmitters and receiver we will assume

the different channel matrices to be structured according to the Kronecker propagation model [15]:

∀k ∈ {1, ..., K}, Hk = R
1
2ΘkT

1
2
k (2)
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where R is the receive antenna correlation matrix, Tk is the transmit antenna correlation matrix for user k

and Θk is an nr×nt matrix whose entries are zero-mean independent and identically distributed complex

Gaussian random variables with variance 1
nt

. At last, note that for simplicity we will always assume K = 2

but all the results presented in this paper extend to K−user MACs, K ≥ 3. In this respect, in some places

K will be used instead of K = 2 and some numerical results will be provided for K arbitrary.

III. DIFFERENT SCENARIOS UNDER INVESTIGATION

In this paper four scenarios are considered. Although four scenarios are introduced in order for the reader

to have a more complete picture of the possible games, we will only focus on two of them (Sec. III-A1

and Sec. III-B) in the optimization part IV. The system can be coordinated or not. In the two scenarios

without coordination, once the users have acquired the knowledge of the statistics of the different channels,

they do not receive any other kind of information. On the other hand, the users can be coordinated by a

signal that informs them with the base station decoding rule. When no coordination is assumed the BS

can either apply single-user or successive decoding. For the case of coordination, successive decoding is

always assumed while it can be either an open or a closed loop scheme. In all these scenarios the users

want to maximize they own ergodic transmission rates, which naturally defines the utility functions of the

game. The strategy of a user consists in choosing his transmit covariance matrix/matrices.

A. No coordination

1) Single-user decoding: We assume that the BS uses single-user (SU) decoding (e.g. because the BS

is neutral in the game or for limiting the receiver complexity). Each user treats the signal of the others as

additive (colored) noise and wants to selfishly maximize its own transmission rate. The information rate

achieved by user k equals the mutual information between xk and y conditioned on the overall channel

matrix H = [H1H2...HK ]. As conditioning the mutual information by a random variable involves taking

expectation over this random variable we have:

I(xk; y|H) = E

[
log2

∣∣∣∣∣
K∑

`=1

H`Q`H
H
` + σ2I

∣∣∣∣∣

]
− E

[
log2

∣∣∣∣∣
∑

` 6=k

H`Q`H
H
` + σ2I

∣∣∣∣∣

]
(3)
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where |A| stands for the determinant of the matrix A. We see that the second term of the EMI does

not depend on Qk and we therefore propose not to consider it4 for the individual utility function of user

k ∈ {1, ..., K}, which is chosen to be

u
(SU)
k (Qk,Q−k) = E

[
log2

∣∣∣∣∣I + ρ

K∑

`=1

H`Q`H
H
`

∣∣∣∣∣

]
, (4)

where Qk = (Q1, ...,Qk−1,Qk+1, ...,QK) and ρ = 1
σ2 . Clearly, the users have the same utility function

but each user has to maximize it with respect to his own transmit covariance matrix. We see that, with

the proposed choice of utility functions in the scenario where no coordination is possible and single-user

decoding is assumed at the BS, the three concepts of the non-cooperative game, team problem and global

optimization problem coincide. We effectively want to optimize the ergodic sum-rate of the MIMO MAC:

Csum = max
Q1,...,QK

E


log2

∣∣∣∑K
`=1 H`Q`H

H
` + σ2I

∣∣∣
|σ2I|


 (5)

under the classical trace constraints. What characterizes our problem is that we only want to optimize the

sum-rate over Qk instead of (Q1, ...,QK). In the particular scenario under consideration we have strict

concavity of the ergodic sum-rate w.r.t. (Q1, ...,QK), which is shown in Appendix A. We further note that

the subset of non-negative Hermitian matrices verifying the trace constraints is convex. Therefore there

exists a global maximum for the sum-rate. Now, since the players maximize the same function, we can

draw the two following conclusions: (a) the global optimum is clearly a NE. This establishes the existence

of a NE; (b) the strict concavity of the maximum sum-rate is equivalent to the diagonally strict concavity

condition of [16], which implies that the NE is unique (see Theorem 2 of [16]). The main technical issue

is to determine the user strategies at the equilibrium point i.e. (Q∗
1, ...,Q

∗
K), which is done in Sec. IV.

2) Successive decoding: From now on, we will assume a more sophisticated decoding scheme at the

BS which is successive decoding or interference cancellation (SIC). In order to be completely fair the

BS does not fix the decoding order. Instead, the BS chooses it randomly by flipping a fair coin at each

channel realization and does not disclose this information to the users. If one assumes that users 1 and 2

4In general, this choice is suboptimal but considerably simplifies the PA analysis.
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apply fixed strategies, Q1 and Q2, the transmission rates, which are chosen as utility functions, are




u
(SIC)
1 (Q1,Q2) = 1

2
E

[
log2

∣∣I + ρH1Q1H
H
1

∣∣]

+1
2
E

[
log2

∣∣I + ρH1Q1H
H
1 + ρH2Q2H

H
2

∣∣]− 1
2
E

[
log2

∣∣I + ρH2Q2H
H
2

∣∣]

u
(SIC)
2 (Q1,Q2) = 1

2
E

[
log2

∣∣I + ρH2Q2H
H
2

∣∣]

+1
2
E

[
log2

∣∣I + ρH1Q1H
H
1 + ρH2Q2H

H
2

∣∣]− 1
2
E

[
log2

∣∣I + ρH1Q1H
H
1

∣∣] .

(6)

For k ∈ {1, 2} the function u
(SIC)
k is concave w.r.t to Qk, continuous in Qk′ for k′ 6= k and the possible

strategies (Q1,Q2) are taken in a convex set. The existence of a NE in the scenario described then follows

from Theorem 1 of [16]. Although we will use this scenario as a second reference in the simulation part,

we will not tackle the uniqueness issue of this equilibrium, in order to allocate more space to the case

of open loop coordination for which the MSs receive a coordination signal to not only improve their

individual rates but also the system throughput.

B. Open loop coordination and successive decoding

In the previous scenario we were in the framework of a game with incomplete information since the

players did not know the BS decoding order. For the scenario considered now we assume the existence of

a coordination signal denoted by S (see [17] where the authors apply a related idea for ALOHA protocol-

based MACs to obtain a correlated equilibrium [18]). It could be obtained in practice, for example, by

sampling a broadcast signal (e.g. an FM signal). The realizations of this signal, which are assumed to

be equiprobable, are in the finite alphabet S = {1, ..., K!}. For the case K = 2 it is therefore simply

binary S ∈ {1, 2}. The difference between the scenario of the previous section and the open loop (OL)

coordination scenario is that this signal is known both by the BS and the MSs and therefore provides the

missing information of the previous game. Here we assume that the decoding order does not depend on

the realizations of H, which are known to the BS but not to the MSs. Thus the coordination signal sent

to the users does not provide them with any additional information on the channel conditions. For this

reason we call this scheme “open loop coordination”. In this framework, we allow the users to apply two



8

different strategies: Q
(1)
1 ,Q

(2)
1 for user 1 and Q

(1)
2 ,Q

(2)
2 for user 2 where the notations (.)(1) and (.)(2)

correspond to the realizations of the coordination signal. When S = 1, user 1 is privileged since it is

decoded after user 2, and conversely for S = 2. Thus the achieved transmission rates are given by




R
(1)
1 (Q

(1)
1 ,Q

(1)
2 ) = 1

2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1

∣∣∣
]

R
(1)
2 (Q

(1)
2 ,Q

(1)
1 ) = 1

2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1 + ρH2Q
(1)
2 HH

2

∣∣∣
]
− 1

2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1

∣∣∣
]

(7)

when S = 1 and by




R
(2)
2 (Q

(2)
2 ,Q

(2)
1 ) = 1

2
E

[
log2

∣∣∣I + ρH2Q
(2)
2 HH

2

∣∣∣
]

R
(2)
1 (Q

(2)
1 ,Q

(2)
2 ) = 1

2
E

[
log2

∣∣∣I + ρH1Q
(2)
1 HH

1 + ρH2Q
(2)
2 HH

2

∣∣∣
]
− 1

2
E

[
log2

∣∣∣I + ρH2Q
(2)
2 HH

2

∣∣∣
]
,

(8)

when S = 2. Therefore, when S = 1, user 1 sees a single-user MIMO system. The optimum input

covariance matrix is obtained by choosing the eigenvectors of Q
(1)
1 to be the eigenvectors of T1 and

water-filling over its eigenvalues [19][20]. User 1 has no interest in deviating from this strategy. User

2 knows it and its best strategy is to maximize the sum-rate w.r.t. Q2 given that Q1 = Q
(1)
1 . For this

purpose he will choose its eigenvectors to be equal to those of T2 and water-fill over its eigenvalues.

The same reasoning applies to the case S = 2. Thus, this clearly establishes the existence of a unique

equilibrium. The users are thus following the coordination signal to adapt their strategies and have no

interest in ignoring it. The described strategies can be checked to maximize the following utility functions:




v
(OL)
1 (Q

(1)
1 ,Q

(2)
1 ,Q

(1)
2 ,Q

(2)
2 ) = 1

2
R

(1)
1 (Q

(1)
1 ,Q

(1)
2 ) + 1

2
R

(2)
1 (Q

(2)
1 ,Q

(2)
2 )

v
(OL)
2 (Q

(1)
1 ,Q

(2)
1 ,Q

(1)
2 ,Q

(2)
2 ) = 1

2
R

(1)
2 (Q

(1)
2 ,Q

(1)
1 ) + 1

2
R

(2)
2 (Q

(2)
2 ,Q

(2)
1 ).

(9)

Here we casted the considered scenario into an open loop coordination-based equilibrium, but the game

can also be seen as a hierarchical decision making problem. The present problem is a hierarchical decision

making problem since, for a given realization of S, the last decoded user can be seen as a leader and the

other as a follower. In our case however, the leader does not care about the follower since the actions

of the follower have no impact on the leader. We note that the concept of the leader and followers are

also present in the Stackelberg formulation. Indeed, by introducing a utility function for the BS, the
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Stackelberg formulation of [7] could be applied here but in this case the BS should be involved and send

a certain amount of control signal, which is not always negligible, especially when K increases. If the BS

can use the information on the channels in order to choose the decoding order, then the signal S sent to

the MSs provides them with some information on the channel conditions. This allows the users to have

some information on the channel conditions and therefore we can refer to this scheme as closed-loop

coordination. We can then replace Hk by Hs
k which has the interpretation of the channel condition of

user k given that it receives the signal s. If the decision on the decoding order is such that the statistical

assumptions on Hs
k are those we had on Hk (for example eq. (1) still holds with a possible dependence

of the parameters with s) then we can still use eq. (7) and (8) for the utilities except that H will now also

depend on the coordination signal. The equilibrium policies thus derived in the open loop case extend

easily to the closed-loop situation.

IV. DETERMINING THE OPTIMUM COVARIANCE MATRICES IN THE TWO SCENARIOS OF INTEREST

As in [19][20][6] we distinguish two steps in the determination of the optimum covariance matrices: the

optimum eigenvectors are determined in Sec. IV-A by exploiting [6][20] while the optimum eigenvalues

are determined in Sec. IV-B by approximating the utility functions under the large system assumption.

A. Optimum eigenvectors

From now on we focus on the case with no coordination and single-user decoding at the BS and the

case with coordination and successive decoding. In [6] the authors have determined the optimum structure

for the transmit covariances matrices that maximizes the channel sum-rate. The proof of [6] can be reused

and extended to the case where R is arbitrary in order to assert that there is no loss of optimality for

u
(SU)
k and v

(OL)
k by restricting the search for the optimum covariance matrix by imposing the structure

Qk = UkPkU
H
k where Tk = UkDkU

H
k is the spectral decomposition of the transmit correlation matrix

defined in (2) and the diagonal matrix Pk = Diag(Pk(1), ..., Pk(nt)) represents the powers of user k
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allocated to the different eigenvectors. This is what states the following theorem, which is proved in

Appendix B.

Theorem 4.1 (Optimum eigenvectors): For all k ∈ {1, 2}, let Qk be the set of nt×nt Hermitian matrices

such that Tr(Qk) ≤ ntP k i.e. Qk =
{
Qk ∈ Cnt×nt : Qk = QH

k , Tr(Qk) ≤ ntP k

}
. Additionally, let Sk be

the subset of Qk such that Qk = U kP kU
H
k where Uk represents the eigenvectors of Tk. Then, for any

Q−k ∈ Q−k:




max
Qk∈Qk

u
(SU)
k (Qk,Q−k) = max

Qk∈Sk

u
(SU)
k (Qk,Q−k)

max
(Q

(1)
k ,Q

(2)
k )∈Q2

k

v
(OL)
k (Q

(1)
k ,Q

(2)
k ,Q

(1)
−k,Q

(2)
−k) = max

(Q
(1)
k ,Q

(2)
k )∈S2

k

v
(OL)
k (Q

(1)
k ,Q

(2)
k ,Q

(1)
−k,Q

(2)
−k).

(10)

This result is instrumental in our context: the best strategy for each user is always to choose an

eigenvector basis which matches his own transmit correlation matrix and therefore does not depend on

the channels of the other users. This reduces the PA game to the choice of the transmit powers only.

B. Optimum eigenvalues: a large system approach

1) Asymptotic regime: We have shown that for the two decoding schemes considered and for each user,

there is no loss of optimality by choosing the eigenvectors of Qk to be equal to those of Tk = UkDkU
H
k .

As a consequence, one can exploit the asymptotic results of [21][14] derived for fading MIMO single-

user channels with transmit and receive antenna correlation. This will lead us to simple approximations

of the utility functions, which will make easier the optimization of the eigenvalues of the user transmit

covariance matrices.

From now on, we assume the asymptotic regime in terms of the number of antennas, which is defined

by: (a) nt → ∞; (b) nr → ∞; (c) lim
nt→∞,nr→∞

nt

nr

= c where 0 < c < ∞. For each user k ∈ {1, ..., K},

we also suppose that dk(1), ..., dk(nt), which are the elements of the diagonal matrix Dk defined in Sec.

IV-A, have an empirical distribution that converges to a p.d.f. fk(t) i.e.
1

nt

nt∑
i=1

δ(t− dk(i)) → fk(t).

2) No coordination and single-user decoding: Under the assumptions made above, the capacity per

receive antenna Csum

nr
can be shown to converge almost surely towards a certain quantity, denoted by γsum,
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which can be obtained by applying Theorem 3.7 of [21]. It can be verified that:

Csum

nr

→ 1

nr

K∑

`=1

nt∑
i=1

log2 [1 + KρP`(i)d`(i)α] +
1

nr

nr∑
j=1

log2

[
1 + Kρd(R)(j)β

]− ntK
2

nr

ραβ log2 e (11)

where the coefficients d(R)(j) correspond to the spectral decomposition of the receive correlation matrix

R = URDRUH
R with DR = Diag(d(R)(1), ..., d(R)(nr)) and the pair (α, β) is the unique solution [22][23]

of the following system of equations:




α =
1

Knt

nr∑
j=1

d(R)(j)

1 + Kρd(R)(j)β

β =
1

Knt

K∑

`=1

nt∑
i=1

P`(i)d`(i)

1 + KρP`(i)d`(i)α
.

(12)

In practice, for finite nt, nr the utility function u
(SU)
k is therefore approximated by ũk defined as

ũk = nr × lim
nt→∞,nr→∞

Csum

nr

. This defines an approximate game. For each user k, we want to determine

the optimal way, in the sense of his approximated utility function ũk, to share its available power between

the transmit antennas. To solve this constrained optimization problem we introduce the Lagrange multiplier

λk and define the function

Lλk
(Pk(i)) , ũk − λk ×

(
nt∑

j=1

Pk(j)− ntP k

)
(13)

and search for the solution(s) P ∗
k (i) such that

∂Lλk

∂Pk(i)
= 0. The solution of the corresponding optimization

problem is stated through the following theorem.

Theorem 4.2 (Optimum eigenvalues for single-user decoding): Assume that the pair (α, β) is the so-

lution of the system of equations (12). Then the spatial power allocation maximizing the constrained

approximated utility function (13) is given by the following water-filling solution:

P ∗
k (i) =

[
1

nr ln 2λk

− 1

Kρdk(i)α

]+

(14)

where we used the notation [x]+ = max(x, 0).

The proof of this theorem is provided in Appendix C. In the water-filling procedure the Lagrangian

multiplier λk, for user k, is tuned in order to meet the power constraint
nt∑
i=1

P ∗
k (i) = ntP k. Note that the
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power allocation for a given user k is based on the knowledge of the statistics of his channel but also

others through β. We are now in position to describe the proposed (iterative) power allocation algorithm:

1) Initialize α with a value in the interval [αmin, αmax] with αmin = 1
Knt

∑nr

j=1
d(R)(j)

1+Kρd(R)(j)
and αmax =

1
Knt

∑nr

j=1 d(R)(j).

2) Apply water-filling over the dk(i) by using equation (14) in order to find Pk(i) for all i ∈ {1, ..., nt}

and k ∈ {1, ..., K}.

3) By using the powers obtained at the previous step, update the value of α by searching for the

solution of the system of equations (12).

4) If α has not converged (fix an arbitrary accuracy level on α) go to step 1. Otherwise, apply for the

last time step 2 and stop the iterative procedure.

A similar algorithm has been used by [24][25] in order to derive the capacity of single-user Rician

MIMO channels with antenna correlation. Based on the results of [24][25] one is insured that the

approximated utility function ũk is a strictly concave function of the transmit power vectors {P 1, ..., PK},

with ∀k ∈ {1, ..., K}, P k = (Pk(1), ..., Pk(nt)), and if the iterative power allocation algorithm converges5,

it converges towards the global maximum. As the MSs are assumed to implement the proposed power

allocation algorithm, which is based on an approximation, it is essential to have these properties since,

provided the algorithm convergence, they guarantee the existence and uniqueness of an equilibrium in

the proposed approximated game, whereas this result was only guaranteed in the exact game described

in Sec. IV-A. Therefore, for all P k, ũk(P
∗
k, P

∗
−k) ≥ ũk(P k, P

∗
−k) where P ∗

−k stands for the strategies of

all the users except for user k.

Now we provide a modified version of the iterative power allocation algorithm described above. In this

modified version we exploit the idea of asymptotic water-filling, originally introduced by [26]. This second

version, which is described below, has essentially two advantages and one drawback. The asymptotic

water-filling used in this version not only allows us to restrict the knowledge of the transmitters to the

5The authors of [24][25] observed through simulations in many different scenarios that their algorithm always converged.
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p.d.f. fk(t), k ∈ {1, ..., K} instead of the knowledge of the values of dk(1), ..., dk(nt) but also simplify

the convergence analysis of the iterative algorithm, which will not be conducted here. The drawback is

that in order for the empirical distribution of the eigenvalues dk(1), ..., dk(nt) to be well approximated

by the p.d.f. fk(t), nt and nr need to be relatively high. Indeed, the first version of the power allocation

algorithm only relies on the approximation of the EMI, which is accurate for small values of nt, nr as it

will be seen in the simulations.

Let us describe the algorithm in question. Only for sake of clarity we assume here that R = I. By

assuming a known law fk for the diagonal terms dk(i), so that

1

nt

nt∑
i=1

1

dk(i)
→

∫
fk(t)

t
, (15)

we can see that the water level µk = nr ln 2λk can be expressed analytically and only depends on the

distribution of dk(i) according to the following relation, which is obtained from (14) and the power

constraints:

P k =

∫ +∞

0

[
1

µk

− 1

Kρtα

]+

fk(t)dt =

∫ +∞

µk
Kρα

(
1

µk

− 1

Kρtα

)
fk(t)dt. (16)

Therefore µk can be obtained through the following fixed-point equation:

µk =

∫ +∞

µk
Kρα

fk(t)dt

P k + Kρα

∫ +∞

µk
Kρα

fk(t)

t
dt

. (17)

Now, by eliminating β in the system of equations (12), using the fact that d`(i)
1+KρP`(i)d`(i)α

= µ`

Kρα
(to

check this see Appendix C) when a non-zero power is allocated to the ith antenna, using the expression

of P ∗
` (i) (eq. (14) and using the p.d.f fk(t) instead of dk(i) in the asymptotic regime, we obtain the

following equation: α +
1

K

K∑

`=1

∫ +∞

µ`
Kρα

(
1− µ`

Kραt

)
f`(t)dt =

1

Kc
. The second iterative algorithm follows.

First, initialize the value of α as indicated in the first algorithm. Find, for every k, the asymptotic water

level µk through eq. (17). Use these water levels to update α through the latter equation. Repeat this

procedure till α has converged. Finally, apply the water-filling equation (14). We see that the convergence

analysis amounts to studying the convergence of α and µk over iterations, which seems to be a, perhaps
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not trivial, but feasible task. To this end a transmit correlation profile has to be chosen and derive the

corresponding p.d.f. fk(t). For instance the authors of [27] have calculated it for an exponential correlation

profile: ∀(i, j) ∈ {1, ..., nt}2, Tk(i, j) = r
|i−j|
k where rk is the correlation coefficient characterizing the

correlation matrix Tk (this model is assumed in the simulations in Sec. V). The latter authors showed that

fk(t) =
1

πt
√−t2 + 2akt− 1

if
1− rk

1 + rk

< t <
1 + rk

1− rk

and 0 otherwise, with ak , 1+r2
k

1−r2
k
. The convergence

analysis could be considered as an extension of this paper.

3) Open loop coordination and successive decoding : In the case where the BS applies successive

decoding in the order indicated by the coordination signal the equilibrium and the iterative algorithm

analyses can be conducted by using the same reasoning as used previously. In this section we will

only provide the expressions of the optimum transmit powers. Assume that S = 1. Then the achievable

transmission rates for the two users are:



u
(1)
1 (Q

(1)
1 ,Q

(1)
2 ) = 1

2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1

∣∣∣
]

︸ ︷︷ ︸
τ1

u
(1)
2 (Q

(1)
2 ,Q

(1)
1 ) = 1

2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1 + ρH2Q
(1)
2 HH

2

∣∣∣
]

︸ ︷︷ ︸
τs

−1
2
E

[
log2

∣∣∣I + ρH1Q
(1)
1 HH

1

∣∣∣
]

︸ ︷︷ ︸
τ1

.

(18)

By exploiting the results of Sec. IV-A, Theorem 3.7 of [21] and choosing in this theorem K to be equal

to the number of terms of the type HkQkH
H
k present in the argument of the operator E[log |.|] to be

approximated, it can be checked that

τ1

nr

→ 1

nr

nt∑
i=1

log2

[
1 + ρP

(1)
1 (i)d1(i)α1

]
+

1

nr

nr∑
j=1

log2

[
1 + ρd(R)(j)β1

]− nt

nr

ρα1β1 log2 e (19)

where 



α1 =
1

nt

nr∑
j=1

d(R)(j)

1 + ρd(R)(j)β1

β1 =
1

nt

nt∑
i=1

P
(1)
1 (i)d1(i)

1 + ρP
(1)
1 (i)d1(i)α1

.

(20)

The proof of Theorem 4.2 can be re-used here. Then, optimizing the approximated rate

τ̃1 = nr × lim
nt→∞,nr→∞

τ1

nr

w.r.t. P
(1)
1 (i) leads to the following water-filling equation

P
(1),∗
1 (i) =

[
1

nr ln 2λ1

− 1

ρd1(i)α

]+

. (21)
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We also know that user 2 will maximize the term τ̃s = nr × lim
nt→∞,nr→∞

τs

nr

by choosing his input

covariance matrix to be structured as Q2 = U2P2U
H
2 with

τs

nr

→ 1

nr

2∑

`=1

nt∑
i=1

log2

[
1 + 2ρP

(1)
` (i)d`(i)α2

]
+

1

nr

nr∑
j=1

log2

[
1 + 2ρd(R)(j)β2

]− 4nt

nr

ρα2β2 log2 e (22)

where 



α2 =
1

2nt

nr∑
j=1

d(R)(j)

1 + 2ρd(R)(j)β2

β2 =
1

2nt

2∑

`=1

nt∑
i=1

P
(1)
` (i)d`(i)

1 + 2ρP
(1)
` (i)d`(i)α2

.

(23)

Eventually the powers for user 2 can be determined by

P
(1),∗
2 (i) =

[
1

nr ln 2λ2

− 1

2ρd2(i)α2

]+

. (24)

V. NUMERICAL RESULTS

First we show that in order to make the large system approximation accurate the numbers of antennas

do not need to be very high. This is especially true when the metric of interest is the EMI since one

benefits from a double averaging effect, one from the randomness of the matrices into play and the

other one from the expectation operator. Fig. 1 shows that the relative error is less than 5 % even for a

2× 2 MIMO system. Fig. 2 compares the most simple decentralized power allocation scheme, which is

the uniform scheme, with the optimized power allocation scheme when no coordination and single-user

decoding are assumed. Since single-user decoding is used at the BS, the system performance is inteference-

limited, which clearly appears in the high SNR regime. We note a significant performance gap between

the uniform and optimized schemes. Fig. 3 and 4 represent the sum-rate versus K for different power

allocation schemes. Here we assumed P 1 = ... = PK . We see that coordinating the system with a (free)

equiprobable random signal allows us to be quite close to the (centralized) MIMO MAC sum-capacity,

which shows the interest in the proposed scheme in typical simulation scenarios.

VI. CONCLUSIONS

Our goal was to design PA algorithms in fast fading MIMO channels with correlation while minimizing

the amount of control signal from the BS. To this end we only assumed CSIR and CDIT. We saw that
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for the four scenarios introduced there was systematically an equilibrium, which effectively allows the

mobiles to choose their PA policies by themselves in order to selfishly optimize their ergodic transmission

rates. Let us briefly summarize. No coordination + SU: our choice of utility functions led us to a team

problem or a global optimization problem. This is thus a special case of a NE. A general NE would

be obtained by choosing u
(SU)
k = I(xk; y|H) (extension 1). No coordination + SIC: there exists a NE.

Studying this case in details would require the uniqueness analysis (ext. 2). Open loop coordination +

SIC: there is a unique equilibrium. By choosing a more sophisticated coordination signal (from the BS)

one can extend the open loop approach presented in this paper to a closed loop approach for MIMO

channels (ext. 3). For the two scenarios detailed in this paper we obtained the optimum PA by identifying

the optimum eigenvector structure and exploiting the large system assumption, which was shown to be

valid for 2×2 MIMO systems. This allowed us to design simple iterative PA algorithms. These algorithms

always converge in simulations but a convergence result could be obtained (ext. 4) to give more theoretical

value to these algorithms. We also think that the large systems analysis, when applicable, is a relevant tool

in game theoretic frameworks since the underlying averaging effects make predictable certain quantities,

which is in favor of having equilibria since the players can predict the strategies of others more easily.

Our results could be extended to Rician channels (ext. 5) by using the recent RMT-based results of [24]

for SU channels and those of [28] for centralized MACs, whereas cumbersome and greedy optimization

procedures would be needed to conduct the proposed extension.

APPENDIX A

STRICT CONCAVITY OF THE MAC MIMO ERGODIC SUM-RATE

The ergodic sum-rate writes E

[
log2

∣∣∣∣∣I + ρ

K∑

k=1

HkQkH
H
k

∣∣∣∣∣

]
= E

[
log2

∣∣I + ρHQHH
]∣∣ , f(Q) with

H = [H1 . . .HK ] and Q = Diag(Q1, ...,QK). Proving that the ergodic sum-rate is strictly concave

w.r.t. Q is equivalent to proving that the function φ(λ) = f(λQ1 + (1 − λ)Q2) is strictly concave w.r.t.

λ over the interval [0, 1] for any pair of matrices (Q1,Q2). It can be checked that the second derivative
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of φ is given by:

φ′′(λ) = −ETr
[(

I + ρHHHQ
)−1

ρHHH∆Q
(
I + ρHHHQ

)−1
ρHHH∆Q

]

= −ETr
[
∆Q

1
2

(
I + ρHHHQ

)−1
ρHHH︸ ︷︷ ︸

A

∆Q
1
2 ∆Q

1
2

(
I + ρHHHQ

)−1
ρHHH∆Q

1
2

] (25)

with Q = λQ1 + (1− λ)Q2 and ∆Q = Q1−Q2 . As the matrix A can be checked to be Hermitian, the

matrix B = ∆Q
1
2A∆Q

1
2 is also Hermitian and therefore φ′′(λ) = −E [

Tr(BBH)
]

< 0.

APPENDIX B

OPTIMUM EIGENVECTORS FOR DECENTRALIZED MIMO MAC WITH DOUBLE-SIDED CORRELATION

To prove Theorem 4.1 for u
(SU)
k we follow exactly the same steps as [6] and use an additional

argument due to the fact that the receive antenna can be correlated here. By definition H` = R
1
2Θ`T

1
2
` =

URD
1
2
RUH

RΘ`U`D
1
2
` UH

` , where Θ` is a zero-mean i.i.d. Gaussian identity covariance random matrix.

Using the fact that multiplying Θ` by a unitary matrix does not change its joint distribution and the fact

that |UMUH + I| = |M + I| for any unitary matrix U one can write:

max
Qk

u
(SU)
k =

max
Qk

E

[
log2

∣∣∣∣∣I + ρ

K∑

`=1

URD
1
2
RUH

RΘ`U`D
1
2
` UH

` Q`U`D
1
2
` UH

` ΘH
` URD

1
2
RUH

R

∣∣∣∣∣

]
=

max
Qk

E

[
log2

∣∣∣∣∣I + ρ

K∑

`=1

D
1
2
RΘ`D

1
2
` UH

` Q`U`D
1
2
` ΘH

` D
1
2
R

∣∣∣∣∣

]
.

(26)

Then we can spectrally decompose the matrix D
1
2
` UH

` Q`U`D
1
2
` = Ũ`D̃`Ũ

H
` and write that

max
Qk

u
(SU)
k = max

Qk

E

[
log2

∣∣∣∣∣I + ρ
K∑

`=1

D
1
2
RΘ`Ũ`D̃`Ũ

H
` ΘH

` D
1
2
R

∣∣∣∣∣

]

= max
Qk

E

[
log2

∣∣∣∣∣I + ρ

K∑

`=1

D
1
2
RΘ`D̃`Θ

H
` D

1
2
R

∣∣∣∣∣

]
. (27)

We see that the function to be optimized depends on the eigenvectors Ũk only through the power constraint

Tr(Qk) = Tr(ŨH
k D−1

k ŨkD̃k) ≤ nt. The matrix Ũk can be chosen arbitrarily provided it meets the power

constraint Tr(Qk) ≤ nt. The choice Ũk = I is feasible since Tr(D−1
k D̃k) ≤ Tr(ŨH

k D−1
k ŨkD̃k) ≤ nt.

This shows that Qk can be chosen without loss of optimality to be structured as: Qk = UkD
−1
k D̃kU

H
k .
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For the optimization of v
(OL)
k one has to note that for each user k ∈ {1, 2}, Q

(1)
k and Qk(2) are optimized

independently. For a given realization s of S, the optimum structure of Q
(s)
k for the interference-free

channel follows from [20]. For the other user re-use the derivation for u
(SU)
k to conclude the proof.

APPENDIX C

PROOF OF THEOREM 4.2

In the proof provided here we assumed for clarity R = I but the result can be easily proved to hold in

the general case. We want to derivate the utility function ũk given by eq. (22). It turns out that the partial

derivative with respect to Pk(i) is the same as it would be if α and β would be assumed to be independent

of these quantities. This result is useful because it allows us to cope with the convergence issue of the

quantities α, β towards strict constants as the numbers of users and dimensions grow. Therefore, the

main interest in the proposed derivation is that one does not need to assume α or β to be independent

of Pk(i). Otherwise the result can be obtained much more easily. We want to prove that the derivative of

the approximated utility of user k can be expressed as:
∂γsum

∂Pk(i)
=

1

nr ln 2

Kρdk(i)α

1 + KρPk(i)dk(i)α
. We have:

nrγsum = log2

{∏

`,j

[1 + KρP`(j)d`(j)α(Pk(i))]× (1 + Kρβ(Pk(i)))
nre−ntK2ρα(Pk(i))β(Pk(i))

}
.(28)

Define u ,
∏

`,j

[1 + KρP`(j)d`(j)α(Pk(i))] and v , (1 + Kρβ(Pk(i)))
nre−ntK2ρα(Pk(i))β(Pk(i)).

With these notations:
∂nrγsum

∂Pk(i)
=

1

ln 2

1

uv

∂uv

∂Pk(i)
. It turns out that

∂uv

∂Pk(i)
= uv × Kρdk(i)α

1 + KρPk(i)dk(i)α
.

This is what we want to show. We want to derivate the function u. As u is a product of func-

tions u`,j , i.e. u =
∏

`,j

u`,j , its derivative u′ can be written as: u′ = u × ∑
`,j

u′`,j

u`,j
. More precisely

u′ =
∏

`′,j′
[1 + KρP`′(j

′)d`′(j
′)α]

︸ ︷︷ ︸
u

∑

`,j

N(`, j)

1 + KρP`(j)d`(j)α
where

N(`, j) =

∣∣∣∣∣∣∣∣

KρP`(j)d`(j)α
′ if (`, j) 6= (k, i)

Kρdk(i)(α + Pk(i)α
′) if (`, j) = (k, i).

Using a similar reasoning for v one can check that v′ = v ×Kρ
[

nrβ′
1+Kρβ

−Knt(α
′β + αβ′)

]
. Now using

the relations proved in the previous steps we have that



19

∂uv

∂Pk(i)
= u′v + uv′

= uv ×
{∑

`,j

N(`, j)

1 + KρP`(j)d`(j)α
+ Kρ

[
nrβ

′

1 + Kρβ
−Knt(α

′β + αβ′)
]}

= uv ×




∑

(`,j)6=(k,i)

KρP`(j)d`(j)α
′

1 + KρP`(j)d`(j)α
+

Kρdk(i)(α + Pk(i)α)′

1 + KρPk(i)dk(i)α
+ Kρ

[
nrβ

′

1 + Kρβ
−Knt(α

′β + αβ′)
]



Now using the definitions of α and β (see eq. (12)) we find, after simplifications, the proposed expression

for the derivative of γsum. Finally, by setting the derivative of Lλk
(Pk(i)) to zero we find equation (14).
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Fig. 1. Relative error [%] on the EMI as a function of SNR for different sizes of MIMO systems: 2×2, 4×4, 8×8 with K = 1, r1 = 0.5,

R = I.
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Fig. 2. Ergodic sum-rate as a function of SNR for the optimized power allocation and uniform power allocation when K = 2, nt = nr =

4, r1 = 0.2, r2 = 0.8 in the scenario –no coordination + single-user decoding–.
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Fig. 3. Sum-rate as a function of the number or users for different power allocation schemes: 1. Team game + SIC + optimal power

allocation (sum-capacity); 2. Open loop coordination + SIC + optimal power allocation; 3. Open loop coordination + SIC + uniform power

allocation; 4. No coordination + SU + optimal power allocation. Setup: nt = nr = 4, rk = 0.4, rR = 0.2, ρ = 3 dB.
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Fig. 4. Sum-rate as a function of the number or users for different power allocation schemes: 1. Team game + SIC + optimal power allocation

(sum-capacity); 2. Open loop coordination + SIC + optimal power allocation; 3. Open loop coordination + SIC + uniform power allocation;

4. No coordination + SU + optimal power allocation. Setup: nt = nr = 4, r = (0.4, 0.6, 0.4, 0.3, 0.7, 0.2, 0.5, 0.3), rR = 0, ρ = 10 dB.


