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a b s t r a c t

In this work, we characterize the performance of Picocell networks in the presence of
moving users. We model various traffic types between base-stations and mobiles as
different types of queues. We derive explicit expressions for expected waiting time,
service time and drop/block probabilities for both fixed as well as random velocity of
mobiles. We obtain (approximate) closed form expressions for optimal cell size when the
velocity variations of the mobiles is small for both non-elastic as well as elastic traffic. We
conclude from the study that, if the expected call duration is long enough, the optimal
cell size depends mainly on the velocity profile of the mobiles, its mean and variance. It
is independent of the traffic type or duration of the calls. Further, for any fixed power of
transmission, there exists a maximum velocity beyondwhich successful communication is
not possible. This maximum possible velocity increases with the power of transmission.
Also, for any given power, the optimal cell size increases when either the mean or the
variance of the mobile velocity increases.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

Since the time 3G technology was designed and deployed, various other technologies have appeared. The ambitious
objectives in terms of quality of service offered by 3G technology turned to be quite expensive, which made the 3G
technology vulnerable to cheaper competing technologies such as WIFI. Picocell technology has been recently proposed as
an alternative that offers some basic connectivity andmobility support, and is yet sufficiently simple so as to be economically
competitive [1,2]. To prevent a large number of handovers that would result from the small size of the cells [3,4], it has been
proposed to group together a number of Picocells in one virtual Macrocell and to restrict the effort of preventing losses due
to the handover only to those handovers that occur between Picocells of the same virtual cell. In between the Picocells some
fast switching mechanisms are proposed such as frequency following mechanism where the frequency used by a mobile
follows it from one Picocell to the next. This requires reserving the same channel for a user in the entire Macrocell.

In this paper we consider a large Macrocell divided into a number of Picocells and study the impact of mobility on such
systems, especially the effect of frequent handovers. We assume that the ongoing call is never dropped at the Picocell
boundary, however base station switching (BSS) at any Picocell boundary requires some fixed amount of information (in
terms of bytes) to be exchanged. There is however a possibility of calls being dropped at Macrocell boundaries. We further
assume that the active users cross Macrocell boundaries at maximum once, i.e., the calls always end before reaching the
second Macro boundary. The handovers at the Macrocell boundaries are modeled as independent Poisson process (this is a
commonly made assumption, for example see [5,6]).
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(0) 4 90 84 35 01.
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This paper has several goals. First, to model the system so as to predict its performancemeasures. We are thus interested
in developing tools using spatial queuing, that take into account not only the instantaneous geometry but also the way it
varies in time. It should thus account for the impact of the speed of the users. We model the Macrocells by various types
of queues and well-known results from queuing theory (for example [7]) are used to obtain performance measures like
expected waiting time, expected service time, drop or blocking probabilities, etc. We shall use these results for preliminary
dimensioning purposes in planning the Picocell network catering to pedestrian and vehicular mobility, typical of urban
and sub-urban areas. We derive closed form expressions of useful performance metrics considering free space path loss,
handover constraints, traffic type etc. We also obtain closed form expressions for optimal cell size, optimal for various
performance metrics, when all the users move at the same fixed velocity. To derive these performance measures, we would
require themoments of the time taken by the system to serve1 the customers, which in our casewill equivalently be the time
theMacrocell spends on a call.We derive the expressions for these service times, duringwhich the information is exchanged
between the moving user and the set of appropriate base stations (which it encounters during its journey), using variable
rate of transmission. We further simplify the expressions for service time under the following assumption: in a typical
Picocell network, a moving user would have traversed across a number of cells before the completion of call. In this system,
arrivals occur in space and the service time depend on the position, movement of the user and the serving base station(s).
The queues modeling these systems are referred to as spatial queues and have been used in interesting applications [8–11].
We make the following theoretical and or simulation based observations:

(1) Maximum possible velocity: For any fixed power of transmission P , there exists a maximum user velocity Vlim(P) and the
users moving at speeds greater than Vlim can not successfully communicate with the BS;

(2) Larger cells for larger velocities: Given P , the optimal cell size increases with an increase in the highest velocity that the
system has to support. This is true as long as the highest velocity is less than Vlim(P). However the system cannot cater
for velocities above the limit Vlim(P), even if one increases the cell size indefinitely.

(3) Insensitivity to application: The optimal cell size remains the same for non-elastic (NES) as well as elastic (ES) calls for
large file sizes, when the rest of the parameters remain same.

(4) Two dimensional Manhattan Grid: The one dimensional results can be applied directly to a two dimensional regular street
grid (for example [12,13]).

We extended the analysis to systems, where (negligible number of) call drops can also occur at Pico boundaries, and
obtained some initial results. These results and 2D grid extensions are new in comparison with the WiOpt paper [14]. To
completely avoid call drops at Pico boundaries, one needs a centralized call admission control (a control based on the total
number of calls in the entire Macrocell). This requirement can be relaxed if one can design a system delivering the required
QoS, in spite of (negligible) call drops at Pico boundaries. We consider one such system (with decentralized call admission
control) and obtain closed form expressions for the optimal cell size catering to non-elastic traffic.

In [15], we extended the analysis to a hexagonal 2D cellular structure in which the users can move in any direction
across the cell. The 2D system also considers possible drops at Pico boundaries as well as works with a more distributed call
management system.

Several authors have examined the impact ofmobility on the performance ofwireless networks. The authors in [16], have
shown thatmobility in fact increases the capacity in ad hoc networks. In [17], the authors discuss the trade off between delay
and achievable throughput in the presence of mobility in wireless ad-hoc networks. Further, in [18–21], the authors discuss
the impact of inter and intra-cell mobility on capacity, flow level performance, trade-off between throughput and fairness,
etc. They show that mobility tends to increase the capacity with globally optimal as well as fair sharing policies, when the
base stations interact. In conclusion, we see that the mobility (via multiuser diversity, opportunistic scheduling etc.) can in
fact improve the overall performance of the system. However, most of the work assume that the handovers occur without
extra cost. But in reality, each handover requires exchange of some information between the user and the new BS and
has a risk of not finding free resources in the new cell. Our work mainly focuses on these issues which become significant
whenever the frequency of handovers increases, as in the case of Picocell networks.

We describe our system in Section 2 while the service time is discussed in Section 3.1 and is optimized in 3.5. The NES,
ES calls are modeled by the appropriate queuing models and performance measures are derived in Sections 3.7 and 3.8
respectively. The two dimensional regular street grid is studied in Section 4 while the numerical examples are provided
in Section 5. Some initial results on a system with possible call drops at Picocell boundaries and with a decentralized call
admission control are in Section 6. Some lengthy derivations are provided in two appendices (Appendices A and B) placed
at the end of the paper.

2. Systemmodel

We consider a Macrocell, [−D,D], divided into a number of Picocells of length L. Each Picocell has a base station (BS)
located at the center and all these BS communicate to a central unit (CU), which controls the entire system.We assume that

there is no interference between any two transmissions.

1 Throughout we use the terms from queuing theory like arrivals, service time etc.
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Traffic types: Define the waiting time as the duration between the arrival of the call and the instant its service starts. We
consider two types of traffic: elastic (ES) and Non-elastic (NES). The two types of calls result from two different types of
applications. The non-elastic traffic (multimedia streaming, voice calls etc.) is very sensitive to the waiting time. These
callers can tolerate some errors in transmission (for example in voice calls the ears cannot distinguish the errors when they
are below a certain perception limit) but are very impatient. They in fact drop the call if not picked upwithin a small waiting
time. An elastic traffic (e.g., a data call) on the other hand can wait for some time before it is picked up, but is very sensitive
to errors in transmission. In such calls, the natural performance metric is either the expected waiting time or the expected
sojourn time, while the probability of a call being blocked, PB and the drop probability, i.e., the probability that an ongoing
call is dropped before completion, PD are important performance measures for NES calls. Systems are designed with more
stringent requirements on PD than PB. The two types of users are assumed to be served using independent set of resources.

Arrivals: The two (ES, NES) arrivals are modeled by two independent Poisson arrivals with rates λ. Every arrival is associated
with Marks (X, V , S): X ∈ [−D,D] the location of arrival, S the file size requirement and V the user’s velocity, distributed
respectively according to Pn,X , Pn,V and Pn,S with respective densities fn,X , fn,V and fn,S . Let Pn := (Pn,X , Pn,V , Pn,S). We assume

symmetry in both directions, i.e., that Pn((X, V , S) ∈ A) = Pn((X, V , S) ∈ −A) for all Borel sets A. In this paperwe thus calculate
and analyze without loss of generality (w.l.g.) for V ≥ 0.

Handovers: Inmajor parts of this paper (except for Section 6), we assume that handovers are completely successful at Picocell
boundaries. However, we do not assume the same for Macrocell boundaries, i.e., a crossover into a new Macrocell results
in a successful handover only if the new Macrocell has free servers. We model each handover into a Macrocell as a Poisson
arrival, stochastically independent of the new call arrivals (as done for example in [5,6]). We further assume that there can
be at maximum one handover, i.e., the calls get finished before reaching the second Macrocell boundary. This simplifies the
analysis to a good extent and is quite a good assumption as the Macrocells are typically large in dimension. We consider
generalization of this assumption in our future work. Lastly in Section 6 we obtain some initial results by relaxing the
’handovers at Pico boundaries are completely successful’ assumption.

Radio conditions: The BS communicates with the mobiles using a wireless link, at a rate that depends upon the distance
between the two. Since our primary focus is on mobility we implicitly consider Picocells deployed outdoors, for example
urban, suburban scenarios. Hence we can assume significant line of sight signal. Further, Picocells being small in size, it will
be sufficient to consider only the direct path for communication. A user located at x communicates with BS of cell m using
unit transmit power (when receiver noise variance is one) at rate2 given by,

R̄(x;m) := 1{|x−(mL− L
2 )|≤d0} + 1{|x−(mL− L

2 )|>d0}d0
β

∣∣∣∣x −
(
mL − L

2

)∣∣∣∣
−β

, (1)

where β ≥ 1 represents path loss factor and d0 > 0 is a small distance up to which there is no propagation loss. The above
model is valid for systems with low signal to noise ratios, where the rates are directly given by the SNRs.

3. System analysis

The users are moving continuously with a fixed but random velocity. The Macrocell can handle at maximum K parallel
calls. Transmission always occurs at fixed power P . Since Picocells are small in size, the movement of the users results in
frequent handovers. The number of handovers will be so large that it would be complicated to design a reliable system
without redundancy: We assume that every BS can also handle K parallel calls.3 This ensures that, once a call is picked up it
is not dropped at any Picocell boundary: when a user crosses over to a new BS, the new BS would at maximum be handling
K − 1 calls and hence will have at least one free server. However it is important to note that the maximum power used at
any time in the system equals KP . We further assume that:

(1) Every BSS (base station switching at a Picocell boundary) requires fixed Bh bytes of information to be communicated
(independent of the user’s velocity), after which the user’s service is resumed by the BS of the cell it just entered.

(2) The user is served by the BS of the Picocell in which it is moving, as it is physically nearest to this BS.

In the following sections up to and excluding Section 6, all the results are derived under the assumption that, no call
drops ever happen at Pico boundaries.

2 The analysiswill go through for any other rate functions, for example like R(x; 1) = (1+(x−L/2)2)−β/2[22], R(x; 1) = log[1+(1+(x−L/2)2)−β/2][22],
R(x; 1) = log[1 + (d

β

0 |x − L/2|−β 1{|x−L/2|>d0} + 1{|x−L/2|≤d0})] etc. Some of the simplifications that we obtain in subsequent sections, may not be possible
with these rate functions. However one can always conduct Monte Carlo simulations to obtain the required inferences.
3 In practical systems, each BS will haveM backup servers to manage handovers. This means each BS can handleM parallel calls. In generalM need not

be equal to K , howeverM has to be chosen large enough to ensure negligible call drops at Picocell boundaries, taking into consideration the large number
of handover associated with Picocells. With this large enough M the system’s behavior will be close to the system considered in this paper (the case with
M = K ).
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Fig. 1. User moving with velocity V along a line.

3.1. Time required for communicating S bytes (Bc)

Define by Bc(S, X, V ) the time required to communicate a packet of length S bytes to a user located at X (when the
service starts) and moving with velocity V . If the user can communicate at a fixed rate r bytes/s then the communication
time would have been S/r . The maximum rate at which a user can communicate with the BS in cell m is given by (1).
This position dependent rate varies: minimum when the user is at the cell edges and increases as the user moves towards
the cell center. This poses a need to calculate the communication time considering the variable rates. The location of
the user (under service) will change according to X(t) = X + Vt (Fig. 1). At time t , if the user is in cell m, i.e. if
X(t) ∈ [(m − 1)L,mL], it communicates with the BS of mth cell. Hence the user gets service at time varying rate given
by

R(t; X, V ) := PR̄(X(t);m) if t ∈
[

(m − 1)L − X

V
,
mL − X

V

]
.

Without loss of generality we consider the users, whose communication started in the first Picocell, i.e., with X ∈ [0, L]. The
communication time Bc required by the user, i.e., the time required to communicate S bytes satisfies:

S =
∫ Bc

0
R(t; X, V )dt. (2)

Let,

g(l) :=
∫ l/V

0
PR̄(Vt; 1)dt = P

∫ l

0
R̄(l′; 1)dl

′

V
,

represent the number of bytes communicated while the mobile traverses interval [0, l]. Note that (throughout it is assumed
that L > 2d0: one can easily show that the optimal cell size has to be greater than 2d0),

g(L) = Pd
β

0

V

∫ L/2−d0

0

(
L

2
− l

)−β

dl + Pd
β

0

V

∫ L

L/2+d0

(
l − L

2

)−β

dl + 2Pd0
V

=

⎧⎪⎪⎨
⎪⎪⎩

2Pd0
V (β − 1)

(
β −

(
L

2d0

)1−β
)

when β > 1

2Pd0
V

(log(L/2) − log(d0)) when β = 1.

(3)

For any m, the number of bytes communicated as the user traverses through mth Picocell (by change of variable l =
X + Vt − (m − 1)L),

∫ mL−X
V

(m−1)L−X
V

R(t; X, V )dt =
∫ mL−X

V

(m−1)L−X
V

PR̄(X + Vt;m)dt = P

V

∫ L

0
R̄(l; 1)dl = g(L)

and thus is independent of m. Out of this number, Bh number of bytes are dedicated for BSS. Hence, irrespective of the cell
which the user traverses, g(L) − Bh number of bytes are transmitted during the user’s journey via one Picocell. Thus the
communication time can have three components: (1) Time taken in the originated cell: (L − X)/V , (2) Time taken to travel
N full cells, where (with �t� representing the largest integer in t)

N = N(S, X, V ) :=
⌊

(S − (g(L) − g(X)))

g(L) − Bh

⌋

represents the number of cells traveled during the communication of S bytes and (3) Time taken in the cell in which the call
terminates, i.e., time taken to communicate leftover bytes

Sl := S − (g(L) − g(X)) − N(g(L) − Bh).
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Further a call can be handled only if the bytes that can be communicated while traversing through a cell g(L), is greater
than the number of bytes required for BSS Bh. From (2), the communication time Bc(S, X, V ) can be calculated as:

Bc(S, X, V ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
V

arg inf
l∈(X,L]

{(g(l) − g(X)) ≥ S} if S < (g(L) − g(X))

∞ if Bh > g(L)
L − X

V
+ N

L

V
+ 1

V
arg inf

l∈(0,L]
{g(l) − Bh ≥ Sl} else.

From (3), g is continuous and monotonically increasing function, so g−1 exists and thus:

Theorem 1. Time to communicate S bytes with a user initially located at X and moving with velocity V is,

Bc(S, X, V ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

g−1(S + g(X); V ) − X

V
if S < (g(L) − g(X))

∞ if Bh > g(L)

(L − X) + NL + g−1(Sl + Bh; V )

V
else, where

g−1(s; v) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

L

2
(1 − e− sv

Pd0 ) if β = 1
sv

Pd0
< log

(
L

2d0

)
L

2
+ 2d20e

−2

L
e

sv
Pd0 if β = 1

sv

Pd0
> log

(
L

2d0

)
+ 2

L

2
+ sv

P
− d0 log

(
L

2d0

)
− d0 if β = 1 else

L

2
−
(
sv(β − 1)

Pd
β

0

+
(
L

2

)−β+1
)β−1

if β > 1
sv(β − 1)

Pd
β

0

< d
−β+1
0 −

(
L

2

)−β+1

L

2
+
(
2βd

−β+1
0

β − 1
− sv(β − 1)

Pd
β

0

−
(
L

2

)−β+1
)β−1

if β > 1
sv(β − 1)

Pd
β

0

>
(β + 1)d−β+1

0

β − 1
−
(
L

2

)−β+1

L

2
+ dβ

0

β − 1

(
sv(β − 1)

Pd
β

0

+
(
L

2

)−β+1

− d
−β+1
0 β

)
if β > 1 else. �

Approximation : In Picocell based systems, a user traverses a large number of Picocells while receiving service. Hence the
communication time can be approximated by the product of number of cells, S/(g(L)−Bh), and the time taken for traversing
each cell L/V :

Bc(S, X, V ) ≈ S

g(L) − Bh

L

V
when g(L) > Bh. (4)

In Fig. 2 we show that this approximation is very good. We plot the expected value of actual communication time
(given in Theorem 1) and the expected value of the approximation (4), for two different velocity profiles. As expected
the approximation is very good, in fact for all velocity profiles (one can hardly distinguish the two lines in the
figure).

Remark 1. If a call is originated at position X and moves with velocity V �= 0 then, in case of ES applications, the call
will be picked up at a position Xs (=X + VW ; W the waiting time) different from X . It is difficult to estimate Xs (as W is
unknown) and the time taken to communicate S bytes, Bc , actually depends upon Xs but not on X . However with the above
approximation, Bc(S, Xs, V ) = Bc(S, V ), i.e., Bc does not depend upon the location of the user when its communication
started.

3.2. Maximum velocity handled by the system

Communication time, Bc , is finite only if the number of bytes transferred g(L) per cell is strictly greater than the bytes
required for BSS, Bh. The system cannot handle velocities for which the communication times are infinite and hence we
obtain (proof in Appendix A.1):
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Fig. 2. Approximation of communication time, Bc .

Theorem 2. When β = 1, for any transmit power P, system can handle all velocity profiles. When β > 1, there exists a bound

Vlim(P) < ∞ (increasing linearly with P) on the maximum velocity that can be handled by system, where

Vlim(P) := 2Pd0β
β − 1

. � (5)

Henceforth we consider only the velocity profiles that satisfy:

Pn,V (V < Vmax) = 1, where Vmax < Vlim(P). (6)

3.3. Service time: the time of the Macrocell spent for user’s service

The user reaches the boundary of the Macrocell starting from a point X in time:

B∂ (X, V ) := D − X

V
. (7)

The Macrocell has to serve the user either until all its S bytes are transmitted (which takes time Bc) or until the user reaches
the boundary. Thus, the overall service time requirement of the user in a Macrocell is BD := min{(D − Xs)/V , Bc(V , S)},
where Xs (defined in Remark 1) is the user position when its service starts. By Remark 1, Bc does not depend upon Xs. For
NES applications Xs = X the position of arrival. For ES applications, it is difficult to estimate Xs, instead we approximate
Xs with X , i.e., BD(X, V , S) ≈ min{B∂ (X, V ), Bc(V , S)}. The error in this approximation is given (with W representing the
waiting time) by:

Err = W1{Bc> D−X
V

} +
(
Bc − D − Xs

V

)
1{ D−Xs

V
<Bc<

D−X
V

}

and so for any k,

E[Ek
rr ] ≤ E[Wk1{Bc> D−X

V
−W }].

The error is small either whenever the number of servers is large (so waiting times are small) or when the Macrocell is large in

size (which usually is the case).

3.4. Macro handovers

Handovers are modeled as Poisson arrivals (as done in [5,6]). In this subsection we derive the other characteristics of the
handover calls.
Distribution of handover call marks (X, S): In general handover densities will be different from the new call densities fn,X , fn,S
and fn,V . As the users move in either direction with equal probability, Ph,X the position of handover arrival occurs either at
−D or at Dwith half probability. If handover occurs at −D the corresponding velocity will be positive, which is the case we
consider w.l.g. We assume fn,S is exponential, i.e., fn,S(s) = μe−μs for some μ > 0, in which case by memoryless property,
the handover density fh,S = fn,S .
Rate of handovers:With η(L) := Vg(L), let

ν(v, L) := η(L) − vBh

L
= v

g(L) − Bh

L
. (8)
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Then from (4) and (7),

Pho := Prob(B∂ < Bc) = En,X,V [e−μν(V ,L)(D−X)/V ] (9)

gives the probability that a call is not completed in one Macrocell. This precisely represents that fraction of new arrivals
which get converted into handover calls. So

λho := λPho

is the rate at which handovers occur.

Speed of handover arrival: A handover call arrives at X = −D with velocity v > 0 only if a new call with velocity v is not
completed before reaching the boundary. Here we use the assumption that handover occurs at maximum at one Macrocell
boundary, i.e., an handover call is not converted to another handover. Let

Pho,v := Prob(B∂ < Bc |v) = En,X [e−μν(v,L)(D−X)/v] (10)

represent the conditional probability given V = v. Then the handover speed distribution,

fh,V (v) = fn,V (v)Pho,v

Pho
.

3.5. Moments of service time

Under assumption (6), the kth moment of BD exists (whenever the corresponding for S and V−1 exist) and equals,
b(k) := EX,V ,S[(BD(X, V , S))k], where EX,V ,S is the expectation w.r.t. the (new call and handover call) joint distribution,

PX,V ,S := λ(Pn,X , Pn,V , Pn,S) + λho(Ph,X,V , Ph,S)

λ + λho

.

In Appendix A.2 we obtain (recall En is expectation w.r.t. Pn, the new call distribution):

b(k) = En

[
BD(x, v, s)k + BD(−D, v, s)kPho,v

1 + Pho

]
and (11)

db(k)

dL
= En

[
d
dL

(
BD(x, v, s)k + BD(−D, v, s)kPho,v

1 + Pho

)]
. (12)

3.6. Cell size optimizing the moments of the service time

The number of bytes that can be communicated in a cell increases with the increase in cell size: from (3) g is continuous
andmonotonically increasing w.r.t. L. For any given velocity there exists a minimum cell size (the smallest cell size at which
one can transmit more than Bh bytes per cell), below which successful communication is not possible. When the cell size
is closer to this smallest one, the useful bytes transmitted per cell (g(L) − Bh) are very small and hence it takes more time
to transmit S bytes, i.e., the communication time Bc will be large. As the cell size increases from this smallest size, the
communication time Bc starts reducing. However after some point, due to path loss, the number of bytes per cell starts
saturating and hence the gain in terms of useful bytes transmitted per cell will be small in comparison with the extra time
taken to traverse each cell, resulting in increasing the communication time again. Thus there exists an optimal cell size for every

fixed velocity. One can extrapolate similar things even for random velocity. We derive the optimal cell size L∗
b(1) and relate

the same to the optimizer of more interesting performance measures for ES and NES calls in the subsequent sub-sections.
Define L∗

ν(v) := argmaxL ν(v, L), the maximizer of the function ν given by (8). In Appendix A.3 we show that, there
exists an unique L∗

ν(v) > 0 for every velocity v. In the Appendix A.4 we further show that, for fixed velocities (i.e., when
V ≡ v̄), the derivatives of all the (existing) kth moments of the service time vanish only at L∗

ν(v̄). Thus for fixed velocities, all

the (existing) moments of the service time have unique and common minima:

L∗
b(k) := argmin

L
b(k) = argmax

L
ν(v̄, L) = L∗

ν(v̄) for all k.

The common optimizer L∗ (for example for β > 1) satisfies

∂ν(v̄, L)

∂L

∣∣∣∣
L=L∗

= 0 or 2P
(
L∗

d0

)−β

L∗ − η(L∗) + v̄Bh = 0 and therefore.
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Theorem 3. For fixed velocity profile, i.e., Pn,V (V = v̄) = 1 the optimal cell size for the expected service time is,

L∗
b(1) = L∗

ν =

⎧⎪⎪⎨
⎪⎪⎩
2

(
2Pdβ

0
β

β−1

2Pd0
β

β−1 − v̄Bh

) 1
β−1

when β > 1

2d0e
v̄Bh
2Pd0 when β = 1.

Further, if the kth moment of the service time exists then L∗
b(k) = L∗

b(1) . �

For velocity profiles with small variance, the optimizers of all the moments of the service time will be equal approximately. Hence
when Pn,V has small variance with mean v̄ then L∗

b(1) is close to L∗
ν(v̄). From the above it is clear that L∗

b(1) increases when the

mean v̄ increases.

Having obtained the service time, we now turn our attention to model various configurations of the Macrocell with
appropriate queues to further obtain their performance measures.

3.7. ES calls: average waiting time

Each Macrocell can handle at maximum K parallel calls. The CU of the Macrocell keeps a record of the users entered
into the system and serves them in FIFO (first in first out) order via the BSs of the Picocells. When a new user initiates a
call, it is immediately picked up if there are fewer than K active calls in the system. If not the user will have to wait. Its
service will start at the time: (1) when one of the active K users finish their service and exit (2) if there are no other waiting
users arrived before it. The BS nearest to the user, at the time of its service start, will initiate the call. Hence after, its call is
served (by theMacrocell under consideration) as discussed in Section 3.1 either until its service is over or until it reaches the
Macrocell boundary. When it reaches the boundary the call will be transferred to the next Macrocell as a handover call and
the handover call is treated by the new cell similar to that of a new call. Thus each Macrocell can be modeled by a M/G/K
queue with service time BD and Poisson arrivals at rate λ + λho. This queue has been analyzed to a good extent and the
system is stable only if [23]

ρ := (λ + λho)b
(1)

K
< 1.

For stable queues, the expected waiting time of a randomly arrived customer can be approximated by [23]:

E[W ]K =
(

b(2)

2(b(1))2

)(
b(1)

K(1 − ρ)

)(
(Kρ)K

K !
)

π0; π−1
0 = (Kρ)K

K ! + (1 − ρ)

K−1∑
i=0

(Kρ)i

i! (13)

where b(1), b(2) are given by (11). If the system is unstable the number of waiting customers grows towards infinity and thus
one should consider only the cell sizes Lwith ρ < 1. Hence, the optimal size, which minimizes (13) is

L∗
ES := arg min{L:ρ<1} E[W ]K .

We saw in the previous section that the optimizer of b(2) is the same as that of b(1) for fixed velocities and will be close to
each other for smaller velocity variances. In a similar way the same thing is true for ρ, i.e., for fixed velocities,

L∗
ρ := arg min{L:ρ<1} ρ = L∗

b(1) .

The expected waiting time (13) is continuously differentiable in b(1), b(2) and ρ. Thus (minimizer of (13) is a zero of its
derivative and E[W ]K depends upon L only via b(1), b(2), ρ),

Theorem 4. Optimal cell size for a system with elastic traffic, with Pn,V (V = v̄) = 1 is,

L∗
ES = arg min{L:ρ<1} E[W ]k = L∗

b(1) .

So, L∗
b(1) minimizes both expected waiting time and expected service time. Also, it minimizes the expected sojourn time, as it is the

sum of expected waiting and service times. �

Also from (13), when L∗
b(1) and L∗

b(2) are close, it is easy to see that the optimizer of E[W ]K will be close to that of the expected
service time, b(1). Thus even for low velocity variances,

L∗
ES ≈ arg min{L:ρ<1} b

(1) = L∗
b(1).

We see that this is true even for many general velocity profiles in examples Section 5.
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3.8. NES calls: block and drop probabilities

As before the system can handle at maximum K parallel calls. The call is picked up immediately (by the BS of the Picocell
in which the call is originated) only if the Macrocell is serving lesser than K users at the time of its arrival. If all the K

servers are busy it is dropped.When an active customer reaches the boundary of aMacrocell, its call is continued in the next
Macrocell only if the new Macrocell has free servers. Each Macrocell can thus be modeled by an M/G/K/K queue. And its
call block probability is given by the Erlang Loss formula (ρ was defined in previous section),

PB(L) = ρ(L)K/K !
K∑

k=0
ρ(L)k/k!

.

It is interesting to note that PB(L) and ρ are both differentiable w.r.t. L and further that if the derivative dρ/dL is zero at
a L∗ so is the derivative dPB/dL. By taking the second derivative, we can in fact show that their minimizers are the same.
Hence,

L∗
PB

= arg min
{L:ρ(L)<1}

PB(L) = L∗
ρ.

Further at fixed velocities, L∗
ρ = L∗

b(1) and so we have,

Theorem 5. The minimizer, L∗
b(1) also minimizes the block probability, PB, for fixed velocities. For any velocity profile, L∗

ρ also

minimizes the block probability. �

Drop probability: Under the assumptions stated earlier, only a new call can reach the boundary and not a call which was
already handed over once. Further, an active call is dropped only when it reaches the Macrocell boundary and the new
Macrocell is busy. By independence of the two events (status of the new Macrocell prior to handover is independent of the
call that is handed over), the drop probability is

PD(L) = PhoPB(L).

One can design an optimal system, catering toNES calls, either by jointlyminimizing both the block and drop probabilities
or by minimizing one of the probabilities while placing a constraint on the other. Usually systems are designed with more
stringent requirements on PD than on PB. We note from the above calculations that PD is directly proportional to PB and will
be smaller than PB by a factor Pho. We make in the rest of this subsection, a commonly made assumption that, the location
of the call arrivals is uniformly distributed, i.e. that X ∼ U[−D,D]. Under this assumption:

Pho = Pn(B∂ (X, V ) < Bc(V , S)) = En,S,V [PX (D − X < VBc(V , S))]

=
En,S,V

[
min

{
2D, VSL

η(L)−VBh

}]
2D

= En,V [e−μ2D(η(L)−VBh)/VL] +
E

[
1 − e−μ2D(η(L)−VBh)/VL

(
1 + 2Dμ(η(L)−VBh)

VL

)]
2Dμ

< En,V [e−μ2D(η(L)−VBh)/VL] + 1
2Dμ

.

Thus Pho decreases with 2D, the Macrocell size. Macrocells are large in dimension and hence PD can be ensured to be within
the prescribed limits (the limit is a design parameter) by directly minimizing PB itself. Thus we propose to choose cell size
L to minimize PB and hence equivalently ρ:

L∗
NES := L∗

ρ = arg min
{L:ρ(L)<1}

ρ(L) ≈ L∗
b(1) .

Remark 2. Thus for both ES and NES applications one needs tominimize the first moment of the service time, b(1), to obtain
the optimal cell size. This optimal cell size has been discussed in the previous section for fixed velocities and for velocity
profiles with small variances. The general situation is studied in Section 5 via numerical examples.

4. Mobility on a street grid

We assume that users are moving in a rectangular grid overlaying a large area [−D,D] × [−D,D] with grid size b, d as
shown in Fig. 3. This example is typical of urban areas where the streets are in a criss-cross manner (this is a well-known
model, see for example [12,13]) and hence is an interesting example for study.
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Fig. 3. 2D network for rectangular-grid small cell networks.

Fig. 4. Moments of the service time and the expected waiting time versus L.

In this case, we assume that the location of arrival X is uniformly distributed on the lines, i.e, X ∼ U[G], where the grid

G :=
D/d⋃
i=1

[−D,D] ×
{
id + d

2

}
∪

D/b⋃
i=1

{
ib + b

2

}
× [−D,D].

A one dimensional vector V represents the speed of the vehicle, which is uniformly distributed, i.e., V ∼ U[0, Vmax]. It’s
direction depends upon the position of arrival X: it is horizontal if X is on horizontal line and is vertical if on vertical line.
One can easily extend the analysis to include zig-zag paths. In either case we assume it be equi-probable in the two possible
directions; towards left or right in case of horizontal line and towards up or down in case of vertical line.

Any Picocell is a line segment of a street and a base station is placed at the center of this cell (if we neglect the small
number of Picocells that might possibly span across two intersecting streets). The mobiles may change directions as they
take a turn, but the rate they obtain with their BS once again follows periodic pattern as explained in Section 3.1. Hence the
time to reach the boundary B∂ , the time to serve S bytes BS and hence the service time BD are just the same as those derived
in the previous sections. Thus the analysis and the results of all the previous sections is applicable to the grid structure. So in the

grid structure, the 2 dimensional analysis actually boils down to one dimensional analysis itself.

5. Mobility examples

In the numerical examples of this section, we consider uniformly distributed velocity profiles. The position of arrival X is
also uniformly distributed in theMacrocell [−D,D].We useMonte Carlo simulations to estimate b(1), b(2) and use exhaustive
search to find the optimizers. In Fig. 4 we plot normalized values of b(1), b(2) and E[W ]K versus L. As discussed earlier we
notice that the various performance measures decrease with cell size initially, reach an optimal value and increase again
from then on. In fact, all the performance measures have unique minimum at the same L. We study more details of these
minimizers in the following.

In Fig. 5 we plot the optimal cell size (optimal with respect to the moments of the service time b(1), b(2), block and drop
probabilities PB, PD of NES calls and the expected waiting time E[W ]K of ES calls) versus mean velocity for two different
values of variance. We set d0 = 5, λ = 0.1, Bh = 2, P = 1, μ = 5, K = 20 and consider a Macrocell of size D = 1000.
We also plot L∗

ν , which is the maximizer of ν(En[V ], L). Note that L∗
ν is a single curve in the figure while the remaining 5
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Fig. 5. Optimal cell size versus mean velocity for different variances.

Fig. 6. Optimal cell size versus variance of the velocity.

optimizers (L∗
b(1) , L

∗
b(2) , L

∗
PB
, L∗

PD
and L∗

E[W ]) are plotted for two values of variance and hence there are two curves for each
of these 5 optimizers. In fact, L∗

ν is not visible separately as it completely coincides with the minimizer L∗
E[W ], plotted for

variance equal to 1. For small velocity variance (variance equal to 1), all the minimizers are close to L∗
ν . For large velocity

variance, we notice that all the minimizers (together) are away from L∗
ν , but however are close to each other for most cases.

That is, the minimizers of expected waiting time are the same as that of block as well as drop probabilities and all of them
equal L∗

b(1) . This suggests that even for velocity profiles with high variances, it is sufficient to optimize the average service time

b(1) for both ES as well as NES calls and hence the optimal cell size again remains independent of the application. However for high

variance it is not sufficient to minimize ν(En[V ], L), rather one needs to minimize b(1) directly.

In Fig. 6 we further illustrate the same, by plotting the various optimizers now as a function of velocity variance. We set
mean, E[V ] = 10, d0 = 5, λ = 0.1, Bh = 2, P = 1, μ = 5, K = 20. We once again note that all the minimizers are close to
each other formany cases.We also note that all theminimizers are close to L∗

ν for low velocity variances.We further observe
that the optimal cell size increases with increase in the variance also. Thus larger the velocities the system has to support, the

larger are the optimal cell sizes.

We notice that, in both the Figs. 5 and 6 only the optimizer of the second moment L∗
b(2) , is sometimes different from the

rest of theminimizers. However, evenwhen L∗
b(2) is different from L∗

b(1) , theminimizer L∗
EW (minimizing the expectedwaiting

time) is equal to L∗
b(1) and thus for both the types of traffic L∗

b(1) (minimizer of expected service time) gives the optimal cell
size.

6. Call drops at Picocell boundaries (NES calls)

So far in our analysis, we have assumed that there are no call drops during handover when the mobile traverses across
Picocells. We hence called it as just BSS (Base station switching). In practice even the handovers at Picocell boundaries can
fail, even thoughwith an extremely small probability. In this sectionwe obtain some initial results considering possible Pico
drops for the special case of uniform arrivals, uniform velocity profile and the networks catering to NES calls. We further
assume that the velocity profile does not include 0 so that E[1/V ] < ∞.
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Every Pico handover, as before, needs Bh bytes to perform the BS switching and in addition has a (small) possibility of
not being successful. We now call the BSS near a Picocell boundary also as a handover. The BS of the Picocell admits a
call (handover or a new one), as before K calls at maximum, however some of the new calls are not picked up to reserve
resources for the handover calls, now to keep the overall Drop probability under the required limit. Further in this case the
call admission control can also be distributed: (1) in a centralized scheme the CUdirects the Pico BS as in the previous section,
either to admit or not admit the new calls (base stations possibly are using fewer number of servers); (2) in a decentralized
scheme, the Pico BS always reserves K1 servers exclusively for handover calls. That is, in a decentralized scheme, the Pico
BS (independent of the other Picocells) admits a new call if more than K1 servers are free while a handover call is admitted
whenever any server is free.

In this paper we consider a call admission control scheme that is decentralized and is different from the above two
schemes. A new call is considered for picking upwith probability p independent of everything else. And a call considering for

picking upwill be picked up when any one of the servers is free. This scheme is close to the decentralized scheme described
above when p is close to one, i.e., when K1 is close to 0. The centralized scheme (with Pico drops) on the other hand has
to be handled using totally different queuing models and is not considered in this paper. Note that smaller p implies larger
priority to handover calls. In this case each Picocell itself is modeled as a separate M/G/K/K queue.

Remark 3. We considered a simple, analytically tractable and a decentralized call admission control in this section. One can
try to analyze a system which reserves K1 servers for the handover calls using priority queues. On the other hand it will be
more difficult to analyze a systemwith centralized control (with possible Pico drops), in which the CU directs to admit new
calls or not depending upon the total number of calls in the system. One will need the theory of interacting queues for such
a study.

6.1. Service time: time of the Picocell spent for user’s service

The service time BL, now represents the overall time of a Picocell used by the mobile. Thus the service time will be much
smaller in comparison with the previous section and its analysis will be significantly different. There is no more periodicity
while obtaining the service time, however the analysis in this case also simplifies, now due to small values of L. The service
time components Bc and B∂ are:

B∂ = L − X

V
and Bc = g−1(S + g(X); V ) − X

V
when Bc ≤ B∂

with the overall service time as before equal to BL = min{B∂ , Bc}. We use notation BL instead of BD for service time, to
emphasize that this is the service time of a Picocell of length L. Further,

Pho = Prob(B∂ < Bc) = Prob(g(L) − g(X) < S) = E[e−μ(g(L)−g(X))] = E[e−μ
η(L)−η(X)

V ]
and Pho,v also changes similarly. However it is easy to see that as the cell size decreases towards zero the function inside the
expectation converges to 1 for all the realizations and hence by BCT Pho, Pho,v (for all v) converge to 1 as L → 0. Thus for
Picocells we approximate Pho, Pho,v by 1.

The service time in a Picocell with high probability (the probability increasing as L → 0) will be equal to the time taken
to traverse the cell itself, as with high probability the user has to pass throughmany Picocells before completing his request
and thus:

BL(S, X, V ) ≈ L − X

V
.

6.2. Pico Handovers

Handover arrival rate: There is a major difference in the analysis while calculating the handover rate λho: now we should
consider that the (Pico) handovers can happen many times (and not at most once as in case of a Macro handover) during
a call’s duration. The calculations though different can easily be carried out. We introduce some new notations for this
purpose. Let Pho,∂ , Pho,∂,v respectively represent terms equivalent to Pho and Pho,v for a call that is already handed over (at
least once). It is easy to see that (when P(V < Vlim(P)) = 1) by BCT again (using Eq. (8)):

Pho,∂ = Prob(g(L) < S + Bh) = E[e−μ(g(L)−Bh)] = E[e−μ
Lν(L)
V ] → 1 as L → 0

and similarly Pho,v,∂ → 1 as L → 0 (for all v). By Taylor series, e−x ≈ 1− x for small values of x and this is used for obtaining
another approximation for Pho,∂ again using BCT:

(1 − Pho,∂ ) − μLE

[
ν(L, V )

V

]
→ 0 as L → 0. (14)

This approximation is more appropriate when we consider terms like 1/(1 − Pho,∂ ). From (8) for L small using (14),

1 − Pho,∂ ≈ μLν(v̄inv, L)

v̄inv

where v̄inv := 1
E
[ 1
V

] . (15)
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Let, λL := pLλ/D be the effective rate at which the users arrive into the Picocell of interest [0, L]. Note in the above that
Lλ/D represents the actual rate at which the new calls arrive in [0, L] while λL represent the arrival rate of those sampled
users who are considered for picking up. The handover rate λho in this case can be calculated as: (1) due to symmetry, the
handovers from Picocell 0 ([0, L]) to cell 1 ([L, 2L]) are stochastically same as those from cell −1 ([−L, 0]) to cell 0; (2) the
same is true for handovers when a mobile travels from right to left; (3) so, the handovers into a cell of interest (cell 0) are
stochastically same as those that go out of the cell 0; (4) thus under the assumption that handovers are Poisson in nature,
the handover rate should satisfy the following fixed point equation:

λhLPho,∂ + λLPho = λhL.

Using the approximation in Eq. (15),

λhL = λLPho

1 − Pho,∂
≈ λ

pv̄inv

Dμν(v̄inv, L)
. (16)

Remark 4. Note that L∗
λhL

:= argminL λhL = L∗
ν(v̄inv) and that for fixed velocities (when V ≡ v̄) v̄inv = v̄. Thus for fixed

velocities, interestingly for any value of p, the cell size optimizing the the handover rate λhL (considering the Pico drops) is
the same one that is optimal for NES as well as ES calls, obtained by neglecting the Pico drops.

Handover speed distribution:Note in Eq. (16) the expectation E[1/V ] in the last term isw.r.t. to the distribution corresponding
to the handover calls and hence one needs to calculate these distributions. The handover arrivals are either at 0 or at Lwith
half probability and since we are considering the positive velocities without loss of generality the position is always at 0. The
(Pico) handover speed distribution, fh,V (v), (after considering the drops at Picocells) once again satisfies another fixed point
equation due to the statistical similarity between the arrivals into and out of the cell 0. In Appendix B, this fixed point
equation is derived and the Pico handover speed distribution is shown to converge to uniform speed distribution as the cell
size L tends to zero. Thus the (Pico) handover arrivals have approximately uniform speed distribution.

6.3. Stability factor

The stability factor ρ in a Pico queue is calculated in Appendix B using the approximations for small cell sizes and we
obtain:

ρ
pico

(L) = (λL + λhL)b
(1)

K
≈ λpL

KDμν(v̄inv, L)
. (17)

Define

L∗
ν/L(v) := argmax

L

ν(v, L)

L
.

Thus the optimal cell size for stability factor is,
L∗
ρ,pico := argmin

L
ρ

pico
(L) = L∗

ν/L(v̄inv).

6.4. New call block probability

The Picocell can be modeled by anM/G/K/K queue as in the previous section. Let PBusy,pico represent the probability that
an arrival (a new or an handover call) finds all the K servers busy in the Picocell. This probability can be calculated using the
results from queuing theory as done in the previous section using Erlang Loss formula,

PBusy,pico(L) := ρ
pico

(L)K/K !
K∑

k=0
ρ

pico
(L)k/k!

.

A new arrival is not picked up either with probability 1 − pwhen the BS intentionally does not consider it for picking up or
with probability pPBusy,pico when all the servers are busy. Thus, the new call block probability for system when considering
Pico drops will be given by,

PB,pico(L) = (1 − p) + pPBusy,pico(L).

From the above the cell size optimizing the block probability PB,pico will be same as that optimizing PBusy,pico, which further
is same as L∗

ρ,pico (using the logic as in Section 3.8). Thus it is clear that, L∗
PB,pico

= L∗
ν/L(v̄inv) and from (17) this optimizer is a

zero of
dρ
dL

= c1
2L(η(L) − v̄invBh) − L2η′(L)

(η(L) − v̄invBh)2
,

where c1 is an appropriate positive constant. Hence we have,
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Theorem 6. The cell size optimizing the block probability of the NES calls considering the possible drops at Pico boundaries, when

resources are reserved for handover calls by intentionally dropping some of the new arrivals, is given by,

L∗
PB,pico

= L∗
ρ,pico = L∗

ν/L =

⎧⎪⎪⎨
⎪⎪⎩
2

(
Pd

β

0
β+1
β−1

2Pd0
β

β−1 − v̄invBh

) 1
β−1

when β > 1

2d0e
v̄invBh−Pd0

2Pd0 when β = 1.

�

When this optimal cell size is compared at fixed velocities with that obtained after neglecting the Pico drops (that obtained
in Theorem 3)we find that: (1) when β > 1, the two cell sizesmatches except for a factor of ((β+1)/(2β))1/(β−1); (2) when
β = 1, the difference is in the power of the exponent, an extra −Pd0 factor for the cell size with Pico drops. This differences
are negligible onlywhenβ is close to 1 (but not equal to 1). The two systems use different call admission controlmechanisms
and hence the difference. Nevertheless the optimal cell size of the Theorem 6 is valid for a distributed call management system

and further it gives the cell size even for velocity profiles with non zero variance.

6.5. Drop probability

It was straightforward to calculate the drop probability for the previous case (i.e., without Pico drops) as the drop could
have occurred at maximum at one Macro boundary. It is more tedious to calculate the same when drops are also possible
at Pico boundary. This tedious job is carried out in Appendix B, wherein the drop probability is obtained by conditioning on
two events. We obtain (see Appendix B):

PD,pico = PBusy,pico
μ(η(L)−v̄invBh)

v̄inv
+ PBusy,pico

.

It is interesting to see that both the call drop and the new call block probabilities depend upon the busy probability PBusy,pico
and one can thus design a optimal system (considering Pico drops) by minimizing the busy probability or equivalently the
stability factor ρ

pico
. We thus propose to choose the optimal cell size:

L∗
NES,pico := L∗

ρ,pico = L∗
PB,pico

,

which is obtained in Theorem 6.

7. Conclusions and future work

We looked at the problemof characterizing the performance of Picocell networks in the presence ofmobility.Wemodeled
various traffic types between base-stations and mobiles as different types of queues. We derived explicit expressions
for expected waiting time, service time and drop/block probabilities for the various queuing models considered for both
fixed as well as random velocity of mobiles. We showed that there exists an optimal cell size for a given velocity profile,
which minimizes the service time for elastic applications as well as the drop and block probabilities of non-elastic
applications. We obtained (approximate) closed form expressions for this optimal cell size when the velocity variations
of the mobiles is very small. We find that if the call is long enough, the optimal cell size depends mainly on the velocity
profile of the mobiles, its mean and variance. It is independent of the traffic type or duration of the calls. We show that
for any fixed power of transmission, there exists a maximum velocity beyond which successful communication between
the mobile and the system is not possible. This maximum possible velocity increases with the power of transmission.
Further, for any given power, the optimal cell size increases when either the mean or the variance of the mobiles velocity
increases.

The mobility models considered in this paper are suitable for modeling users traveling continuously with considerable
speeds (example users traveling in a car). The movement of slower users (e.g., pedestrians) can be better captured by either
Random Walk or Random Way-point model. Still better would be to consider systems with heterogeneous users (slow
moving, fast moving and users that are at rest). We considered two dimensional Picocellular networks in [15] catering to
non-elastic users, in which the users can move in any direction across the cell. In that work, we brought out some issues
while designing the Pico networks that are specific to two dimensional cellular networks. It would be interesting to extend
those results for elastic users and further for heterogeneous users.
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Appendix A. Calculations related to Macro queue

A.1. Proof of Theorem 2

The communication time is finite with probability one if and only if

Prob(Bh > g(L)) = Pn,V (VBh > η(L)) = 0, where η(L) := Vg(L).

Note from (3) that η is only a function of P , L and hence that this probability depends only upon the velocity profile V , cell
size L and the transmit power P . Because of the path loss, for any fixed P , η(L) increases as L increases and finally saturates
(when β > 1). Thus for all L (when β > 1),

η(L) ≤ η∞ := lim
L→∞ η(L) < ∞.

When β = 1, η∞ = ∞ and this proves the first statement of the theorem. As Prob(Bh > g(L)) = Prob(VBh > η(L)), there
exists a cell size Lwith P(Bh > g(L)) = 0 if and only if

Prob

(
V >

η∞
Bh

)
= 0.

Thus with a given power P , the system can handle all velocities that are strictly less than

Vlim := η∞
Bh

= 2Pd0β
β − 1

. �

A.2. Moments of service time and its derivatives

The moments can be rewritten as,

b(k) = 1
(1 + Pho)

∫ ∞

0

∫ D

−D

∫ Vmax

0

[
BD(x, v, s)k + BD(−D, v, s)kPho,v

]
fn,V (v)dvfn,X (x)dxμe−μsds.

= En

[
BD(x, v, s)k + BD(−D, v, s)kPho,v

1 + Pho

]
.

By the Bounded Convergence Theorem (BCT), all b(k) are continuously differentiable (c.d.) in L and the derivative is

db(k)

dL
= En

[
d
dL

(
BD(x, v, s)k + BD(−D, v, s)kPho,v

1 + Pho

)]

because: (1) BD is almost surely c.d.; (2) Pho,v is c.d. everywhere in L; (3) Pho is c.d. and (4) all the derivatives involved are
uniformly bounded almost surely; (4) hence by virtue of mean value theorem, the terms like

|BD(X, V , S; L + δ) − BD(X, V , S; L)|
δ

,
|Pho,v(L + δ) − Pho,v(L)

δ
etc.

can be bounded uniformly by a constant.

A.3. ν has an unique maximizer

From Eq. (3), g and hence η = vg are both concave in L on (0, ∞) for every v. Thus from (8), for any fixed velocity v, ν
has a unique maximum,

L∗
ν(v) := argmax

L
ν(v, L),

which satisfies ∂ν/∂L = 0 (as clearly L∗
ν(v) > 0 for all v).

A.4. Derivatives db(k)/dL vanish only at L∗
ν(v̄) when V ≡ v̄

Define Ψ (L) := En[BD(X, V , S)k + BD(−D, V , S)kPho,V ]. Then from (11)

b(k) = Ψ (L)

1 + Pho
.
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From (4), Bc depends upon L only via the function ν given by (8) and hence so is the service time BD(x, v, s) =
min{Bc(v, s), B∂ (x, v)} for all x, v, s. Similarly from (10) and (9), Pho,v and Pho depend upon L only via the function ν. Hence
with

Θ(v) := −∂Pho,v

∂ν
= μ

v
En,X [(D − X)e−μν(v,L)(D−X)/v].

db(k)

dL
= 1

1 + Pho
En

[
∂ν(V , L)

∂L

(
∂BD(X, V , S)k

∂ν
+ Pho,V

∂BD(−D, V , S)k

∂ν
+ ∂Pho,V

∂ν
BD(−D, V , S)k

)]

− 1
(1 + Pho)2

Ψ (L)
dPho
dL

= 1
1 + Pho

En

[
∂ν(V , L)

∂L

(
−kBD(X, V , S)k−1 S1{SV<(D−X)ν(V ,L)}

ν(V , L)2

− kPho,V BD(−D, V , S)k−1 S1{SV<2Dν(V ,L)}
ν(V , L)2

− BD(−D, V , S)kΘ(V )

)]

+ 1
(1 + Pho)2

Ψ (L)En

[
∂ν(V , L)

∂L
Θ(V )

]

= En

⎡
⎣∂ν(V , L)

∂L

⎛
⎝−k

Sk1{SV<(D−X)ν(V ,L)}
ν(V ,L)k+1 − kPho,V

Sk1{SV<2Dν(V ,L)}
ν(V ,L)k+1 − BD(−D, V , S)kΘ(V )

1 + Pho

+ Ψ (L)Θ(V )

(1 + Pho)2

⎞
⎠
⎤
⎦ . (18)

Thus the derivatives will have the form

db(k)

dL
= En,V

[
∂ν(V , L)

∂L
En,X,S[Γ (k)(X, V , S, ν(V , L))]

]
(19)

for some functions Γ (k). Thus for fixed velocities, i.e., when V ≡ v̄

db(k)

dL
= ∂ν(v̄, L)

∂L
En,X,S[Γ (k)(X, v̄, S, ν(v̄, L))]. (20)

Claim. The term En,X,S[Γ (k)(X, v̄, S, ν(v̄, L))] is strictly negative.

Proof of Claim. For any velocity v, BD(X, v, S) ≤ BD(−D, v, S) for all (X, S). Thus, for fixed velocities,

Ψ (L) ≤ (1 + Pho,v̄)En,S[BD(−D, v̄, S)k].
Further Pho = En,V [Pho,V ] = Pho,v̄ . Hence the sum of the last two inner terms of the Eq. (18),

En,X,V

[
−BD(−D, V , S)kΘ(V )

1 + Pho
+ Ψ (L)Θ(V )

(1 + Pho)2

]
≤ 0.

The remaining two inner terms of (18) are always negative and this proves the claim. �

From (20), by the virtue of the claim, derivative db(k)/dL is zero only at a zero of ∂ν/∂L. But ∂ν/∂L has a unique zero at
the maximizer L∗

ν(v̄). Thus L∗
ν(v̄) is the only zero of all the service time moments.

Appendix B. Calculations for Pico queue

B.1. Pico handover speed distribution

In the following the event {∂ arrival} = {∂} means that the arrival in cell 0 was at the boundary (i.e., it was an handover
arrival from cell −1), the event {int arrival} = {int} meant a new arrival in cell 0 and the event {ho} implies the cell 0
active user has reached the next boundary before finishing his service (i.e, has to be handed over to cell 1). Note that an
handover from cell 0 occurs either due to an already handed over call or new call, whose service could not be completed
before reaching the (other) boundary of cell 0 and thus:

Prob(ho) = λLPho + λhLPho,∂

λL + λhL

.
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Note that Prob(ho) → 1 as L → 0 (as both Pho, Pho,∂ converge to 1). With the above notations, the fixed point equation for
the handover speed density can be obtained as:

fh,V (v) = Prob(V ∈ vdv|ho from cell 0)
= Prob(V ∈ vdv int arrival|ho) + Prob(V ∈ vdv ho arrival|ho)
= Prob(hoV ∈ vdv int) + Prob(V ∈ vdv ∂ ho)

Prob(ho)

= Prob(ho|int v)Prob(V ∈ vdv|int)Prob(int)
Prob(ho)

+ Prob(ho|∂ v)Prob(V ∈ vdv|∂)Prob(∂)

Prob(ho)

= Pho,v fn,V (v)

Prob(ho)

λL

λL + λhL

+ Pho,v,∂ fh,V (v)

Prob(ho)

λhL

λL + λhL

.

Solving (when fn,V (v) = 1/Vmax for all v ≤ Vmax) the handover speed density is,

fh,V (v) =
λL

Prob(ho)(λL+λhL)Vmax
Pho,v

1 − λhL
Pho,v,∂

Prob(ho)(λL+λhL)

.

Thus as L tends to zero (Pho,v, Pho,v,∂ , Prob(ho), Pho → 1), the speed of an handover arrival will tend to uniform distribution.
This effect is seen faster if the packet sizes S are larger.

B.2. Pico stability factor

The stability factor ρ in a Pico queue is given by:

ρ
pico

(L) = (λL + λhL)b
(1)

K
= 1

K
EV [λLEX [ES[BL(S, X, V )]] + λhLES[BL(S + Bh, 0, V )]]

≈ 1
K

(λL(L − E[X]) + LλhL)E

[
1
V

]
= 1

K

(
λL

L

2
+ LλhL

)
E

[
1
V

]

= c0L(λL + 2λhL)
as Pho≈1≈ c0LλL

1 − Pho,∂ + 2
1 − Pho,∂

≈ 2c0λLL

1 − Pho,∂

where c0 = 1/(2K)E[1/V ] is a constant independent of L. Using the approximation in (15),

ρ
pico

(L) = λpL

KDμν(v̄inv, L)
. (21)

B.3. Drop probability

The drop probability PD,pico considering possible Pico drops can be calculated as below:

PD,pico = Prob(Call ever Dropped before completion| Call is picked up)
= Pho(Pho,D(1 − PBusy,pico) + PBusy,pico) + (1 − Pho)(0)

where Pho,D is defined as the probability of call drop at any of the future instances of handovers, given that the current
handover (first handover in the context of the above equation) is successful. Because of the memoryless nature of S, this
probability does not depend upon the number of the handover. Probability Pho,D can be calculated by first conditioning on
the event that the call is completed in the current cell (call it as C) and then on the event that the call is not picked up in the
next cell (call it as S). Note that Pho(Cc) = Pho,∂ and Pho(S|Cc) = Pho,fail = 1 − PBusy,pico. Thus, by conditioning

Pho,D = Pho(Call dropped ∩ C) + Pho(Call dropped ∩ Cc)
= 0 + Pho,∂Pho(Call dropped |Cc)
= Pho,∂ (Pho(Call dropped ∩ Sc |Cc) + Pho( Call dropped ∩ S|Cc))
= Pho,∂ (Pho,D(1 − PBusy,pico) + 1PBusy,pico)

Solving= PBusy,picoPho,∂

1 − Pho,∂ (1 − PBusy,pico)
and hence,

PD,pico = PhoPBusy,pico

1 − Pho,∂ (1 − PBusy,pico)
≈ PBusy,pico

1 − Pho,∂ + PBusy,pico
.

= PBusy,pico
μLν(v̄inv,L)

v̄inv
+ PBusy,pico

= PBusy,pico
μ(η(L)−v̄invBh)

v̄inv
+ PBusy,pico

. (22)
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