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Abstract

We consider nonlinear stochastic differential systems defined either on a compact orientable
manifold, or on IR% under our hypotheses, their Lyapunov exponents are deterministic. We
propose an efficient algorithm of numerical computation of these exponents, and we give a
theoretical estimate for the approximation error.

The method is based upon the discretization of the linearized stochastic flows of diffeomor-
phisms generated by the differential systems.

Results of numerical experiments are also presented.

APPROXIMATION DES EXPOSANTS DE LYAPUNOV DE

SYSTEMES DIFFERENTIELS STOCHASTIQUES
NON LINEAIRES

Résumé

Nous considérons des systemes différentiels stochastiques non linéaires, définis soit sur une variété
compacte orientable, soit sur IR% sous nos hypotheses, leurs exposants de Lyapounov sont
déterministes. Nous en proposons un algorithme de calcul numérique efficace, dont nous donnons
la vitesse de convergence.

La méthode est fondée sur la discrétisation des flots stochastiques de difféomorphismes
linéarisés engendrés par les systemes différentiels.

Nous présentons aussi des résultats de tests numériques.

*To appear in Siam Journal on Applied Math.



1 Introduction

The Lyapunov exponents of a stochastic dynamical system enable to study its stability.
A survey of this important theory, for linear and nonlinear systems, may be found in [3],
and in Arnold[1] (we will use the notations of this last reference).

From an applied point of view, most often it is necessary to numerically approximate
the Lyapunov exponents. For the linear case, in Talay [21] an algorithm has been proposed
to compute the upper one and its theoretical convergence rate is given; in the same paper,
an industrial application (the stability of the motion of helicopter blades) is described.

In practice, most models are nonlinear, so it seems interesting to provide efficient
numerical tools of studying their stability. This is the aim of this paper. The Lyapunov
exponents are expressed in terms of the linearized flow of diffeomorphisms generated by the
system; for a linear system, the linearized flow and the flow are equal, which simplifies the
numerical analysis issues; some specific difficulties appear for fully nonlinear systems. The
algorithm proposed here is based upon the time discretization of the linearized flow; we
give a convergence rate of the method in terms of the discretization step; we approximate
all the exponents (not only the top one) as well. The Lyapunov exponents can be expressed
in terms of the invariant measure of a system on projective bundles (see Baxendale’s
formula (8) below or [5]). The procedure which we propose here avoids the numerical
solving of stationary Fokker-Planck equations on these projective bundles, which may be
numerically difficult or costly especially when the dimension of the state space is large.

We will limit ourselves to the case where the state space is IR? or a smooth compact
orientable manifold. The reasons for this limitation are multiple: first, we need the ex-
istence of a stochastic flow of diffeomorphisms associated to the stochastic differential
equation; second, the approximation algorithm of the solution of the system has a rea-
sonable complexity in this framework (either one discretizes a system given in euclidian
coordinates, or one just needs to use an exponential atlas satisfying a given property
stated below); third, it is possible to write natural explicit conditions on the coefficients
of the system ensuring the ergodicity of the solution; and, finally, we need to establish
a technical result on the solution of a parabolic P.D.E. on the projective bundle of the
state space, and our method could fail for non compact manifolds without supposing very
stringent conditions on the coefficients of the system.

As we will see, the case of compact manifolds leads to particular developments; first,
we propose an algorithm which takes into account the geometry of the state space, and
is nevertheless realistic from a practical point of view; second, some details of the proof
giving the convergence rate of the method are simpler than in the IR¢ case.

We have chosen not to separate the two situations in the presentation. Thus, we avoid
a large amount of repetitions, and also it seems easier to distinguish where the compacity
plays a role.

In Section 2, we state the hypotheses under which we will establish the convergence
rate of our algorithm; in Sections 3 and 4, we present the discretization method of the



linearized system, which will permit us to approximate the upper Lyapunov exponent; in
Section 5, we prove that the Markov chain defined by the discretization admits a Lyapunov
exponent; in Section 6, we prove that our method is a first order approximation; in Section
7, we give the proof of a technical Lemma used in Section 6; in Section 8, we explain how
the method can be extended to get a first order approximation of any exponent of the
spectrum; in Section 9, we present the results of numerical trials, for examples of systems
on IR? and on the circle.

We will use results due to Arnold & San Martin, Baxendale and Caverhill for the
continuous time processes (cf. the papers in [3]), and results due to Bougerol ([7] and [8])
for the discrete time approximating process.

Several statements below look like statements of a same nature in the references [22],
[21], but cannot be obtained as Corollaries. Essentially, here one has to check that some
properties of processes or P.D.E.’s which are true when the state space is the sphere of
R or IR¢, remain true when the state space is the product of IR? and its projective space.
We will use combinations of ideas of the two mentioned papers, but we think it would be
difficult for a reader not familiar with them to be convinced that the claims of the present
work are true without at least strong indications on what must be done in addition of
the existing proofs: for the sake of clearness and completeness, we have chosen to make a
rather detailed presentation.

2 Basic Hypotheses

2.1 Systems on IR?

We consider a stochastic differential system on IR? defined by the equation

j=1
o = T

with smooth vector fields A and B;’s; denoting by A" and Bj the differential maps of A
and Bj, the linearized system is defined on R? x R? by

de, = A(z)dt+ ) Bj(z)o AL

Jj=1

do, = Allz)vdt+ S B(x)v o dW} (2)
j=1

o = T, Vg = U

We suppose:



(H1) the vectors fields A and Bj (j = 1...r) are of class C* and have bounded derivatives
(for all order of derivation); the vector fields B; (j = 1...r) are bounded.

In order to ensure the existence of the Lyapunov exponents of the continuous time
process and its discretized process, we need to formulate rather technical (but reasonable
for the applications) hypotheses; we had to strengthen these hypotheses to get the rate of
convergence of the approximate Lyapunov exponent in terms of the discretization step.

Let S*' = {z € R% |z| = 1} be the unit sphere of IR, and IP** be the projective
space of IR?, i.e. the quotient of S ! with respect to the relation: u ~ v iff u = —v. In
the sequel, for any vector v in IR?, [v] will denote the equivalence class of "Z—‘ in P!, and

IPIR? will denote the space IR? x P41,

We know (cf Arnold and San Martin [2]) that the process (Pz(z, [v])) on IPIR? defined
by Px(z, [v]) = (x4, [vi])(x, [v]) (i.e the process (x, [v¢]) with initial condition (z,[v])) is
solution of the system:

dPz, = PA(Pz)dt+ Y PBj(Px;)odW} (3)
j=1
Pry = (z,[v])
with PC((z,[v])) = (Cxz, C'(z)[v]— < C'(z)[v], [v] > [v]) for C = A or B;.
We shall assume that the following hypothesis holds :

(H2) (i) The differential operator PA+ 3 37_,(PB;)? is strongly elliptic.
(ii) 38 > 0, 3K compact € R? such that: Vo € R — K , <2, A(z) >< —f|z|

2.2 Systems on compact manifolds

Let us consider a d-dimensional C* compact manifold M, and A, B; (j = 1,...,r) vector
fields on M. We also consider a r-dimensional standard Wiener process (W}).

In this framework, we reformulate (H1) as follows:
(H1) The vectors fields A and B; (j = 1...r) are of class C*.

We will deal with the stochastic differential system in the Stratonovich sense on M:

dr, = A(xy)dt + Z Bj(x;) o dW} (4)

j=1

This system defines a stochastic flow of diffeomorphisms (x;(x)) (cf. Ikeda & Watan-
abe [13] e.g.); if Tay(x) : T, M — T, ;)M is the linear part of 2, at x, and if the vector
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fields T'A,T'B; are the linearizations of A, B;, then the mapping T'xz; from T'M to TM
defined by (z,v) — (xi(z), Tx¢(x)v) is a flow on the tangent bundle T M, generated by
the system

ATz, = TA(Tx)dt + > TBj(Tx;) o dW} (5)

Jj=1

For z € M, let IP, M be the projective fibre over z, and PM = U,e {2} x IP, M be
the projective bundle over M. For v in T, M, [v] will denote the equivalence class of ﬁ
in P, M.

Let Pz (z,[v]) be the equivalence class of (xt(x), ‘;izg;a) in IPM; this process on

IP M solves a stochastic differential system (cf Arnold & San Martin [2] or Carverhill [9]):

dPx, = PA(Px)dt+ > PB;(Px;)odW (6)
j=1

Pry = (z,[v])
In this framework, our hypothesis (H2) is:

(H2) the differential operator PA + % Z;Zl(PBj)Q is strongly elliptic.

2.3 Existence of the Lyapunov exponent for the continuous time
processes

A first consequence of the above hypotheses is the following proposition.

Proposition 2.1 Under (H1) and (H2), the process (Px;) on the tangent bundle IPM
has a unique invariant probability law (henceafter denoted by v), which has a strictly
positive smooth density w.r.t. dr.

Proof First, (Px;) is a strong Feller process on a metric space; second, either M is
a compact manifold, and then (Pz;) is a Feller process on the compact manifold PM,
or M is R? and then there exists a strictly positive constant C such that: E|Px|*> < C
(this can be checked by using the Ito formula and (H2-ii)); in both cases, there exists at
least one invariant probability measure (cf. Ethier & Kurtz [12] e.g.).

The conclusion of the Proposition comes from the fact that, under (H1) and (H2), for
any deterministic initial condition, the law of (Pz;) (¢ > 0) has a smooth and strictly
positive density with respect to dr (again, cf. Ikeda & Watanabe [13] e.g.).

This ensures that the process (Pz;) is an ergodic process.

O



In particular, of course this implies that the process (z;) itself is ergodic.

As a result of the previous proposition, our hypotheses imply that there exists a real
number A such that, for any (z,v) in TM:

A= lim 710g|Txt( |, a.s., (7)

t—+oo ¢t
(cf Arnold & San Martin [2] for even weaker assumptions).

The number A is called the top Lyapunov exponent of the system (2).

Remark 2.2 Remember that v denotes the unique invariant probability law of (x4, [ve]);
Bazendale [5] gives the following expression for A:

A= 0)v(do 8

[ vOwlas) 0
where, V (resp. R) denoting the Riemannian covariant derivative (resp. the Riemannian
curvature tensor) on M, for x in M and v in P, M,

P(z,v) = <v, V(A ZVB x))v > (9)

T

+ IVBj(@)l = 2 < v, VBj(z)v > + < R(B;(x),v)Bj(x), v >|

1
24
The numerical scheme is not based upon this representation of \: first, most often
the numerical cost corresponding to the evaluation of 1 is too high; second, the invariant
measure v is unknown and, as we already have stressed in the Introduction, may be dif-
ficult to approximate numerically. Therefore we prefer to derive the algorithm from the
formula (7); nevertheless, the convergence rate analysis uses (8) (see Lemma 6.2).

3 Discretization of systems on IR?

We are going to define a Markov chain (a:h v ), which can be easily simulated on a

computer, and approximates the solution of the system (2).

3.1 Discretization scheme

We begin by the following remark: under (H1), for any random variable U with a compact
supported law Py, there exists ho(Py) > 0 satisfying: for any h < ho(Py), if

A(z) = A(z) + ; zr:l Bj(x)Bj(x)



and if (U7,1 < j < r) are independent copies of U, then:

, @.S.

DO | —

& (2)h + \/ﬁéB;-(:ijH <

Then we take an h in IR} and a family (Ug +1) of random variables which will be

supposed to satisfy the following requirement:

(HU) (i) the (Ugﬂ) 's are 1.i.d., and the following conditions on the moments are fulfilled:
(ii) the common law Py of the (Ugﬂ) ’s has a continuous density w.r.t. the Lebesgue
measure, whose support contains an open interval including 0 and is compact;

(iii) the step-size h is less than ho(Py).

Let take a deterministic initial value (zg,vo) in IR* x IR? and set:

T, = T+ A@HA+ Y B@EUL VR
j=1

7h ~y r _ -
M,., = Id+A@Hh+Y B@HU] ,Vh (10)
=1
_ ~—h
Upp1 = M7,
This system describes the passage from (", 9") to the process (z",,, 7% ;) in R x R*

obtained by discretizing the differential system (2) written in the Ito sense.

3.2 Remark
The condition (HU) does not allow the simulation of a gaussian law, whereas one could
expect that UZ,;v/h would be W iin = Wi

This is not a limitation, neither numerically (the computers prefer to simulate compact-
supported laws !), nor theoretically: the rate of convergence of the algorithm would not
be better if the exact gaussian law would be simulated (cf. also the approximation of the
law of a diffusion process (Talay [20]).

3.3 About the choice of the scheme

Consider the stochastic differential equation (1) in IR?, and the scheme

Ty =Ty + A(TZ)h + Bj(f];)(w(iﬂ)h — W)
j=1

p
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This is the usual Euler scheme for the system (1) written in the It6 sense. This scheme
has a rather low convergence rate for the mean-square approximation on a finite time
interval [0, 7. Indeed, suppose that the coefficients A and B; are smooth enough; then,
for any T > 0, there exists a constant Cgye- (1) such that, for any h of the form h = %
for some integer M, one has

VE|zr — 72 < Cpue (T)Vh .

This has lead to the construction of various other schemes, among them the Milshtein
scheme

—h —h J(=h - —h j ' - v mhy [FTOR s j
T, = xp—|—A(:1cp)h+z:1 B(T) (Wi, 1= Wih)+ Y 0B, (7h) Bi(wh) / (Wi W)W,
j=

ij=1 ph

which, under appropriate assumptions (see Milshtein [16]), satisfies

\/m < CMilshtein(T)h'

The constant Chyijshiein (1) is not optimal for the family of the first-order schemes, so that
Clark [11], Newton ([17], [18] and [19]), Castell & Gaines [10] have proposed asymptoti-
cally efficient schemes much more complex than the Milshtein scheme.

For the present problem (approximation of Lyapunov exponents), these schemes and
the L2-estimates are not satisfying, for the following reasons.

e First, the usual L-estimates are irrelevant: since in these works the process (z;)
is not supposed ergodic, the given constants Cpyer(T) and Chrishiein(T) grow ex-
ponentially fast when 7' goes to infinity; non trivial refinements based upon the
ergodicity of the exact process (x;) are necessary to prove that all the multiplica-
tive constants of h appearing in the error term can be bounded uniformly in 7.
Moreover, the Lyapunov exponents depend on the law of the process, not on its
individual trajectories; for this type of problems, it usually appears that the Euler
and the Milshtein scheme have the same order of convergence (see Talay: [20] for
the approximation of Ef(X7), f(-) and T fixed, [21] for the approximation of the
upper Lyapunov exponent of linear systems, [22] for the approximation of invari-
ant measures of ergodic diffusions); consequently, one has no reason not to use the
simplest scheme.

e The preceding remark is particularly important for systems on a compact manifold,
since the algorithm involves the expression in local coordinates of the coefficients of
the linearized system (see the next section), whose successive derivatives may have
so complex analytical expressions that the numerical efficiency may drastically be
decreased.

e Besides, a statistical error is added to the discretization error, and this statistical
error is of order \/% where N is the number of steps (see the discussion in [21]); thus
to see the gain of accuracy due to a high order scheme, one may have to considerably
lengthen the simulation time.



Anyhow, there exists a simple procedure to accelerate the convergence rate of the Euler
scheme. In Talay & Tubaro [24] and in Bally & Talay [4], the structure of the Euler scheme
error for the approximation of F f(X7) and of invariant measures of ergodic diffusions is
analyzed: the error can be expanded with respect to h; this result permits to construct
efficient Romberg extrapolation procedures which accelerate the convergence rate; for
example, under some appropriate assumptions, if © denotes the invariant measure of ()
and fi" denotes the invariant mesure of the Markov chain (TZ), then, for any smooth
enough function f(-), it holds that

/]Rd f(e)dp(@) - /]Rd f(e)dﬂh(e) =Cih+ O<h2) ’

so that the formula
1 2N

N 2 - 5 S fa)

gives an approximation of [ge f(0)du(0) which, when N goes to infinity, is of order h?:
one has exponentially increased the accuracy by multiplying the computational effort by
a factor 3 (this factor can even be reduced by a good implementation); we think that
such an expansion also holds for our algorithm, but the proof would require additional
developments. Numerical tests show that this extrapolation gives better results than the
basic Euler scheme, whereas an extrapolation of rate h® seems useless because of the
statistical error.

4 Discretization of systems on a compact manifold

For a system on a compact manifold, we can write a version of the previous algorithm.
This version is easy to implement if one can define explicit coordinate maps satisfying a
“ooodness” property that we now define.

4.1 Preliminary

The construction of the approximate process requires the choice of local coordinates. Our
error analysis needs that the chosen system of coordinates satisfies some properties (for
example, the approximate process is needed to be a Feller process; see also the next
proposition, e.g.), which lead to the following definition:

Definition 4.1 An atlas {(¢,, Dom(¢,)),x € M} of C> charts will be called a good
atlas if it satisfies the conditions:

(a) for allz € M, ¢.(x) = 0; there exists a real number R > 0 such that, for all z € M,
Val(¢,) D B(0, R) and:



(b) for any sequence (x,) in M converging to some x (¢, (y)) converges to (47 (y))
uniformly in y in B(0, R);

(c) for any smooth vector field V- on M, for any x in M, if v denotes the expression in
local coordinates around x of V', then, for any non void multi-index I, the derivative
Orv is bounded on Val(¢,) by a constant depending only on I (not on x).

A chart of a good atlas will be called a good chart.

In the last subsection of this section, we will give an example of a good atlas. The next
proposition is an immediate application of this notion. For any vector-valued function ~,
d7y denotes the matrix [0k k.

Proposition 4.2 For any random wvariable U with a compact supported law Py, there
ezists ho(Py) > 0 satisfying, for any h < ho(Py): Yo € M, if o, B; denote the expressions
of the vector fields A, B; in a good chart around x, and if

N 1
6=t LY (08)
j=1
then, (U7,1 < j <r) being independent copies of U:
a(0)h+VhY. 30007 € B(0,R) C Val(d,) , as.
j=1

and

|\ad(0)h+\/ﬁijaﬁj(0)w|y§; . a.s. (11)

4.2 Discretization scheme

The initial value is any deterministic pair (zg,vg) in T M; let us describe the passage from

(@}, 0)) to (Tpyy, Uk ): let (¢p, Dom(¢p)) be the good chart around T}, and let oy, (resp.

B,p) be the representation of the vector field A (resp. B;) in local coordinates; we set:
- 1
Qp 1= Qp + ) Z(aﬁj,p)ﬂj,p
j=1

The map ¢, induce a basis ¢, in TEZM given by: eif =0,(fo gb;l)(O) for any smooth

function f on M and 1 < 5 < d. Let VZ denote the vector of IR? whose coordinates in
the canonical basis are those of @Z in €,.

10



Then TZ 41 is computed according to the formula:
TZH - Qb;l (dp(O)h + Z ﬁj,p(O)Ugﬂ\/E)
j=1

Let h and the random variables Ug .1 be supposed to satisfy the requirement (HU) of
the previous section, ho(Py) being now defined in the sense of the proposition (4.2); then
o)y, will be the vector of TEthlM whose coordinates in the basis €,;1 are the coordinates

P

in the canonical basis of IR? of

—h —h =h
Vp+1 - Mp+1Vp
where .
W, = 1d+0a SOV
M, =1d+ 8a,(0)h + > 983;,(0)U),Vh.
j=1
4.3 Remark

In that case, the restriction to compact-supported laws in the hypothesis (HU) also ensures

that for h small enough VZ € B(0, R). For technical reasons appearing in the proof of the
convergence, it is very important that it is obtained with the chart (¢,, Dom(¢,)), which

is measurable w.r.t. the o-field generated by (Ufg ,0<k<p,1<j<nr).

4.4 An example of a good atlas

In the sequel, we will not use a particular good atlas, thus the aim of this subsection is
just to check that the definition is nonvoid.

Below, we will give a Riemannian structure to M; with this structure and its torsion-
free connexion, the compact manifold M is complete (we can extend the geodesics up to
infinity). Denote by Exp the mapping (z,v) — Exp,v from TM to M, where, for each
(x,v) € TM, Exp,v is the point in M on the geodesic initiating at = in the direction v
at time 1. For each x € M, FExp, is a local diffeomorphism from 7, M to a neighborhood
of x in M; so using Exp, ', choosing some basis in each T, M and then identifying T}, M
to IRY, we can define, for each x in M, a chart (that we will call “exponential”) ¢, from
a neighborhood Dom(¢,) of z in M to IR?. The Exponential Atlas Exp will be the set
{(¢z, Dom(¢p,), x € M} of exponential charts.

Let us recall known properties of Exp (cf. Kobayashi-Nomizu [14], section III, Bishop [6],
chapter 8):

11



Properties of Exp

(a) for each (z,v) € T M, the mapping (z,v) — Exp,v from TM to M is C*;

(b) there exists a number R > 0 such that Dom(¢,) D B(z, R) (the metric here is the
Riemannian metric parallel to the connexion: see the lemma 8.2.3 in [6]);

(c) for each tensor K on M, for each z € M and for the canonical coordinate system
{e;,i =1,---,d} associated with ¢,, the image of V., K through Ezp is % , where
K is the image through Exp of K (see the corollary IT1.8.5 in [14]).

Using these properties of Exp, we define a new atlas, again denoted by Ezp, for which,
for each x € M, Val(¢,) is equal to the ball B(0, R) in IR?. The charts of this atlas will
still be called exponential charts.

Proposition 4.3 Let V' be a smooth vector field on M, and, for each x € M, let v the
expression in exponential coordinates around x of the vector field V' ; then, for any non
void multi-index I, the derivative Orv is bounded on Val(p,) by a constant depending only
on I (not on x).

Proof The vector field V' being C*° on M, is globally bounded. Any covariant
derivative is also bounded. Then the values at 0 of the images through £xp of the
covariant derivatives of V', which are the successive derivatives of v (as a consequence of
the property (c) of the Exponential atlas) are globally bounded by a constant depending
only on the order of derivation. The usual Taylor formula in Val(¢,) applied to v permits
to get the desired result. O

5 Existence of the upper Lyapunov exponent for the
discretized system

In all the sequel, if there is no precision, M will denote either IR? or a C* compact
manifold. In order to avoid repetitions, we will adopt the notations corresponding to the
second case. If the reader is interested in the IR? case only, he should substitute IR? to
each tangent space, and v; to Tz, (z)v.

Under (H1) and (H2) (cf. Ikeda & Watanabe [13], chapter 5, e.g.), we can define on
[PM a Riemannian measure d7 associated to the differential operator

PA+ ; > (PBy)*.

j=1
From now on, we consider IPM equipped with this Riemannian structure.

12



Once for all, we give ourselves an atlas Apx on the projective bundle. When M is
compact, we just choose a good atlas (in the sense of Definition (4.1)) on the compact
manifold PM. When M = IR?, we choose a good atlas on IP?~* considered as a compact
manifold in IR” (for some D whose existence is implied by the Whitney Theorem); the
set {(Id x ¢,,IR* x Dom(¢,)),r € IP*'} is a good atlas on IPIRY, still denoted by Ap .

o« o 7]7/
5.1 Ergodicity of the process (PT,)
Let Pz) be the equivalence class of (7], %) in IPM. We now adapt a proposition in [22].

Proposition 5.1 Under (H1), (H2) and (HU), for all h small enough, the process (PT})
is an ergodic process on PM. The unique invariant probability law T" of the process
(PTZ) has a support equal to PM.

Proof When M is IR%, we consider the measure 1 (2)dz®dp, where dz is the Lebesgue
measure on IRY, dp is the trace of dr on IP“™*, and K is the compact set of (H2-ii).

Denote by O(h) any random matrix or random vector (respectively real random vari-
able) whose norm (respectively absolute value) can be upper bounded almost surely by
C - h, C deterministic and independent of h; denote also

~—h
<h .__ VP
P s5h
Vol

using the compactness of the support of the Ug ’s (see (HU-ii)), for any h small enough
one has:

g = Ve Vo A VRS Uy Bi(@)V) + OV
’ Vel VAL +2VR Y, +1<B’( b5 sn > +O(h) 2
= 1—fz . < Bi(zh)sh, 58 > +O(h))

(s +fZ S Bj(@)s, + O(h)
from which (see (3)) one gets

Pzt = Pi" + V1 PBj(PTU., + O(h). (12)
j=1

Using that expansion, we now show that (PTZ) reaches any open set of strictly positive
K (2)dz®dp measure in finite time with a strictly positive probability. Indeed, we deduce

13



from (H1) and (H2-ii) that, for any starting point x, the process (zr) reaches the compact

set K in finite time with a strictly positive probability; let & be the reached point in
K, and let K, be an arbitrary compact subset of K x P9 !; as the law of the Ugﬂ’s
is absolutely continuous w.r.t. the Lebesgue measure, one deduces from (12) that under
(H2-1), there exists hg independent of Z and K, such that, for any h < hg, for any v, (PEZ)
reaches Ky from (Z,v) in a finite number of steps with a strictly positive probability.

As moreover, (H2-ii) implies that, for all small enough h, there exists € strictly positive,
such that for all x outside K:

E|7}(z)* < |2]* ¢,

a result of Tweedie [25] implies the ergodicity of the process (Pz}:). From the proof it is
clear that the unique invariant measure has a support equal to PIR?.

When M is compact, the definitions of Tz +1 and of a good atlas insure that the process
(Pfj’;) is a Feller process on a compact metric space, so there exists at least one invariant
probability law; the uniqueness and the identification of the support come from the fact
that, from any starting point on M, the process can reach any compact set of PM in
finite time with a strictly positive probability (as above, this follows from (H2) and the
construction of the scheme).

O

5.2 Existence of the Lyapunov exponent for the discrete time
processes

In either the case IR? or the case of a compact manifold, the process (TZ, WZ ) in

M x Gl (IRY) is a multiplicative Markov process in the sense of Bougerol [7]: indeed, if
Rg is its transition operator, for any Borel sets E; in M and FE, in GI(IR?):

RY((w9, M) ; Eyx EoM) = R)((zo, Id) ; Eyx Ey) , VpeIN |, zge M , M € GI(R?)

where: E,M = {NM € GI(R?) ; N € E,}.

The next statement gives important properties of this multiplicative process. We
denote by IP,(A) the probability of A conditioned by zZ = x (note that, by construction,
M} = Id); if p is a probability law on R¢, we denote by P, the probability defined by
P,(A) = [ga Py(A)dp(x) and E, the corresponding expectation.

Proposition 5.2 Under the hypotheses (H1), (H2), (HU), for any h small enough:

(i) the process (T)) is ergodic;
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(ii) let @ be its unique invariant probability law; then

= 7h —Fh\
sup Egn (Log|[M,|| + Logl|(M,)"]]) < o0

1
p<3%

(i1i) the system (EZ,MZ) is irreducible, in the sense that there does not exist a measurable
family {V"(x),z € M} of proper subspaces of R® such that, for any p:

M;f MV () = Vh(fg) , P —a.s.

m

Proof We showed in the Proposition 5.1 that the process (PEZ) is an ergodic process
on IPM, therefore (z}) is an ergodic process.

The statement (i) is satisfied whenever h is smaller than ho(FPy).

Let us know prove that, for any h small enough, the irreductibility holds. If the system
were not irreducible, the ergodic theorem would imply:

1 X _
1= sz:% H[ﬁgevh(i:g)] = /P/vt 1 [vth(x)]th(xvv)'

As the support of 7" is IPM, this contradicts the fact that {V"(x)} is a family of proper
subspaces. O

A Corollary of Proposition 5.2 (cf. Bougerol [8], Section 2) is:

Theorem 5.3 Under the hypotheses (H1), (H2), (HU), for any h small enough, there
ezists \' € R such that, for any xo in M, for any vy in Ty, M — {0}:

: 1 . ~h
]VIEI;ON—hlog|U}](,(UO)| =\ , as.

Remark 5.4 The limit of { ;109\ (vo)|, N — oo} holds also in L' because the sequence
{~log|vh (vo)|, N € IN} is uniformly integrable (cf. Proposition 4.1 in Talay [21]).

The number X" is called the top Lyapunov exponent of the Markov process (Zh, 7).

Numerically, we will compute, for N large enough, the quantity:

1

~h log [0} (vo)| (13)
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6 Approximation error
The theoretical approximation error is given by the

Theorem 6.1 Under the hypotheses (H1), (H2), (HU): |\ —Xh] =0O(h).

Now, let us again denote:

—h
s VfL
p - e

Vol

Using the Remark (5.4), and the definition of VZ, we can write:
~h . 1 N =5h _ph
A= lim N7 ZlElog M, 15,
p:
The proof of Theorem (6.1) will be a succession of lemmas.

Lemma 6.2
Elog M., 5" = E¢(Pz!)h + k2 (14)

with: 1 defined in (9), [Fh| < C' (for some constant C independent from p,h).

Proof For any Stochastic Differential Equation in IR? whose coefficients are smooth
with bounded derivatives of any order:

dy; = a(y)dt + Y b;(ye) o dW/
j=1

and for any smooth bounded function f with bounded derivatives on the set of values
taken by g]’;, one can check that the Euler scheme

1 T T .
Tpir =y + (@) + 5 3 0b;@)bs @)+ 3 () Uy VI
j=1 j=1
satisfies:
Ef(Gy41) = Bf(G,) + ELFG)h + 2,4, b
where £ is the infinitesimal generator of (y;), and [z}, ,| < C' (C independent of p, h).

Besides, we know (Baxendale [5]) that, for any initial condition (z¢,vg) of the sys-
tem (5), if (Px;) is the solution of (6), then:

CZE log | Ty(x0)vo| = E(Pay(wo, [vo])
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In other words, if we define ¢(x,v) = log|v|, then ¥ o = L¢, where L is the infinitesimal
generator of the process (Tx;) and w is the application from TM to IPM defined by:
m(x,v) = (z, [v]).

Now consider the function 1 defined by (9). In the case M = IR? the covariant
derivative is just the ordinary derivative, and R = 0. Thus, under (H1), ¢ is a C*
bounded function. If M is a compact manifold, applying Proposition (4.3), we remark
that, for each multi-index I, there exists a positive constant C; such that, for any chart
(¢, Dom(¢)) of the atlas Apyq on IPM, the partial derivative 079 of the function
expressed in local coordinates satisfies:

0r( oM (y)| < Cr , Vy € Val(e).

Therefore, to get (14) in the IR? case, we simply choose y; = (x4, v;) and f(z,v) =
log |v|, remarking that the inequality (11) ensures that the process (Mz 1150) lives in a
compact manifold which does not include 0, on which f and its derivatives are smooth.

In the compact case, we express (x;(z), Tx¢(x)v) and log |v| in the local coordinates given
by the atlas Aprq on IPM, and we remark that EZ = VZ.
O

Iterating (14), one gets: FE'log |M?\,§7\_1 =Y Ey(Prl)h 4 )5 TR

Let us divide each term of the previous equality by Nh and make N tend to infinity.

Remember that 7" denotes the unique invariant probability law of the process (PIZ)R;
then the limit

R P _
lim N z:l E¢(P$Z)
p:

N—+o0

exists, and is equal to [jpr, ¥(0)7"(d6).

Therefore, the conclusion of our Theorem will be implied by the following Lemma,
whose hypothesis on f is weaker than necessary here (bounded would be sufficient, but
the boundedness brings no simplification in the proof):

Lemma 6.3 Let f be a smooth function on PM; when M = 1R?, we suppose that for ¢
being f or any of its partial derivatives of any order with respect to the x-coordinates:

3C >0, IneN | V0= (z,[v]) e PR? : o) <C(1+|z|")

Then:
Ow(do) ~ [ O (d0)] = O(h)

1 f
PM

Proof Let L be the infinitesimal generator of the process (Px;) solution of (6) on
IPM, and, for a given smooth function f on IPM, and 6 € IPM, let u(t,0) := FEyf(Pxy).
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It is well known that
—u(t,0) = Lu(t,0)
u(0,0) = f(0) (15)

Let us suppose that we have proved (this will be done in the next Section):

Lemma 6.4 Under (H1), (H2), if M is compact:

(i) there exist strictly positive constants I' and ~ such that

V0 e PM : |u(t,0) — /]P  J(s)dv(s)] < Texp(—y) (16)

(i1) for any multi-index I, there exist strictly positive constants I'r and ~; such that, for
any 0 = (z,[v]) in PM, any z in Val(¢g) (where (¢g, Dom(¢g)) is a good chart around 6
in the sense defined at the beginning of Section (5)), the spatial derivative Oru(t, ¢, (2))
satisfies:

[Oru(t, dy" (2))] < Trexp(—1t) (17)

When M is R?, the inequality (16) becomes the following, where ny is an integer:
v0 € PRY : |u(t,6) — /}PM F(s)dv(s)| < Texp(—yt)(1 + |z|™) (18)
and the inequality (17) becomes:
[Oru(t, ¢ (2))] < Trexp(—rt)(1 +[z|™) (19)

Then tedious computations (where the remark in Section (4.3) concerning the mea-
surability of the charts around !, and the Proposition (4.3) play a role) show that our
construction implies:

Vk , Vp , FEu(kh, Pzl ) = Eu(kh, PZ}) + ELu(kh, PTo)h + T} b
where [ .| < Cre=@* (for some strictly positive constants C1,C; independent from
p, k,h). Then we proceed as in the proof of Lemma 4.4 of Talay [21].

O

7 Proof of Lemma (6.4)

In Talay [21] (Lemma 4.3), a similar result has been obtained for processes on the sphere
S9=1: the construction of the approximating process was different, but the proof can be
adapted without difficulty for the case where M is compact, just by choosing the atlas
Ap g on the compact manifold IPM.

For the case IRY, the adaptation is more intricate.
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7.1 Preliminary inequalities

Let us state a result concerning the partial derivatives of u. We recall that we work with
the atlas Apag on IPIR? (in the sense of the Section (5)).

Lemma 7.1 For anyt and any multi-index I, there exist strictly positive constants Cy(t)
andny (ny independent of t) such that, for any 6 = (x,[v]) in PR, any (z,y) in Val(dy)
the spatial derivative Opu(t, ¢y (x,vy)) satisfies:

[Oru(t, éy " (x,y))] < Cr(t)(1 + |2[™) (20)

)

Proof Having imbedded IP“~! in IR® (for some D), we can extend the vector fields
PAand PB; (j =1,...,7) to C* vector fields on R¢ x R with supports of the form
R? x K, K compact. Let us denote by (Z;) the solution of the corresponding stochastic
differential system. It is well known (cf. Kunita [15] e.g.) that the stochastic flow (Z;(z))
associated to this system satisfies: for any integer i (1 = 1,...,d), there exists a random
variable L!, having moments of all orders, such that

10:Z:(2)] < Ly(1+ |2]*)

We also extend the function f to a C* function g on IR¢ x IR”, with a support of the
form IR? x K1, KC; compact. Let us define: ((¢,2) = Eg(Z,(z)). We then have, for any
multi-index I and some constants ny, C(t):

101C (¢, 2)| < Cr()(1 + [2]™)

The restriction of ((, z) to the cartesian product of IR? and the imbedding of IP*~! is
u(t, 0); expressing # in the local coordinates given by the atlas Apq, we then deduce (20).

O
Remarks

e In the sequel, we will not go on working with the process (Z;), because the associated
differential operator is not strongly elliptic. Thus we cannot avoid working on IPIR®.

e For any integer s, let us now define:

1
(1 +[z[?)*

The previous Lemma shows that, for any integer n > 0, there exists an integer s,
such that, for any multi-index I of length (/) smaller than n, for any ¢ > 0:

[Orult, ¢ (,y))Ims, (2) € L*(R? x Val(¢y)) (21)

() =

This will be often implicitly used in the sequel to justify the existence of integrals
w.r.t. dv (we recall that v denotes the unique invariant probability law of (xy, [v])),
or measures of type my(z)dx.
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Without loss of generality, thereafter we will assume:

/]P L F()dv(s) =0 (22)

(if it is not the case, we change f in f = f — [pge f(5)dv(s)).

Now, we will adapt for u(¢,6) the method used in [22] to establish some exponential
decay results on the function (¢,z) — FEg(x:(z)) and its derivatives.

We begin by an easy Proposition, proved in [22].
Proposition 7.2 (i) For any integer n:

3C, >0, Iy, >0 : FEla(o)|" < Co(1 + |z exp(—at)) , Vt, Vz (23)

(11) The unique invariant probability measure of (z;), u, has a smooth density p(x) and
finite moments of any order.

This implies that any function f satisfying the requirements of the Lemma (6.3) be-
longs to L*(IPM; dv).

The plan of the sequel of the proof is the following (in all the inequalities which follow,
the constants must be understood strictly positive):

e we show:

VE>0 / ult,0)Pdv(6) < Cexp(—rt)
PR

e this inequality permits to show that, for some family of differential operators Ly
defined below, we have:

/IP Ly Liu(t, 0) 2dv(9) < €, exp(—r,)

e then, dp([v]) denoting the marginal distribution of d7(x, [v]) on IPY™!, we use these
estimates to prove that, for s large enough:

Vi 0 | /|u(t,x, [0]) 27y (2)dz @ dp([v]) < C exp(—At)
e the previous inequality will permit to get:
/IPIRd L (|Lk1 o Ly ult, [v])|2) Ts(z)dr @ dp([v]) < Cf exp(—Aqt)
e finally, we get:

Lo Liulta, [o) Pr(e)de @ dp((o]) < Dyexp(=t)

Expressing this inequality in local coordinates, we use the Sobolev imbedding the-
orem to conclude.
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7.2 Upper bounds in L*(IPIRY; dv(f))

We now state a result, which is an immediate extension of the Lemma 6.1 of [22] (one just
needs to remark that the hypothesis (H2-i) implies that v, the unique invariant probability
law of (zy, [vs]), has a strictly positive smooth density).

Lemma 7.3 Under the hypotheses of Theorem (6.1) and (22), there exist strictly positive
constants C' and k such that

Vi 0 /IP Nt 0)dv(0) < Cexp(—r) (24)

Let us define some differential operators on IPIR? by:

L; = PB,

Now, remembering that L is the differential operator associated to (zy,[vs]), we are
equipped to prove:

Lemma 7.4 Under (H1), (H2) and (22), there exist strictly positive constants Cy and k;
such that

i /]P]Rd Li|u(t, 0)]dv(8) < Cyexp(—rat) (25)

Proof We remark:

Ll OF — Llu(t,0) = — 3 (Lia(t,0))°

k=1

Let us choose 0 < § < x. Multiplying the previous equality by e, integrating with
respect to dv, we get, using L*v = 0:

‘”dt/ fu(t, 0) 2w (9) mz/ | Liu(t, 0)dv(0) <0

Now, let us choose an arbitrarily large time 7" and integrate from 0 to 7" the previous
inequality; we obtain:

T /]P (T, 0)dv(9) + /O "t (;; /]P . |Lku(t,«9)|2dy(6’)> dt
< [ 15@)Fd(6)+o /0 et ( /n> e e)mu(e)) dt
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Thus, using (24):
3 i Tt ( [ It 9)|2dy(9)) dt < +o0
=)o PR ’

Then, we remark that there exist strictly positive constants Cs, C3 and C}y such that

d T T
7 > | Lyul(t, 0)|* — L > |Lyult, 0)|?
k=1

k=1

< —Cy 3 |LiLou(t, 0)]” + (Cslz| + Co) 3 |Lyult, )2

k=1 k=1

Let us choose 0 < k; < §. Multiplying the previous equality by €%, integrating with
respect to dv(f), and then with respect to ¢ from 0 to ¢, we obtain, for some strictly
positive constant Cf:

T ) _Kllt
;APRd | Liu(t, 0)]"dv(0) < Cie

That ends the proof.
O

Corollary 7.5 Under (H1), (H2) and (22), for any integer q, there exist strictly positive
constants Cy and K, such that, for any ki, ...k, in {1,...r}, we have:

/IP AL Ly u(t, 9)12du(6) < € exp(—ryt) (26)

Proof One can proceed by a recurrence over ¢, and performing the same kind of
integrations as before, starting from the inequality (where C; and C, are some strictly
positive constants):

d
%|L,ﬂ oo Ly u(t,0)” — L|Ly, ... Ly,u(t, 0)]?

T q
< —CyY Lij|Ly ... Lu@ O+ > > Cyllz| +1)|Ly, ... Ly, ult, 0)?

j=1 m=1 J=(j1...m)
O

We recall that for any integer s, we have defined:

1
™) = T ey

and that dp([v]) denotes the trace of dr(z, [v]) on IP*!.
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7.3 Upper bounds in L*(IPR?; 7,(x)dz ® dp([v]))

Lemma 7.6 Under the hypotheses (H1), (H2) and (22), there exist strictly positive con-
stants C' and X\ such that

VEs0 /]P - Jult e, ) P (e)de @ dp(([v]) < O exp(~M) (27)

Proof As, for any multi-index .J, we have:
Oyms(x) = Yy(x)ms(z) , ws(x) bounded function (28)

we remark that there exist an integer s and functions ¢;(z) and ¢s(x) such that

e ¢i(z) is a bounded function independent of s;
e ¢o(z) is a function depending on s, but tending to 0 when |z| — +o0;
e the following inequality holds:
| ult o) Lut, @, o), (@)de © dp([v)
PR

< A(z),z >

< fo (060 1) + ) 55500

- JPR®

e Z [ Lt 2, 1)) P () @ d([e]

) u(t, 2, [o]) Pr.()de @ dp([o])

After having possibly increased the value of s, we can choose a ball B = B(0, Ry) such

that
< A(z),z >

VieR'—B , Yo , o1(z, [v]) + da(w, [v]) + 5 1+ |22

< -1 (29)

We separate the previous integral over IPIRY, in an integral over B plus an integral
over the complementary set of B. The estimation (24) permits to get an upper bound of
the form C'exp (—At) for the integration on B, since v has a smooth and strictly positive
density.

An easy computation then shows that, for some strictly positive constant C"

1d

2dt Jpm lu(t, z, [v])Prs(2)dz @ dp([v]) < —/|u(t,x[v])|27r5($)d$®dp([v]) + Cexp(—At)

That ends the proof.
O

Now, we remark that there exist an integer s and functions o1 (z) and ¢y(x) such that
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e ©1(z) is a bounded function independent of s;
e ©y(x) is a function depending on s, but tending to 0 when |z| — +o0;

e the following equality holds:

Jope Eluttoz. D Pr(z)de © dp((o])

= [ a2 PDPL T @) de @ dp([o])
- / ( 0) + el >+2s<f‘f|)g;|i>) [ult, . o] 7. (@)dz @ dp([o])

Therefore, similar arguments as those used for the previous Lemma and (27) show
that there exist an integer s and strictly positive constant C7, A\ satisfying:

| lutt . o) P (@)de © dp([e]) < Crexp(=Ait) (30)

As well, using also arguments employed in the previous Section, we can prove the
existence of strictly positive constants A\, and C, such that, for any &y, ...k, in {1,...7},
we have:

/]PIRd L (|Lk1 o Lyult,x, [v])]Q) ms(x)dr @ dp([v]) < Cyexp(—Agt) (31)

7.4 End of the Proof of Lemma (6.4)

We remark again:
T

jt'“(t’ OV — Llu(t,0)]> = — " (Lyu(t, 0))?

k=1

Let us choose 0 < § < A\g. Multiplying the previous equality by €%, integrating with
respect to ms(x)dzr ® dp([v]), we get, using (30):

&jt o [ T [W])|*7s(2x)dz @ dp([v]) + € Z/ (Lu(t, z, [v]))*ms(x)dx @ dp([v])

< 006 (A=d)t

Now, let us choose an arbitrarily large time 7" and integrate from 0 to T the previous
inequality; we obtain, for some strictly positive constants C and s large enough:

T / (T, z, [v]) *ms(2)dz @ dp([v]) +
+/OT ( / (Lyu(t, z, [v ])|27r5(x)dx®dp([v])> dt
< [ 15t ) Pr(a)de © do((o))

+ 5/0T et </]PIRd lu(t, z, [v])|*ms(z)dz ® dp([v])) dt + Cy
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Thus:
kz::l /O+oo ot ( /]P N Lga(t, o)) Py (w)de d,o([v])) dt < +00

If necessary, we increase the value of s, in order to obtain that, for any constants D,
and Ds:

kil / g ( [ Dalal + Do)\ Lyt z, o) Py (@) @ dp([v])) dt < 400 (32)

Then, we remark that there exist strictly positive constants Cs, C3 and Cy such that

(%iww@MWW—MiMW@NWW

k=1 k=1

< -0y zr: | L. Liu(t, z, [0])|* + (Cs|z] + Cy) XT: | Lyu(t, z, [v])?

k=1 k=1
Let us choose 0 < 0; < §. Multiplying the previous equality by e%¢, integrating with

respect to ms(x)dx ® dp([v]), and then with respect to £ from 0 to ¢, using (31) and (32),
we obtain for some strictly positive constant Cl:

; /IPIRd | Lyu(t, z, [v])Pms(z)de @ dp([v]) < Cse"

From the previous inequality and (H2-1), we deduce the existence of strictly positive
constants C, v, independent on 6 = (z, [v]), such that

[ IVt 6" (2, p) P (2)dzdy < Ce
Val(¢g)

By the same procedure, one may show that, for any sequence J = (ki,...,k,) of
integers in 1,...,r, there exist strictly positive constants C; and 7, such that

Sy s o Lgults o, o) P () @ dp([v]) < O exp(—7t)

We deduce that for any multi-index J (refering to derivatives w.r.t. the coordinates
(x,y)), there exist strictly positive constants C; and ~y;, independent of 4, such that

[ 0sult, 67 (2 ) Pra(2)dzdy < Cyexp(=7t)
Val()
We already have remarked that for any multi-index J:

Oyms(z) = ¥s(2)7s(2) , 1hy(2) bounded
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Therefore we get that, for any multi-index I, any integer M, there exist an integer s
and strictly positive constants C' and A such that

Vm <M, Vt>0 / ( )|Dm(u(t,x,y)7rs(:v))|2dmdy < Cexp(=\t)
Val(pg

so that we deduce (20) as a consequence of the Sobolev imbedding Theorem (in (4.3), we
have constrained Val(¢y) to be a convex domain).

8 Approximation of the spectrum

The approximation of all the Lyapunov exponents may be performed in the following way.

For 2 in M, and any integer k (1 < k < d), let Gx(T,M) be the Grassmann manifold
of all k-dimensional subspaces of the tangent space T, M, and G (T M) be the Grassmann
bundle UIGMGk<TxM)

For any K in G(T,M), let Ky = Ty (x) K C Ty, ()M, and J(K) = |det(Tx(x)|x)|.

Let us suppose that the above hypothesis (H1) holds and that the infinitesimal gen-
erators of the processes (K;) are strongly elliptic.

In this context (and under even weaker hypotheses: Baxendale [5]), for any 1 < k < d,
there exist real numbers Ay, ..., A\; and a smooth function v, on Gy(T'M) such that, for
any  in M and K in Gi(T, M), if v now denotes the unique invariant probability law of
(£):

t——+oo {

1
a.s. lim 2log Ji(K) =M + ...+ \p = / D (8)v(d)
Gr(TM)

To approximate the exponents, we first choose £k = 1 and approximate \; = \ as
described in the previous Sections; then we choose an orthonormal basis (v}, v3) of a

sub-space K of T,, M for initial value of @Z, and we compute

1 _h1 _h2

v logldet(y ', oy) (33)
Going on up to d, we successively get approximations of all the sums A\;+. ..+ ;. This

provides the approximate values of the exponents. With the same technique as above, we

may prove that the approximation error on each of these sums is of order h, and therefore

the error on each )\ is also of order h.

9 Numerical tests

In this section, we present numerical results corresponding to two simple examples, our
objective being to show the typical behaviour of the approximation in terms of the inte-
gration time and of the true value of the Lyapunov exponent.
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Note also that, even in the simple second situation, if a more complex scheme than
the Euler scheme is chosen, the complexity of the expressions of several derivatives of the
coefficients in the local coordinates corresponding to the proposed good atlas, drastically
decreases the efficiency of the algorithm.

The Fortran programs corresponding to the two examples below, have been gener-
ated by Presto, a software of automatic generation of programs for the simulation of
S.D.E.’s [23].

9.1 System in R?

We choose d = r = 1, and consider the following system, in the Ito sense:

dry = (—ax, + F(xy))dt + G(z)dW,.

Linearizing it, it is easy to see that, for @ > 0 and F, G with continuous bounded
derivatives, if G(x) > Go > 0 for all z, then the upper Lyapunov exponent of the system
exists and is given by:

A=—at [ (Fa) - ;G/Q(m))p(m)daﬁ

where p(x) is the density of the unique invariant probability law of (z;).
We then choose: F'(z) = arctan(z) and G(z) = 1 + 22.

Solving the stationary Fokker-Planck equation, we get the explicit expression of the
unnormalized stationary density. For each value of a, we can compute numerically the
normalization constant (just integrating over IR the unnormalized density). This permits
us to compute the “true” value of .

For example, for a = 2, we find A\ = —1.3385. The figure 1 below shows the time
evolution of Xz (in the x-axis: ph), for h = 0.01.

9.2 System on the circle

Let us consider the stochastic differential system in the Stratonovich sense on M = S!:

do;, = sin(yp;) o dW}! + cos(ipy) o dW} (34)
vo = ¢
where W, = (W}, W?) is a standard vectorial Brownian Motion. This equation describes
a Brownian Motion on the circle and the upper Lyapunov exponent is A = —% (cf.
Arnold [1]).
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Figure 1: Variations of the Lyapunov exponent in terms of ph

Considering S imbedded in IR? , let us denote by 2, := (cos ¢y, sin ;) the image of the
process in IR?. We choose a good atlas A defined by {(¢., Dom (¢,)),z € S'}, where ¢,
is the stereographic projection of pole (—x) , and Dom(¢,) is such that Val(¢,) =] —2,2|
for all z in S*.

Below (figure 2), we show the time evolution of XZ (in the x-axis: ph), for h = 0.0001.

Figure 2: Variations of the Lyapunov exponent in terms of ph

We observe that the discretization step needed to get a good approximation of A is
much smaller than in the previous example. This is due to the fact that the system is less
stable, since here the Lyapunov exponent is near 0.
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10 Conclusion

We have proposed an algorithm of approximation of the Lyapunov exponents of nonlinear
stochastic differential systems, and given a theoretical estimate of its convergence rate.

From a numerical point of view, as in the linear case [21], the pertinent choice of the

number N of steps in the formula (33) may present important difficulties. Further studies
in that direction are necessary.

Acknowledgement

We are extremely grateful to an anonymous referee and Volker Wihstutz for their useful

help.

References

1]

L. ARNOLD : Lyapunov Exponents of Nonlinear Stochastic systems , Nonlinear
Systems , G.I. Schueller & F. Ziegler (Eds.), Proceedings of the IUTAM Symposium,
Innsbruck, 1987, Springer-Verlag.

L. ARNOLD & L. SAN MARTIN : A control problem related to the Lyapunov
spectrum of stochastic flows , Matematica Aplicada e computational 5 (1), 31-64,
1986.

L. ARNOLD & V. WIHSTUTZ (Eds.) : Lyapunov Exponents , Lecture Notes in
Mathematics 1186, Springer, 1986.

V. BALLY & D. TALAY : The law of the Euler scheme for stochastic differential
equations (I): Convergence rate of the distribution function. To appear in Prob.
Theory and Related Fields.

P. BAXENDALE : The Lyapunov spectrum of a stochastic flow of diffeomor-
phisms , Lyapunov Ezxponents , L.Arnold & V.Wihstutz Ed. , Lecture Notes in
Mathematics 1186, Springer, 1986.

R.L. BISHOP & R.J. CRITTENDEN : Geometry of Manifolds , Academic Press ,
1964.

P. BOUGEROL : Comparaison des Exposants de Lyapounov des processus
Markoviens multiplicatifs, Annales Inst. H.Poincaré, 24(4), 439-489, 1988.

P. BOUGEROL : Théoremes limites pour les systemes linéaires a coefficients
Markoviens, Prob. Theory and Related Fields, 78, 193-221, 1988.

29



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

A. CARVERHILL : A formula for the Lyapunov numbers of a stochastic flow. Ap-
plication to a perturbation problem , Stochastics 14, 209-226, 1985.

F. CASTELL & J. GAINES : The ordinary differential equation approach to asymp-
totically efficient schemes for solutions of stochastic differential equations. To appear
in Annales de I'Institut Poincaré.

J.M.C. CLARK : An efficient approximation for a class of stochastic differential
equations , Advances in Filtering and Optimal Stochastic Control, W. Fleming & L.
Gorostiza (Eds.), Proceedings of the IFIP Working Conference, Cocoyoc, Mexico,
1982, Lecture Notes in Control and Information Sciences 42, Springer-Verlag, 1982.

S.N. ETHIER & T.G. KURTZ : Markov Processes : Characterization and Conver-
gence , J.Wiley & Sons, 1986.

N. IKEDA & S. WATANABE : Stochastic Differential Equations and Diffusion Pro-
cesses , North-Holland, 1981.

S. KOBAYASHI & K. NOMIZU : Foundations of Differential Geometry , Interscience
Publishers , 1969.

H. KUNITA : Stochastic differential equations and stochastic flows of
diffeomorphisms , Cours de [’Ecole d’été de Probabilités de Saint-Flour 1982, Lecture
Notes in Mathematics, Springer, 1984.

G.N. MILSHTEIN : Approximate integration of stochastic differential equa-
tions , Theory of Probability and Applications, 19, 557-562, 1974.

N.J. NEWTON : An asymptotically efficient difference formula for solving stochastic
differential equations , Stochastics 19, 175-206, 1986.

N.J. NEWTON : An efficient approximation for stochastic differential equations on
the partition of symmetrical first passage times , Stochastics and Stochastic Reports
29, 227-258, 1990.

N.J. NEWTON : Asymptotically efficient Runge-Kutta methods for a class of Ito
and Stratonovich equations , SIAM Journal of Applied Mathematics, 51-2, 542-567,
1991.

D. TALAY : Efficient numerical schemes for the approximation of expectations of
functionals of S.D.E. , Filtering and Control of Random Processes , H.Korezlioglu
& G.Mazziotto & J.Szpirglas (Eds.), Proceedings of the ENST-CNET Colloquium,
Paris, 1983, Lecture Notes in Control and Information Sciences 61, Springer-Verlag,
1984.

or

D. TALAY : Discrétisation d'une E.D.S. et calcul approché d’ espérances de fonction-
nelles de la solution , Mathematical Modelling and Numerical Analysis 20(1), 141,
1986.

30



[21]

[22]

[23]

[24]

[25]

D. TALAY : Approximation of upper Lyapunov exponents of bilinear stochastic
differential systems, STAM J. Numerical Analysis 28-4, 1141-1164, 1991.

D. TALAY : Second Order Discretization Schemes of Stochastic Differential Systems
for the computation of the invariant law , Stochastics and Stochastic Reports 29(1),
13-36, 1990.

D. TALAY : Presto: a software package for the simulation of diffusion pro-
cesses , Statistics and Computing Journal 4(4), 1994.

D. TALAY & L. TUBARO : Expansion of the global error for numerical schemes
solving Stochastic Differential Equations, Stochastic Analysis and Applications 8(4),
94-120, 1990.

R.L. TWEEDIE : Sufficient conditions for ergodicity and recurrence of Markov chains
on a general state space , Stochastic Processes and Applications 3, 385, 1975.

31



