
$�IORZ�EDVHG�PRGHO�IRU�,QWHUQHW
EDFNERQH�WUDIILF
&KDGL�%DUDNDW��3DWULFN�7KLUDQ

*LDQOXFD�,DQQDFFRQH��&KULVWRSKH�'LRW��3KLOLSSH�2ZH]DUVNL

$&0�6,*&200�,QWHUQHW�0HDVXUHPHQW�:RUNVKRS
0DUVHLOOH���WK�1RYHPEHU�����



&KDGL�%DUDNDW���,0:����� �

,QWURGXFWLRQ
T�2EMHFWLYH��XVH�LQIRUPDWLRQ�RQ�IORZV�WR�FKDUDFWHUL]H�WKH
����������������������WUDIILF�LQ�DQ�,3�EDFNERQH�QHWZRUN�

x�$YHUDJH�DQG�YDULDQFH�RI�WKH�WUDIILF�
x�&RUUHODWLRQ�
x�,I�SRVVLEOH��WKH�GLVWULEXWLRQ�

T�%DFNERQH�QHWZRUNV��OLQNV�DUH�RYHU�SURYLVLRQHG�VR�WKDW
����WKH�XWLOL]DWLRQ�GRHV�QRW�H[FHHG�����
T�,Q�WKH�OLWHUDWXUH��WKH�IRFXV�KDV�EHHQ�PDLQO\�RQ�WKH
����PRGHOLQJ�RI�FRQJHVWHG�OLQNV�



&KDGL�%DUDNDW���,0:����� �

&KDUDFWHULVWLFV�RI�WKH�PRGHO
T�6LPSOH��IHZ�SDUDPHWHUV�HDV\�WR�FRPSXWH�E\�D�URXWHU�
T�3URWRFRO�DQG�DSSOLFDWLRQ�LQGHSHQGHQW��WKH�PRGHO�ZRUNV
����IRU�DQ\�GHILQLWLRQ�RI�IORZ�
T�:KDW�LV�D�IORZ"�$�VWUHDP�RI�SDFNHWV��KDYLQJ�DQ�DUULYDO
���������������������������������WLPH��D�VL]H��D�YROXPH���DQG�D�GXUDWLRQ�
:LWKRXW�ORVV�RI�JHQHUDOLW\��ZH�XVH�WZR�GHILQLWLRQV�RI�IORZ�

x�3DFNHWV�KDYLQJ�WKH�VDPH���WXSOH��H�J���7&3�FRQQHFWLRQV��
x�3DFNHWV�KDYLQJ�WKH�VDPH�����GHVWLQDWLRQ�DGGUHVV�SUHIL[
����H�J���SDFNHWV�VHQW�WR�PDFKLQHV�ORFDWHG�RQ�WKH�VDPH�/$1��



&KDGL�%DUDNDW���,0:����� �

:K\�WR�PRGHO"
T�,PSDFW�RI�D�FKDQJH�LQ�WKH�FKDUDFWHULVWLFV�RI�IORZV�RQ�EDFNERQH
����WUDIILF��DQG�KHQFH�RQ�WKH�GLPHQVLRQLQJ�RI�WKH�OLQNV�RI�WKH�EDFNERQH�

x�$UULYDO�UDWH�RI�IORZV�
x�7KH�GLVWULEXWLRQV�RI�IORZ�VL]HV�DQG�IORZ�GXUDWLRQV�

§�1HZ�DSSOLFDWLRQ��QHZ�QHWZRUN��LQFUHDVH�LQ�DFFHVV�EDQGZLGWK�
x�7KH�FRUUHODWLRQ�RI�IORZ�VL]HV�DQG�IORZ�GXUDWLRQV�

§�,QFUHDVH�LQ�WKH�PXOWLSOH[LQJ�OHYHO�
x�7KH�G\QDPLFV�RI�IORZV·�WUDQVPLVVLRQ�UDWHV�

§�1HZ�WUDQVSRUW�SURWRFRO�
T�2WKHU�DSSOLFDWLRQV�

x�3UHGLFWLRQ�RI�EDFNERQH�WUDIILF�WUDIILF��JHQHUDWLRQ�RI�WKH�WUDIILF�
x�&RPSXWH�WUDIILF�LQ�WKH�EDFNERQH�XVLQJ�PHDVXUHPHQWV�DW�WKH
���HGJHV��8VH�WKLV�FRPSXWDWLRQ�WR�RSWLPL]H�URXWLQJ�WDEOHV�



&KDGL�%DUDNDW���,0:����� �

2XWOLQH

T�2XU�IOXLG�PRGHO�IRU�WKH�WUDIILF��3RLVVRQ�VKRW�QRLVH��
T�&RPSXWDWLRQ�RI�WKH�PRPHQWV�RI�WKH�WUDIILF�

x�2XU�IRFXV�KHUH�LV�RQ�WKH�ILUVW�WZR�PRPHQWV��PHDQ�DQG�YDULDQFH�
T�9DOLGDWLRQ�RI�WKH�PRGHO�XVLQJ�WUDFHV�FROOHFWHG�RQ�WKH
����6SULQW�,3�EDFNERQH��2&����OLQNV�������0ESV��
T�6RPH�UHVXOWV�RQ�WKH�FDVH�RI�7&3�IORZV�



&KDGL�%DUDNDW���,0:����� �

7KH�PRGHO
T�)ORZV�DUULYH�DW�WLPHV�^7Q`��KDYH�VL]HV�^6Q`��DQG�ODVW�IRU�^'Q`
T�;�W���VKRW��PRGHOV�IORZ�WUDQVPLVVLRQ�UDWH

;Q���W�7Q���

7Q

7Q��

6Q��

6Q

6Q��

7Q���'Q��

7Q�'Q

7Q���'Q��

;Q�W�7Q�

;Q���W�7Q���

5�W�

7RWDO�UDWH�WR�FKDUDFWHUL]H

$I
WHU

�VX
SHU

SRV
LWLR

Q

7Q��
¦f
 

 
�Q

QQ �7��W;5�W�



&KDGL�%DUDNDW���,0:����� �

)LUVW�PRPHQW�RI�5�W�
T�(DV\�WR�FRPSXWH�ZLWKRXW�DQ\�SDUWLFXODU�DVVXPSWLRQ�
T�/HW�O�EH�WKH�DUULYDO�UDWH�RI�IORZV��O�ILQLWH��

> @ @6>(�XG�X�5WOLP5�W�( Q
W

W O  ³fo �

�

T�5HVXOW�LQGHSHQGHQW�RI�WKH�VKRW�;�W��
T�7KLV�LV�QRW�WKH�FDVH�IRU�WKH�KLJKHU�PRPHQWV�RI�5�W�����

,QWXLWLYH�UHVXOW�
$YHUDJH�WUDIILF� �$YHUDJH�DUULYDO�UDWH�u�$YHUDJH�IORZ�VL]H



&KDGL�%DUDNDW���,0:����� �

+LJKHU�PRPHQWV�RI�5�W�
T�)XUWKHU�DVVXPSWLRQV�DUH�QHHGHG��MXVWLILHG�E\�WKH�KLJK
���GHJUHH�RI�PXOWLSOH[LQJ�LQ�WKH�EDFNERQH�

x�)ORZ�DUULYDOV�IRUP�D�KRPRJHQHRXV�3RLVVRQ�SURFHVV��O��
x�6KRWV�DUH�LLG����^6Q`�DQG�^'Q`�DUH�LLG�VHTXHQFHV��

T�5HOD[LQJ�WKH�DVVXPSWLRQV�
x�8VLQJ�WKH�WKHRU\�RI�UHYHUVLEOH�V\VWHPV��LW�LV�YHU\�HDV\�WR�SURYH
���WKDW�RXU�UHVXOWV�RQ�WKH�PRPHQWV�RI�WKH�WUDIILF�KROG�IRU�PXFK
���PRUH�JHQHUDO�SURFHVVHV�WKDQ�3RLVVRQ�
x�7KH�FDVH�ZKHUH�VKRWV�KDYH�GLIIHUHQW�GLVWULEXWLRQV�FDQ�EH�VROYHG
���E\�XVLQJ�FODVVHV�RI�IORZV��IRU�VLPSOLFLW\��ZH�FRQVLGHU�KHUH�RQO\
���RQH�FODVV��



&KDGL�%DUDNDW���,0:����� �

/DSODFH�6WLHOWMHV�7UDQVIRUP
T�2EMHFWLYH��&RPSXWH�WKH�/DSODFH�6WLHOWMHV�7UDQVIRUP�RI
���������������������WKH�WRWDO�UDWH�5�W���L�H������������������5H�V��!���

T�,Q�WKH�SDUWLFXODU�FDVH�;Q�W�� ��^����W���'Q`���5�W��LV�WKH
���QXPEHU�RI�FOLHQWV�LQ�DQ�0�*�f��RI�ZKLFK�ZH�NQRZ�WKH
���GLVWULEXWLRQ�DQG�WKH�/67�

> @�W�V5H( �

> @� � > @QNQ '(�
�N
'(� H`N�W�1^3 O�O  

> @ > @ �]�'(��W�1
 QH](�]�1 ��O  



&KDGL�%DUDNDW���,0:����� ��

T�7KH�/67�RI�5�W��LQ�WKH�VWDWLRQDU\�UHJLPH

T�7KH�DYHUDJH�RI�5�W��LV�FOHDUO\�O(>6Q@
T7KH�YDULDQFH�RI�WKH�WRWDO�UDWH

> @ > @¹̧·©̈
§ O�»¼º«¬ªO ³ ��

Q
' �X�V;�W�V5 '(XGH(H[SH( Q Q
�

0DLQ�DQDO\WLFDO�UHVXOWV

»¼º«¬ªO ³ Q'
Q5 XG�X�;(9

�
� 9DULDQFH�DQG�KLJKHU�PRPHQWV

UHTXLUH�PRGHOV�IRU�WKH�VKRW



&KDGL�%DUDNDW���,0:����� ��

0RGHOLQJ�VKRWV
T�0HDVXUHPHQW�EDVHG�DSSURDFK�

x�&KRRVH�VRPH�SDUDPHWULF�PRGHO�IRU�WKH�VKRW�VKDSH��IRU�H[DPSOH
���WKH�SRZHU�E�VKRW��;�W�� �D�W�E���E�!���
x�&RPSXWH�WKH�WRWDO�UDWH�XVLQJ�WKLV�VKDSH��H�J��WKH�YDULDQFH�
x�8VH�PHDVXUHPHQWV�WR�ILQG�WKH�RSWLPDO�SDUDPHWHUV�RI�WKH�VKRW�
���H�J��SDUDPHWHUV�WKDW�SUHVHUYH�WKH�YDULDQFH�RI�WKH�WUDIILF�
x�&OHDUO\��WKH�VKRW�VKDSH�GHSHQGV�RQ�WKH�PHDVXUH�RI�WKH�WUDIILF
���ZH�ZDQW�WR�FDSWXUH��H�J��YDULDQFH��KLJKHU�PRPHQWV��FRUUHODWLRQ�

T�3URWRFRO�EDVHG�DSSURDFK�
x�8VH�SURWRFRO�LQIRUPDWLRQ�WR�GHWHUPLQH�WKH�VKDSH�RI�WKH�VKRW�
���H�J���FDVH�RI�7&3�IORZV�



&KDGL�%DUDNDW���,0:����� ��

0HDVXUHPHQW�EDVHG�DSSURDFK
T�:H�ORRN�IRU�VKRWV�RI�WKH�IRUP�;�W� �DWE�
T�0DLQ�UHVXOW��95� �N�E��O�(>6Q��'Q@���N�E� �E�������E����

T�)LQG�WKH�SRZHU�E�WKDW�SUHVHUYHV�WKH�YDULDQFH�

����E����

7Q�'Q7Q

6Q

E�!��

7Q

6Q6Q
7Q�'Q7Q

E� ��

N� ���

6Q
7Q

E� ��

N� �����
7Q�'Q7Q�'Q

0HDVXUHG�YDULDQFH� �N�E��O�(>6Q��'Q@�



&KDGL�%DUDNDW���,0:����� ��

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

Measured Coefficient of Variation (%)

C
oV

 fr
om

 M
od

el
 (

%
) 

− 
R

ec
ta

ng
ul

ar
 s

ho
ts

rectangular shots
triangular shots
parabolic shots E� ��

E� ��
E� ��

0 5 10 15 20 25 30 35
0

5

10

15

20

25

30

35

Measured Coefficient of Variation (%)

C
oe

ffi
ci

en
t o

f V
ar

ia
tio

n 
fro

m
 M

od
el

 (%
)

rectangular case
triangular case
parabolic case

E� ��

E� ��
E� ��

)ORZV�GHILQHG�E\���WXSOH )ORZV�GHILQHG�E\�SUHIL[
&RHIILFLHQW�RI�YDULDWLRQ� ��95��(>5@

0HDVXUHPHQW�UHVXOWV
x�6DPSOHV�RI�5�W��REWDLQHG�E\�DYHUDJLQJ�WUDIILF�RYHU�����PV�
x�(DFK�SRLQW�LQ�WKH�ILJXUHV�UHSUHVHQWV����PLQXWHV�RI�GDWD�



&KDGL�%DUDNDW���,0:����� ��

+LVWRJUDP�RI�SRZHU�E
T�)RU���WXSOH�IORZV��ZH�SORW�WKH�KLVWRJUDP�RI�WKH�RSWLPDO
����SRZHU�E�RYHU�DOO�WKH����PLQXWHV�WUDFHV�

(>E@�|��
2SWLPDO�E��WKH�VKRW
SRZHU�WKDW�JLYHV�WKH
VDPH�YDULDQFH�IRU�5�W�
DV�WKH�PHDVXUHG�RQH�
3DUDEROLF�VKRWV�DUH
PRUH�VXLWHG�WR�WKLV
NLQG�RI�IORZV�
5HFWDQJXODU�VKRWV
DUH�PRUH�VXLWHG�WR
����IORZV�



&KDGL�%DUDNDW���,0:����� ��

7&3�GHSHQGHQW�VKRW
T�:H�ORRN�IRU�D�VKRW�VKDSH�WKDW�SUHVHUYHV�WKH�YDULDQFH�RI
����7&3�WUDIILF��7&3�IORZV�FDUU\�PRVW�RI�,QWHUQHW�WUDIILF��

6Q
'Q

VORZ�VWDUW VWHDG\�VWDWH
WL WL��

R 7LPHV�EHWZHHQ�ORVV�HYHQWV�WL��DUH�DVVXPHG�WR�EH�L�L�G�
R �/HW�/�N�� �(>WLN@�(N>WL@�EH�WKH�N�WK�QRUPDOL]HG�PRPHQW�RI�WL

7&3�VKRW



&KDGL�%DUDNDW���,0:����� ��

T�)RU�ORQJ�OLYHG�7&3�IORZV��XVLQJ�D�IOXLG�$,0'�PRGHO��
95� �N�/��O�(>6Q

��'Q�@
����ZKHUH�N�/�� �������/������/����������������/������

6HOHFWHG�UHVXOWV

6Q
7Q�'Q7Q

N� �������

FRQVWDQW

6Q
7Q�'Q7Q

N� �����

H[SRQHQWLDOO\
GLVWULEXWHG

7Q�'Q7Q

6

EXUVWLHU

�Nn

7LPH
EHWZHHQ
ORVVHV



&KDGL�%DUDNDW���,0:����� ��

,PSDFW�RI�IORZV·�FKDUDFWHULVWLFV�RQ
EDFNERQH�GLPHQVLRQLQJ

6XSSRVH�WKDW�WKH�OLQNV�RI�WKH�EDFNERQH�DUH�GLPHQVLRQHG�WR�
(>5@���$�H���95���ZLWK�$�H��WKH�FRQJHVWLRQ�SUREDELOLW\�

x�$PRQJ�WKH�VHW�RI�VKRWV��UHFWDQJXODU�VKRWV�JLYH�WKH
���ORZHVW�YDULDQFH��UHTXLUH�WKH�OHDVW�EDQGZLGWK��
x�7KH�WUDIILF�LQ�WKH�EDFNERQH�VPRRWKHV�ZKHQ�WKH�DUULYDO�UDWH�RI
���IORZV�LQFUHDVHV�

§��95�LQFUHDVHV�DV��O�LQVWHDG�RI�O��ZKHUHDV�(>5@�LQFUHDVHV�DV�O�
x�7KH�VPDOOHU�WKH�FRUUHODWLRQ�RI�WKH�IORZ�VL]HV�DQG�GXUDWLRQV��WKH
���ODUJHU�WKH�YDULDELOLW\�RI�WUDIILF�LQ�WKH�EDFNERQH��WKH�PRUH�WKH
���EDQGZLGWK�UHTXLUHG�WR�DEVRUE�WKH�RVFLOODWLRQV�RI�5�W���



&KDGL�%DUDNDW���,0:����� ��

*HQHUDO�FRQFOXVLRQV
T�$�SDUVLPRQLRXV�PRGHO�IRU�EDFNERQH�WUDIILF��7KUHH
���SDUDPHWHUV�DUH�HQRXJK�WR�FRPSXWH�DYHUDJH�DQG�YDULDQFH�

x�$UULYDO�UDWH�RI�IORZV�O��(>6Q@��DQG�(>6Q����'Q@�

T�$�JHQHUDO�PRGHO�LQGHSHQGHQW�RI�WKH�GHILQLWLRQ�RI�IORZ�
����)ORZ�FDQ�EH�GHILQHG�EDVHG�RQ���WXSOH������SUHIL[��HWF�

T�$�QHZ�FRPSRQHQW�FDOOHG�´VKRWµ��WKDW�DOORZV�WR�VSHFLI\�WKH
���PRGHO�WR�GLIIHUHQW�DSSOLFDWLRQV�DQG�WUDQVSRUW�SURWRFROV�


