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Symbolic analysis: transfer matrix

• Electric transmission line:

∂V

∂x
(x , t) + L

∂I

∂t
(x , t) + R I (x , t) = 0,

∂I

∂x
(x , t) + C

∂V

∂t
(x , t) + G V (x , t) = 0,

V (x , 0) = 0, I (x , 0) = 0,

V (0, t) = u(t), limx→+∞ V (x , t) = 0,

V (x , t) = y1(t), I (x , t) = y2(t),

⇒

 ŷ1(s) = e−
√

(L s+R) (C s+G) x û(s),

ŷ2(s) =
√

C s+G
L s+R e−

√
(L s+R) (C s+G) x û(s),

⇒ we obtain a transfer matrix (ŷ1(s), ŷ2(s))
T = P û(s).



Fractional representations of a transfer matrix

• Let A be an integral domain of stable transfer functions

(e.g., A = RH∞, H∞(C+), Â).

• A plant is defined by a transfer matrix P ∈ Kq×r , K = Q(A).

• We can write P by means of the fractional representations:

P = D−1 N = Ñ D̃−1,

{
(D − N) ∈ Aq×(q+r),

(ÑT D̃T )T ∈ A(q+r)×r .

(e.g., D = d Iq, N = d P, D̃ = d Ir , Ñ = d P).

3. y = P u ⇔


(D − N)

(
y
u

)
= 0,

(
y
u

)
=

(
Ñ

D̃

)
z ,

⇒ module theory.



Example

• Let us consider the transfer matrix:

P =

(
e−s

s−1

e−s

(s−1)2

)
.

• Let us consider A = H∞(C+) and K = Q(A).

• We then have: y1 = e−s

(s−1) u,

y2 = e−s

(s−1)2
u

⇒


(s−1)
(s+1) y1 − e−s

(s+1) u = 0,(
s−1
s+1

)2
y2 − e−s

(s+1)2
u = 0,

⇒ D

(
y1

y2

)
= N u ⇒ P = D−1 N,

where:

D =

 s−1
s+1 0

0
(

s−1
s+1

)2

 ∈ A2×2, N =

(
e−s

s+1

e−s

(s+1)2

)
∈ A2.



Lattices of a vector space

• Let V be a finite-dimensional K -vector space.

• Definition: An A-submodule M of V is a lattice of V if there
exist L1, L2 two free A-submodules of V such that:

L1 ⊆ M ⊆ L2, rkA(L1) = dimK (V ).

• Proposition: An A-submodule M of V is a lattice of V iff

K M , {k m | k ∈ K , m ∈ M} = V , M ⊆ P,

where P is a finitely generated A-submodule of V .

• Example: Let P ∈ Kq×r , then the A-module
L = (Iq − P) Aq+r is a lattice of the K -vector space Kq.

• Example: Let P ∈ Kq×r , then the A-module

M = A1×(q+r)

(
P
Ir

)
is a lattice of the K -vector space K 1×r .



Dual of a lattice

• Let V and W be 2 finite-dimensional K -vector spaces.

• Let M (resp., N) be a lattice of V (resp., W ).

• Definition: N : M is the A-submodule of

homK (V ,W ) = {f : V →W | f is a K − linear map}

formed by the K -linear maps f : V →W which satisfy:

f (M) ⊆ N.

• Proposition: 1. N : M is a lattice of homK (V ,W ).

2. We have the following bijective map:

N : M → homA(M,N) , {f : M → N | f is a A− linear map},

f 7→ f|M .



Examples

• Example: Let P ∈ Kq×r and L = (Iq − P) Aq+r . Then:

A : L = {f : K q → K | f (L) ⊆ A} = {λ ∈ K 1×q |λ (Iq − P) Aq+r ⊆ A}

= {λ ∈ K 1×q |λ ∈ A1×q, λ P ∈ A1×r} = {λ ∈ A1×q |λ P ∈ A1×r}.

• Example: Let P ∈ K q×r andM = A1×(q+r)

(
P
Ir

)
. Then:

A :M =

{
f : K r → K | f (M) ⊆ A} = {λ ∈ K r |A1×(q+r)

(
P
Ir

)
λ ⊆ A

}
= {λ ∈ K r |λ ∈ Ar , P λ ∈ Aq} = {λ ∈ Ar |P λ ∈ Aq}.



Weakly coprime factorizations

• Definition: P ∈ Kq×r admits a weakly left-coprime
factorization if there exists R = (D − N) ∈ Aq×(q+r) such that

det D 6= 0, P = D−1 N,

and:
∀ λ ∈ K 1×q, λ R ∈ A1×(q+r) ⇒ λ ∈ A1×q.

• Proposition: P ∈ Kq×r admits a weakly left-coprime
factorization iff ∃ D ∈ Aq×q such that det D 6= 0 and

A : L = A : ((Iq −P) Aq+r ) , {λ ∈ A1×q | λ P ∈ A1×r} = A1×q D,

i.e., A : L is a free lattice of K 1×q, namely, A : L ∼= A1×q.



Example

• We consider A = H∞(C+), K = Q(A) and the transfer matrix:

P =

(
e−s

s−1

e−s

(s−1)2

)
∈ K 2.

• We have the fractional representation P = D−1 N of P, where:

D =

 s−1
s+1 0

0
(

s−1
s+1

)2

 ∈ A2×2, N =

(
e−s

s+1

e−s

(s+1)2

)
∈ A2.

• P = D−1 N is not a weakly left-coprime factorization of P as

„
1

(s − 1)
−

(s + 1)

(s − 1)

« 0@ s−1
s+1

0 − e−s

s+1

0
“

s−1
s+1

”2
− e−s

(s+1)2

1A =

„
1

(s + 1)
−

(s − 1)

(s + 1)
0

«

and:(
1

(s − 1)
− (s + 1)

(s − 1)

)
∈ K 1×2,

(
1

(s + 1)
− (s − 1)

(s + 1)
0

)
∈ A1×3.



Coherent rings

• Definition: A ring A is coherent if, for any finitely generated
ideal I = (a1, . . . , an) of A, the A-module

S(I ) =

{
(r1 . . . rn) ∈ A1×n |

n∑
i=1

ri ai = 0

}
is finitely generated, i.e.:

∃m ∈ Z+, ∃R ∈ Am×n : S(I ) = A1×m R.

• Theorem: (McVoy-Rubel 76, Rosay 77) H∞(C+) is coherent.

• Theorem: If A is a coherent ring, then we can compute a
weakly left-coprime factorization of P ∈ Kq×p by computing

ext1A(N,A),

where N = D1×q/(D1×(p+q) RT ) and:

R = (D − N) ∈ Aq×(p+q), P = D−1 N.



Coherent Sylvester domains

• Definition: An integral domain A is a coherent Sylvester
domain if, for every q ∈ Z+ and every v ∈ A1×q, the A-module

kerA(v .) = {w ∈ Aq | v w =

q∑
i=1

vi wi = 0} is free.

• Theorem: H∞(C+), A[x ], where A is a Bézout domain (e.g., Z,
k[y ], k a field) and RH∞ are coherent Sylvester domains.

• Example: Let us consider A = H∞(C+) and K = Q(A). Then,
the transfer matrix

P =

(
e−s

s−1

e−s

(s−1)2

)
∈ K 2

admits the weakly left-coprime factorization P = D ′−1 N ′:

D ′ =

 1
(s+1) − (s−1)

(s+1)

(s−1)
(s+1) 0

 ∈ A2×2, N ′ =

(
0

e−s

(s+1)

)
∈ A2.



Weakly coprime factorizations

• Definition: P ∈ Kq×r admits a weakly right-coprime
factorization if there exists R̃ = (ÑT D̃T )T ∈ A(q+r)×r such
that

det D̃ 6= 0, P = Ñ D̃−1,

and:
∀ λ ∈ K r , R̃ λ ∈ Ap ⇒ λ ∈ Ar .

• Proposition: P ∈ Kq×r admits a weakly right-coprime
factorization iff ∃ D̃ ∈ Ar×r such that det D̃ 6= 0 and

A :M = A :

(
A1×(q+r)

(
P
Ir

))
, {λ ∈ Ar | P λ ∈ Aq} = D̃ Ar ,

i.e., A :M is free lattice of K r , namely, A :M∼= Ar .



Coprime factorizations

• Definition: A transfer matrix P ∈ Kq×r admits a left-coprime
factorization if there exist

D ∈ Aq×q, N ∈ Aq×r , X ∈ Aq×q, Y ∈ Ar×q,

such that det D 6= 0 and:

P = D−1 N, D X − N Y = Iq.

• Proposition: P ∈ Kq×r admits a left-coprime factorization iff
there exists D ∈ Aq×q such that det D 6= 0 and

L , (Iq − P) Aq+r = D−1 Aq,

i.e., iff L is a free lattice of Kq, namely, L ∼= Aq.



Example

• The transfer matrix defined by P =

(
e−s

s−1

e−s

(s−1)2

)
∈ K 2 admits the

left-coprime factorization P = D ′−1 N ′ defined by

D ′ =

 1
(s+1) − (s−1)

(s+1)

(s−1)
(s+1) 0

 ∈ A2×2, N ′ =

(
0

e−s

(s+1)

)
∈ A2,

as we have: 1
(s+1) − (s−1)

(s+1)

(s−1)
(s+1) 0

  −2 b (s−1)2

(s+1)2
+ 2 b (s−1)

(s+1)

−2 b (s−1)
(s+1)2

− 1 b 1
(s+1)


−

(
0

e−s

(s+1)

) (
2 a (s−1)

(s+1)2
−a 1

(s+1)

)
= I2,

where a and b are defined by:

a =
4 e (5 s − 3)

(s + 1)
∈ A, b =

(s + 1)3 − 4 (5 s − 3) e−(s−1)

(s + 1) (s − 1)2
∈ A.



Coprime factorization

• Definition: A transfer matrix P ∈ Kq×r admits a right-coprime
factorization if there exist

D̃ ∈ Ar×r , Ñ ∈ Aq×r , X̃ ∈ Ar×r , Ỹ ∈ Ar×q,

such that det D̃ 6= 0 and:

P = Ñ D̃−1, −Ỹ Ñ + X̃ D̃ = Ir .

• Proposition: P ∈ Kq×r admits a right-coprime factorization
if there exists D̃ ∈ Ar×r such that det D̃ 6= 0 and

M = A1×(q+r)

(
P
Ir

)
= A1×r D̃−1,

i.e., iff M is a free lattice of K 1×r , namely,M∼= A1×r .



Doubly coprime factorizations

• Definition: P ∈ Kq×r admits a doubly coprime factorization
over A if there exist

D ∈ Aq×q, N ∈ Aq×r , X ∈ Aq×q, Y ∈ Ar×q,

D̃ ∈ Ar×r , Ñ ∈ Aq×r , X̃ ∈ Ar×r , Ỹ ∈ Ar×q,

such that det D 6= 0, det D̃ 6= 0 and:

P = D−1 N = Ñ D̃−1,(
D −N

−Ỹ X̃

) (
X Ñ

Y D̃

)
= Iq+r .

• Proposition: P ∈ Kq×r admits a doubly coprime factorization
iff P admits a left- and a right-coprime factorization.



Bézout domains

• Definition: An integral domain A is called a Bézout domain
if every finitely generated ideal of A is principal, namely, generated
by an element of A.

• Examples: RH∞, the ring E (R) of entire functions with real
coefficients and E = R(s)[e−s ] ∩ E (R) are Bézout domains.

• Theorem: We have the following equivalences:

1. Every transfer matrix P with entries in K admits a doubly
coprime factorization.

2. Every transfer function p ∈ K admits a coprime factorization.

3. A is a Bézout domain.



Internal stabilization
• Let A be an algebra of stable transfer function, K = Q(A).

• Let P ∈ Kq×r be a plant and C ∈ K r×q a controller.

u1 + e1
C

P

+

y2

y1

+

e2 u2+

• The closed-loop system is defined by:(
u1

u2

)
=

(
Iq −P

−C Ir

)(
e1

e2

)
,

{
y1 = e2 − u2,

y2 = e1 − u1.

• Definition: P ∈ Kq×r is internally stabilizable iff there exists a
stabilizing controller C ∈ K r×q, namely, C ∈ K r×q satisfies:(

Iq −P
−C Ir

)−1

=

(
(Iq − P C )−1 (Iq − P C )−1 P

(Ir − C P)−1 C (Ir − C P)−1

)
∈ A(q+r)×(q+r).



Internal stabilizability

• Theorem: P ∈ Kq×r is internally stabilizable iff one of the
following conditions is satisfied:

1. L = (Iq − P) Aq+r is a projective lattice of Kq, namely, there
exists an A-module M such that:

L ⊕M ∼= Aq+r .

2. M = A1×(q+r)

(
P
Ir

)
is a projective lattice of K 1×r , namely,

there exists an A-module N such that:

M⊕ N ∼= A1×(q+r).



Internal stabilizability

• Let P ∈ Kq×r be an internally stabilizable plant and:

R = (Iq − P) ∈ Kq×(q+r), Q =

(
P
Ir

)
∈ K (q+r)×r .

Then, we have the following split exact sequences:

0←− L = R Aq+r R.←− Aq+r Q.←− A :M = A :
(
A1×p Q

)
←− 0,

S.−→ T .−→

0 −→ A : L = A : (R A1×(q+r))
.R−→ A1×(q+r) .Q−→ M = A1×p Q −→ 0.
.S←− .T←−

• Corollary: If P ∈ Kq×r is internally stabilizable, then we have:

1. L ⊕ (A :M) ∼= Aq+r and M = A : (A :M).

2. M⊕ (A : L) ∼= A1×(q+r) and L = A : (A : L).



Internal stabilizability

• Corollary: P ∈ Kq×r is internally stabilizable iff one of the
following conditions is satisfied:

C1. There exists S = (UT V T )T ∈ A(q+r)×q such that: S P =

(
U P
V P

)
∈ A(q+r)×r ,

(Iq − P) S = U − P V = Iq.

Then, C = V U−1 is a stabilizing controller of P.

C2. There exists T = (−Ṽ Ũ) ∈ Ar×(q+r) such that:
P T = (−P Ṽ P Ũ) ∈ Aq×(q+r),

T

(
P
Ir

)
= −Ṽ P + Ũ = Ir .

Then, C ′ = Ũ−1 Ṽ is a stabilizing controller of P.

• Proposition: ∃ S ∈ A(q+r)×q, T ∈ Ar×(q+r) satisfying 1, 2 and:

T S = −Ṽ U + Ũ V = 0⇒ C = V U−1 = Ũ−1 Ṽ .



Example

• Let us consider the transfer matrix (A = H∞(C+), K = Q(A)):

P =

 e−s

s−1

e−s

(s−1)2

 ∈ K 2.

• The matrix S = (UT V T )T ∈ A3×2 defined by

S =


2

s+1 + b
(

s−1
s+1

)3
2 b
(

s−1
s+1

)3
− 2 (s−1)

(s+1)

b (s−1)2

(s+1)3
− 1

s+1
s−1
s+1 + 2 b (s−1)

(s+1)3

−a (s−1)2

(s+1)3
−2 a (s−1)2

(s+1)3


with a = 4 e (5 s−3)

(s+1) ∈ A and b = (s+1)3−4 (5 s−3) e−(s−1)

(s+1) (s−1)2
∈ A, satisfies{

S P ∈ A3×1,

(I2 − P) S = U − P V = I2,

⇒ C = V U−1 = − 4 (5 s−3) e (s−1)2

(s+1) ((s+1)3−4 (5 s−3) e−(s−1))
(1 2) IS P.



Projectors

• Corollary: P ∈ Kq×r is internally stabilized by the controller
C ∈ K r×q iff one of the following conditions is satisfied:
1. The matrix

Π1 =

(
(Iq − P C )−1 −(Iq − P C )−1 P

C (Iq − P C )−1 −C (Iq − P C )−1 P

)
is a projector of A(q+r)×(q+r), namely, Π2

1 = Π1 ∈ A(q+r)×(q+r).

2. The matrix

Π2 =

(
−P (Ip−q − C P)−1 C P (Ip−q − C P)−1

−(Ip−q − C P)−1 C (Ip−q − C P)−1

)
is a projector of A(q+r)×(q+r), namely, Π2

2 = Π2 ∈ A(q+r)×(q+r).

Morover, we have: Π1 + Π2 = Iq+r .

• Remark: This result was known for A = H∞(C+). The
robustness radius is then defined by (loop-shaping procedure):

bP,C , ‖ Π1 ‖−1
∞ = ‖ Π2 ‖−1

∞ .



Prüfer domains

• Definition: An integral domain A is called a Prüfer domain
if every finitely generated ideal of A is a projective A-module.

• Example: Dedekind domains (e.g., R[x , y ]/(x2 + y2 − 1),
Z[i
√

5]), the Z-valued polynomials in Q[x ], namely:

A = {p ∈ Q[x ] | p(Z) ⊂ Z}.

• Theorem: We have the following equivalences:

1. Every transfer matrix P with entries in K is internally
stabilizable.

2. Every transfer function p ∈ K is internally stabilizable.

3. A is a Prüfer domain.



SC for internal stabilizability

• Fact 1: P admits a doubly coprime factorization iff L andM
are free A-modules.

• Fact 2: P is internally stabilizable ff L and M are projective
A-modules.

• Fact 3: A free A-module is projective.

• Corollary: 1. If P ∈ Kq×r admits a left-coprime factorization

P = D−1 N, D X − N Y = Iq,

then S = ((X D)T (Y D)T )T satisfies C1

⇒ C = (Y D) (X D)−1 = Y X−1 ∈ Stab(P).

2. If P ∈ Kq×r admits a right-coprime factorization

P = Ñ D̃−1, −Ỹ X + X̃ D̃ = Ir ,

then T = (−D̃ Ỹ D̃ X̃ ) satisfies C2

⇒ C = (D̃ X̃ )−1 (D̃ Ỹ ) = X̃−1 Ỹ ∈ Stab(P).



Stabilizable m-D linear systems

• Dm
= {z ∈ Cm | |zi | ≤ 1, i = 1, . . . ,m} unit polydisc of Cm.

• Let R(z1, . . . , zm)S be the ring of stabilizable m-D systems:

R(z1, . . . , zm)S = {r/s | 0 6= s, r ∈ R[z1, . . . , zm], s(z) = 0⇒ z /∈ Dm}.

• Z. Lin’s conjecture:

Determine whether or not an internally stabilizable linear system
defined by a transfer matrix P with entries in R(z1, . . . , zm) admits

a doubly coprime factorization over R(z1, . . . , zm)S .

• Theorem: (Kamen-Khargonekar-Tannenbaum,
Byrnes-Spong-Tarn, 84): R(z1, . . . , zm)S is a projective free ring.

• This result is not trivial (the proof was given by P. Deligne).

• Corollary: Z. Lin’s conjecture is solved.

• Open question: Constructive proof.



Parametrization of all stabilizing controllers

• Theorem: Let P ∈ Kq×r be a stabilizable plant.
All stabilizing controllers of P have the form

C (Q) = (V + Q) (U + P Q)−1 = (Y + Q P)−1 (X + Q),

where C∗ is a particular stabilizing controller of P,

U = (Iq − P C∗)
−1,

V = C∗ (Iq − P C∗)
−1,

X = (Ir − C∗ P)−1 C∗,

Y = (Ir − C∗ P)−1,


S =

(
U
V

)
∈ A(q+r)×q,

T = (−Ṽ Ũ) ∈ Ar×(q+r),

and Q is any matrix which belongs to:

Ω = {L ∈ Ar×q | LP ∈ Ar×r , P L ∈ Aq×q, P LP ∈ Aq×r}

= (A : L) :M = (A :M) : L = T A(q+r)×(q+r) S ,

such that det (U + P Q) 6= 0 and det (Y + Q P) 6= 0.

(Ω is a projective A-module of rank r × q).



The projective A-module Ω

• Open question: Find a minimal family of generators of the
projective A-module Ω of rank r × q, i.e., a minimal family
{Li}1≤i≤s such that:

∀ L ∈ Ω, ∃ λi ∈ A, i = 1, . . . , s : L =
s∑

i=1

λi Li .

• If A has a Krull dimension equals to m, then we have:

µA(Ω) = s ≤ q × r + m.

• Proposition: If P ∈ Kq×r admits a weakly left-coprime
factorization P = D−1 N, then we have:

Ω = {L ∈ Ar×q | P L ∈ Aq×q}D.

• Proposition: If P ∈ Kq×r admits a weakly right-coprime
factorization P = Ñ D̃−1, then we have:

Ω = D̃ {L ∈ Ar×q | LP ∈ Ar×r}.



Youla-Kučera parametrization

• Corollary: Let P ∈ Kq×r be a plant which admits a doubly
coprime factorization P = D−1 N = Ñ D̃−1:(

D −N

−Ỹ X̃

) (
X Ñ

Y D̃

)
= Iq+r .

Then, Ω = {L ∈ Ar×q | LP ∈ Ar×r , P L ∈ Aq×q, P L P ∈ Aq×r} is
the free A-module defined by:

Ω = D̃ Ar×q D = {L ∈ Ar×q | L = D̃ R D, ∀R ∈ Ar×q}.

All stabilizing controllers of P are then of the form

C (Q) = (Y + D̃ Q) (X + Ñ Q)−1 = (X̃ + Q N)−1 (Ỹ + Q D),

where Q ∈ Ar×q is any matrix such that:

det (X + Ñ Q) 6= 0, det (X̃ + Q N) 6= 0.



Sensitivity minimization

• Let A be a Banach algebra (e.g., A = H∞(C+), Â, W+, A(D)).

• Let P ∈ Kq×r be a stabilizable plant and W1 and W2 two
weighted transfer matrices. Then, we have

inf
C∈Stab(P)

‖W1 (Iq−P C )−1 W2 ‖A= inf
Q∈Ω
‖W1 (U+P Q) W2 ‖A, (?)

where C? = V U−1 is a stabilizing controller of P and:

U = (Iq − P C∗)
−1 ∈ Aq×q, V = C∗ (Iq − P C∗)

−1 ∈ Ar×q.

• The optimization problem (?) is convex.

• If P = D−1 N = Ñ D̃−1 is a doubly coprime factorization(
D −N

−Ỹ X̃

) (
X Ñ

Y D̃

)
= Iq+r ⇒

 Q ∈ Ω = D̃ Ar×q D,

U + P Q = (X + Ñ R) D,

⇒ (?) ⇔ inf
R∈Ar×q

‖W1 (X + Ñ R) D W2 ‖A .



Conclusion
• We generalized the Youla-Kučera parametrization for MIMO
internally stabilizable plants.

• This parametrization does not assume the existence of doubly
coprime factorizations.

• When does a stabilizable plant admit a doubly coprime
factorization? We proved that this problem is related to:

When is a certain projective A-module free?

• This has been a difficult problem studied for years in:

− algebra: algebraic K -theory (Serre’s conjecture (55)
A = k[x1, . . . , xn], k a field, solved by Quillen-Suslin (76)),

− number theory: number fields,

− algebraic geometry: function fields,

− topology: triviality of vector bundles,

− operator theory: topological K -theory (e.g., C ?-algebras).
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