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Symbolic analysis: transfer matrix

e Electric transmission line:

ov ol

a(x t)+L a(x t)+ RI(x,t) =0,
ol ov

aX(Xt)—l—Ca (x,t)+ G V(x,t) =0,

V(x,0) =0, [I(x,0)=0,
V(0,t) = u(t), limy_ioo V(x,t)=0,
V(Y7 t) ZY1(t)7 I(}a t) ZYZ(t)7

}7\1(5) — e (Ls+R)(Cs+G)Ya(S),
=
}75(5) — Cs+G —\/ Ls+R)(Cs+G)x ( )

Ls+R

= we obtain a transfer matrix (yi(s), y2(s))" = Pu(s).



Fractional representations of a transfer matrix

e Let A be an integral domain of stable transfer functions
(e.g., A= RHs, Hx(Cy), A).

e A plant is defined by a transfer matrix P € K9*", K = Q(A).

e We can write P by means of the fractional representations:

o (D — N) e Ax(a+r),
’ { (NT bT)TGA(q-&-r)Xr.

(eg., D=dl, N=dP, D=dl, N=dP).

= module theory.



Example

e Let us consider the transfer matrix:

(s=1)°

e Let us consider A = Hy(C,) and K = Q(A).

e We then have:

[}

- (s—1) s

yi= (s U ) V1 — (f+1) u=0,
e”* = 1 2

Y2 = -2 Y (Zi) 2= (s+1)2“_0




Lattices of a vector space

e Let V be a finite-dimensional K-vector space.

e Definition: An A-submodule M of V is a lattice of V if there
exist L1, Ly two free A-submodules of V such that:

Li CMC Ly, rka(Lly)=dimg(V).
e Proposition: An A-submodule M of V is a lattice of V iff
KM=2{km|lke K, me M} =V, MCP,
where P is a finitely generated A-submodule of V.

e Example: Let P € K9%', then the A-module
L= (l; — P)AI™" is a lattice of the K-vector space K9.

e Example: Let P € K9%", then the A-module
M = Alx(at7) ( ;D ) is a lattice of the K-vector space K1*".



Dual of a lattice

e Let V and W be 2 finite-dimensional K-vector spaces.
e Let M (resp., N) be a lattice of V (resp., W).
e Definition: N : M is the A-submodule of
homg(V, W) ={f:V — W|fisa K — linear map}
formed by the K-linear maps f : V — W which satisfy:
f(M)CN.
e Proposition: 1. N : M is a lattice of homy(V, W).
2. We have the following bijective map:

N:M — homa(M,N)= {f: M — N|fisaA— linear map},



Examples

e Example: Let P € K9%" and L = (l; — P)A9"". Then:
AL ={f: K7 K|Ff(L)C A} ={\e KX (I, — P) AT C A}

= {Ae KX\ e A9 AP e AT} = [\ e A9 AP e A}

r

e Example: Let P € K9% and M = Al*(a+7) ( '7 ) Then:

r

A: M :{f:Kf—>K|f(M)gA}={Aer|A1X<q+f> (';D))\CA}

={AeK|AcA, PXxc A} ={Ac A" |P) e A%}



Weakly coprime factorizations

e Definition: P € K9%" admits a weakly left-coprime
factorization if there exists R = (D — N) € A7%(9+7) sych that

detD#0, P=D1N,

and:
Ve KIX9 AR e AX(at) o )\ ¢ AlX9,

e Proposition: P € K79 admits a weakly left-coprime
factorization iff 3 D € A9%9 such that det D # 0 and

AL=A:((l; —P)ATT) 2N AT | AP c A} = AIX9 D,

i.e., A: L is a free lattice of K1X9, namely, A: £ = AX9,



Example
e We consider A = Hoo(C4), K = Q(A) and the transfer matrix:

e*S
P = ( 56:1 > € K2
(s—1)2

e We have the fractional representation P = D~1 N of P, where:

% 0 e *®

+

p=| "~ 2 | eare N:( o >6A2.
0 <5T1> Grip

e P = D71 N is not a weakly left-coprime factorization of P as

G (T oy 2 )G 650

(s+1)2

and:

(s—1) _(5—1))€K1X2, <(5—11—1) _EZIB 0>€A1x3'




Coherent rings

e Definition: A ring A is coherent if, for any finitely generated
ideal I = (a1,...,ap) of A, the A-module

5(/):{(r1...r,,)€A1X” | ir;a;zO}
i=1

is finitely generated, i.e.:
ImeZ,, IRe A™": S(I)=A*"R.
e Theorem: (McVoy-Rubel 76, Rosay 77) Hy(C ) is coherent.

e Theorem: If A is a coherent ring, then we can compute a
weakly left-coprime factorization of P € K9*P by computing

exta(N, A),
where N = D*9/(D™(P+9) RT) and:
R=(D —N)eA>P+ta p_p-lp.



Coherent Sylvester domains

e Definition: An integral domain A is a coherent Sylvester
domain if, for every g € Z_ and every v € A9, the A-module

q
kera(v.) ={we Al |vw = Z viw; =0} s free.
i=1
e Theorem: H,(Cy), A[x], where A is a Bézout domain (e.g., Z,
kly], k a field) and RHy, are coherent Sylvester domains.

e Example: Let us consider A = H,(C4) and K = Q(A). Then,

the transfer matrix
o5
P= ( L ) e K2
(s-1)2

admits the weakly left-coprime factorization P = D'~ \':

1 _(s—1) 0
D/ _ Ezii; (s+1) € A2><2, NI _ ( - > c A2.
(s+1) 0 (s+1)



Weakly coprime factorizations

e Definition: P € K9 admits a weakly right-coprime
factorization if there exists R = (N7 DT)T € Ala+1)xr sych
that B L

detD#£0, P=ND1,

and: B
YVAeEK, R\Xe AP = e A .

e Proposition: P € K9%" admits a weakly right-coprime
factorization iff 3 D € A™" such that det D # 0 and

A:M=A: <A1X("+’) < f

r

))é{AeA’|PAeAq}:5A',

i.e., A: M is free lattice of K", namely, A: M = A",



Coprime factorizations
e Definition: A transfer matrix P € K9%" admits a left-coprime
factorization if there exist
Dec A9, N c AT X e A9 Y ¢ A9,

such that det D # 0 and:

P=D'N, DX-NY =1,
e Proposition: P € K9%" admits a left-coprime factorization iff
there exists D € A9%9 such that det D # 0 and

L2, —P)AT" =D1A9,

i.e., iff L is a free lattice of K9, namely, £ = A9.



Example

e~s

e The transfer matrix defined by P = < -1 > € K2 admits the

e*S

(s=1)
left-coprime factorization P = D'~ N’ defined by

11 _ (5*1) 0
D/ _ Ezi_li (5+ ) c A2><2, NI — ( - ) c A2,
=n -+

as we have:

1 (s=1) (s—1)? (s=1)
11) —(;1) —2b (z+1)2 +2 b (§+1)
e —2p D 1 p Lo

(s+1) (s+1)2 (s+1)

0
(s=1) 1 —
- ( % ) ( 2a(s+1)2 TG+ ) = h,
where a and b are defined by:
e 4e(bs—3)
- (s+1)

(s+1)3—4(55—3)e 1

€A, b= (s+1)(s—1)2




Coprime factorization

e Definition: A transfer matrix P € K9 admits a right-coprime
factorization if there exist

DeA™ NeA XeAX YeAX,
such that det D # 0 and:
P=ND' _—YN+XD-=I,.

e Proposition: P € K9*" admits a right-coprime factorization
if there exists D € A" such that det D # 0 and

r

M — Alx(g+r) ( 7) ) — Alxr 5—17

i.e., iff M is a free lattice of KX, namely, M = A1X",



Doubly coprime factorizations

e Definition: P € K9%" admits a doubly coprime factorization
over A if there exist

D e ATX9. N € A9Xr X € AT, Y € Arxa,
5 c Ar><r7 K/ c Aq><r’ )? c Ar><r’ Y/ c Ar><q7
such that det D # 0, det D # 0 and:

P=DN=ND1,

D —N X N\ _,
-y X y D) "

¢ Proposition: P € K9*" admits a doubly coprime factorization
iff P admits a left- and a right-coprime factorization.



Bézout domains

e Definition: An integral domain A is called a Bézout domain
if every finitely generated ideal of A is principal, namely, generated
by an element of A.

e Examples: RH,,, the ring E(R) of entire functions with real
coefficients and £ = R(s)[e”°] N E(R) are Bézout domains.

e Theorem: We have the following equivalences:

1. Every transfer matrix P with entries in K admits a doubly
coprime factorization.

2. Every transfer function p € K admits a coprime factorization.

3. Ais a Bézout domain.



Internal stabilization
e Let A be an algebra of stable transfer function, K = Q(A).

e Let P € K9 be a plant and C € K"™*9 a controller.

ul + el 1
( ) c Y
+
+

y2 P 92: u2
+

e The closed-loop system is defined by:
(u1>_ leg —P <e1) yi =€ — Uy,
Ty} -C | e )’ Y2 =€ —u.

e Definition: P € K9%" is internally stabilizable iff there exists a
stabilizing controller C € K"™*9, namely, C € K"*9 satisfies:

/q —P - (/CI - P C)_l (/q - P C)_l P (g+r)x(g+r)
¢ 1 )= \=cpic (,—cpt )EA :



Internal stabilizability

e Theorem: P € K9*" is internally stabilizable iff one of the
following conditions is satisfied:

1. £L=(l; — P)A9"" is a projective lattice of K9, namely, there
exists an A-module M such that:

LOM= AT,

2. M = Alx(a+r) 7 is a projective lattice of K%', namely,
r

there exists an A-module N such that:

Me N = At



Internal stabilizability

e Let P € K9%" be an internally stabilizable plant and:

P

R=(ly —P)eK>@ Q= < I

) e Klatnxr,

Then, we have the following split exact sequences:

0 L=RAMr Lo porr G pp— AL (AP Q) — 0,
s
0—A:L=A:(RAXE) B atx(atn & A= Al Q — 0.
= o

e Corollary: If P € K9%" is internally stabilizable, then we have:
1.LBEA- M)A and M=A:(A: M).
2 M@ (A: L) AX@)  and  L=A:(A:L).



Internal stabilizability

e Corollary: P € K9*" is internally stabilizable iff one of the
following conditions is satisfied:

Cl. There exists S = (UT  VT)T ¢ Ala+t1)*d gych that:

upr
— (g+r)xr
SP _<VP>6A )

(lg. —P)S =U-PV =1,
Then, C = V U~ ! is a stabilizing controller of P.
C2. There exists T = (—=V  U) € A™(9+7) such that:
PT = (=PV PU)e Av(atn),

T<7> ——VP+U=1,.

Then, C'=U"'Visa stabilizing controller of P.

e Proposition: 3§ € Alatnxa T ¢ Arx(a+r) satisfying 1, 2 and:
TS=-VU+UV=0=C=VUl=U"1V.



Example
e Let us consider the transfer matrix (A = Ho.(Cy), K = Q(A)):

e*S
P = :1 € K2
(s—1)°

e The matrix S = (U7 VT)T € A3%? defined by

b () 20 (s3) 265

_ —1)? 1 s—1 -1
S=| b - E2bEE
(s-1)2 (s-1)2
A GE: —2a 5y

with a = 46(2_‘151_)3) €Aand b= (5+1)3(;‘:S(55__31))§_(5_1) € A, satisfies

{ SPe A3XL

(b —P)S=U-PV =h,

_ -1 _ 4(55—3)e(s—1)?
= C=VU—"= "~ (s+1)((s+1)3-4(55-3) e 1) 1.2)1s P



Projectors

e Corollary: P € K9%" is internally stabilized by the controller
C € K™ 4 iff one of the following conditions is satisfied:
1. The matrix

n_( (a=POT —(g—PC)1P
Cll,—PC)™Y —C(l,—PC)'P

is a projector of AGTN*(@+r) namely, N2 = M; € Alatr)x(a+r),

2. The matrix

0 “PUq=CP)1C P(lg—CP)?
2T _(IP*q - CP)_l C (Ipfq - CP)_I

is a projector of AGTN)*(@+r) namely, M3 = M, e Alatr)x(a+r),
Morover, we have: Ty + Iy = /..

e Remark: This result was known for A = Ho(C4). The
robustness radius is then defined by (loop-shaping procedure):

bpc 2 || Myl = N2 |5



Prufer domains

e Definition: An integral domain A is called a Priifer domain
if every finitely generated ideal of A is a projective A-module.

e Example: Dedekind domains (e.g., R[x, y]/(x* + y? — 1),
Z[iv/5]), the Z-valued polynomials in Q[x], namely:

A={peQlx]|p(Z) C Z}.

e Theorem: We have the following equivalences:

1. Every transfer matrix P with entries in K is internally
stabilizable.

2. Every transfer function p € K is internally stabilizable.

3. Ais a Priifer domain.



SC for internal stabilizability

e Fact 1: P admits a doubly coprime factorization iff £ and M
are free A-modules.

e Fact 2: P is internally stabilizable ff £ and M are projective
A-modules.

e Fact 3: A free A-module is projective.
e Corollary: 1. If P € K9%" admits a left-coprime factorization
P=D1'N, DX-NY =1,
then S= ((XD)"T (Y D)T)T satisfies C1
= C=(YD)(XD)!=yYX!eStab(P).
2. If P € K9*" admits a right-coprime factorization
P=ND' —-YX+XD=I,
then T = (=D Y ) satisfies C2
= C=(DX)"1(DY)=X"1Y e Stab(P).

DX
DX



Stabilizable m-D linear systems
eD"={zeC™||z| <1, i=1,...,m} unit polydisc of C™.
e Let R(z,...,2m)s be the ring of stabilizable m-D systems:
R(z1,...,2Zm)s = {r/s|0#s, r e Rlz1,...,zm], s(z) =0 =z ¢ D™}.
e Z. Lin’s conjecture:

Determine whether or not an internally stabilizable linear system
defined by a transfer matrix P with entries in R(zi, ..., z;,) admits
a doubly coprime factorization over R(zy, ..., zn)s.

e Theorem: (Kamen-Khargonekar-Tannenbaum,
Byrnes-Spong-Tarn, 84): R(z,...,zn)s is a projective free ring.

e This result is not trivial (the proof was given by P. Deligne).
e Corollary: Z. Lin's conjecture is solved.

e Open question: Constructive proof.



Parametrization of all stabilizing controllers

e Theorem: Let P € K9*' be a stabilizable plant.
All stabilizing controllers of P have the form

AQ=(V+QWU+PQT=(Y+QP)(X+Q)
where C, is a particular stabilizing controller of P,
U=(ly—PC),
V==C(l,—PC)™, S= ( 5 ) € Alatnxa,
X=(-CP)tcC, T—(=V U)eArxtan),
Y=(—-CP)1
and Q is any matrix which belongs to:
Q ={Le AT |LPc A" PLec A9 PLP c A"}
=(A:L): M=(A: M) L=TAlgtnNx(a+tn g
such that det (U+ P Q) # 0 and det (Y + Q P) # 0.

(Q is a projective A-module of rank r x q).



The projective A-module €2

e Open question: Find a minimal family of generators of the
projective A-module Q of rank r x g, i.e., a minimal family
{L,‘}lg,'gs such that:

S
VEeQ, IN€EA i=1...s: L=Y )L
i=1

e If A has a Krull dimension equals to m, then we have:
ua(Q)=s<qgxr+m.

e Proposition: If P € K9%" admits a weakly left-coprime
factorization P = D1 NV, then we have:

Q={Le A9 |PLe A9} D.

e Proposition: If P € K9%" admits a weakly right-coprime
factorization P = N D1, then we have:

Q=D{Le AT |LPc A™¥"}.



Youla-Kucera parametrization

e Corollary: Let P € K9%" be a plant which admits a doubly
coprime factorization P = D' N =ND L

D —N X N\ _,
Y X y D) 9"

Then, Q={L € A™9|LP €A™, PLe AT PLP e AT} is
the free A-module defined by:

Q=DA”ID={Le A" L=DRD, VR e A™*9}.
All stabilizing controllers of P are then of the form
C(Q=(Y+DQX+NQ™ =(X+Q@N) (Y +QD),
where Q € A™*9 is any matrix such that:

det (X + NQ) #0, det(X+ QN) 0.



Sensitivity minimization
e Let A be a Banach algebra (e.g., A= Hy(C), A W, A(D)).

e Let P € K9%" be a stabilizable plant and W; and W5 two
weighted transfer matrices. Then, we have

inf Wy (I,—P C)"Y Wy [|4a= inf || Wy (U+P Q) W.
Cestab(P) Wi (lg—P €)™ Wa 4= inf || W (U+P Q) W2 la, (¥)

where G, =V U lisa stabilizing controller of P and:
U=(l—PC) e A V=C(l;—PC) e Arxa,

e The optimization problem (%) is convex.

elf P=D"1N=ND"1is a doubly coprime factorization
D —-N X N _, QeQ=DAID,

< -V oX > ( v D ) R U+PQ=(X+NR)D,

= () & _inf |[Wi(X+NR)DWs|a.
ReAr*x4q



Conclusion

e We generalized the Youla-Kucera parametrization for MIMO
internally stabilizable plants.

e This parametrization does not assume the existence of doubly
coprime factorizations.

e When does a stabilizable plant admit a doubly coprime
factorization? We proved that this problem is related to:

When is a certain projective A-module free?
e This has been a difficult problem studied for years in:

— algebra: algebraic K-theory (Serre’s conjecture (55)
A = K[x1,...,xn], k a field, solved by Quillen-Suslin (76)),

— number theory: number fields,
— algebraic geometry: function fields,
— topology: triviality of vector bundles,

— operator theory: topological K-theory (e.g., C*-algebras).
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