Two pendula mounted on a cart (Polderman, Willems)
Definition of Ore algebra and ODE system:

> with(OreModules):

> Alg := diff_algebra([Dt,t], polynom={t}, comm={ml, m2, M, L1, L2, g}):

> R := evalm([[mi1*L1*Dt~2, m2*xL2*xDt~2, -1, (M+mi+m2)*Dt~2],

> [m1*L1~2%Dt~2-m1xLi*g, 0, 0, mi*L1%Dt~2], [0, m2*L2 2xDt~2-m2*L2%g, 0, m2*L2%Dt~2]11);

m1 L1 Dt? m2 L2 Dt? —1 (M + m1 4+ m2) Dt?
R:=| mi1L1*°Dt? —m1Llg 0 0 m1 L1 Dt?
0 m2 L22 Dt> — m2L2g 0 m2 L2 Dt?
Computing extp (N, D), where D = Alg: (CPU: < 1s)

> Extl := exti(adjoint(R, Alg), Alg, 1): Exti[1];

«—  exth(N,D)=2t(M)={0}.

<=  System is controllable @ <=  System is parametrizable.



exti also constructs a parametrization of the system:

> Ext1[3];
gDt? — L2 Dt*
gDt? — Dt*L1
—Dt*gL1m2 — L2Dt*gm1 — L2Dt*gM + L2Dt° L1 M + ¢g°m2Dt? — gL1 M Dt* + g*m1 Dt? + g°> M Dt?
—L2Dt?>g+ L2Dt*L1 — gL1Dt? + g2

If this parametrization admits a left inverse, we can construct a flat output:

> L := LI(Ext1[3], Alg);

I L1? L2? 0 —L1+ L2
L ¢2(L1—L2) g2 (L1 — L2) g2 (L1 — L2)

Now

L1% wy; — L2% we + (L1 — L2) wy
g% (L1 — L2)

L - (w1, wa, ws, w4)T =

is a flat output.




Linear DAE

Definition of Ore algebra and ODE system:

>

with(OreModules) :
Alg := diff_algebra([D[t],t], polynom={t}):

R := evalm([[-t*D[t]+1, t~2%«D[t], -1, 0], [-D[t], t*D[t]+1, O, -1]11);

—tDs 41 t? D¢ —1
—Dy tDy +1 0
Extl := exti(adjoint(R, Alg), Alg, 1);

R =

S ) i

0 0 0 Dy —tD; 1 0

1]’[1 —t -1 t ] D,  —tDy+1
| tDy +1 -Dy

mult (R, Ext1[3], Alg);

LI(Ext1[3], Alg);

0

—1

|

—t* D, — 2t
tDy + 2

—t Dy
D




Wind tunnel model

(Manitius)

Definition of Ore algebra and differential time-delay system:

>
>
>
>
>

<~
<~

with(OreModules):

Alg

R

:= diff_algebra([D[1],x[11], [delta,x[2]],

polynom={x[1],x[2]}, comm={a, omega, zeta, k}):
:= evalm([[D[1]+a,-k*a*delta,0,0],

(0,D[1],-1,0],

[0,omega~2,D[1]+2*zeta*omega,-omega~2]]) ;

Di+a —-kad 0
R := 0 D1 —1
0 w? D +2¢w —w?
Computing extp (N, D), where D = Alg: (CPU: < 1s)
> Extl := exti(adjoint(R, Alg), Alg, 1): Ext[1];
0
1
0
exth, (N, D) =2 t(M) = {0}.
System is controllable @ <=-  parametrizable.

exti also constructs a parametrization of the system:

> Ext1[3];

—w?kad

—D;w? —aw

2

—w? D12 — w? aDq

—D13—2D12Cw—aD12—D1w2—2aD1Cw—aw2 |




Computing ext? (N, D), where D = Alg: (CPU: < 1s)

> Ext2 := exti(adjoint(R, Alg), Alg, 2): Ext2[1];

)
D1 —|— a
We find:  ext} (I, D) # {0}.
ext (N, D) = {0} System controllable, but neither reflexive, nor projective,
ext?, (N, D) # {0} nor free (which are all equivalent in this case).

Hence, we find a polynomial 7(J) such that the system is m-flat:

> pi_polynomial(adjoint(R, Alg), Alg, [deltal);

(9]



A two reflector antenna  (Mounier)

Definition of Ore algebra and differential delay system:

with(OreModules):

Alg:=diff_algebra([D[1],x[1]], [delta,x[2]], polynom={x[1],x[2]}, comm={K1,K2,Te,Kp,Kc}):
R := evalm([[D[1],-K1,08$7], [0,D[1]+K2/Te,084,-Kp/Te*delta,-Kc/Te*xdelta,-Kc/Texdelta],

[0,0,D[1],-K1,0%$5], [0$3,D[1]1+K2/Te,0,0,-Kc/Te*xdelta,-Kp/Texdelta,-Kc/Texdeltal,

vV V. V V V

[0$4,D[1],-K1,08$3], [0$5,D[1]1+K2/Te,-Kc/Te*delta,-Kc/Te*delta,-Kp/Texdeltal]l);

[ D, —K1 0 0 0 0 0 0 0 ]
K2 Kpd Kcé Kcé
0 Di + — 0 0 0 0 — — —
Te Te Te Te
0 0 D, — K1 0 0 0 0 0
R := K2 Kcé Kpd Kcé
0 0 0 Dy + — 0 0 — — —
Te Te Te Te
0 0 0 0 D1 —K1 0 0 0
K2 Kcé Kcé Kpd
0 0 0 0 0 Dy + — — — —
- Te Te Te Te -



Computing extp (N, D), where D = Alg: (CPU: 1s)

> Extl := exti(adjoint(R, Alg), Alg, 1): Exti[1];

o O O o O =
o o o o = O
o O O = O O
o O = O O ©
o = O O O O
_ O O O O O

ext (N, D) = t(M) = {0}.

System is controllable

(RN

System is parametrizable.

exti also constructs a parametrization of the system:

> Ext1[3];
0 0 %4 |
0 0 %3 %1 := TeD:?Kc+ K2D; Kc
0 %4 0 %2 = —KpDi?2Te— KpD;j K2
0 %3 0 —TeD:1? Ke — K2D; K¢
%4 0 0 %3 = —Kp?D186— KpKcdD,
%3 0 0 +26 Kc? Dy
%1 %1 %2 %4 = 26Kc>K1 — KpKcéd K1
%1 %2 %1 —Kp? K16
| %2 %1 %1




Computing ext? (N, D), where D = Alg: (CPU: 1s)

> Ext2 := exti(adjoint(R, Alg), Alg, 2): Ext2[1];

) 0 0
TeD:1? + K2 D, 0 0
0 ) 0
0 TeD1” + K2D; 0
0 0 )
i 0 0 TeD1” + K2D; |
We find:  ext}h (NN, D) # {0}.
ext (N, D) = {0} System controllable, but neither reflexive, nor projective,
—
exth (N, D) # {0} nor free (which are all equivalent in this case).

Hence, we find a polynomial 7(J) such that the system is w-flat:

> pi_polynomial (adjoint(R, Alg), Alg, [deltal);

[9]



Flexible Rod (Mounier)

Definition of Ore algebra and differential time-delay system:

> with(OreModules):
> Alg := diff_algebra([D[1],x[1]], [delta,x[2]], polynom={x[1],x[2]1}):
> R := evalm([[D[1], -D[1]*delta, -1], [2*D[1]*delta, -D[1]-D[1]*delta"2, 0]]1);

o D, D6 1
| 2Dy —D; —D; 62 0
Computing extp (N, D), where D = Alg: (CPU: < 1s)
> exti(adjoint(R, Alg), Alg, 1);
0 0 —-D; Dy 6 1 1 4+ 62
o 1 o0 |,| D;§ -Dy 5 |, 268 { 1452 —26 —D1+D152}
0 0 Dy 286 1462 0 D; — Dy 62

We find:  t(M) = extp (N, D) # {0}.

Eg. m:=(-20)y1+ (1+36*)y2 € M is torsion element: Dim =0.



An electric transmission line (Mounier)

Definition of Ore algebra and differential delay system:

with(OreModules):
Alg := diff_algebra([Dt,t], [delta,s], polynom={t,s},

>
>
> comm={a[0],a[1],a[2],al[3],al4],a[5],b[0]}):

> R := evalm([[Dt+a[0],-(al[4]*Dt+a[0])*delta,-al[0],0,-b[0]*Dt],
>

>

>

[-deltax(a[5]*Dt+a[1]) ,Dt+al[1],0,a[1],0],
[a[2] ,-a[2]*a[4]*delta,Dt,0,-al[2]*b[0]],
[a[3]*a[5]*delta,-a[3],0,Dt,0]1]1);

[ Dt—|—a,0 —(a4 Dt—}—a0)5 —ao 0 —b() Dt ]
R —9d (a5 Dt + aq) Dt + a; 0 al 0
o a9 — a2 aqy ) Dt 0 —as bo
! asg as 0 —as 0 Dt 0 |
Computing extp (N, D), where D = Alg: (CPU: =~ 10s)

> Extl := exti(adjoint(R, Alg), Alg, 1): Exti[1];

S = O O O
_ O O O O

S O O O =
o o oo = O
o O = O O

—  exth(N,D)=t(M)={0}.
<=  System is controllable @<=  parametrizable.



exti also constructs a parametrization of the system:

> Ext1[3];

Dt*bg + a1bo Dt> + agasbo Dt? + a1bo Dt2as + agaiasbo Dt + ai1bgasasag

apgaias Dtdbg + apaiazasboaszd + a0a2a5Dt25bo + a5Dt45b0 -+ a1a5b05Dt2a3 + a1 Dt35b0
a1boasasag — agaiasasbod’as + agaiasbo Dt — agayas Dtd2by — agazas Dt26%by + agasbg Dt?
apaiazboasd — agaiasasboasd + a1bgasd Dt? — ayasbodDtas

aiaoDt? + Dt* + a1 Dt2 + agDt® — a1 Dt36%a4 + a1a3 Dt? + agas Dt? — apaiasd? Dtay

—aga16? Dtasas — agaszasd> Dt?ay — agDt36%as + apaiasas + agaias Dt

+apaiasz Dt — apa162Dt? — apaiasasd’asas — as62 Dt ay — a1as582 Dt2asay

Computing ext? (N, D), where D = Alg: (CPU: 5s)

> Ext2 := exti(adjoint(R, Alg), Alg, 2): Ext2[1];

— Dtagaiasd + dagasasal Dt — Sai2asas Dt + 6 Dtai2as + 65a12asag + apas’az?6°

—2apas’asai1das + a1’as2az’83
62 Dta; — Dt? — as6%agas + aras6%as — a1 Dt — ajas
dasag + Dt26

alDt3 -+ CL12Dt2 —+ CLQCL26L5Dt2 — Dt2a1a5a3 + 52a12a2a0 + a02a52a2252 — 2(1061,52(12&152&3

+ 2&1@5&3&0@25 — 5@12a5a32 — a125a2a0 — CL02CL5CL226

—|—a12a52a3252 + DtCL12CI,3 -+ CL()CL5CL20,1Dt — a12a5a3Dt + apasasailas — a12a5a32




Einstein equations

(lin. Ricci equations in vacuum)

Underdetermined PDE system — is it parametrizable?

<= J. Wheeler: Exist potentials for Einstein equations?

Answer (Pommaret 1995): No.

Definition of Ore algebra and PDE system:

> with(OreModules):

> Alg
> R := evalm([ ... 1);
_ ) 2 2
D% %; D35 _D%
D3 D% Dj %4
o 0 0 D; Dy —Dj Do
D2 D3 0 0 _D2 D3
D3 Dy D3 Dy 0 0
0 D D3 0 —Djy D3
Dy Dy 0 Dg Dy 0
L o D; Dy DjDy 0

—2Dq Do
—2Djg Do

2 2
D3 — Dj

—Dj D3

—Dg D3
—Dq1 Dy
—Dg Dy

:= diff_algebra([D[1],x1], [D[2],x2], [D[3],x3],

—2Dg Dy
—2Dg D3

—Dq D3

2 2
D7 — Dy
—Dgo Dy
—Dq Do
—D3 Dy

— D2 4 D2 2
%3 := D? 4+ D2 — D7,

Let us prove this by using OreModules:

[D[4],x4], polynom={x1,x2,x3,x4}):

0 —2Dj D3y
0 0
2D3 Dy —2Dj Dy

—2D3 Dy 0
0 —Dgy D3y
Dy Dy —Dq Dy
D? + D3 —Dy Dy
D Dy D3 — D3
—Dy Dy 0
—Dj Dy —D3 Dy

%4 := D? + D3 + D3

2Do Dy

—2Dy Dy
D Dy
D3 Dy
—D2 D3

2 2
—Dj Do

2D1 D4

—2 Dl D4
Do Dy

—Dj D3
D3 Dy
—Dq Do
2 2




Computing extp (N, D), where D = Alg: (CPU: 22s)

> Extl := exti(adjoint(R, Alg), Alg, 1): Exti[1];

%1 0 0
0 %1 := D42 — D32 — D2 — D, 2
] 0 %1 |

~"

We find:  ¢(M) =2 extp (N, D) # {0}.

More precisely, t(M) is generated by 20 torsion elements, and

these satisfy the Dalambertian equation (A — ¢ %) y = 0.

=  The linearized Ricci equations cannot be parametrized.

Of course, M /t(M) can be parametrized:

> Ext1[3];
—2D;, 0 0 |
0 0 —2D> 0
0 0 —2D3
0 —2Dy 0 0
—D» 0 —-D; 0
0 0 —Ds —Dy
0 —Ds3 0 —Dy
—Ds3 0 0 —D;
0 —Ds —Dy 0
| —Dy —D, 0 0o |




> Ext1[2];
Do 2 D2
—Dy Dy 0
0 D; Dy
0 0
—Dy Dy 0
0 D; Dj
0 0
0 D, 2
Dy 2 0
0 0
0 0
0 0
0 D3 Dy
D3 Dy 0
0 0
0 0
0 0
0 0
0 D32

O O O
N cocoocooocooooo oo o
O O O
RN

o © O © O O

o O ©o O O

exti also gives a generating set for t(M):

O 0O O
PN " oo oooo oo
O 0O O
(VRN

[
OO0 ouo

ON H = N
UU[\')[\’)
w W

—2Dg Dy

—2D; D3

—2Dgy Dy

o O O O

—2Dj Dy

o © O © O
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