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Factorization, reduction and decomposition problems

e Let D be an Ore algebra.
e Let R € D9*P be a matrix of functional operators.
e Questions:

1.IReD”P, RReDY": R=RyR7?

Si1 S
2. 3W e GLy(D), V € GLy(D) st. VRW = ( él S12 )?
22

S 0
3. IW e GLy(D), V € GLy(D) st. VRW = ( Sl s )?
22
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e Type of systems: OD and PD/difference/differential
time-delay. .. linear systems: linear functional systems.

e General topic: algebraic study of linear functional systems coming
from mathematical physics, engineering sciences, control theory. ..

e Techniques: module theory and homological algebra.

e Applications: equivalences of systems, symmetries, quadratic
first integrals/conservation laws, decoupling problems. ..

e Implementation: package OREMORPHISMS:

http://www-sop.inria.fr/members/Alban.Quadrat/
OreMorphisms/index.html.
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Jacobson /Smith normal form

e Let D be a principal ideal domain.

e Theorem: V R € D9*P, 3V € GLg(D), 3 U e GLy(D):

op 0 ... ... 0 ... 0
0 (6%) : :
R=VRU=1 0 ... 0 a 0 0|
0 0 0
0 0 0
where a1 || az||... || ar # 0.
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Example: Smith normal form

e Let us consider 2 pendulum of the same length mounted on a car:
X1(t) + axi(t) — au(t)
Xo(t) + axo(t) — au(t)

0, e
0, I

e Let us consider the principal ideal domain D = Q(«) [9;id, %}.

n
P:ZaiaiED, a; € Q(a).
i=0
0 O 1
<—a O><82+a 0 —a) 01 1
-1 1 0 0? -
ta @ 1 0 0?+a

(1 0 0
M0 924a 0 )
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Example: Jacobson normal form

e Let us consider the time-varying linear system:

e We consider the left principal ideal domain D = Q(t) [9; id

(

to—1
0

ty1(t) — ya(t) — t2 yo(t) + wa(t) = 0,
yi(t) + tya(t) — ya(t) + wa(t) = 0.

—t20
to—1

[ay

[

o = O O

1 00
010

, 5]
0 1 0
0 0 1
0 —td+1 20
1 -0 —to+1

)

e Implementation in the package JACOBSON.
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e Let us consider the first order OD system:
dy =E(t)y (%)
e Does it exist an invertible change of variables y = P(t)z s.t.
(x) & 0z=F(t)z, F=P " (EP-0P),

is either of the form:

Fu F Fi 0
F= 11 12 or F — 11 ?
0 F22 0 F22
(0l -F1  —Fp ol—F1 0
8’_F(t)_< 0 8/—F22>0r< 0 8/—F22>‘

o If E(t) = E € R™", then F = P~1 E P: Jordan normal form.



Eigenring: example

e Let us consider the system y(t) = E(t) y(t), where:

[ t@t+1) 283 -2¢2+1
E(t)_( 2t —t(2t+1) )

e The eigenring of the system dy(t) = E(t) y(t) is:
£ ={P e Q(t)*| P(t) = E(t) P(t) — P(t) E(t)}.

e Computing the rational solutions of P = [E, P], we then get:

5:{P: ( ap —ax(t+1) azt(t+1)> | a1, 326(@}'

—as at+a
e P is isospectral because (E, P) is a Lax pair:
det(P - A /2) = (/\ — 31) ()\ — a1 + 82).
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Eigenring: example

e Computing a Jordan normal form of P, we obtain

1 al 0
J=V PV = ,
0 dl — ao

VZ(—t 1+t>’ V‘1:<1 —(t—i—l)).
-1 1 1 —t

eletusdenoteby z =V ly =(y1 —(t+1)yn y1—tys)':

W)= E@y() z<r)=<0t f)z(t)

7(t) = G e /2, n(t)=—Cite 24 G(t+1)et/?,
n(t) =G et2/2a w(t)=-G e /2 4 G et’/2.
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Finitely presented left D-modules

e Let D be an Ore algebra, R € D9%P and a left D-module F.
e Let us consider the system kerz(R.) = {n € FP | Rn = 0}.

e Let us consider the left D-homomorphism:

D1><q _ D1><p
A=(A1,...,g) — AR

e As in number theory or algebraic geometry, we associate with
the system kerz(R.) the finitely presented left D-module:

M = DY*P /(D' 9 R).
e Theorem: (Malgrange) We have the following isomorphism:

kerz(R.) = homp(M,F) = {f : M — F | f left D-linear}.
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Homomorphims of finitely presented modules

e Let D be an Ore algebra of functional operators.
o Let R € D9*P, R' € D9 %P be two matrices.

e Let us consider the finitely presented left D-modules:
M = Dlxp/(Dlxq R), /\/I/ _ Dlxp//(D1><q/ Rl)-

e homp(M, M"): abelian group of D-morphisms from M to M’

R
ptxa B pbxe T, om0
lf
1xq’ R 1xp’ ' !
D — D — M — 0.
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Homomorphims of finitely presented modules

e Let D be an Ore algebra of functional operators.

o Let R € DI*P, R' € D9 %P be two matrices.

e We have the following commutative exact diagram:
pt<a K puxe T,y 0

l.Q L.p Lf

/ !
ptxd K, pue T o

3f:M—> M <3 PeDPP Qe DI such that:
RP=QR.

Moreover, we have f(m()\)) = «'(A P), for all A € DI*P.
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Eigenring: 0y = Ey & 0z=F z

oD:A[O;a,ﬁ], E,FeA”XP,F\’:(’)lp—E7 R’:(‘)lp—F.
0— DIxp M pixe T, M -0
l.Q l.P lf

0— Dlxp M D1xp L’> M —0.

o(P) = Q € APXP,

(0 —E)P=Q (0l —F) { B(P)=EP—a(P)F.

If P € AP*P is invertible, we then have:

F =—a(P)"YB(P) — EP).
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Eigenring: 0y = Ey & 0z=F z

oD:A[c‘);a,/j], E,FGAPXP,R:OIP—E, R’:alp—F.
0— DIxp M pixe T, M -0
lQ L.p | f

0— Dlxp m D1xp L’> M —0.

o(P) = Q € APXP,

(0, —E)P=Q (9l —F) < { B(P)=EP—«a(P)F.

If P € AP*P is invertible, we then have:
F=—a(P)"Y(B(P) - EP).
e Differential case: = %, a = id:

P=EP—-PF, F=-PYP-EP).
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Eigenring: 0y = Ey & 0z=F z

o D= A0;a, ], E,FGAPXP,R:OIP—E, R’:alp—F.
0— Dlxp M pixep T, M -0

lQ L.p Lf

0— DIxp m D1lxp L/} M —0.

a(P) = Q € AP*P,

(0, —E)P=Q (0~ F) < { B(P) = EP — a(P)F.

If P € AP*P is invertible, we then have:
F = —a(P) (3(P)~ EP).
e Discrete case: =0, a(k) = k+ 1:

Ex P — Piy1 Fe =0,  Fr= Pl Ei Py
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Example: Lax pairs for the KdV equation

e Let us consider the differential ring Q{u} formed by differential
polynomials in u, the prime differential ideal of Q{u} defined by

Ou 6u Ju n Ou

ot Ox ox3
the differential ring L = Q{u}/p and K ={n/d |0# d, ne L}
the differential field defined by the KdV equation.

e Let us consider the rings A = K [0x;id, 5 91, D= A[0;id, at]

ou

E=-4093 X D,
Oy +6ud +3<ax)€ M = D/(DR).

R=0,—EeD,

e The Schrédinger operator P = —92 4 u with potential u satisfies:

ou ou O3u
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Example: Lax pairs for the KdV equation

In the inverse scattering theory, a key point is that the smooth
one-parameter family of differential operators

t — —02 4+ u(x, t)
defines an isospectral flow on the solutions of 9; n = En:

(=02 + u(x, 0)) ¥(x) = Ap(x),

den(x, t) = En(x,t), E=—40}+6udc+3 (8”> ,

Jx
n(x,0) = ¥ (x),
= (=% + u(x, 1)) n(x, t) = An(x, 1),

= the inverse scattering method proves that the KdV equation is
completely integrable.
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Computation of homp(M, M’)

e Problem: Given R € D9%P and R’ € D9 *P" find P € DP*F' and
Q € D99 satisfying the relation R P = Q R'.

e If D is a commutative ring, then homp(M, M’) is a D-module.

e The Kronecker product of E € D9*P and F € D"™** is:

EnF ... EpF

E®F = : ; e planx(ps).

EnF ... EpF

Lemma: If U € D?*b V€ Db*¢ and W € D>, then we have:
row(U V W) = row(V) (UT @ W).

row(R P ly) = row(P) (RT®1y), row(l; Q R') = row(Q) (I;&R’),

— (row(P) — row(Q)) < T/qulf?/’ ) 0.
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Example: Tank model (Dubois-Petit-Rouchon, ECC99)

e Let D = Q][0, ] be the commutative polynomial ring and
M = D¥*3/(D'*2 R) the D-module finitely presented by:

52 1 —-206
R = € D>*3,
( 1 62 —266)

e The D-module endp(M) is defined by:

Qg
P, = ar+2040+2a500
g6+ asg
o 20300
a1 — 2040 —2a500 20300 ,
—4 0 — o a1+ ap +az (62 +1)

a1 — 2040  ar+2040
Qa:

. Yau,....as€D.
ar+2a500 041—20558(5> o s
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Computation of homp(M, M’)

e If D is a non-commutative ring, then homp(M, M) is an abelian
group and generally an infinite-dimensional k-vector space.

= Find a k-basis of morphisms with given degrees in x; and in 0:

Take an ansatz for P of fixed degrees.
Compute R P and a Grobner basis G of the rows of R’.
Reduce the rows of R P w.r.t. G.

Solve the system on the coefficients of the ansatz so that all
the normal forms vanish.

© 000

©

Substitute the solutions in P and compute @ by means of a
factorization.
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Example: OD system

o Let D =Q[t] [9;id, %] and M = D**/(D¥** R), where:

0 —t t 0
e ta-r o 1 s
R=1lo -t o9+t 0-1 [P

o0 0—-t t 0
e f € endp(M) is defined by (P, P) where P € Q[t]*** satisfies
ag—2at? ajtast’+a3t®* 0 O
—4 a3 a4+2a5+2a3t2 0 O
0 0 a 0
0 0 0 a

where a1, a3, a3,a4,35 € Q, i.e., RP=PR.
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Euler-Tricomi equation

e Let us consider the Euler-Tricomi equation (transonic flow):
92 u(x1, x2) — x1 03 u(x1, x2) = 0.
o let D= AyQ), R=(07 —x103) € Dand M =D/(DR).
e endp(M); 1 is defined by:
{ P=a +3282+%a3x282+a3x1(917
Q=(a1+2a3)+ a0+ 3300, + a3 x1 01,

o endp(M)a g is defined by P = Q = a1 + a» 0> + a3 03.
@ endp(M), 1 is defined by:
P = 31+8252+ az xp 02 + a3 x1 01
+as 82 a5 X 62 + a5 x1 01 O,
Q= (31+2a3)—|—3282+733X282+33x161
—|—a482 +agx1 0100 +2a50r + 3 a5xz82
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Galois-like transformations

We have the following commutative exact diagram:

pxa K pue T, om0

l.Q l.p Lf (*)
D1><q/ i’) pixp’ L/) M — 0.
If F is a left D-module, then, applying the functor homp(-, F) to
(%), we obtain the following commutative exact diagram:

0=Q(R'y)=R(Py) T Py

Fa K FP o kerg(R) —0
T Q. T P. Tf*
F9 LI - kerz(R'.) «— 0.
0=R'y — vy

= f* sends kerx(R.") to kerz(R.).

(R' = R: Galois-like transformations).
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Example: Linear elasticity

e Consider the Killing operator for the euclidian metric defined by:

8 0
R=| 8/2 /2
0 &

e The system Ry = 0 admits the following general solution:

C1 Xo + C
y= , c, e, aeR (x)
—C1 X1+ C3

e endp(M), where M = D*2/(DY*3 R), is defined by:

o% an 01
P= , oq,ap a3 €D.
0 20301+ o

e Applying P to (%), we get the new solution:

Q1 C1 X2 + (11 € — Qi C:
y=Py= 1R e 2t ,ie, Ry=0.
—a1cx1+aic3—2a3¢
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Formal adjoint

elet D=A [61; id, Bixl} {8,,; id, 8%,,} be the ring of differential
operators with coefficients in A (e.g., k[x1,...,xn], k(x1,...,Xn))-

e The formal adjoint R € DPX49 of R € DI%P is defined by:
(\LRn) = (RAm) + >0 di(A\n).
i=1

e The formal adjoint R can be defined by R = (0(R;))T € DP9,
where 6 : D — D is the involution defined by:

Q@ VvVacA 0a)=a
Q@ 9(0)=-0;, i=1,...,n
Involution: 62 =idp, V P1, P» € D: 6(P1 Py) = 6(P2)0(Py).
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Quadratic conservation laws

e Let us consider the left D-modules:
M = DYP/(D*9R), N = DY9/(D'*PR).

oletf:N— Mbea homomorphism defined by P and Q.

e Let F be a left D-module and the commutative exact diagram:

R

FPo & F9 — kerg(R) «—0
Te TP Tr
Fi Ko kerr(R.) «— 0.

e n € FPsolutionof Rn=0 = A= Pnis a solution of RA=0.

= (Pn,Rn)—(R 28¢ Pn,n) =0,

ie, ®=(P1(Pn,m),...,Pn(Pn, 77)) satlsfles div® =0.



Example: Hydrodynamics

e The movement of an incompressible rotating fluid with a rotation
axis lies along the x3 axis and a small velocity is defined by:

po Orur — 2 po Q0 u2 + O1p = 0,
po Otz + 2 po Qo uy + G2p = 0,
po Oruz + 03p =0,

O1u1 + Oup + O3u3 = 0,

u=(ur wuy w3)T: local rate of velocity, p: pressure, po:
constant fluid density, Qp: constant angle speed.
po0:  —2pof 0 O
2 po 0 0 19, ~
e We have: R = posfo po gt | =R
0 0 £o 3t (3'3

01 O 9 0
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Example: Hydrodynamics

e R = —R implies that if (4, p) is a solution of the system, so is:
Al=u1, A=, A3=u3, M =p.
e Denote by £ = (u; wx wx p)T. We have the identity:

po (A1 u1 + A2tz + A3 u3)

(MRE) = (&, RN+ (0r 1 82 3) i;giiﬁﬁ;

A p+ A
o If we take A = £, then we get R A =0 and
D¢ (po (uf + 05 + 13)) + 01 (2p ) + 32 (2p u2) + D5 (2p u3) = 0,
i.e., we obtain the quadratic conservation of law:

1 . . i
o (2p0 | @ 112) T div(pd) = o.
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Example: Electromagnetism

e Let us consider the Maxwell equations in the vaccum:
0:B+VANE=0,
1 - - L
— V AB—¢€0:E =0,
Ho
where B (resp., E): magnetic (resp., electric) field, uo (resp., €o):
magnetic (resp., electric) constant.

e Let us consider D = Q(uo, €0)[0¢, 01, 02, 03] and the matrix:

o, 0 0 0 -0 B
0 O 0 O3 0 —01
o | o 0 A
0 ~3/mo O2f/po  —€0r 0 0
03/ o 0 —01/ 1o 0 —€0 O¢ 0
—02/po 01/ 1o 0 0 0 —€0 O
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Example: Electromagnetism

—0: 0 0 0 —03/po 02/ o
0 —8t 0 83/#0 0 —81/#0
B 0 0 —0¢ —02/mo 01/10 0
0 —03 O» €0 O¢ 0 0
03 0 -0 0 €0 O¢ 0
-0 O1 0 0 0 €0 Ot

052(81 B2 B3 E1 E2 E3)T, )\:(Cl C2 C3 F1 F2 F3)T.
e We have the differential relation:

(AR = (&RN) +0: (X3, G B — 0 Y2, Fi i)
GE — GE+(F3B,— F2Bs)/ 1o

—‘rﬁ Cl E3—C3 E1+(F1 B3—F3 Bl)/HO
GE-GE+ (Bl —FB)/uo
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Example: Electromagnetism

e Let us consider M = D**%/(D1*® R) and N = Dx6 /(D'*® ﬁ)
e A homomorphism f € homp(N, M) is defined by:

1/pe O 0 0 0 0
0 1/up 0O 0 0 O
- 0 0 1/we 0O 0 O B
P= 0 0 o -1 0 o |@ Q=P
0 0 0 0 -1 0
0 0 0 0 0 -1

o If £ is a solution of the system, then A = P¢, i.e,,
Ci:Bi/N()a Ff:_Ei i:172737

is a solution of R\ = 0. Then, we obtain the conservation law:

1 - o 1 o o
Or ( | B +eo || E ||2> +div ((E/\ B)) =0.
Ho [0
D —

electromagnetic energy Poynting vector
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Kernel and factorization

A — y
ptxa E pe  T.oM 0
l.Q L.p lf
Dlxq’ i/) D1><p’ L/) M —50

Ay — pRr=AP — 0

e kerp << g, )) =D¥>r(§ -T)

= {Ae DY*P|AP e DY¥9R'} = DI*' S
= kerf = (D**' S)/(D**9R).

« (D9(R — Q)€ kerp ( < - >> — (D9 R) C (D*" S).

Xr .
IVeD?”:R=VS.
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Example: Linearized Euler equations

& 0 05 0
8 0 0 O
Let R = D = Q[0, 01, 02, 03]
ele 0 815 0 82 over Q[ ty U1, 02, 3]
0 0 3,: 83
e Let us consider f € endp(M) defined by:
0 Jd3 -0, O 0 O 0 0
-0 0 0 0 0 O 10, —
p_ 3 1 Q= 3 0s
02 —81 0 0 0 -93 0 1)
0 0 0O 0 0, -0 0
P
e Computing kerp R and factorizing R by S, we get:
010 00 % 0000
o1 0 03 O
-1 0 0 0 O
V= 0 o0 0 0
0 01 0 0O
0 0 —-0: 0
0 0 0 -1 05
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Example: Linearized Euler equations

e We have R = V' S where:

R . 0 10 0 % 0 0 0
N T S
& 0 0 & 100 e
0 8 0 & | | o o1 o I
‘ § § 0 0 -8 0
0 0 8 & 0 0 0 -1 &
0 0 0 1

e The solutions of Sy = 0 are particular solutions of Ry = 0.

e Integrating S, we obtain the following solutions of Ry = 0:

{ V(x, t) = curl¥(x),

p(x,t) =0 Vb = (11, o, 13)T € CP(Q)3.
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Ker f, im f, coim f and coker f

e Proposition: Let M = DlXP/(D1X‘7 R), M' = Dlxp//(Dlm’ R')
and f : M — M’ be a homomorphism defined by RP = Q R'.

Let us consider the matrices S € D™*P, T € D'™<4', U € DS*" and
V € DIxr satisfying R = VS, keI’D(.S) = DIXS U and:

kerp ( < g, >) =D (s —T).

Then, we have:

o kerf = (D1 S)/(D'*9R) = D!/ (Dlx(qﬂ) ( 5 ))
o coim f = M/ ker f = D*P/(D*r S),

e coker f = M'/im f = D'*P'/ <D1X(P+‘7') ( Z, >>
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Equivalence of linear systems

e Corollary: Let us consider f € homp(M, M’). Then:

@ f is injective iff one of the assertions holds:
e There exists L € D9 such that S = LR.

° ( 5 > admits a left-inverse over D.

@ f is surjective iff < g, > admits a left-inverse over D.

@ f is an isomorphism, i.e., M = M’, iff 1 and 2 are satisfied.
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e Equivalence of the systems defined by the following R and R’?

R2—1 —0,03— 2
R= , R=(010,-1 -033).
<%@—% —02 2 (9.0 2)

e We find a homomorphism f € homp(M, M) defined by:

10 1+0:0,
P = = .
(01)7 ¢ ( o )

1+0,0
o ( L‘; ) = < +821 2 ) admits the left-inverse (1 — 010, 03).
1

1 0
P
. ( - > = 0 1 admits the left-inverse (L 0).
010 —1 —R

= M= D1><2/(Dl><2 R) ~ M/ _ D1><2/(D R/)
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Block triangular decomposition

e Theorem: Let R € D9%P, M = D1*P/(D'*9 R) and
f € endp(M) defined by P and Q satisfying RP = Q R.

If the left D-modules
kerp(.P), coimp(.P) = DY*P/kerp(.P),
kerp(.Q), coimp(.Q) = D**9/kerp(.Q),
are free of rank m, p — m, I, g — |, then there exist two matrices
U= (U] U))T eGLyD), V=W V)T eGLy(D),
such that

Vi RW; 0

_ o
R=VRU _< VaRWi Vo R W

> € DI*P,

where U1 = (Wy  Wh), Wy € DPX™, Wy € DPX(P=m) and:
Up € D™P, Uy e DP=™M*P vy € D9, vy e D9,



Exemple: Electromagnetism

1~ - .

cO ALt VAVA—oVV=0

o

08 — — (82 +83) Z 0,0, = 0, 03 —o 8y
1 1 1

= R = =01 0, 00 — = (0% + 02) = 9,03 —0 8
H w Iz

Z 0,05 Z 0,05 08— = (82 +83) —ods

o Let D = Q[0 1, 02,85] and M = D***/(DV3 R).

0 0 0 0
P_ 0 opd: 0 —o pndy
- 0 0 o p O —o o3 9
0

8: 8y 0r03  —(8%+02)
0 0 0
Q= —010y opd — 03 —8, 83 ,
— 81 83 — 8,83 opd — 83
satisfy R P = Q R and define a endomorphism f € endp(M).



Exemple: Electromagnetism

e The modules kerp(.P), coimp(.P), kerp(.Q), coimp(.Q) are
free D-modules (Quillen-Suslin theorem) and:

kerD(.P) = D1X2 Ul, U1 = < (]j 802 803 —SM ) 5

1 0100
: _ 1x2 _ =
coimp(.P) =D Us, Uz_o,u <0 01 0),
kerD(.Q):D1X2 Vl, Vlz(]. 0 0),

coimD(.Q) = D1X2 VQ, \/2 = ( 0 10 ) .

0 01
e The matrix R is then equivalent to R = V R U™! defined by:

1. 5, 5 1
08— —(85+83) —an 0 0

I n

= 1 1
R = 20,0, Z 8, o(opd — (87 + 03 + 02)) 0

Iz Iz

1 1

Z 9,03 ~ 05 0 o (o pd — (82 + 82 + 82))
I I3

Alban Quadrat Factorization, reduction and decomposition problems



|ldempotents of endp(M)

e Lemma: An endomorphism f of M = D'*P/(D'*9 R), defined
by the matrices P and @, is a idempotent, i.e., f2 = £ iff there
exist Z € DP*9 and Z' € D9*t such that

P?=P+ZR,
R®=Q+RZ+Z'Ry,

where Ry € D9 satisfies kerp(.R) = D'*t R;.

e Example: D = A1(Q), R= (0> —td—1), M=D*2/(DR).

—(t O+1 t2 t t 2
P:( (+;) + —ia >, P2:P+((za) )R.
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|ldempotents of endp(M)

e Proposition: f is a idempotents of endp(M), i.e., 2 =f iff
there exists a matrix X € DP** such that P =/, — X S and we
have the following commutative exact diagram:

I
ker f

Li
ptxa Ko pbe T, M o0
TTl.v PTL f1lk
pts L pxr 2 pbe T, M/kerf — 0.
= !
0
= MZkerf@imf & S—-SXS=TR. (%)
e Corollary: If kerp(.S) =0, then R = V' S satisfies:
SX-TV=I.
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Decomposition of solutions

e Corollary: Let us suppose that F is an injective left D-module.
Then, we have the following commutative exact diagram:

Vz=0=Ry «— vy
Fa O gy kerg(R.) «—0
T || e
7o L Fr S FP e kerp(S.) «—O0.
X
0=Uz «+— z=3Sy —t y

U
Moreover, we have: Ry =0 <& (V>z_0, Sy=z

V)
General solution: y = u+ X z where Su =0 and < v ) z=0.
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Example: OD system

e Let D = Q[t][0;id,d] and M = D**/(D1** R), where:

0 -t t 0

R o to—-t 0 -1 C pixs
0 -t 0+t 0-1
0 00—t t 0
e An idempotent of endp(M) is defined by:
1 0 0 O
SR
0 0 0O
e We obtain the factorization R = V' S, where:
g —t 0 0 1 0 t 0
s_|o 00 e 8
0 10|’ 1 0 04t 0-1
0 01 11 t 0

Alban Quadrat Factorization, reduction and decomposition problems



X:

O O O o

Ry=0< y=u+Xz: Vz=0, Su=0.
e The solution of S u = 0 is defined by:
u1:%C1t2—|—C2, u==0C, u3=0, u=0.
e The solution of V z =10 is defined by: z1 =0, z2 =0 and
z3(t) = G Ai(t) + G Bi(t), za(t) = GO Ai(t) + G4 O Bi(t).
e The general solution of Ry = 0 is then defined by:

;
y:u+Xz:<;C1t2+C2 G z(t) 24(t)> .
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|ldempotents of endp(M) and DP*P

e Lemma: Let us suppose that kerp(.R) =0 and P> = P+ ZR. If
there exists a solution A € DP*9 of the algebraic Riccatti equation

ARN+(P—IL)AN+ANQ+Z=0, (%)
then the matrices P=P+ARand Q = Q + RA satisfy:
RP=QR, P =P, Q =Q.
e Example: A = (at a0 —1)7 is a solution of (x)

:>P_<at82—(t+a)8+1 t2(1—ad) )

=0
(ad —1)0? —atd?+(t—2a)0+2 Q=0

then satisfy P°=Pand Q = Q.
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Block diagonal decomposition

e Theorem: Let R € D9%P, M = D1*P/(D'*9 R) and
f € endp(M) defined by P and Q satisfying:

P2=P, Q*=Q (idempotents) = f2=F.
If the left D-modules
kerp(.P), imp(.P) = kerp(.(lr — P)),
kerp(.Q).  imp(.Q) = kerp(.(Ig — Q)),
are free of rank m, p — m, I, g — |, then there exist two matrices
U= (U] U)T eGLy(D), V=V V)T eGLy(D),
such that

R—VRU—1—<V1RW1 0 )quXP,

0 Vo R Wh
where U™l = (Wy  Wh), Wy € DPX™, W, € DPX(P=m) and:
Up € DmXp, Uy e D(pfm)Xp, Vi e Dqu, V, € D(qfl)xq.
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Example: OD system

e Let us consider the matrix again:

0 —t t 0
0 tdo—-t 0 -1
0 -t 0+t 0-1
0 0—t t 0

R:

e An idempotent f € endp(M) is defined by the matrices

1000 t+1 1 -1 —t

0 1 00 1 1 -1 0
P: s Q:

0 00O t+1 1 -1 —t

0 00O t 1 -1 —t+1

where P and Q satisfy:
RP=QR, P>’=P, @°=Q.
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Example: OD system

e Computing bases of the left D-modules

kerD(.P), imD(.P), kerD(.Q), iIIlD(.Q)7

we obtain the unimodular matrices:

0010 1 0 1 0

000 1 —t -1 1
=l1000 | VT es1 1 -1 -t

0100 1 0 0 1

e R is then equivalent to the following block diagonal matrix:

9 -1 0 0
R-vrui-| t 900
0 0 9 —t
0 0 0 9

Alban Quadrat Factorization, reduction and decomposition problems



Example: Cauchy-Riemann equations

e Let us consider the Cauchy-Riemann equations:

du Ov _
ax oy O
du  Ov
ay Tox "

e D=0Q(()[0x 0], R= ( g; _8?/ ) M = DX2/(D1*2 R).

e The matrices P and @ defined by P = Q = % ( _1’. 1 )

satisfy RP = P R and P? = P, i.e., define an idempotent.

{ kerg()(-P) = Q()) (1 — 1), 1

= U:V:< _,.i>€GL2(D).

img(;)(-P) = Q(/) (1 i), 1
— Ox —i0 0 d 0

_ -1 _ X y _
ruruo (5 0 Y a(20)



Example: Wave equation

e Let us consider the following system of PDEs:

dy1 dyr
ox o O
(%1 Oy»

N L D2y,
or TP ox

e Acoustic wave: y; = u, yao =p, a=1/p, b= pc?.
e LC transmission line: yy = v, o =i, a=L, b=1/C.

o D =Q(a,b)[0x,0:], R = Ox ao: . M = D2 /(DV*2 R).
¢ by

e An idempotent f € endp(M) is defined by the idempotents

1 1 2aba 1 1 2aa
P_2<2a 1 ) Q_2<2ba 1 )
where « satisfies 4aba? —1 = 0.
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Example: Wave equation

e Let us denote by D' = Q(a, b,a)/(4aba? — 1)[0x, O4].
o kerp/(.P), imp/(.P), kerp/(.Q) and imp/(.Q) are free with bases:

kerD/(.P) =D Ul, U1 == (—2a 1),
imD/(.P):D’ U2, U2:(20é 1)

kerD/(.Q):D’ Vl, V1=(2b04 *1),
imp(.Q)=D"Vo, Vo=(2ba 1).

e U= (Ul U/T eGLy(D"), V=(V{] VJ])T e GLy(D.

e The matrix R is equivalent to (1/(2«a) = Vab):

RovRyui- [ POtaad °
B B 0 bOx+ =0 )
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Example: Dirac equation

e Let us consider the following complex matrices:

00 0 —i 0 00 -1
. oo =i o A R
T o i o o |77 0o 10 0 |’
i 00 0 100 0
0 0 —i 0 10 0 0
, oo o s, o1 0 o
Tl 0 o o7 Tloo -1 o0
0 —i 0 0 00 0 -1

e The Dirac equation has the form Zf}:l v 0y /0x; = 0:
Oay1r —i03y3 — (i 01+ 02) ya =0,
Onyr —(i01— ) y3 +i03ys =0,
i03y1+ (i01+02)y2 — Oays =0,
(ioh—0)y1—i03y2—Oaya =0,



Example: Dirac equation

e Let us consider D = Q(i)[01, 02, 03, 0a], the matrix

Os 0 —ids —(ial —‘1-82)
_ 0 34 —1'81 +82 i63 4% 4
R=1 ias iovten o, 0 €™
i01 — O —ids 0 —04

and the finitely presented D-module M = D***/(D*** R).

e Computing idempotents of endp(M), we obtain a idempotent
defined by the pair of matrices:

1 0 -1 0 1010
1 o 1 o0 -1 10101
P=31 10 1 o | 9293|1010
0 -1 0 1 0101

e We have P? = P and Q? = Q, i.e., the D-modules kerp(.P),
im (.P), kerp(.Q) and im (.Q) are free.



Example: Dirac equation

e Computing bases for these modules, we then get:

kerp(.P) = D2 Uy, Uy = (1 ° e A

im (.P) = D¥*2 U, =

)
02301),
%)
%)

=
kerp(.Q) = DV v, = < (1)
(5]

IIl(Q) = D1X2 V2, =

e Let us form the unimodular matrices:

U= (U] U7 eGLyD), V=(Vy V)T eGL4D).
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Example: Dirac equation

e The matrix R is then equivalent to the block-diagonal one:

1'83—({“)4 —i81—82 0 0

-1 _ iO1—0r 103+ 04 0 0
VRU™ = 0 0 03+ 04 01+ 0
0 0 01— 0 —i03-+ 04

e If we denote by z = U y, we obtain that the Dirac equation is
then equivalent to the decoupled system of PDEs:

(f83 —84)21 (181 -l-@g)z
(iOL—02)z1 4+ (i03+ 04)2zn =
(i83+64)23+(181+82)2
( (

i81—82)23+ —/83+84) zz=0

0,
0,
0,
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Example: 2-D rotational isentropic flow

e We consider the linearized approximation of the steady
two-dimensional rotational isentropic flow (Courant-Hilbert)

8 280’
Upai—kCa 0,
up((g)\+c2gg—0,
%Jr @+ua—g—0
ax Pay TYax T

where u is a constant velocity parallel to the x-axis, p a constant
density and ¢ the sound speed.

e Let us consider D = Q(u, p, ¢)[0x, 9y], the system matrix
u p Oy 2, 0
R = 0 29, updy | € D3
pax u Oy pay
and the D-module M = D3 /(D3 R).
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Example: 2-D rotational isentropic flow

o If o satisfies 1 + 4 (c? — u?) a? = 0 and we denote by
D' = (Q(u,p, c,0)/(1+4(c? = u?) a?))[0x, 9],

0 2ac(c®>—u?) up

U= 0 2ac(c®—u?) —up | € GL3(D'),
up c 0
2a0c 1 —-2acu
V=| 2ac -1 —2acu | € GL3(D"),
1 0 0
Ox —2acd, 0 0
~ R=VRU = 0 Ox +2acd, 0
0 0 Ox

e We have M = My & M, & Ms, where M3 = D'/(D’ 0) and:
My =D"/(D'(0x —2acdy,)), My =D"/(D'(0x +2acdy)).



Example: Tank model |

e We consider D = Q[0, 0] and the system matrix
2 1 —206
R =
1 6 —206
considered in Dubois, Petit, Rouchon, ECC99.

e An idempotent f € endp(M) is defined by the matrices
1 LLo 1 11
Pealro)oesi(hn)
i.e., P and Q@ satisfy:

RP=QR, P’=P, Q@°=Q.
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Example: Tank model |

and we obtain the following two unimodular matrices:

1 -1 0
u=|(1 1 0|, vz<111>.
0 0 1

e We easily check that we have the following block diagonal matrix:

— 52 —1 0 0
_ -1 _
R=VRU —( 0 1462 _435)'
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Example: Tank model |

=_(#-1 0 0
0 146 —496 )

o If 7 = C*°(R) and % is any smooth 2 h-periodic function, then

z1(t) = (1),
VéeF, 2(t) =405&(t) = ( h),
v(t) = (6% +1)&(t) = &(t — 2 h) + &(1),

is a solution of Rz = 0. Hence, the solution of Ry = 0 are:

n(t) zi(t) 2y(t) +2£(t — h)
wat) | =U" | @) | =] -3¢()+2£(t—h)
u(t) v(t) §(t —2h) +&(¢)
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Example: Tank model Il

e Model of a one-dimensional tank containing a fluid subjected to
an horizontal move (Petit, Rouchon, IEEE TAC, 2002):

{ yi(t) = ya(t —2h) + ays(t — h) =0,

Tt —2h) — yo(t) +aja(t—h)y =0, “ER hER.

e Let us consider D = Q(«) [0, ], the system matrix

0 —08 «ad?s
R — D2><3
< 002 -0 ad?s ) < ’
and the D-module M = D*3/(D1*2 R).
1 0 0
. ) 1 —62
e The matrices P=| ¢ 0 «add and Q = 0 0
0 O 1

satisfy RP=QR, P?°=P, Q%>=Q.



Example: Tank model Il

e kerp(.P), imp(.P), kerp(.Q) and imp(.Q) are free with bases:
kerp(.P)=D (62 —1 «add), kerp(.Q)=D(0 1),

imp(.P) = D1*? (3 8 2) imp(.Q) =D (-1 §&2).

e If we denote by

52 -1 «adé 0 1
u=| 1 o o € GL3(D), V= ( ) > € GL2(D),
0 0 1 1o

then R is equivalent to the following block-diagonal matrix:

_ ) 0 0
VRU 1:<o (6 —1)(6+1)(2+1) aa25(5_1)(5+1)>‘
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Example: Tank model Il

e Another idempotent of endp(M) is defined by the
idempotentmatrices P’ and Q' defined by:
1 11 11
1 1)/

Pt -1 1
2\ 0 o

N =

0
0], Q=
2

e Using linear algebraic techniques, we obtain

1 1 0
1 -1
U=|1 -1 0 | e GL3(D), V’:(1 . )EGLQ(D),
0 0 1

and R is equivalent to the following block-diagonal matrix:

vyt [20-9@+D 0 0 |
0 9(62+1) 20026
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Example: Flexible rod

e Flexible rod (Mounier, Rudolph, Petitot, Fliess ECC95):

y(t) = yo(t = 1) — u(t) =0,
2y1(t = 1) = yo(t) = yo(t = 2) = 0.

LR 9 -8 -1
-\ 206 -062-90 0 |’

1+6% —16(1+6%) 0

1 16
P= 26 —5? 0 = 2
) Q O O )7
0 0 1
—24 52 +1 0 0 1
=U=| 20(01-6) 06(6°—-1) -2 |, vz<2 5)’
~1 16 0
_ . 200
= R=VRU!'= .
010

Alban Quadrat Factorization, reduction and decomposition problems



Example: Flexible rod
_ (a 0 o)
R= :
010

e All the smooth solutions of the differential time-delay system

n(t) = ya(t = 1) — u(t) =0,
2y1(t = 1) = yo(t) = yo(t = 2) = 0,

are of the form

yl(t) c %C—Z3(t—2)—23(t)
yw(t) | =ut 0 = c—2z(t—1) ,
U(t) Z3(t) 23(1' — 2) — 23(1')

where ¢ (resp., z3) is an arbitrary constant (resp., smooth
function).
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Corollary

e Corollary: Let R € D9%P, M = D**P/(D'*9 R) and
f € endp(M) be defined by P and @ and satisfying P? = P and
Q% = Q. Let us suppose that one of the conditions holds:

@ D = A[J], where A is a field,
@ D = k[01,...,0n] is a commutative Ore algebra,

© D = A[01,...,0n], where A= k[x1,...,xn] or k(x1,...,xn)
and k is a field of characteristic 0, and:

rankp(kerp(.P)) > 2, rankp(imp (.P)) > 2,
rankp(kerp(.Q)) > 2, rankp(imp (.Q)) > 2.

Then, there exist U € GLy(D) and V € GL4(D) such that
R =V RU™!is a block diagonal matrix.
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The OREMORPHISMS package

e The algorithms have been implemented in a Maple package
called OREMORPHISMS based on the library OREMODULES:

http://www-sop.inria.fr/members/Alban.Quadrat/
OreMorphisms/index.html.

e List of the main functions:

@ Morphisms, MorphismsConstCoeff, MorphismsRat.
Idempotents, ldempotentsConstCoeff, IdempotentsRat.
KerMorphism, ImMorphism, CokerMorphism, CoimMorphism.
TestSurj, Testlnj, Testlso.

QuadraticFirstIntegralConst. . .
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The OREMORPHISMS package

e Computation of bases of free left D-modules:

o If D is a left principal ideal domain, then we can use Smith or
Jacobson normal forms (Culianez-Q.).

o If D is the Weyl algebra A,(Q) or B,(Q), then we use the
implementation of the Stafford theorem (Q.-Robertz).

e If D is a commutative polynomial ring, then we use the
implementation of the Quillen-Suslin theorem (Fabianska-Q.).

e OREMORPHISMS uses the following packages:

JACOBSON, QUILLENSUSLIN & STAFFORD.
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