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Context
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Context: stochastic (max, +) systems
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Context

4 N

With state vector: X, = (X!, ... X%),

e X!: the time at which activity 7 completes for the n-th time
and input time sequence

e T,,: the time at which the n-th start signal (token/customer/...) arrives
to the system

Then the state vector evolves as:
® »vms\n_uH — \»3 ® X, D mjﬁ_uH %Y MJS.TH

We are interested in the waiting time for the i-th activity:

w: = X'—-T,

n n
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Outline

\ Outline of the talk

1. Presentation of Baccelli & Schmidt’s approach
— Polynomials py
— Recurrences.

2. Presentation of the direct computation for Poisson/Deterministic
systems.

3. Derivation of formulas

— Formal evaluation

— Numerical

— New characterization and recurrences for the polynomials py

4. Applications
/@. Discussion of numerical issues
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Taylor expansions

\ Taylor expansions for statistics of W, /

F. Baccelli & V. Schmidt: Taylor series expansions for Poisson driven (max,+)
linear systems. Annals of Applied Probability, 6, (1996), 138—-186.

Conditionned on the duration of the length of the activities, there exist for all ¢ a

sequence (increasing) of times: bg, b1, b2, ... such that:
Hmug\z = Muywﬁw.fHA@ou... Vgav
k=0

+ > Nprga(bo, .. bao1,bn, ..., ba)
k=n+1

EW = > Xpryil(bo,...,bk) +OQA" ).
k=0
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M. Heusch and A. Jean-Marie — IFORS 2002




Taylor expansions

-~

E\AAH?. “leHv _ M A Hv??? ik —
(20,y--- 2k —1)ESK
and obeying the recurrence:
Nw\an_lHAHou L1y ubu\ﬂv
AR,
= w|+~ MUA&Q — L(j—1 mod TLVVE\%&C. mod k+1)s -
j=0

The functions p are multivariate polynomaials, defined by:

S.

i

5=0 ,f

» L(j4+k—1 mod Tr:v

/
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Taylor expansions

Expression of the first few pi in expanded form:

_ 1 2 2
pa2(bo,b1) = m?ot: — 2bob1 )
— 1 3 3 3
p3(bo, b1, b2) = m?t:ts
— 3(b2by + biby + b3bo)
+ 6 oo?vwv
— 1 4 4 4 4
@%Avovvuvvw“wwv — HA@@lT@Ml_I@Hl_l@O

— 4(bobs + biby + bab; + bsby)

— 6(b3b; + byby)

+ 12(bybab? + babsb? + babob + bob1b?)
_ 24 S@%w@ov
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Taylor expansions

1
mwmQuOv@vaw“muwQO%v — WAOWLIQWLIOWI_I@.WITOM

— 5(bgby + biba + babs + bsby + b3bo)

— 10(bgb5 + b5bs 4+ bobs + babZ + b3b7)

4 20(bob1by + bibobs + bibzby + babybo + bl boby)

+ 30(b2b2bs + bbby + babsbo + babiby + b;b7ba)

— 60(bob1babs + bybabsby + babsbabg + bibaboby + bsbob1ba)
1120 bob1babsby v
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Taylor expansions

4 N

The same polynomials appear in expansions for other statistics. For

instance:
Ee™ "] = Y Mggi(b,... be) + O,
k=0
1
Q\?THA@O“... ugﬂv — WA@AA@? ugﬂle|QwA®f... u@wvv

—e * " (pr(bo, ... ,bk—1) — pr(b1,... b))

S. Hasenfuss, F. Baccelli and V. Schmidt. Transient and stationary waiting times
in (max;+)-linear systems with Poisson input. QUESTA, 26, (1997), 301-342.

H. Ayhan, D.-W. Seo. Tail probability of transient and stationary waiting times
in (max, +)-linear systems. Trans. on Automatic Control, 47-1, (2002), 151-157.

H. Ayhan and D.-W. Seo, Laplace Transform and Moments of Waiting Times in
(Max,+) Linear Systems with Poisson Input, QUESTA, 37, (2001), 405-438.
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Direct calculations

\_

EW,

X

X5

Y

The direct approach

Using a direct recursive computation, one gets

(my_n+l .
b, + yMUX 5y , with

S
I

>|A® — b vm®|yﬁ~u3|@3\|dv
\N n—uv

()
|
o

— )\ _ _
MUN| . §+m|~w3\|dv&® VANUSIATTN by —v)

A. Jean-Marie. The waiting time distribution in poisson-driven deterministic
systems. Technical report, Report 3083, INRIA, 1997.

(n)
Xdlmuclm ’
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Direct calculations

-~

The numbers Y, , are probabilities:

MM@W — %Qu,;l: < muzldw ®§I§+H < ®§|e + 71,
bn—ut2 < bpy + 71 +7T2;...;
by <bp_p+T1+...+7Tn) .
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Direct calculations

EW,

then

\_

Since:

M ywﬁwn_'u Qwow .

k=0

A new construction of the polynomials py

k=n-+1

Pot1(bo,- - ba) = Y AT

v=

@wvl_l M v/\a@wn_luﬁuov...u@zlf@zu.

.., by)
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Direct calculations

-~

Now write:
v—1
Aﬁv — Iyﬁwslvzlcv C\J
v,V = € Q\GL A )
J=0

then the coefficients are computed recursively as

@3 - ®§I@ & -— @3Is. - ®3|e v
Ay k = A V — MU @§|€|5A V

k! = (v —1)!
Finally,
n v—l1 n+1—k
_ k @3 B ?@Iev i n
%S.THA@? @T . vwzv — M WA|HV AS 41— \av_ Ay k
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Direct calculations

\ Complexity of the evaluation /

What complexity?

e arithmetic complexity: numerical, fixed precision complexity, counting

elementary operations (+, X, powers...)
e formal complexity, size of the symbolic expressions obtained.

The polynomial p, (bg, ... ,b,), once developped, has 2" — 1 monomials.

The numerical evaluation through the recurrence costs |(n)!(2¢ —3) — 1]
multiplications (S. Hasenfuss. Performance Analysis of (maz,+ )-Linear Systems
via Taylor Series Expansions. PhD thesis, Univ. of Ulm, 1997. )

There could be a faster way: like

malsv = > II--

2" terms

\_ /
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Direct calculations

-~

The recurrence structure for the numbers a,, j is:

—A |

0 n \Y;

They can be evaluated numerically in £ n° + o(n?) operations.

However, formally, the expression remains of the order of 2".

\_
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Direct calculations

Relationship between the a, ; and the py

Another expression for the a, . From Hasenfuss:

_ LS [ A(bu—bi)
S\: = @3 -+ MW T — L
n—2 .:Iu.lw
+ MU b T|y@:|@3v ﬁ&i@? bnt1s -+ bints)
7=0 m=0

—Pjt1(bma1, - - Q@Siivi

_ :+H yM o~ A(bn—bn, éJM@i&KA

= | Quk = Nwaus; Nuﬁlel_lf S vmuﬁl\c._.lev — Pk Quild._uf S vmuﬁlen_.w.v .

\_ /
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Direct calculations

Formal results: a partially factored expression:

1
p2(bo,b1) = mgolsvm
1 3 1 3
p3(bo,b1,b2) = W@HI@NV +WAI@N+@OV

1 2

|_||_Qum — b1)(—b2 + bg)

pa(bo, by, ba,b3) = A @m.T@mv + A @wl_L:v + — A @wl_.@ov

@wI@NX bs + by)° ._. @wISX bs + bo)®

H

+5; A (b3 — bo)® — (by — b0) (b — b2) = (b — bo)*) (—bs + bo)?
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Direct calculations

@m@o“f“@m“@w“fv

= A EnT@wv |_| A fnT@mV + — A En_lfv + — A En_.@ov
Qﬁlwwx by +b2)* + — AEISX by + b1)* + AEISX by + bo)*

23 (o (b1 = B1)* = (b2 — ba)(ba — b3) — o (bs EJTE +b1)’°

|_|wH_ A Av% — @OV H_ Quw - ®0vw o Quu - @Ovﬁuﬁ - @Mvv A|~u% + @va

._.M — (b1 — @OVAMAE — Svm — (b2 — b1)(ba — b3) — W@w - vav

1 3 1 5 1 3 2
+MAEI@OV Iwgmlvov (ba — b3) — w@wI@OV WAlfnT@ov
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Applications

\ The queue M/D5/1

/mwsmc:mi&\ at p ~ 0.278.

A queue with alternate services: o9, = 2, 09,11 = 8.
S. Hasenfuss has computed the expansion up to n = 28.
_ . _ _ _
14+
12+
10 -
m —
-m/z- —_—
F7(x)
6 fg(x) ----
£27(%)
4l f28(x) — -
£59(X)
- fe0(x) — —
N| - \\\\\\ ll///
\ i
0 | \ v | N |
0 0.2 0.4 0.6 0.8
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Numerical Instabilities

An exploration of numerical instabilities

Test on the identity: px(1,2,... , k—1) = w
With standard double precision (32 bits)

p(2) = 0.500000000000000000000000000000
p(3) = 0.500000000000000000000000000000
p(4) = 0.500000000000000000000000000000
p(5) = 0.499999999999999999945789891376
p(6) = 0.499999999999999999783159565503
p(7) = 0.500000000000000000216840434497
p(8) = 0.499999999999999999566319131006
p(9) = 0.499999999999999998265276524023
p(10) = 0.500000000000000013877787807814
p(11) = 0.499999999999999954897189624603
p(12) = 0.500000000000000180411241501588

Numbers are not useable for n > 27...
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Numerical Instabilities

-~

\_

Experiments with gmp (Gnu MultiPrecision).
Curves relating the number of bits of gmp with

e the maximum number of terms p,(...) computed within a precision of
6 and 26 digits,

e the computation time.
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eusch and A. Jean-Marie — IFORS 2002




Numerical Instabilities

Maximum number of terms computable within a given precision
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Numerical Instabilities

Computation time

Total computation time up to the last computable term

HOOO 3 T T T T T T T LI | T T T T T ]
[ Time to max nu of terms, 26 digits --—---—-- ]
“_.OO 3 \\ e
10 ¢ E
H_n nl \\ l“
0.1 . : ) = : S
10 100

Number of gmp bits

1000
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Numerical Instabilities

4 N

Another direction for increasing precision: using more complex but robust

recurrences.
u—v 3\
—A ~u§|d |~u§|d
Mﬁw — M thzlel_ﬁ - ®3|evm® ( A VXMM@IVP@IH 1 <wv <,
s=0
= A bnbam) ()
u—v )\
Rmﬁw = M M@s\lié — ®3|evmxmzlvm“e|~ 1 <wv<u,
s=0

RM@ is a polynomial of A of degree u — 1, with positive coefficients:

n (n) \/u.

IUQJG - Q\A\tsdvu M

= a longer, but still polynomial algorithm.
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Numerical Instabilities

\ Conclusion ‘ /

We have provided an algorithm for computing the Taylor expansions for

functions of W,, in polynomial time.

New formulas and relationships may help undestand them better, or find

other types of expansions.

Numerical instabilities to be mastered (arbitrary precision, clustering of

/ﬁmﬁbmu recurrence with positive coefficients...) \
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