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Problem elements

On the
convergence Very generally, decision in a dynamic random environment
O e
Rolling involves:

Horizon
@ A dynamic system evolving according to a random process

procedure

A. Jean-Marie .. . .
@ Transitions which depend on a sequence of actions

ai,az, ...
@ A performance evaluated trough a criterion

Problem
elements

EG(OO)(S1, a1,82,ad2,...,5p,dn, .- )
The objective is to find the optimal sequence {a;; t € N},
usually in the form of a decision rule that maps histories to
actions. For each m:

(s1,a1,%,a2,...,8,) +— ap.



The Rolling Horizon procedure

On the
convergence

of the Computing the exact optimal decision rule is usually very
Rolling

Horizon dlfflCUIt
procedure . . -
— approximations and heuristics.
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One such heuristic is the Rolling Horizon method:

Problem

elements Step 1: At time t, and for state s;, solve the finite
horizon control problem with a given horizon H,
taking s; as initial state:

H
EG( )(St, Aty St+1, At+1y -+ -y dt4+H-1, 5t+H)

Step 2: Apply just the first policy obtained in the state s;.
Step 3: Observe the achieved state at time t + 1
Step 4: t <+ t+1; go to Step 1.



Why RH might work

On the In principle, solving exactly a finite-horizon problem from a known
convergence

of the state requires only exploring the event tree
Rolling

Horizon
procedure - O(TH),

A. Jean-Marie

(T transition per state, horizon H).
Froblem Solving exactly the infinite-horizon problem requires exploring the
elements B . i

whole state space and solving linear systems. In practice, let us say:

— ~CxNMN3

(N states), but C may be as large as 27.
Solving approximately the infinite-horizon problem can be done with
Value lteration. In practice, about:

= ~CxNxT

and C' depends on the precision required and many other factors.

If H relatively small and N relatively large, this might be worth it.



Research Objectives for RH

On the
convergence
of the

o The RH procedure is a heuristic method. We have studied its

procedure precision in different models
MDPs with finite state space

A. Jean-Marie

Problem

elements MDPs with general state space, bounded or unbounded
reward

Semi-Markov Games the most general case
with different points of view

Convergence Find sufficient conditions for convergence
(asymptotic zero error when the horizon — o0);

Approximation Find error bounds




About the notion of “convergence”

On the
convergence
of the
Rolling
Horizon
procedure
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In Rolling Horizon, the horizon length H is fixed and a design
o parameter: compromise computational complexity/precision.

elements

The notion of convergence refers to the fact that errors should
vanish when H is large, and to the quantification of these
errors: not to the fact that H changes over time.
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RH and VI 9 Rolling Horizon and Value Iteration



Relation with the Value lteration procedure

On the The Markov case:

convergence

A3 . -
F‘;olfineg @ transitions sy — s;11 = T,,5; do not depend on the past,
Horizon only on the current state s; and current action a;.

procedure ] ] .
@ the reward function is recursive:

G(OO)(Sl, a1, S2,adn, .. ) = f(r(sl, a1), ho G(Oo)(SQ, an, .. ))

A. Jean-

RH‘and Vi (typically, f(x,y) = x4+ y, h(x) = Bx).

Bellman Equation

Result: the optimal decision rule does not depend on the past
either and can be chosen deterministic; the value function

solves the equation

V(s) = m;xE{f(r(s, a),ho V(T,s))} .

and the optimal decision s — a = d(s) realizes the arg max.




Relation with the Value lteration procedure (ctd)

comargence The Bellman equation is a fixed-point equation of operator T:

e for a real-valued function w on the state space,

Horizon

(Tw)(s) = maxB{#(r(s,2).how(Tss))}
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Idea to solve the Bellman equation: iterate until convergence.

RH and VI

Value iteration algorithm

Step1l: n=0,v2=0,5, A;,Vs€ S

Step 2: Compute v™! = Tv" and
dnt1(s) = argmax{...v"}

Step 3: If an adequate stopping rule, stop. Otherwise, do
n< n+1 and go to Step 2.

Observation: VI is computed offline, whereas RH is supposed
to be computed online.



Relation with the Value lteration procedure (ctd)

On the Both VI and RH are approximations:

convergence

of the @ The gain obtained by RH with horizon n is produced by
olling
o the stationary policy
A. Jean-Marie (dn)oo = (dn’ dr” dn’ .. ) fr——— g[((dn)oo)]
@ The gain obtained by VI is produced by the
RH and VI non-stationary, periodic policy

(dna dnfla L] dl)oo = (dn7 dn717 L] dl) dI‘H dn717 .. )
— g[(d,,, dn_1, RN dl)oo]
The literature concentrates on the convergence:
gl(dn, dn1,....d1)*]  —noieo 8l(d7)™]

but almost ignores the convergence of

gl(dn)*]l —nsioe  gld)>] M




Missing the point...
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Horizon
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In practice, what do people do?
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They use VI to obtain an approximation of the value function,
stopping when they feel satisfied.

RH and VI

They obtain a Markov policy dy.

They use it as a stationary policy: (dy)*°. This is RH!
They do not use the non-stationary policy (dy, dy—1,...,d1)
of which they had computed the value!
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Results

© Results

o Average-cost MDPs
@ Other cases



Markov Decision Processes, finite case, average

cost

©n die State space and action space are finite.

convergence

of the Performance function is the average gain:
olling
Horizon
procedure 1 n
A Ll EG(™®)(s;,a1,...) = lim sup -E E r(Sm, am)
n—+oo N —1

Convergence concepts

There always exist an optimal average gain for each starting
state s: g*(s). VI is said to converge if:

Average-cost
MDPs

lim v, — ng* = h*.
n—oo

RH is said to converge if:

lim gl@)™ = g* .

n—-+o0o




Convergence Results

On the
convergence
of the
Rolling
Horizon

o Theorem: Hernandez-Lerma (1990)

A Team Dk A sufficient condition for the convergence of RH is:

There exists a positive number § < 1 such that
sp(p(.|s,a) — p(.|s', a")) < 20 for every (s, a) and
(s,d') withs,s" € S, a€ A, @ € Ay,

Average-cost

MoP: where, for B C S,

sp(A) := sgp A(B) — iréf)\(B) .

In addition, convergence is geometric with rate 4.




Principal result

On the
convergence
of the .
Rolling Geometric convergence for RH: 3C, o, Vn,
Horizon
procedure

0 < g*(s) — gl®™(s) < Ca”,

A. Jean-Marie
and for VI:
lva — ng* — hlos < Ca™.

Average-cost
MDPs

Theorem (Della Vecchia et al. (2011))

If the VI algorithm converges geometrically then also does the
RH procedure.

The converse does not hold: there are cases where RH
converges, but not VI



Convergence conditions

On the

convergence Ml Condition 1: Schweitzer and Federgruen (1977)

of the

o There exists a randomized maximal gain policy whose

A transition probability matrix is aperiodic (but not necessarily
@ unichain) and has R* = {/ € S : i is recurrent for some pure
maximal gain policy } as its set of recurrent states.

Condition 2: Schweitzer and Federgruen (1977)

Average-cost

MDPs Every optimal (pure) stationary policy gives rise to an aperiodic
(but not necessarily unichain) transition matrix.

Condition 3: weak unichain condition, Tijms (1986), p. 199,

Assumption 3.3.1.

Every optimal stationary policy has a transition probability
matrix unichain and aperiodic




Convergence conditions (ctd.)

On the
convergence
of the

of Condition 4: Puterman (1994), p. 370
olling

o : . . . .
oo Ever.y s’Fatlonar.y-pollcy is unichain and gives rise to an
aperiodic transition matrix.
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Condition 5: Herndndez Lerma and Lasserre (1990),
Assumption b.1.

Cf. supra.

Average-cost
MDPs

Relative strength of conditions

Condition 5 = Condition 4 =—> Condition 3 =
Condition 3 = Condition 1 <= VI converges
geometrically = RH converges geometrically

All conditions need aperiodicity.



An Example

On the . . .
A And in effect, neither procedure converges on the following

of the

Rolling case:

Horizon
procedure

o S ={s1,%,...,s}; for each state s;, A, = {ai,aé} for
i=1,2,..8.
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@ The RH procedure applied directly on this problem gives
us infinitely many times four policies, three of them have
gains (55,55,55,5.2,5.2,5.2,5.2,5.2) and the fourth one,
which is the optimal one, has gain
(55,55,55,6.14,6.14,6.14,6.14,6.14).



Approximations

On the
convergence
of the

Rol!ing
e We are generally looking for conditions which provide bounds

procedure

A. Jean-Marie such as

V= Vy < GV + Ge

where:
o Vy = g{@)™ is the value obtained with the N-horizon RH
procedure

Other cases

@ V* the optimal value

@ ¢ represents some error bound on transition model
parameters, such as transition probabilities or gains.



Cases studied
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Horizon
procedure

N~ Cases we have studied:
@ infinite state space, continuous-state spaces
o semi-Markov transitions

@ stochastic games
°

discounted, undiscounted rewards, time-consistent risk
measures (Ruszczynski et al.)

Other cases

@ approximate Rolling Horizon, a /a Chang & Markus.



The semi-Markov case with unbounded state space

On the
convergence

R Setting: Semi-Markov decision process.
Rollin . . . ..
Horizon @ discrete state space (possibly infinite) S

procedure

@ compact/finite action space in state s: As

A. Jean-Marie

@ joint state/action space:
K = {(s,a):s€ S,aec As}

@ reward function £(s, a)
Other cases

e distribution of inter-decision times F(-|s, a)

o total expected discounted reward under policy 7

0
V7(s) :=ET [/0 e (S, Ay)dul  —  max



Assumptions
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P = SUP(s,a)cKk /6(57 a) <1l

Proposition: Luque-Vésquez (2002)
Other cases

If there exists a pair of positive numbers 6 and € such that
F(0|s,a) < 1—¢

for all (s,a) € K, then Assumption 1 holds with
p=1—¢e+ee.




Controlled growth conditions

On the

convergence 5
of the Assumption 2
olling
oo There exist a function p : S — [1,00) and a constant m such
that for all (s, a) € K,

(a)

A. Jean-Marie

|r(s, @)l < mu(s),

(b)

[ me)0zs.2) < uts)

M ,,(S): the linear space functions v such that 3C,

[v(s)] < Culs)

for all s (finite py-weighted norm). This is a Banach space.



Approximate Rolling Horizon

On the
convergence
of the
Rolling
Horizon

orovedure Idea: computing exactly value iterations may be
N difficult/expensive — settle for an approximation.

For instance:
e replace Vjy_; with an approximation V,
@ compute TV:

Other cases (Tv)(s) == sup {r(s, a) + B(s, a)/

BEAS S

v(2)Q(dz]s, a)} .

@ return TV instead of Vi = TV ;.
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Typical approximation result

Theorem (Della Vecchia et al. (2012))

Suppose that Assumptions 1 and 2 hold, and that, for some

N, |[Vy = Vlﬂ\ﬁl—lHu < e

Let V € M,(S) be a function such that ||V _; — V||, < e2.
Consider a stationary strategy f such that TfV =TV, and let
Uy = VF. Then, Vs,

2p(e1 + €2)

Vi(s) = On(s)] < P

IA

u(s) -

The goodness of V;_; is measured with e1: e1 = 0 if it is the
optimal V*.
The goodness of V' is measured with €3: 0 = 0 if it is exact.



Approximation result, ctd.
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It can be shown that Vjy — V* u-geometrically. Then:
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Corollary

Suppose that Assumptions 1 and 2 hold. Let V € M,,(S) be
a function such that for some N 2 1, ||V _; — V||, S e.
Consider a policy fy such that TV = TV, and let Uy = V.
Then,

m N
V() - n(all < (37 + 25 ) )
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