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o Customers arrive to an infinite-buffer queue.

@ Time is discrete.

@ The distribution of arrivals in each slot A;, arbitrary with
mean A (customers/slot)
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@ Service occurs by batches of size B.

@ Service time is one slot.




The Model

Scheduling Arrivals
with
Impatience
Y I I Y N O

Jean-N

Hy

Queue Server

The Model . .

. Controler
Impatience

Customers are impatient: they may leave before service.

Deadline

o the individual probability of being impatient in each slot: «

@ memoryless, geometrically distributed patience
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@ The controller knows the number of customers but not
their amount of patience: just the distribution.

Service is controlled.

@ It decides whether to serve a batch or not.
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VR minimize the O-discounted global cost:

Hyo
Z 6" C(Xm qn)] )
n=0

vg (x) = EX

The Question

where:
@ Xx,. number of customers at step n;
@ g,: decision taken at step n;
and c(x, q) is the cost incurred, involving:
@ cp: cost for serving a batch (setup cost)
@ cy: per capita holding cost of customers

@ c;: per capita loss cost of impatient customers.



Related Literature

Seteilihig Control of queues and/or impatience (or reneging,

with

Impatience abandonment) has a long history.
Jean-Marie & Optimal, deadline-based scheduling:

- o Bhattacharya & Ephremides, 1989
@ Towsley & Panwar, 1990
Optimal admission/service control (without impatience)
@ Deb & Serfozo, 1973
@ Altman & Koole, 1998 (admission)
e Papadaki & Powell, 2002 (service)
Optimal routing control with impatience
o Kocaga & Ward, 2009
@ Movaghar, 2005

No optimal control of batch service in presence of stochastic
impatience, so far.

The Literature
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In the talk, we:

This talk

@ give the solution to this problem for B =1

@ explain what goes wrong when B > 2
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Xp: number of customers in the queue at time n.
gn = 1 is service occurs, g, = 0 if not, at time n.

Sequence of events (at each slot)
Ery:gar':riv:ming e Begining Of the slot

representation

@ Admission in service
© Impatience on remaining customers
@ Arrivals
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The sequence of events leads to :

Xn+1 = S([Xn - an]+) + Apq . J

Dynamic

Mol S(x): the (random) number of “survivors” after impatience,
out of x customers initially present.

I(x): the number of impatient customers.
= binomially distributed random variables
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CBQn + CL/([XH - an]+) + CH[Xn - an]+

Average Cost

Dynamic
Programmin
repisentatiogn C(X, q) = gcg + (CL a+CH) (X_qB)+ = gcg +CQ (X_qB)+ .

Optimization criterion:

vi (x) = EX

Z 0" C(Xm qn)]
n=0
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V(x) = qer?(i)?l}{CBq—i-cQ[x—Bq]Jr—}-HE (V(S([x — Bq]") + A)) }.

S The optimal policy is Markovian and feedback: there exists a
sl function of the state x, d(x), such that

representation
™ =(d,d,...,d,...)

and d(x) is given by:

The optimal policy

d(x) = in {..}.
(x) argqer%?l}{}
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: that d(X) = ]'{XZV}'

Theorem

Let 1) be the number defined by

_ o cQ
V=% - T a

Results

Then,
Q Ify > 0, the optimal threshold is v = +00.

@ Ifvy <0, the optimal threshold is v = 1.
© Ifv =0, any threshold v > 1 gives the same value.




Method of Proof

Scheduling Framework: propagation of properties through the dynamic

with
Impatience programming operator (Puterman, Glasserman & Yao).

Jean-Marie &
Hyon

Requirement 1

W()ZO, SUPM < +OO,
(x:9) w(x)
oD ‘ZP(HXCI w(y) < +o0,
x,q

Results

and Vu, 0 < pu <1, dn, 0<n<1, 3J, such that: V J-uple of
Markov Deterministic decision rules 7 = (di, ..., d;), and Vx,

w3 Prylx)wly) < nw(x) .
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Requirement 2

Jve, Do

Q v e V?implies Lv € V7,

@ v € V7 implies there exists a decision d such that
d € D? Nargming Lyv,

© V7 is a closed by simple convergence.

Results

— works with:
V7 = { increasing and convex } and
D = { monotone controls }
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Let, for any function v, ¥(x) = min Tv(x,q). Then:
q

© If v increasing, then V increasing

@ If v increasing and convex, then V increasing convex

Theorem

If v is increasing and convex, then Tv(x, q) is submodular over
N x Q. As a consequence, x — argming Tv(x, q) is increasing.

Propagation

Submodularity (Topkis, Glasserman & Yao, Puterman)

g submodular if, for any x > x € X and any g > g € Q:

g(x,9) — g(x,9) < g(x,q) — g(x, q).




Optimal Threshold / 1

Scheduling
with

Impatience The system under threshold v evolves as:

Jean-Marie &

Hyon

Xn+1 = Ru(xn) = S([Xn_l{xZu}]+) + Apt1 -

A direct computation gives:

V) = 1% (x + 125) + v o)

(0.9}
Samputatin o O(v,x) =Y 0"P(R(x) > v)
n=0

_ _c
V=% = {"ag"
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The function ®(v, x) is decreasing in v > 1, for every x.

Proof by a coupling argument. If OZ(,”) = set of customers
present at time n under threshold v, starting from xg = x:

Lemma

For every trajectory, we have

oM _ either O
or O,(,")U{j,,}

Computation of
the threshold

where j, is the customer of smaller index in 051)1.

— {R,E'J'r)l(x)ZZ/—l—l} c {R,S”)(x)ZV} .
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What goes wrong when B > 2

sl Numerical experiments and exact results in special cases reveal
with

Impatience that:

JeernVibrite & @ The value function V(x) is not convex in general

Hyon
@ The function TV/(x, q) is not submodular in general
Examples with B = 10, o = 1/10, # = 8/10: V not convex




What goes wrong when B > 2, ctd.
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it Submodularity: if Tv(x,1) is submodular, then

Ilm‘pjtlle’nce x +— Tv(x,1) — Tv(x,0) is decreasing.
Hyon A counterexample with B =2, A =1/10, a = 9/10, 6 = 9/10.

Increments of Tv(x,1) - Tv(x,0) ——
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What goes wrong when B > 2, end.
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Dynamics without impatience

Xn+1 = [Xn_an]+ + Ap1 .

They show that the following “K-convexity” propagates:

Vix+K)—V(x) > V(x—1+K)-V(x—-1).

Also used in Altman & Koole for batch arrivals.

—> does not work here.

Koole (2006) and Kogaga & Ward (2009) mention the
incompatibility of impatience with structure theorems.
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Critical value:

Extensions

1 CH
T,ZJZCB—CQ—:CB—CL——.
(0 (e

Branching processes: at each step, each customer is replaced
by X customers. @ = EX, must be @ < §71.
—> same formula for the optimal policy

Critical value:
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