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Principle of incentive equilibria: developed for dynamic games by
lozilnaizn Ehtamo and Hamildinen Journal of Economic Dynamics and Control
(1993) and Group Decision and Negotiation (1995), inspired from the
work of Osborne (1976) about the definition of a “quota rule” able to
explain the stability of a Cartel.

Used in several papers by those authors, Jgrgensen and Zaccour,
Martin-Herran and Zaccour, in discrete-time and continuous-time
games.
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. @ static games

ean-Marie,

J o . .

Mabel Tidball @ dynamic games with open-loop strategies

Introduction We flnd

@ Necessary conditions for 3 of credible incentive equilibria

@ credible incentive equilibria with differentiable incentive do not
exist without very strong conditions on the payoff
(Nash+Pareto!)

@ for piecewise-differentiable incentive functions, an infinity of
credible incentive equilibria can be chosen.

We illustrate with examples:
o the stability of a Cartel

@ an environmental problem
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Introduction © Introduction
© Definitions: incentives and credibility

© Analysis of the static case

@ Analysis of a dynamic case: Nash open-loop

Q@ Examples
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Players agree, before playing the game, that a certain Pareto
optimum E* is a desired output of the game

Definition (Incentive equilibrium)

Consider a Pareto optimum (E{, E;) of the game. An incentive
equilibrium strategy at this optimum is a pair of mappings (W1, V5),
with Wy : Yo — >, Wy : X7 — Y5, and such that:

Jl(El,\UQ(El)) < JI(E1*7W2(E1*)) VEl © ):1
) J2(\|11(E2*),E2*) VE, € 35
Ui(E) = B W(E) = B

g
IN




Incentive design and Credibility
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il The incentive problem:

@ construct a game in which players are induced to play a
Definitions cooperative desired outcome E* by defining an incentive rule

@ E* equilibrium of the game

@ the incentive rule is credible

Credibility holds if every player, if faced with a deviation from her
opponent, would prefer to follow the incentive rather than sticking to
her equilibrium value.
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The pair (W1, W,) is a credible incentive equilibrium at (E5, E5) if it
is an incentive equilibrium, and if there exists a subset ] x ¥} of
Y1 X X5 such that:

h(Vi(E), E)
Jo(Ex, Va(Er))

../1(E1*7 EQ) 5 VE, € ZIQ

>
> h(E,E), VEeX.

o

An equilibrium is credible if: whatever the admissible deviation E, of
Player 2 with respect to the equilibrium EJ, Player 1 is better off by
following the incentive W1 (E;) rather than sticking to the equilibrium
E;.
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Definition (Weak credible incentive equilibrium)
A weak credible incentive equilibrium is a couple of states (E;, E5)
and of incentives (Wq, W) such that
h(E,Va(E1)) < N(ESVa(E)) VEEL
JQ(W](Ez),Ez) < J2(\|11(E2*),E2*) VEz © 22
Jl(\Ul(EQ), EQ) > JI(EI*, EQ) VE, € 35
JQ(El,\UQ(El)) > JI(EQ,El*) VE, € 31
Vi(Ey) = E Vo(E) = B




Conjectural variations
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. games by Bowley (1924), Frish (1933) and others.

Jean-Marie
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Definition (Conjectural variations equilibrium)

Incentives and A conjectural variations equilibrium is a pair of functions (r1, r2) and
e :
a pair of states (E;, E;) such that:

0h

b 0h
0E;

Ef,E}) + n(E) OE,

(E17E2) =0,

and symmetrically for J,.

ra(e1) is the anticipated variation of Player 2: Player 1 thinks that if
he deviates from dey, Player 2 will deviate from de; = ry(e1)der.
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A conjectural variations equilibrium is such that:

Incentives and Jl(E17 \UQ(E]_)) S J]_(Ef, WQ(EF)) vEl E Z]_

Conjectures

(symmetrically for J;), with:

E>
Vy(E) = ES + / ry(u) du .

*
2




Comparisons

On the
existence of
incentive

euilibria @ In incentive equilibria, incentive functions W; are chosen and
. imposed /recommended by an authority. The equilibrium

Ko iaic (Ef, E) is a given goal to be reached.
@ In conjectural equilibria, conjectures are resulting from a private
o representation of players, their utilities and their intentions. The
NS equilibrium (Ef, E) is a result.
Conjectures . .
’ @ Both lead to optimization problems, where the value of the

payoff of the opponent is unknown.

@ Both lead to rationality problems:

o why wouldn't a player cheat=deviate from the incentive?
o how does a player form its conjectures?
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_ Vi(E) #E>E
;l;l.’:nanc w'(Ej) — { \lj_(Ej) |f Ej S Ej< B

1

where W and W} are differentiable, including at E; = E;".

af = (WY(E). and & = (V)(E)

i J

8J;/(9Ei

AR e
0J;/OE;

(Ef,E5) -



Necessary conditions for equilibria
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Alain

Rt Necessary conditions for the existence of weak incentive equilibrium
o function V1 are as follows:
8J1/8E1 8J2/8E1 Conditions

- - AQ:Oandaf:al_zo

+ + A>=0andal =a; =0

= - a7 < min(A,0) < max(A,,0) < a;

4+ - a; < min(A,0) < max(A,0) < a;

0 = a; <A <af

0 + af <A <a;

+ 0 0J,/OE; =0 and a; <0< a

- 0 0Jr/0E, =0 and a; <0< a;

0 0 04 /0E; =0




Necessary conditions for equilibria (ctd)
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S, Let E* be a Pareto optimum,
a/ 8J1/8E1 > 0, 8J1/6E2 < 0, 8J2/8E1 < 0, 8J2/8E2 > 0.

The static
case

— a, <0< Ay <a, and a, <0< A <af.
b/ 8J1/8E1 <0, 8J1/8E2 > 0, 8J2/8E1 >0, 8J2/8E2 < 0.
— a <0< Ay <a;, and aj <0< A <a,.

C/ 8J1/8E1 > 0, 6J1/6E2 > 0, 8J2/8E1 <0, 8J2/8E2 < 0.

— a; <Ay<0<a, and aj <A <0<a,.




Differentiable incentive equilibrium
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Mabel Tidball a/ if ap =0 and a; = 0, then necessarily
The static 8J
N 8E(E17E2) :07 i:172;

b/ if a1 # 0 and a, # 0, then necessarily

0J;

8E(E17E2) :07 i7j:172;

c/ if ay =0 and a, # 0, then necessarily

0J>

9k 0N
0E,

0E;

0N

ElvE):Ov 8—E2(

—(E E) + a

B E) =

0



Differentiable credible incentive equilibria

On the
existence of
incentive

equilibria

Alain A credible incentive equilibrium requires strong properties on the

Jean-Marie,

Mabel Tidball payoff functions:

The static
case

Let (W1, WV5) be a credible incentive equilibrium at a Pareto optimum,
where the incentive functions V; are differentiable. Then, necessarily:

0J;
OF;

(EI*»EQ*) =0, ihj=12.

The converse property holds: a simultaneous maximum (E5, E5) is a
credible incentive equilibrium, for any incentive functions V;.
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—— Among candidate weak credible incentive equilibria, one finds Nash
= equilibria:

A Nash equilibrium (Ef, E;) is a weak credible incentive equilibrium
for the (constant) incentive functions: W;(E;) = E;*.




One-sided incentives
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The static \U;"(Ej) = E’.* or \ll_(EJ) = E."7

case

or in other words,

afr =0 or a;, = 0.
We can use the table to find on which side of the incentive
equilibrium E* it can be credible not to react, depending on the sign
of the partial derivatives of the payoff functions.



Osborne’s example
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the OPEC).
Alain
Rt @ Strategies E;: level of production of the firms, J;(-), their profit

functions. With 9J;/0E; > 0 and 9J;/0E; < 0.

@ In this context, the “incentive” function is actually a threat
oy function, with which members of the Cartel would retaliate to
potential cheaters.

* * Ei* *
Wi(E) = max{E,- EREE e )} ,
J
This is a one-sided credible incentive equilibrium, with:
E*

3.7:0’ aj‘r: U

i x
Ej



The case of Nash Open Loop equilibria
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The Dynamic where E;(t) is the action of player i at time t according to her
S strategy E;. Payoff of player i:

Ji(E1, E2; x0) = /0 e P'Fi(Ei(t), Ex(t), x(t)) dt ,

with a time horizon T < 400 and a discount factor p > 0.
Consider affine incentive equilibria of the form:

Vi(Ej)(t) = Ef(t) +vi(t)(Ei(t) — Ef (1)) -

for some scalar functions vy (t) and va(t).



Necessary conditions for the Open-Loop case
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R R solution of the following system of equations, for some a; > 0 and
an > 0:
The Dynamic non .
Open-Look Conditions for being Pareto
0F, oF; of
= — * =1,2

0 = agg tage *A5g  =1h

: OF OF; of

2\* _ 1 o 2 )\*_ )\* : )\*(T) =0



Necessary conditions for the Open-Loop case
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o _ aFl 8Fl 1 af 8f

SE:T-K::':'C 0 = T + Vza—EQ + A (8—E1 + v2 8—E2>
: OF, of

1 Y911 1 07 1. 1 _
Moo= =Mt A(T) =0

R  OF L, ( Of  Of

0 = vigg *55 A ("1351 * 96
P L B L P U




Necessary conditions for the Open-Loop case
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The Dynamic - OF L Of ..[ Of of
el 0 = ~vgg ™Mo T \"oE T aE
: OF of
lc _— 21 _ yleZ' 1c 1c T) =

A LN XS N(T)
B OFs L, Of . [ Of of
0 = —wvgg + X5 A\ 58 T 55
: F f
N2 — Q _ )\268_ +p/\26 : )\ZC(T) -0

Ox Ox
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The Dynamic
Open-Loop
Case

Elements of the proof

Pareto. First, E is required to be the solution for the cooperative

problem:
E'IaX [Jl(El,EQ,XQ) +J2(E1,E2,X0 ] = maxZ/ t),X(t]

such that
x(t) = f(Eu(t), Ea(t), x(t)), x(0) = xo.
The Hamiltonian for this problem is
H*(Ex, Ex,x,\*) = Fi(E1, E3, x) + Fa(Eq, Ea, x) + X f(Eq, Ea, x)

and the first order conditions give the first group of equations.



Elements of the proof (ctd.)

On the o . . a
exintemcs of Incentives. v;(t), i = 1,2, must be the solutions of the following

incentive

=qulllbein optimization problems:

Alain
Jean-Marie,

7
ReE s mEale(El,\Ilg(El),XO) = max/ Fl(El(t),Wz(El),Xl(t)) dt .
1 0

1
The Dynamic
Open-Loop

Cre such that
x1(t) = F(E(t), Va(Er)(2), x* (1)), x(0) = xo.

and symmetrically for x?(t). For this problems the corresponding
Hamiltonians are:

Hl(El,X,Al) = Fl(El,\llz(El),X)—|—A1f(E1,\|l2(E1),X)

H*(Ex, x,)?) = Fo(Vi(E), Es,x) + N f(Vy(E), B, X) .
and the first order conditions give the second group of equations
because x! = x? = x*.



Elements of the proof (end)

Credibility. Consider the point of view of Player 1. The following

On the
existence of L.
i conditions must hold:

incentive

aquilibris
Alain h(Vi(E), E2; x0) > J(Ef, E2; x0), VE
Menel Trdbal where
The Dynamic T
2:;""‘“" Jl(wl(Eg), EQ; Xg) = /0 Fl(\lll(Eg), E2,X2) dt .

(1) = FW(E), B x(1), x2(0) = %o,
and
)
1(ED, Er,x0) = / Fu(ES, Ea, x25(t)) dt |
0
2e(t) = F(E7, Erx®(8)), x*(0) = x.

Consider the difference:
Dl(Ez) = J1(E1*,E2:X0) - J1(W1(E2),E2:X0) .
The equilibrium is credible iff Dy (E;) < 0 for all E; € L, <—
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For a (strong) credible incentive equilibrium, there are: 12 equations

The Dynamic with 10 unknowns:

Open-Loop
Case

@ the cooperative solution E; and EJ;

o the incentive coefficients vq(t) and va(t);

o the state variable x*(t);

@ the adjoint variables \*(t), A\1(t), A2(t), A1¢(t) and \2¢(t).
For a weak credible incentive equilibrium, 8 equations and 8
unknowns.




Weak credible equilibria
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sauiibris A (strong) credible affine incentive equilibrium may hold only if one of the
ol following conditions is met:
Mabel Tidball
Qv = vy = 0 and
The Dynamic OF of
Open-Loop i i :
ase —_— = =1.2.
: OE; s OE; 0, ! ’
@ vi #0 and vo» # 0 and
OF; ; Of ..
S NED =0, Jj=1,2.
o5 + "V oE oy

@ vi =0 and v2 # 0 (and symetrically if vi # 0 and v» = 0), and

 0R L of
0 = 3 e

_ OR OF L [Of | of
0 = %& "5 2 <8E1 +V28E2)




Properties

On the
existence of
incentive
equilibria

Alain
Jean-Marie,

Mabel Tidball @ Necessary conditions stated — E* must be a simultaneous
maximum for both payoff functions J;.

The Dynamic
Open-Loop
Case

@ Piecewise-differentiable incentive functions.
Vi(t, Ei(1)) = Vi (£, E5(2)) if Ex(t) > £ (¢) and
Vi(t, Ei(t)) = Vi (t, Ei(t)) if Ei(t) < E/(t).

Left and right-derivatives: v(t) = oV */dE(t, E;(t)).

Transposition of the results of the static case: replace “0J;/0E;"
by “OF;/OE; + \'0f |OE;".



Examples for dynamic games
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The examples illustrate
@ The computation of (one-sided) credible incentives

@ The problem of guaranteeing credibility with respect to
deviations in a dynamic setting

@ That incentives may be credible over a limited domain
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We consider in this section a dynamic model proposed by Jgrgensen
and Zaccour in Jgrgensen, S. and Zaccour, G., “Channel coordination

Exemple: over time: Incentive equilibria and credibility”, 2002.
cooperation
).( = E1 —|— EQ 5X 5
F,'(El,EQ,X) = ¢, o = = E2

Checking the necessary conditions of Corollary 11, we have the result:

There does not exist a credible incentive equilibrium in
this game.




Weak credible incentive equilibria
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ean-Marie,

J
Miabel Tidbal o If v; #0 and v, # 0, no solution exists.

Bt @ If vi = v, =0, this is the Nash-credible incentive equilibrium.

retailer
cooperation

@ If vy =0 and v, # 0, then the candidate solutions

Ef(t) = Ll(;gh) (1 —e(t=T))
E() = 2 (-elT)

satisfy the necessary conditions, but not the credibility equations.




Deviations from reference strategies
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that the players have strategies of the form:

Example:
retailer
cooperation

E(t) = Aig(t) — A, g(t) = 1-€01 (1)
The calculations lead to the conclusion:
For the current example, there does not exist credible

incentive equilibria, even if the deviations are constrained to
be of the form (1).



Credibility with respect to small deviations

On the Ehtamo and Hamaldinen, Jgrgensen and Zaccour, have studied the

jEnR credibility of incentive equilibria with respect to small impulsional
sauiibris deviations. Define A, to be the control such that:
lain
Jeaﬁ-Marie. A £ <
Mabel Tidball ft<r
A(t) = .
0 if t >

Example:
retailer
cooperation

The pair (W1, W) is a locally credible incentive equilibrium at
(Ef,E5) if

forall Ey = Ef — A and E; = Ef — A, for some A and 7 small.




Difficulty of the analysis
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sauiia o(r,A) = h(Ef — v, Ef —A;) — h(Ef, Ef — A,) with

Alain
Mabel Trdball h(Ef — A, EF —A,)
Example: g T
L = [ AE-waE-axd+ [ AELE
0 T
. [ A(Ef —wD Ef — A x) 0<t
for x sol. of x = ﬂ(El,Eg,X) — =
T T
WELE-8) = [AEE-ad+ [ REER.
0 T
. f(Er, Ef — A, ) 0<t<r

for x sol. of X = A(Ef, E; %) T<t<T.
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Ji(Ex(); B2()i x0) = /OOO e " (log(Ei(t)) — ¢ix(t)) dt ,
Environmental x(t) = Ei(t) + Ex(t) — ox(t), x(0)=xp .

Pareto solution, the maximization of ), a;J;, is:

£ a;i(0 + p)
! arpr +angy

The Pareto-optimal control does not depend on time



Environmental example. Static credibility
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given by:

1 i @ixo
Ji(er,e2;x) = —log(ei) — ————=(e1 +e) — - )
(en@ize) = Llogle) = L@t T 0%
Ai = —aj¢j, Aj = i — ai¢i N
ai¢i A; Oéjqf)j
a'—SOSOZiﬁbi <at

1



Environmental example. Static credibility
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Mabel Tidball Wi(ej) — max {e’ ,e’ e aj¢j (ej _ ejﬁ")} .

For Player 1, the credibility condition becomes: for e; > e5:

Environmental
———

ef +oudi/cnda(e2 —€5) o

0 < log
e; Q22

(e2—€3) .

T interval [}, &] where the condition is satisfied.

& > e§{1+2—<%> }




Environmental example. Dynamic credibility
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a1 = O = 1.
This implies that e = e5 = e* = (d + p)/(¢1 + ¢2).

Environmental

cermplh We select the incentive function:



Environmental example. Dynamic credibility
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/ - [bg(@) oux¥(t) + g ()| et de > 0,

iAol where the two trajectories x¥(-) and x*(-) are the respective
solutions of
o * ¢1 * S
x = e + ——max(0,E(t) —e*) + Ex(t)—dx(t)

®2
x = e + Ex(t)— ox(t)




Environmental example. Dynamic credibility
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Assume that there exists M > 1 such that for all t,

Ext) < Meg*
BN Credibility implies that E(-) verifies
|
Ho0 [ 221 E
[ 2]t
Jo @2 05 e
o1 01 ol M—-1 o+

1
- | 2m? -1
p L%( )t 5 b2 P> p+(5



Environmental example. Dynamic credibility
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respect to strategies of the form

s:av,::l';menul Ez(t) = eN —|— (e* = eN)e_at 5
or
Eg(t) _ e*+(eN_e*)e—at ,

where eV = (p + §)/2 is the Nash equilibrium of the game (a
time-invariant strategy as well).



Conclusion
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icas ari @ Credibility is difficult to obtain in static and continuous-time
games: at a Pareto solution as well as elsewhere, if the incentive
CEpErlEn function is required to be differentiable. A credible incentive
e equilibria may happen only at critical points of both payoff
functions simultaneously.

@ With piecewise-differentiable incentive functions, (local)
credibility is rather easy to obtain, and many slopes are generally
allowed for these incentive functions. The actual challenge is to
find incentive functions that provide a “domain of credibility” as
large as possible.



Extensions

On the
existence of
incentive
equilibria

Alain g 0 o o .
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. @ Study whether credibility of open-loop strategies may hold in a
f:é'd""‘_’" neighborhood of the equilibrium, not only in a particular subset
Ferspectives of deviations.

Extend the analysis to discrete-time problems.
Investigate incentives defined on Nash-Feedback strategies.

Extend study to T = +0o0, discounted.

e ¢ o ¢

Alternate “rationality” condition: consistency of conjectural
equilibria?
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