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Context
Optimal exploitation of a �sto
k� whi
h has a natural in
reaserate and 
an be 
onsumed to produ
e utility.Analysis of harvesting behavior in renewable resour
ee
onomi
s (�Mathemati
al BioE
onomi
s�).Des
ribe the harvesting pro
ess (�shery, forestry),emphasizing di�erent aspe
ts of harvesting behavior andresulting in di�erent harvesting poli
ies.Optimal 
apital a

umulation and 
onsumptionDes
ribe the balan
e between 
apital a

umulation and
onsumption in one-se
tor e
onomies.
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Modeling
Di�erent types of mathemati
al models are used for this.In the 
ontext of optimal 
ontrol problems:sto
hasti
 or deterministi
�nite or in�nite horizondis
rete or 
ontinuous timeThere exists also a literature on (not ne
essary optimal)
ontinuous/impulse intervention, e.g. biologi
al pest 
ontrol.
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Main QuestionsThe main stru
tural questions are:does there exist stationary values for sto
k and
onsumption?do optimal paths 
onverge smoothly (turnpike property) ordo they os
illate?
an the system be 
haoti
?how does this depend on the properties of the utility andprodu
tion fun
tions, and the dis
ount rate?General answersthere are stationary pointsin dis
rete-time: there 
an be turnpike, 
y
les and even
haos for 1-dimensional models;in 
ontinuous-time: 
ontinuous 
onsumption in 1-D, 
y
lespossible if several dimensions
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A singular 
ontrol model: Clark's model.Continuous time, in�nite horizon 
ontrol problemmaxh(·) ∫ ∞0 e−rt [p − 
(x(t))] h(t)dtẋ(t) = F (x(t)) − h(t) x(0) = x0, 0 ≤ h(t) ≤ hmaxx(t) is the level of the resour
e sto
k at time t, F (x) isthe natural growth fun
tion,p represents the resour
e pri
e,
(x) the unit harvest 
osts and r the dis
ount rate.
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A singular 
ontrol model: ResultsThe solution is found as follows:The pro�t maximizing sto
k level leads to a steady statex∗ solution of:F ′(x∗) −

 ′(x∗)F (x∗)p − 
(x∗) = r .If x0 < x∗, the optimal 
ontrol is h(t) = 0 as long asx(t) < x∗.If x0 > x∗, the optimal 
ontrol is h(t) = hmax as long asx(t) > x∗.If x(t) = x∗, the optimal 
ontrol keeps x(t) 
onstant.

=⇒ A turnpike and most rapid approa
h traje
tory
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Dis
rete-time modelingTwo versions of the prin
ipal model:the primitive form: max
{
t} ∑t δtU(kt , 
t)with kt+1 = f (kt) − 
t the produ
tion fun
tion.the redu
ed form: max

{kt} ∑t δtV (kt , kt+1)Classi
al assumption: U depends only on 
t and is 
on
ave,produ
tion fun
tion is 
on
ave.Non-
lassi
al: �wealth e�e
ts�, non-
on
avities.
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The model dynami
sWe 
onsider a renewable resour
e, the dynami
s of whi
h,absent any harvest is given by: ẋ(t) = F (x(t)) , t ≥ 0,x(t) is the size of the population at any time tF , stationary through time, is the growth rate fun
tion.
∃ xsup and xns , 0 < xns < xsup < +∞.F : (0, xsup) → R is of 
lass C 2positive over the interval (0, xns ) and negative over theinterval (xns , xsup),F (0) = F (xns ) = 0, where limx↓0 F (x) = F (0), andlimx↑xsup F (x) = −∞.
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Impulse poli
ies
An impulse poli
y IP := {(ti , Ii), i = 1, 2, . . .} as a sequen
e ofharvesting dates ti and instantaneous harvests Ii , one for ea
hdate.0 ≤ t1, and ti < ti+1 for ea
h i = 1, 2, . . ..if the sequen
e is �nite with n ≥ 0 values, then ti = +∞for all i > n.Ii ≤ 0 and xi − Ii ≥ 0 , where xi is the size of thepopulation just before the harvesting date ti .



Optimality ofImpulseHarvestingPoli
iesA. Jean-Marie,M. Tidball,K. Erdlen-bru
h,M. MoreauxIntrodu
tionContinuoustimeDis
rete timeImpulse
ontrolDynami
s,pro�ts,poli
iesThe auxiliaryproblemsWhere is thesolution?Dis
rete
→
ontinuousCon
lusion

The model: The pro�t fun
tion
We assume that the pro�t fun
tion is stationary through timeso that whatever ti , Ii and xi , the 
urrent pro�ts at time tiamount to π(xi , Ii ).the domain is D := {(x , I ), x ∈ (0, xsup), I ∈ [0, x)}.It is of 
lass C 2 and bounded above by π̄ < +∞,

π(x , 0) = 0, ∀x ∈ (0, xsup).
(∂π/∂I )(x , I ) admits a limit when I ↓ 0 for allx ∈ (0, xsup).
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An impulse optimal 
ontrol problem(P): Maximize over ti , Ii for i = 1...∞
G({ti , Ii}∞i=1 , x0) =

∞
∑i=1 e−rti π(xi , Ii )s.t.̇x(t) = F (x(t)) if t ≥ 0, t /∈ ti , i = 1, 2, .. x(0) = x0limt→t+i x(ti ) = limt→t−i x(ti ) − Ii , xi = limt→t−i x(ti ),Ii ≤ xi , x(t) ∈ [0, xsup ].
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Boundedness of the pro�tDoes the obje
tive fun
tion have a �nite supremum?Denote π+(x , I ) = max(π(x , I ), 0).PropertyAssume that for all x and some 
onstant ℓ.
π+(x , I ) ≤ ℓI .Then for any ∆t ≤ (Fmax)−1,

Π ≤ ℓ
xns + Fmax∆t1− exp(−r∆t) .
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Dynami
 optimization from the bookUsual approa
h: Maximum Prin
iple +Lagrangian/Hamiltonian. See Termansen, Léonard and Long,Seierstad and Sydsaeter.The Hamiltonian: H(x , λ) = λ(t)F (x(t)),the dis
ounted instantaneous 
ost π(x , I , t) = e−rtg(x , x − I ).At the points without jumps (t 6= tj):
λ̇(t) = − λ(t)∂F

∂x (x(t)), λ(t) ≥
∂π(x(t), 0, t)

∂I .
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Dynami
 optimization from the book (
td.)At the jump points:
λ+j =

∂π(x−j , I ∗j , tj)
∂I ,

λ+j − λ−j = −
∂π(x−j , I ∗j , tj)

∂x ,H(x+j , λ+j ) − H(x−j , λ−j ) −
∂π(x−j , I ∗j , tj)

∂t = 0.Notation: x−j = limx→t−i x(ti ), and x+j = limx→t+i x(ti ).Likewise, for λ−j and λ+j .
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The dynami
 programming prin
ipleValue fun
tion approa
h (original in this 
ontext).TheoremThe value fun
tion v(x) = supIP∈Fx Π(IP)is the unique solution of the following variational equation:v(x) = supy∈[0,xsup)t≥0 e−rt [π(φ(t, x), φ(t, x) − y) + v(y)] ,where φ(t, x) is the traje
tory of the system at time t, solutionof the dynami
s with x(0) = x .
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Cy
li
al poli
iesConsider x0 ≤ x̄ and the family of poli
iesCy
li
al Poli
yA 
y
li
al poli
y 
onsists in:let the resour
e xt grow until x̄ ,harvest until xand repeat.De�ne τ(x , y) as the time ne
essary for the dynami
s to gofrom value x to y :
τ(x , y) =

∫ yx 1F (u)
du.Spe
ial 
ases: x = 0 and y = xns .
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Value of 
y
li
al poli
iesConsider x0 ≤ x̄ . A 
y
li
al poli
y has two parameters, x and x̄ ,I = x̄ − x . De�ne:G (x , x̄ , x0) := π(x̄ , x̄ − x)
e−rτ(x0,x̄)1− e−rτ(x ,x̄)

.G 
orresponds to G valued at: t1 = τ(x0, x̄),ti = t1 + (i − 1)τ(x , x̄), i = 2..., xi = x̄ , xi − Ii = x , i = 1....Limiting 
ase: x = x̄ . Then:Gd (x) := G (x , x , x0) = πI (x , 0) F (x)r e−rτ(x0,x) .



Optimality ofImpulseHarvestingPoli
iesA. Jean-Marie,M. Tidball,K. Erdlen-bru
h,M. MoreauxIntrodu
tionContinuoustimeDis
rete timeImpulse
ontrolDynami
s,pro�ts,poli
iesThe auxiliaryproblemsWhere is thesolution?Dis
rete
→
ontinuousCon
lusion

Auxiliary problemsWe de�ne now:Auxiliary problem (AP)(AP) : maxx , x̄; x≤x̄ G (x , x̄ , x0).Under the assumption that (AP) has a unique solution (x∗, x̄∗):Auxiliary problem (TP)(TP) : maxx,y ;0≤y≤x≤xnsx0≤x ; y≤x̄∗ e−rτ(x0,x) [π(x , x − y) + G (x∗, x̄∗, y)] .
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Relations between problems (P), (AP) and (TP)Chara
terization of the solution to (P):TheoremUnder the assumptions on F (·) and π(·, ·), if:for every a > b ≥ 
 > d ,
π(a, a − 
) + π(b, b − d) ≤ π(a, a − d) + π(b, b − 
)Problem (AP) has a unique solution, x∗, x̄∗,let (x∗(x0), y∗(x0)) solve the maximization problem (TP). Thenthe value fun
tion of (P) is: v(x0) =

=















G (x∗, x̄∗, x0) if x0 < x̄∗e−rτ(x0,x∗(x0))[π(x∗(x0), x∗(x0) − y∗(x0))
+ G (x∗, x̄∗, y∗(x0))] if xns ≥ x0 ≥ x̄∗.
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Optimal traje
tories
sto
k

time
(A)

(B)x̄∗x∗x(B)0
x∗(x0)x(A)0
y∗(x0)
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Submodularity (1)For every solution to problem (P) whi
h is not 
y
li
al, thereexists a 
y
li
al solution with the same value.
d

ba

(B)ti tjtBi
(A)

(A)tAj+ℓtAjtAi
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Submodularity (2)The assumption
π(a, a − 
) + π(b, b − d) ≤ π(a, a − d) + π(b, b − 
)is, with g(x , y) = π(x , x − y),SubmodularityFor all a ≥ b ≥ 
 ≥ dg(a, 
) + g(b, d) ≤ g(a, d) + g(b, 
)A parti
ular 
ase, sin
e g(x , x) ≡ 0:Triangular 
onstraintg(a, 
) + g(
 , d) ≤ g(a, d)
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Existen
e of solutions to Problem (P)
Existen
e of solutions to (P) ≡ lo
ation of solutions to (AP).TheoremUnder the submodularity assumption, if the solution to (AP) is:in the interior x < x̄ , there exists a solution to problem(P), and the solution 
an be 
hosen as 
y
li
al.on the boundary x = x̄ , there is no solution to (P), butsequen
es of ε-solutions 
orresponding to harvests

[x , x + ε].
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Degenerate or not?Ba
k to the submodularity assumption.
π(a, a − 
) + π(b, b − d) ≤ π(a, a − d) + π(b, b − 
)If equality holds: there exists some integrable fun
tion γ(·):

π(x̄ , x̄ − x) =

∫ x̄x γ(x) dxResultAssume that the fun
tion Gd (·) is of 
lass C 1, and is ր, then
ց, with an unique maximum at xm.If the fun
tion π satis�es the submodularity assumptionin the stri
t sense, then all solutions to Problem (AP) arenon-degenerate.with equality, then the solution of Problem (AP) is uniqueand given by x = x̄ = xm.
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Exhausting the resour
e?We note �ELB� (Exhaustion lo
ally better). A

ording to theform of the growth fun
tion F (x) as x → 0, we have:x = 0 optimal?i) If F (x) ∼ αxβ with α > 0 and β > 1, then the ELBproperty holds.ii) If F (x) = αx + O(x2), and if a = r/α, then:ii.1) if a > 1, then ELB holds.ii.2) if a < 1, then ELB does not hold.ii.3) if a = 1... te
hni
al ne
essary 
ondition for ELB involvingF () and π().iii) If F (x) ∼ αxβ with α > 0 and 0 ≤ β < 1, then ELB doesnot hold.
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IllustrationThe fun
tion G (x∗, x̄∗) turns out to be 
on
ave in mostsituations.
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Link with 
ontinuous 
ontrol problem
If the solution of (AP) is on the boundary (x∗ = x = x̄), theredoes not exist a solution to (P).However, there exists a sequen
e of 
y
li
al impulse 
ontrolswith x̄ − x = ǫ (ǫ-optimal solutions of (P)) approa
hing thevalue Gd (x∗) := G (x∗, x∗, x0),∀x0.We have: Gd (x) =

∂π

∂I (x , 0) F (x)r e−rτ(x0,x)
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Maximizing Gd (x):0 =
πIx
πI (x , 0) +

F ′(x)F (x) −
rF (x) .This value is the value of the solution to the 
ontinuous singular
ontrol problemmaxh ∫ ∞0 e−rt ∂π

∂I (x , 0) h dt, ẋ = F (x) − h.The turnpike x∗ solves G ′d (x) = 0.
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Continuous to impulseIn the other dire
tion, the singular 
ontrol model �tends� to amixed impulse/
ontinuous 
ontrol.The turnpike:If x0 < x∗, the optimal 
ontrol is h(t) = 0 as long asx(t) < x∗.If x0 > x∗, the optimal 
ontrol is h(t) = hmax as long asx(t) > x∗.If x(t) = x∗, the optimal 
ontrol keeps x(t) 
onstant.be
omes, when hmax → ∞:If x0 < x∗, the optimal 
ontrol is h(t) = 0 as long asx(t) < x∗.If x0 > x∗, harvest down to x∗.If x(t) = x∗, the optimal 
ontrol keeps x(t) 
onstant.
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Con
lusion
Di�
ult to �nd 
onditions on F , π whi
h ensure theexisten
e of a solution to (P).Find instead 
onditions on F , π (
ost) for the (AP) tohave a solution with x < x̄ ... or with x = x̄ .Find a framework to handle at the same time 
ontinuousand impulse 
ontrol.Go to higher dimension
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