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GPREMS : A Parallel and distributed solver

◮ GPREMS : Gmres PREconditioned with Multiplicative Schwarz

◮ Purpose : Solve the linear system

M
−1

Ax = M
−1

b

A ∈ R
n×n nonsingular nonsymmetric, x, b ∈ R

n

◮ M−1 : explicit formulation of the Multiplicative Schwarz preconditioner

M
−1 = Āp

−1
C̄p−1Ā

−1
p−1C̄p−2 . . . Ā2

−1
C̄1Ā1

−1

◮ Beforehand, the matrix A is permuted in block-diagonal form

(b): Completed submatrix

I

I

Ak

A1

C1

A3

A4(a) : blo
k-diagonal form of A

A2

C3

C2
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Parallel GMRES implementation

◮ Accelerator : GMRES with Newton basis

◮ Initial guess : x0, r0 = b − Ax0,

◮ Current approx. : xm ∈ x0 + Km s.t. b − Axm ⊥ AKm

◮ Km =

span
{

µ0r0, µ1(M
−1A − λ1I )r0, . . . , µm

∏m
j=1(M

−1A − λj I )r0

}

◮ A basis is built for Km by :

1. Generating a non orthonormal basis

Vm+1 = [r0, (M
−1

A − λ1I )r0, . . . ,
m

Y

j=1

(M−1
A − λj I )r0]

2. computing the scaling factors µj : σj+1 = 1/||(M−1
A − λj I )ṽj ||

µj+1 = σj+1σj . . . σ0 and M
−1

AVm = Vm+1Tm

3. Orthogonalize the basis Vm+1 = Qm+1Rm+1 then AVm = Qm+1H̄m

◮ xm = x0 + Vmym s.t. ym solves min||βe1 − H̄mym||, (β = ||r0||2)
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Parallel generation of the basis Vm+1

Kernel operations : vj = (M−1A − λj I )vj−1, Pi holds Ai and v
(i)
j

σ1
3 = ||v1

3||
2
2

P1

CiA
−1

i yi

P2

P3

P4

v1 = (M−1A − λ1)v0

Âiv
i
0

v2

σ3
3 = ||v3

3||
2
2 + σ2

3

σ2
3 = ||v2

3||
2
2 + σ1

3

v3

σ3 =
√

σ4

3

µ3 = σ3σ2σ1

σ4

3
= ||v4

3
||2

2
+ σ3

3

5 / 21



Parallel
Scalability

and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et

al.

GPREMS

Formulation

Implementation

Application

New
directions

Initial Convergence rate
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Elapsed Time
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First improvement: Parallel solution of local systems

⇒ From global system :

M−1y = Āp
−1

C̄p−1Ā
−1
p−1C̄p−2 . . . Ā2

−1
C̄1Ā1

−1
y = z

⇒ To several local subsystems :

Aizi = yi , (i = 1 . . . p)

⇒ Idea : Solve the subsystems with a new level of parallelism in
subdomains

◮ Exactly : parallel direct solver( MUMPS, SuperLU DIST, ...)

◮ Approximately : parallel ILU factorization.
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Natural splitting on a Cluster of SMP Nodes

Level 0 MPI COMM.

                        

MPI COMMs.
Level 1

P00 P01

P12 P13P11

P02 P03

P10

P31 P33P32P30

P21 P23P22P20

D1

D0

D4

D3
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Benefits of the two levels of parallelism (1)
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Benefits of the two levels of parallelism (2)
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Second improvement: Deflated restarting GMRES

◮ Convergence of GMRES depends on the spectral distribution of
M−1A

◮ Removing or deflating small eigenvalues improve the convergence
rate

◮ Deflating eigenvalues ⇒ Add the corresponding eigenvectors in the
Krylov subpace.

Eigenvectors U = [u1 . . . ur ] are deflated by

1. Augmenting the Krylov basis :

Km =
{
r0, M

−1Ar0, . . . , (M
−1A)mr0, u1, u2, . . . , ur

}

2. Preconditioning : Solve M−1
2 M−1A = M−1

2 M−1b,

M−1
2 = In + U(|λn|T

−1 − Ir )U
T , T = UTM−1AU

12 / 21



Parallel
Scalability

and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et

al.

GPREMS

New
directions

Two levels of

parallelism

Deflation

Block structure

Finding eigenvectors

With the Arnoldi basis :

◮ M−1AVm = Vm+1H̄m

◮ Solve eigenvalues problem Hmy = λy

◮ Vmy : Approximate eigenvectors of M−1A

With the Newton basis :

◮ M−1AQm = Qm+1 Rm+1T̄mR−1
m︸ ︷︷ ︸

H̄m

◮ And M−1AVm = Qm+1 Rm+1T̄m︸ ︷︷ ︸
C̄m

◮ Solve generalized eigenvalues problem Cmy = λRmy

◮ Qmy : Approximate eigenvectors of M−1A
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Benefits of the deflation (1)
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Benefits of the deflation (2)
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Influence of the Newton basis (1)
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Influence of the Newton basis (2)
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Influence of the Newton basis (3)
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Third improvement : Exploiting the block structure

◮ Matrices are block-structured (5 × 5, 7 × 7)

◮ Perform BDO permutation only on block positions

0 50 100 150 200
10

−9

10
−8

10
−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

GPREMS: CASE_05 m=48 D=4

R
e

l.
 R

e
s
. 

N
o

rm

iterations
 

 

SCALAR PERMUTATION
BLOCK PERMUTATION

0 200 400 600 800 1000
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

GPREMS: CASE_10 m=48 D=16

R
e

l.
 R

e
s
. 
N

o
rm

iterations

 

 

SCALAR PERMUTATION
BLOCK PERMUTATION

19 / 21



Parallel
Scalability

and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et

al.

GPREMS

New
directions

Two levels of

parallelism

Deflation

Block structure

Exploiting the block structure (2)
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Present and future directions

◮ Introduce deflation by augmenting the Krylov basis

◮ Implement deflation with additive Schwarz in PETSc

◮ . . .
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