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GPREMS : A Parallel and distributed solver W

GPREMS : Gmres PREconditioned with Multiplicative Schwarz 55;1;:.(,'1!?;
Purpose : Solve the linear system et
M~ tAx = M1b NUENTSA
WAKAIM, et
A € R"™™" nonsingular nonsymmetric, x, b € R"” -

M1 . explicit formulation of the Multiplicative Schwarz preconditioner Formulation
JE——

I\/I_1 = /4_,,_16,,_1/_4;_11 Cp_z . A2_161A1_1 frplcatien

Beforehand, the matrix A is permuted in block-diagonal form

|
Ay

Cy

Ap

As

Ay

(a) : block-diagonal form of A (b): Completed submatrix
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Parallel GMRES implementation E"

Parallel
Scalability
and

Accelerator : GMRES with Newton basis G

of GMRES
Initial guess : xp, nn = b — Axp, D.
NUENTSA
Current approx. : x,m € xo + K s.t. b— Axp, L A, WLt
Km=
span {/J,Oro,/z,l(M’lA =MD, pm [T (MTPA = /\jl)ro}
A basis is built for KCp, by :

1. Generating a non orthonormal basis

Vini1 = [0, (M'A=Xil)ro, .., [ [(MTPA = Xil)ro]

j=1

2. computing the scaling factors y; : oj11 = 1/||(M™*A = X\ Di]|
is1 = 0j410j . ..o and M™PAV,, = Vi1 T _
3. Orthogonalize the basis Viyi1 = Qm+1Rm+1 then AV, = Qmi1Hm

Xm = X0 + VinYm S.t. ym solves min||Ber — Hpmyml|, (6 =1Irll2)
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Parallel generation of the basis V1

Kernel operations : v; = (M~*A — \;1)v;_1,

Az' ’U6

CiAT Y
A

¢

o]
DE
-

v = (MilA — )\1)1}()

[

P: holds A; and v

fgg = [u3l3 + o}

D’ ﬂos = |I03]3+ o3
'
'

/m;(’.‘;ﬂzm
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Initial Convergence rate W

Parallel
Scalability
and
Convergence
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Elapsed Time

CASE_07 n=233786 nnz=11762405

140
-o--PETSc
120 o GPREMS
o 100 .
£ o
'_
8o
-
60
.
0 5 10 15
Processors

Time

1500 CASE_17 n=381689 nnz=37464962
«PETSC
:  GPREMS
1000
500 ‘
07 10 15
Processors

«F

/2

Parallel
Scalability
and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et

al.

Application

~
N



First improvement: Parallel solution of local systems W

Parallel
Scalability
and
Convergence
of GMRES

= From global system : D.
NUENTSA
WAKAM. et

al.

_ - —1= “—1 ~ - —1l= =~ -1
M 1y:Ap CpflApillcp,QA.AAz C1A1 y=z

= To several local subsystems :

Aizi =y, (i=1...p)

= ldea : Solve the subsystems with a new level of parallelism in
subdomains
» Exactly : parallel direct solver( MUMPS, SuperLU_DIST, ...)

» Approximately : parallel ILU factorization.
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Natural splitting on a Cluster of SMP Nodes

Dy

Dy

Dy

> Level 0 MPI COMM.

Py Py Poz Fos
PIO Pll PIZ P13
Py Py Py Poy
P30 P31 P32 }333

s> A

. Level1

© MPI COMMs.

«F

/2

Parallel
Scalability
and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et
al.

Two levels of
parallelism

Deflation

Block structure



Benefits of the two levels of parallelism (1)
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Benefits of the two levels of parallelism (2)
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Second improvement: Deflated restarting GMRES W

Parallel
Scalability

Convergence of GMRES depends on the spectral distribution of and
Convergence
M—IA ofGMgRES
. - - . D.
Removing or deflating small eigenvalues improve the convergence NUENTSA
rate WAKAM. et
al.

Deflating eigenvalues = Add the corresponding eigenvectors in the
Krylov subpace.

Eigenvectors U = [u; ... u,] are deflated by
1. Augmenting the Krylov basis :

]Cm = {I’(), MilAro, feey (MilA)ml’(), uy, un, ..., U,}

2. Preconditioning : Solve M, "M~1A = M, 'M~1b,

Myt =1, + U(\| T2 = 1) UT, T=UTMAU
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Finding eigenvectors

With the Arnoldi basis :
MilAVm = Vm+1 Flm
Solve eigenvalues problem H,y = Ay
Vy : Approximate eigenvectors of M~1A
With the Newton basis :
M_lAQm - Qm+1 Rm+1 :rmRr;I
5,—/
Hpm
And M~1AV,, = Qmi1 Rms1 Tm
——
Em
Solve generalized eigenvalues problem C,,y = AR,y
Qmy : Approximate eigenvectors of M~1A
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Rel. Res. Norm
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Rel. Res. Norm
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Rel. Res. Norm
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Rel. Res. Norm
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Third improvement : Exploiting the block structure

» Matrices are block-structured (5 x 5, 7 x 7)

» Perform BDO permutation only on block positions

Rel. Res. Norm

GPREMS: CASE_05 m=48 D=4

-~ SCALAR PERMUTATIOI
<-BLOCK PERMUTATION

| L ,
—m 150 20
iterations

10°

GPREMS: CASE_10 m=48 D=16

-~ SCALAR PERMUTATIO!
-BLOCK PERMUTATION

Eqp?
o
z
107
_ & o
[0} AR ST
['4 B Ry
107 e -,
5 ‘
10 20

060 %0 1000
iterations

U

Parallel
Scalability
and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et
al.

Two lev
paral

Deflation

Block structure



107

El

L

Rel. Res. Norm
5

8
ry

GPREMS: CASE_17 m=64 D=16

SCALAR PERMUTATIO!
k‘;‘;;“. <-BLOCK PERMUTATION|

o,

8
ry

, . L . L L .
500 1000 1500. 2000 2500 3000 3500
iterations

Rel. Res. Norm

GPREMS: CASE_17 m=64 D=16

CALAR PERMUTATIOI
<-BLOCK PERMUTATION

.

50 100 10200 250 30 30 40
iterations

Parallel
Scalability
and
Convergence
of GMRES

D.
NUENTSA
WAKAM. et
al.

GPREMS

New
directions

Two levels of
parallelism

Deflation

Block structure

20/21



l,-

» Introduce deflation by augmenting the Krylov basis

» Implement deflation with additive Schwarz in PETSc
>
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